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ABSTRACT
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We study how to use the surface states in a Bi;Se; topological insulator

ultra-thin film that are affected by finite size effects for the purpose of
quantum computing. We demonstrate that: (i) surface states under the

Se®

Bi &,

finite size effect can effectively form a two-level system where their energy

levels lie in between the bulk energy gap and a logic qubit can be
constructed, (ii) the qubit can be initialized and manipulated using electric
pulses of simple forms, (iii) two-qubit entanglement is achieved through a
V/SWAP operation when the two qubits are in a parallel setup, and
(iv) alternatively, a Floquet state can be exploited to construct a qubit and
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two Floquet qubits can be entangled through a Controlled-NOT operation. y E
The Floquet qubit offers robustness to background noise since there is oK yn))}, :;(“#\, K, yi
always an oscillating electric field applied, and the single qubit operations #Q:M niz,‘: %0 }(‘;t q::ﬂh

are controlled by amplitude modulation of the oscillating field, which is

convenient experimentally.

Keywords topological insulator, quantum computing, nanodevices

1 Introduction

Topological insulators (TIs), as a recently discovered
material, have created a research surge, owing to their
intriguing surface states [1-3]. As a result of the preser-
vation of time-reversal symmetry and the strong spin-
orbit coupling effect in the material, the Hilbert space of
a TI poses a non-trivial topology and surface states
appear when interfacing with a trivial insulator (e.g.,
air). These surface states are unique, in a sense that
their existence is protected by the time-reversal symmetry
and thus they are robust against non-magnetic local
perturbations. TT surface states show interesting properties
such as anti-weak localization [4] and spin-momentum
locking [1]. The high mobility and low power dissipation
make TIs ideal for transmitting information. All of these
benefits make TIs promising for applications in fault-
tolerant quantum computing and spintronics [2, 5, 6],
and there has been continuous advances in this area [2,
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7-14]. In order to exploit the uses of a TI, it is essential
to functionalize the material. The fabrication of TI
nanodevices is an active area of research [15-18]. Among
the nanodevices, TT quantum dots or ultra-thin TT films
are interesting areas of research due to their small size,
low dimension, and possibility to host a qubit. Recently,
a TI quantum dot was successfully fabricated using
BiySe; with tunable barriers controlled by gate voltages
[7]. The energy spectrum of a TI quantum dot and optical
transitions between the bands have been studied theo-
retically [8]. The decoherence mechanism of a TI is
under investigation [14]. A magnetically-defined TI
qubit has been studied theoretically [12]. When the
thickness of a TI device is reduced to a few nanometers,
the finite size effect of a nanodevice causes the
hybridization of the surface states located on opposite
surfaces and a hybridized gap opens at its surface. This
is an essential property to the application of TI devices

since it allows the formation of a two-level system which
[
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is energetically separate from other bulk states. Ultra-
thin TT films show interesting properties such as the
oscillation between a quantum spin Hall phase [19] and
an ordinary insulator phase depending on its thickness,
and the spin can be selectively injected by circular
polarized lights [20].

In recent years, the fast development of laser and
ultra-fast spectroscopy techniques have enabled scientists
to gain more control of a quantum system that is out of
equilibrium. Floquet engineering — the subject of
controlling a quantum system with time-periodic driving
fields, has benefited from this technical development. It
has provided a useful tool to study non-equilibrium
systems [21], and interests in this field is growing fast
[21-24]. Floquet-Bloch states on the surface of a topological
insulator were observed in 2013 [25].

In this work, we explore the possibilities of making a
TI qubit in an ultra-thin TT film and examine whether
the system fulfils DiVincenzo’s criteria, which are necessary
for making a TI quantum computer. Moreover, we
explore a Floquet-engineered qubit in a TI system,
which benefits from oscillating fields to gain extra
robustness against background charge fluctuations [26].
In Section 3.1, we investigate the initialization and
controllability of a single qubit and find that the qubit
can be rotated to an arbitrary position on the Bloch
sphere by a unitary quantum operation defined by a
sequence of carefully designed square pulses. In Section
3.2, we investigate a Floquet TI qubit that accomplishes
the same task with cosine pulses. The Floquet qubit can
also be rotated to an arbitrary position on the Bloch
sphere, independently of its initial position. This rotation
can be achieved by tuning the amplitude of the driving
field, so-called amplitude modulation. In Section 3.3, we
study the entanglement generation of two qubits in
neighbouring TI thin films for the charge qubit and the
Floquet qubit cases separately. We find that the two
qubits can be entangled through +/SWAP gates by indi-
vidually controlling their energy levels using simple electric
pulses. We find that the bands decouple and there is no
SWAP gates if the inner dot tunneling is too strong
comparing to the electrostatic coupling strength between
the qubits [27]. On the other hand, two Floquet qubits
can be entangled through a Controlled-NOT (CNOT)
gate by aligning the two qubits at a short distance with
simple electric pulses applied on them individually.

2 Hamiltonian and numerical methods

A topological insulator thin film with an external electric
field is simulated using Liu’s model Hamiltonian [28]
with an extra term that represents a homogeneous electric
field perpendicular to the thin film. The Hamiltonian is

H = C(k)[4 + M(k)F5 + Bol'4k.

+ A()(Flk‘y - FZk/'r) - €E2]4. (1)

I, is a 4 x 4 identity matrix and

1 0 0 0 0 —i 0 0
o =1 0 o0 _[i 0 0 o0
s=1o o 1 o) Te=lo o0 o =i/

0 0 0 -1 0 0 i 0

00 0 —i 00 0 1
(o0 —i o0 {00 10
=10 i o o] 2={01 0 0]

i 00 0 10 0 0

C(k) = Co + C1k2 + Calky |,
M (k) = Mg + MikZ + Ma|ky|?,
Ky = ko — iky.

The last term in Eq. (1), —eE2, stands for the homo-
geneous electric field that is perpendicular to the thin
film. The parameters Cy, C, Ca, My, My, My, By, Ay are
determined by material properties and are obtained by
first-principles calculations. In this article, we use the
values from Liu’s paper [28]. The time evolution of a
qubit is studied using the Staggered Leapfrog method
[29-32].

2.1 The Floquet-engineered charge qubit

The Hamiltonian with a time-periodic electric field
E = Fycos(wt)z is diagonalizable using the Floquet
method [33]. Floquet theory is suitable for studying time-
periodic systems.

The general periodic time-dependent Schrodinger
equation with a period T is written as

in 228 _ o),

2
5t (2)
with H(t+T) = H(t). According to Floquet theory, there
exist time-dependent solutions to Eq. (2) with the form:

By (t) = eieat/ Py (1), (3)

€, i the quasi energy of state a, called the Floquet
energy and wu.(t) is a periodic function with
ua(t +T) = us(t). The solution is similar to a Bloch solution
in a spatially periodic system, with a phase term of
eie¥/h and a periodic function u,(t). Substituting Eq. (3)
into Eq. (2), we arrive at

<H - ihgt) Ua(t) = eatia(t). (4)

The LHS, H —ih,
Because the Floquet state u, is periodic, we can rewrite
it as a Fourier series u,(t) =Y n_ " a,e™"'. a, are the
Fourier coefficients and w is the frequency of the driving
system. Therefore, the explicit time dependence of Eq.
(4) is replaced by the Fourier representation and this
Floquet Hamiltonian can be viewed as a time-independent

Hamiltonian with quasi energies e, + nhw.

is called the Floquet Hamiltonian.
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Fig. 1 Top: Graphical representation of five Bi.Ses QLs.
The wave densities of the hybridized surface states and the
combined qubit state 1) in a 5-QL TI slab (finite in the z
direction). The red dashed curve is anti-bonding state &y
located at the upper energy level of the gapped Dirac Cone,
while the blue dotted curve is the bonding state ®; located
at the lower energy level of the gapped Dirac cone. The black
solid curve is the combined qubit state.

3 Results and discussion

3.1  Charge qubit

A 3D topological insulator has a Dirac-cone band structure
near its surface. The eigenstates on the Dirac cone are
called surface states. Their spins are aligned with the
surface and perpendicular to the direction of motion of
the electron. At the T point (k, =k, = 0), there are four
surface states with spins perpendicular to the surface
(s. = +1). When the thickness of the TT slab is reduced,
the surface states at the I point overlap and tunnelling
occurs between each surface. The hybridization of the
surface states opens up a gap in the Dirac cone, which is
observed to increase with an oscillatory pattern when
the thickness of a TI ultra-thin film is reduced in Refs.
[19, 20, 34]. In this article, we use a five-quintuple-layer
(QL) TT thin film with a hybridized gap of 0.1 eV
throughout the whole article. These surface states are
like the bonding and anti-bonding states found in a
pseudo molecule (Fig. 1). We define the surface states at
the I point on the upper part of the gapped Dirac cone
as |®y) and those at the I point on the lower part of the
gapped Dirac cone as |®;). The spin-degenerate pair of
|®y) (or |®1)) cannot be scattered into each other in the
presence of elastic scattering since they have opposite
spin components, unless in the case of a magnetic impu-
rity. Therefore, the robustness of these state are guaranteed
against elastic scattering, which is the major scattering
mechanism in a realistic device at low temperature. Note
that the electric pulses only address the states with the

X

Fig. 2 The Bloch sphere representation of basic rotation.
(a) The initialization from &, to |0) and |1). The initialization
to |0) is achieved with a static electric field applied in the —z
direction and the initialization to |1) is achieved with a static
electric field applied in the +z direction. (b) The relation
between the field amplitude and the axes of rotations. The
axis of rotation tilts from the z axis as the electric field
increases; it always located in the zz plane.

same spin. By combining a pair of surface states at the T
point using an electric field or a surface gate, we obtain
a pair of states located on the top/bottom surfaces of
the TT ultra-thin film (Fig. 1). We define these as our
charge qubit states. The logical state |0) is the state
located on the top surface and |1) is located on the
bottom surface (the solid black line in Fig. 1):

0) = %uqm +1P0)), (5)
1) = (L) — |@0). (6)

V2

All single-qubit calculations are modelled using the
Hamiltonian in Eq. (1) with the bands near the Fermi
level and we can see the qubit is always on the Bloch
sphere during the initialization and the operation
process. Therefore, we can confirm this is a pure two-
level system under the proposed manipulation. This two-
level system can be considered like a qubit in a quantum
dot.

3.1.1  Initialization

The charge qubit can be initialized using an electric field
pulse. A static electric field, generated by a gate voltage,
perpendicular to the TI thin film (i.e., in the z direction)
can be used to initialize the qubit to the state |0) or |1)
depending on the direction of the field (see Fig. 2).
Alternatively, an oscillating electric field can be used to
initialize the qubit. The initialization using an oscillating
electric field will be discussed in the next section of
Floquet-engineered charge qubits. We found that a
static electric field will generate a single qubit rotation
about an axis n in the zz plane. The amplitude of the
electric field will determine the orientation of 7 [see

Kexin Zhang, et al., Front. Phys. 19(3), 33208 (2024)
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Fig. 2(b)]. When no field is applied, the rotation follows
a circular path about the —z axis. When an electric field
is applied in the +z direction, 6; € (0,%) and ¢, =7 in
spherical coordinates. When an electric field is applied in
the —z direction, 6; € (3,7) and ¢ ==. Therefore,
changing the electric field amplitude only changes 0;.
For the convenience of description, a rotation with
respect to the axis 6; € (—,0) always refers to one with
¢s=n and 6, € (0,7) in the followings unless stated
otherwise. In order to initialize and control the rotation
of a single charge qubit, the electric pulses of axes with
0 = —% and ; = —2T are used in this paper. The pulses
are found by sweeping over a range of electric field
amplitudes. Given the fact that 6, = —Z when there is
no pulse, the axes tilt from the —x axis by the same
amount in the opposite direction when the electric pulse
is flipped. An electric pulse with an amplitude in the
perturbation range can be used to produce rotations
about two orthogonal axes by flipping its direction,
which is sufficient for arbitrary rotations. We found that
with a proper electric field, we can produce a rotation
about ¢, = —% (0, = —) and this can drive the qubit to
the state |1)(]0)) at a half period of the rotation [see
Fig. 2(a)]. In real situations, the rotational axes that an
electric field produces depend on the material parame-
ters, the thickness of the TI thin film and the amplitude
of the field.

3.1.2  Single-qubit control

A universal rotation on the Bloch sphere can be represented
by a unitary quantum gate.

In general, a rotation by an angle v about an axis n
can be expressed as

Ra(y) = exp (~izin- o) . (7)
= cos (%) I —isin (%) n-o. (8)

o is the vector of Pauli matrices (o,, 0y, 0,) and I, is the
2 x 2 identity matrix. 72 = (cos ¢ sinf, sin ¢ sin @, cos ).
According to Euler’s theorem, we know that any arbi-
trary rotations can be achieved using three elementary
rotations (e.g., about the z, y, » axes). We extend the
idea and define the rotation axes iz as X' and ﬁ_s,Tw as

7', where n_= is the rotation axis at ¢, = —7 and f_sz is
the rotation axis at ¢, =—3F respectively [35]. We
choose the Euler angles representation for R, as

Ra(v) = Z'(B1) X' (B2)Z' (B3). (9)

Substituting the RHS of Eq. (8) with Eq. (9), we have

cos (%) I —isin (%) o= 280X (82) 2 (Bs).
(10)

In this article, we aim to obtain the three elementary

rotations: the R,, R,, and R, rotations about the z, v,
and 2 axes. From these, any single qubit quantum gates
can be constructed. The R, rotation can be obtained for
free (see Fig. 2), but here we show how to achieve it
using pulse sequences. Expressing #, ¢, and 2 in a frame
of 7 and X', we have

7=1(0,1, 0), (12)
5= (;ﬂ“é) . (13)

Then applying those separately in Eq. (10), we have for
R:L’(’Y):

B = Bs, (14)
sinf8; = 1= cosy (15)
"V 3+ cosy’
cos By = 1 siny (16)
LT Vasing)
1
cos g = 5(0057 +1), (17)
sin By = sin 51 (1 4 cos B2). (18)
For R,(v), we have
T
ﬁl = 57 (19)
3T
g=2, (20)
cos B3 = cos "y, (21)
sin 8o = sin-y. (22)
For R.(y), we have
Br = B, (23)
sinf; = 1= cosy (24)
"V 3+ cosy’
\/isin'y
- 25
cos f1 (3 + cosy)sin By’ (25)
1
cos 3y = 5(0057 +1), (26)
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Fig. 3 The Bloch sphere representation of R,, R, and R, rotations of angle 95° from O to A and the corresponding pulses.
(a) The path of the R, rotation, (b) the path of the R, rotation, and (c) the path of the R. rotation on the Bloch sphere.
(d) The pulses used to generate each rotation. The pulse times are calculated in picoseconds. The R, rotation is longer to

achieve than the R, and R, rotations in the case of 95°.

sin -y
V2cos B

With those equations, we achieve effective R,, R,, R.
rotations of arbitrary angle v using a sequence of Rp=—=
and Ry sz rotations. Because 3 =wt, and w is the
angular frequency that can be measured from experi-
ments, we can obtain the time duration of the Rp=—=
and Ry _ss pulses to achieve a desired rotation of angle
~. A rotation about any axis on the Bloch sphere can be
constructed by composing three rotations from these two
axes Rp—_= and Ry _sp. We show some examples of R,,

Ry, R, rotations in Fig. 3.

sin 8o = (27)

3.1.3  Readout

The method of measuring this qubit after the operation
is similar to measuring those in a double quantum dot —
by connecting the qubit to a single-electron tunneling
device, such as a single-electron transistor or a quantum
point contact [36].

3.2 Floquet-engineered charge qubit

When a time-periodic field is applied to the quantum
system, we are able to convert the time-dependent
Hamiltonian to a time-independent Floquet Hamiltonian.
If we tune the frequency of the electric field to match
the Rabi frequency of the gapped Dirac cone, we are
able to create a pair of Floquet states, which are
combined states ap|®r)+az|®y), and |ai|? + |ag]? = 1.
The amplitude of the field determines the ratio u = %
The matching frequency w = AE/h, where AE = E(®y)—
E(®p) is the energy difference of the hybridized surface

states in a bare TI system. The periodic electric field
combines the electronic states with the same spin orien-
tation and the spin of the resultant state is unchanged.

3.2.1

Initialization

A time-periodic electric field oscillating at a frequency at
the Rabi frequency of the gap will excite an electron into
the combined states |[®pgr)(|Prr)) =a1|®Pr)+ (—)az|Py)
at time ¢t = 0, where |®p;) is the Floquet state located in
the 15t quintuple layer (QL) and |®rz) is the Floquet
state located in the 5" QL. The electric field amplitude
will determine p = %
states with = 1 as our Floquet-engineered charge qubit.
This state would evolve as the charge qubit at |0) (|1)) in
Eq. (5) [(6)]. It is worth mentioning that the Floquet-
engineered qubit exists in a TI with an oscillating field,
therefore it is time dependent and periodic. The logic
qubit states are |0(t)) and |1(¢)) [Fig. 4(a)]. The Bloch
sphere of a Floquet-engineered qubit rotates periodically.

Here, we use a pair of Floquet

3.2.2  Single qubit control

Any single-qubit operation applied to a Floquet-engineered
charge qubit is with respect to the time-varying Bloch
sphere. In fact, the rotation of the Bloch sphere makes
the single qubit rotations easier to obtain than the case
of a charge qubit. As mentioned previously, two orthogonal
rotations on the Bloch sphere are sufficient for realizing
universal single qubit gates. We first look at the R, rota-
tion. This rotation can be obtained by relabelling the
time duration of a qubit (replace ¢, to t = 0). In this way,
the initial position (at ¢ = 0) of a qubit is replaced by its

Kexin Zhang, et al., Front. Phys. 19(3), 33208 (2024)
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Fig. 4 (a) The electron density of |1()) (left) and |0(¢)) (right) of a Floquet qubit vs. time. (b) The trajectory of a R. rotation
from O, to A in the Floquet frame. (c) The pulses used to control the single qubit: initialization (black dash-dotted line), R,
(blue dashed line), and R, (red solid line). (d) The trajectory of a R, rotation from O, to B in the static frame.

position at ¢t =t [Fig. 4(d)]. R, is convenient to achieve
using amplitude modulation techniques [37]. We find
that the trajectory of a rotation of the Floquet-engineered
charge qubit overlaps with the trajectory of a R, rotation
at ¢t = 2L, where T is the period of the driving field and
n€ Z [Fig. 4(b)]. Therefore, one can simply tune the
amplitude of the driving field to apply a R, rotation to
the qubit [Fig. 4(c)].

3.2.3  Readout

The measurement is similar to the one for a charge
qubit, which can be achieved by a single-electron transistor
or a quantum point contact [36]. The only difference is
that now we should be aware that the qubits are time-
dependent, therefore, the initial time and the measuring
time of the qubit should be recorded. If there are multiple
Floquet qubits, the initial and measuring time should be
recorded for each of them.

3.3  The two-qubit gate

A two-qubit gate can be realized by fabricating two TI
thin films next to each other. In this paper, we apply a
parallel setup as shown in Fig. 5. The vertical setup is
not favourable for our TI system owing to a weak
Coulomb force between the qubits preventing two-qubit
gates. Two-qubit entanglement can be generated by
applying electric pulses to qubits 1 and 2 separately. We
label the two-electron charge bases of the system as
|LL),|LR),|RL),|RR), where |ij) = |i)® |j) and [L) = 1),
|R) = 10). From here we will discuss the results of the
charge qubit and the Floquet qubit in turn.

Fig. 5 Setup of the two TI thin films supporting qubits 1
and 2 aligned in parallel with a separation I, which is finite
in the z direction.

3.3.1  The Hamiltonian

The two-qubit Hamiltonian using the Pauli matrices
aﬁ%,,z for the charge bases of the ith qubit is

2
1 .
Hay =3 e+ eiot!

i=1

1
+ §(J11(1) R I® + Jhol @ 0(?),

+ AjoD)

(28)

where ¢y = 9.4 x 10~* eV is the kinetic energy of the elec-
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tron. ¢; = Eg; — Er; (i=1,2) is the detuning of the ith @ 06 R D
qubit, where Ey; and Ep; are the eigenenergies of the 044 L=2
state |R) and |L) with a detuning. A; = E(®y); — BE(®L); = '
is the tunneling couplin:g energy .of the dth qubit., where % 02-(%}3 AAAAAA o ULRYHRLYNT
Er; and Ep; are the eigenenergies of the bonding and 0. RLY-ILR)N2
anti-bonding like orbits when ¢; =0. In this paper, we
use two identical TI qubits and thus assume A; = As. J; _op D . . i __IRR)
are the inter-dot coupling energies between the two TI 03 -02 -01 0 01 02 03
thin films in the two-qubit bases and J; can be calculated (V)
from the Coulomb interaction between the charge states (b)
|LL).|LR).|RL) ,|RR). 0154 " — "
0.1
3.3.2  Device parameters and charge bases T 0.05]  (RLIHLR)A2 i (IRLYHLR)N2
S 0l (RLHALRNAZ (IRLY-|LR)N2
The parameters can be calculated from the Hamiltonian 0,054
H Eq. (1). The single qubit parameters e;, A; can be 01 ILL) IRR)
obtained by rewriting the Hamiltonian Eq. (1) in the C-01 -0.05 0 0.05 0.1
basis of the charge states |L,1),|R,1),|L,!),|R,|), where € (eV)
|L(R),? (})) are the single electron states with the charge © 002
being localised on the LHS (RHS), with up (down) spin.
The effective Hamiltonian H,;, in this basis is 0014
S (LLYIRR)A2
L/2 2 :
Hopp= [ GILAVIRY L 1) RO HIL ), < o ey
L2
R1Y,|IL1),|R])]|. 29 -0.01 . . . . .
| T> | J/> | i/>] ( ) -0.01  —0.005 0 0.005 0.01
Writing H.; using the Pauli matrices, we have € (eV)
Hepp = (0 + A0y) @ I+ 1@ (eo + Aoy). (30) Fig. 6 Bands of the Hamiltonian Eq. (28) along the line
. . . _ €1 = €2 with various I,. Band 1 is a black solid line, band 2 a
With  the ex}:ernfaftl ?1ecglc .1f1eld. E(z/) B Egz ]j_nd red dashed line, band 3 a cyan dash-dotted line, and band 4
HE = E(2)lsx4, the eifective Hamiltonian H;,; of qubit i green dotted line. (a) I, = 2 nm, A/J=0.05 (b) I, =
18 10 nm, A/J =0.15. (¢) I, = 100 nm, A/J = 1.5.
Hl o= (€05 +A0y) @1+ 1@ (60, + Aoy). (31

The detuning ¢; is the parameter to be adjusted exper-
imentally to control the two-qubit interaction. The
Coulomb interaction between the two qubits in the
bases of the two-electron charge states is obtained from
U., where:

L/2 L/2
/ dzl/ dz[|LL),|LR),|RL),

L/2
\RR)|TU[|LL),|LR) , |RL) ,|RR)], (32)
where
2
U— c : (33)
AT €pacerr/122 + (21 — 29)?

€vae 1S the vacuum permittivity, e. is the dielectric
constant of the material, and [, is the separation

with ¢; and e,. The anti-crossings of the energy bands of
the states occur when they intersect, which can be seen
in Fig. 6(a). When A > J (where J = 2i2%2l) the onsite
interaction A dominates over the Coulomb interaction J
and the two-qubit interaction disappears [Fig. 6(c)].
J oc U,, therefore, the distance [, should not be too large.
One way to decrease the ratio of A/J is to increase the
thickness 7, of a TI thin film, since A = E(®y) — E(®L) o
1/1,.

The time evolution of Hy, is written as: Q(t) = e~ 2dt/7,
We can write H,, in its eigenenergy basis using the
transformation matrix A. Then Hj, = ATHy A and the
time evolution operator '(t) in the eigenenergy basis of
Hy, is

e—iklt/h 0 0 0
between the two TI quantum dots in the z-direction . 0 e—iXat/h 0 0
(Flg 5) Q (t) = 0 0 e*D\St/h 0 )
0 0 0 e t/h
3.3.3  The two-qubit operation (34)
The eigenenergies of the two-qubit Hamiltonian H,, vary where A, A2, A3 and A4 are the eigenvalues of Hy,.
Kexin Zhang, et al., Front. Phys. 19(3), 33208 (2024) 33208-7
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SWAP gates exist periodically over a large range of
0 <l, <~ 80 nm along the line ¢ =, [Fig. 7(a)]. The
period of a SWAP gate increases when [, increases
[Fig. 7(b)]. The unwanted small-amplitude fast oscillations
are caused by the off-resonant first order tunneling [38]
and can be reduced by increasing ¢; or reducing I,. At
le;| > J, bands 2 and 3 are degenerate. The degeneracy is
lifted at the regime around ¢; = 0 via the intersection of
bands 1 and 4 if the Coulomb interaction between the
two qubits is strong compared to the onsite tunneling
(i.e., if A/J is small). No SWAP gate could be found if
there is no degeneracy splitting. In Fig. 6(c) where [, =
100 nm, A/J = 1.5, it can be seen that bands 1 and 4
detach from the middle bands at the area of ¢; around
zero and there is no valid SWAP gate. In Fig. 6(b)
where [, = 10 nm, A/J = 0.15, there is a small regime of
resonance of bands 1 and 4 with the middle bands which
splits the degeneracy of bands 2 and 3. SWAP gates are
observed in the regime of ¢, away from zero, where
bands 2 and 3 are degenerate. In Fig. 6(a) where I, = 2
nm, A/J=0.05, bands 1 and 2 are degenerate in the
regime egy < €; < €51 (€51 and ego are the anti-crossing
points when band 1 (black) intersects band 3 (cyan) in
Fig. 6(a), which should not be confused with the detunings
€;. €51 = —€go since |L) and |R) are symmetric about the
middle of the TT thin film along the » direction). SWAP
gates are observed in the regime ¢; > eg; and €; < ego. It
should be noted that SWAP gates exist in the regime
where bands 2 and 3 are degenerate. At half the period
of a SWAP gate (Tswap), we obtain a +/SWAP gate,
which produces two entangled Bell states Eq. (36) and
Eq. (37) as desired [Fig. 7(a)],

oLy 2By (35)

LR) 2T/, %(|LR> +|RLY), (36)

R L, (LR~ |RL), (37)

RR) Q(Tswar/2) IRR). (38)
3.34  Floquet charge qubit

The two-qubit Hamiltonian is slightly different from the
bare TI system Eq. (28). The Floquet solutions
7L, 1), |®Prr, 1), |®PrL, L), |®rR,)) are used as the charge
basis, where |®p.(®rr),t (!)) are the single Floquet
states with the charge being localised on the LHS (RHS),
with up (down) spin, and they are the eigenstates of
Eq. (1) with an oscillating periodic electric field Ejcoswt
(the same field used in Section 3.2). Instead of Eq. (30),
we have
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Fig. 7 Time evolution of the state |LR) at various I,.
(a) Time evolution of the state |LR) at I, = 2 nm. A SWAP
gate occurs with a period of 521 ps. (b) Time evolution of
the state |LR) at I, = 20 nm. A SWAP gate occurs with a
period of 6266 ps.

Hpepp =E1IQ®1 - FEI®o0,, (39)

where E1:E(‘I>FL¢)J2rE(‘I>FL,¢)’ EQZE((PFL-T);E((I)FLJ), B(

Prry)
and E(®pp,) are the Floquet energies of the Floquet
states.

The two-qubit Hamiltonian in the Floquet charge
qubit basis is

2
1 . ,
Hysg =) 3 (Q’US) + E(@FL,T)I(”)

i=1

1
+3 (J11<1> R I® t Jol) @ a§2>) . (40)
The detuning ¢; is the parameter to be adjusted exper-
imentally to control the Floquet two-qubit interactions.

3.3.5  The two-qubit operation

Controlled rotation (CROT) operations are observed at
a small separation [, = 0.5 nm for the same setup using
a pair of Floquet charge qubits, when the target qubit
has a detuning parameter ¢; =e4 or ep as shown in
Fig. 8(a), where e4 and ep are the crossing points of
bands 2 (red) and 3 (cyan) in the plot. The half period
of the CROT operation provides a CNOT gate Fig. 9(a).
The state (|L) or |R)) of the control qubit is chosen by
the sign of the detuning (thus the direction of the electric
field) of the target qubit. From Fig. 8(b), when e; = ey,
we have a CROT operation which rotates the state of
qubit 2 only when the state of qubit 1 is |R). When
€2 = ep, a CROT operation rotates the state of qubit 2

33208-8
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Fig. 8 Bands of the Hamiltonian Eq. (40) at I, = 0.5 nm vs. ¢;. The bands remain in the Floquet states over the range of ;.
Band 1 is in black solid line, band 2 in red dashed line, band 3 in cyan dash-dotted line, and band 4 in green dotted line.
(a) Along the line ¢ =0. (b) Along the line ez =0.40eV =¢€4. (c) Along the line ez =0.57eV >ea. (d) Along the line

€2 =0.23eV < ea.
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Fig. 9 Time evolution of the state |RL) at various eo.
(a) Time evolution of the state |RL) at ez =ea =0.40eV.
CROT operations have a period of 0.25 ps. A CNOT gate is
observed at 0.12 ps. (b) Time evolution of the state |RL) at
€2 = 0.57eV > ea. CROT operations have a period of 0.19 ps.
(c) Time evolution of the state |RL) at e =0.23eV < ea.
CROT operations have a period of 0.19 ps.

only when the state of qubit 1 is in |L). In Fig. 8(b)
where e; =e€4, the relevant bands |RR) and |RL) are
degenerate and at maximum resonance in the regime
€1 < €c O €1 > ep, where ec = —0.40 eV and ep = +0.40 eV
are the crossing points in the plot. If the target detuning
€2 moves away from ey, the relevant states are separated
[Figs. 8(c) and (d)] and the range of the angles of rotation
of the CROT operation decreases [Figs. 9(b) and (c)].
The fidelity of the CROT operation increases with
increasing |e;| (the detuning of the control qubit). In this
paper, we use two identical TI thin films with the same
periodic oscillating electric field applied on each. There-
fore, the two qubits are identical, and e4 =ep, eg = €ec.
Because |L) and |R) are symmetric about the middle of
the TI thin film along the z direction, ez = —e4 and

€ECc = —€p-

4 Concluding remarks and outlooks

In this paper, we investigated a charge qubit based on a
new material — a 3D topological insulator. We have
proposed a complete implementation scheme for initializ-
ing, operating single and two-qubit quantum gates, reading
out the qubits. Moreover, we studied a Floquet-engineered
TI qubit and found that it can be initialized, operated
on using single and two-qubit quantum gates, and readout
as well. We conclude that it is possible to use an ultra-
thin TT system for universal quantum computing. In the
article, we consider a theoretical TT device without the
effect of temperature and the electron—electron interac-
tions. In a realistic device, the relaxations and the
electron—electron interaction may cause the decoherence

Kexin Zhang, et al., Front. Phys. 19(3), 33208 (2024)
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of the qubit state. These effects in an ultra-thin TI
system are under active studies [40-42]. The relaxation
and the electron—electron interaction processes are found
to be temperature dependent, which indicates possible
phonon-assisted process [40, 41]. Therefore, the operating
temperature should be concerned in a realistic TI
devices. In an ultra-thin TI system, the berry phase is
reduced from 7 gradually with the decrease of the thickness
[43]. However, the anti weak-localization still exists, say
in a 5 QL TI system. This implies that the system is
still robust against scattering of impurities to some
extend, which could be beneficial to its decoherence time.
Also, the TI devices are in nanometers, which is advan-
tageous in terms of fabricating compact and large-scale
quantum circuits. With these benefits, we think TIs
would be a promising candidate for the future of fault-
tolerant quantum computing.
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