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ABSTRACT

The curved surface has emerged as new research platform for understand-
ing and manipulating novel electromagnetic behaviors in complex media.
In  this  paper,  we  explore  the  anisotropic  polaritons  on  the  spherical
surface based on Maxwell’s fish-eye metric through stereographic projec-
tion. Additionally, this phenomenon can be extended to spindle surface by
conformal  mapping.  Our  calculations  and  simulations  demonstrate  the
elliptic  and  hyperbolic  polaritons,  excited  by  an  electric  dipole  on  the
sphere,  will  self-focus  or  focus  on  the  poles  on  the  sphere  affected  by
anisotropic  permittivity.  Furthermore,  we  reveal  the  optical  singularity
nature of  the curved hyperbolic  polaritons  from the perspective  of  trans-
formation  optics  by  obtaining  the  equivalent  optical  refractive  index
profiles  and  the  particle  potential  energy.  Based  on  natural  anisotropic
materials and metamaterials, the curved polaritons have potential applica-
tions in curved surface focusing and chaos regulation. This work not only
bridges  the  transformation  optics  and  anisotropic  polaritons  at  curved
surface,  but  also  provides  a  new  route  to  surface  optical  field  manipula-
tion.
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 1   Introduction

Polaritons  [1, 2],  are  quasi-particles  that  arise  from the
interaction  of  photons  and  matter.  They  can  break
through the diffraction limit of light and compress light
to  the  nanometer  scale  with  small  mode  volume  and
strong photon state density,  providing a unique way to
manipulate light. In solids, electrons and excitons can be
coupled with photons to form plasmon polaritons (PPs)
and  exciton  polaritons.  Surface  plasmon  polaritons
(SPPs) are the most typical example, formed due to the
interaction of free electrons and photons at the interface
between metals and dielectric media [3‒6]. While metal
SPPs have been extensively studied and applied in various

optical fields, the lifetime of the traditional metal SPPs
become low due  to  the  influence  of  the  ohmic  losses  in
plasmonic  materials.  Moreover,  the  operating  frequency
of  mental  SPPs  is  mainly  limited  to  the  near-infrared,
visible  and  ultraviolet  bands,  leading  to  the  lack  of
dynamic  tuning  capability.  These  factors  greatly  limit
the  application  of  metal  SPPs.  In  addition,  polaritons
formed  by  optical  phonons  coupled  with  photons  are
called phonon polaritons (PhPs). In the last decade, two-
dimensional  van  der  Waals  (vdW)  layered  materials
have  been  developed  as  a  promising  polariton  carriers,
enabling the realization of  polaritons in atomically  thin
materials.  Two-dimensional  materials  have  been  shown
to  support  the  propagation  of  various  highly  localized
polaritons  with  unique  properties.  For  instance,
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adjustable  SPPs  can  propagate  in  graphene  and  black
phosphorus [7, 8], low-loss anisotropic PhPs can propagate
in hexagonal boron nitride (hBN) and α-phase molybdenum
trioxide (α-MoO3) [9‒11], while exciton polariton propa-
gation  can  be  observed  in  transition  metal  sulfur
compounds  (WSe2,  MoS2)  [12],  and  so  on.  Recently,
anisotropic  polaritons  based  on  vdW  heterostructures
provide  unprecedented  control  over  the  polaritonic
responses, thereby enabling new nanophotonic applications
[1, 13‒15]. In addition, some layers or cylindrical lamellar
metamaterials can be constructed to support the propa-
gation  of  hyperbolic  anisotropic  polaritons  [16, 17].
However,  the  manipulation  of  anisotropic  polaritons  in
two-dimensional materials was mainly focused on planar
systems, without considering the effect of curvature.

Controlling  the  light  field  on  three-dimensional  (3D)
curved  structures  provides  a  higher  degree  of  freedom
and wider range of control compared to planar systems.
Designing special three-dimensional structures or breaking
the  symmetry  of  existing  ones  has  been  successful  in
generating new phenomena or improving the performance
of  devices,  such  as  optical  wormholes  [18]  and  chaotic
microcavities with ultra-high Q values [19]. Furthermore,
considering  common  3D  curved  structures  with  special
excitation  methods  and  optical  media  are  also  effective
approaches.  For  instance,  the  cylinder  composed  of
hyperbolic  metamaterial  exhibits  an  abnormal  focusing
effect  and  can  be  used  in  optical  focusing  devices  [20].
By adding orbital angular momentum to the cylindrical
surface,  it  can  also  produce  surface  waves  propagating
along  a  helical  metasurface  [21].  However,  the  volume
effects  in  many  3D  optical  structures  are  complicated
and difficult to modulate. Compared with volume effect,
analyzing  and  understanding  the  surface  effect  of  3D
curved  structures  from  two-dimensional  perspective  by
using transformation optics [22, 23] is a better approach.
In  order  to  confine  light  on the  curved surface  without
considering  the  out-plane  interference  in  experiments,
just focusing on the ray dynamics on curved surface [24,
25] or adding curved surface boundary conditions [21, 26,
27]  are  needed.  Obviously,  better  methods  of  observing
curved  surface  effects  are  highly  desired  but  remains
unexplored.  Moreover,  some  exotic  optical  phenomena
based on curved structure often require complex permit-
tivity  and  permeability,  which  makes  it  difficult  for
existing metamaterial technology or natural materials to
achieve  them  [28‒ 32].  However,  under  the  influence  of
the large wavevectors,  the strong surface  modes  can be
excited by the curved polaritons without using external
limits  [33].  In addition,  influenced by the ultrathin-slab
approximation,  the  direction  of  wavevectors  only
depends on the ratio of permittivity in plane [11, 34‒36],
which  greatly  reduces  the  complexity  of  experiments.
Therefore,  polaritons  based  on  layered  materials  are
likely to become an important method for regulating the
curved surface field in future [37, 38].

In this paper, we theoretically demonstrate the propa-
gation properties based on curved anisotropic polaritons
from  ray  dynamics  and  wave  optics.  We  assume  and
analyze  the  elliptic  and  hyperbolic  anisotropic  Maxwell
fish-eye metrics in which the symbols of in-plane coefficients
are set to be same or opposite. Based on transformation
optics [39‒42], the radial elliptical and hyperbolic waves
on the  plane  are  projected  onto  the  sphere  surface  and
are  excited  as  anisotropic  polaritons.  Additionally,  we
reveal the strong attraction of the poles on the hyperbolic
anisotropic sphere surface to photons in terms of particle
potential  energy  and equivalent  optical  refractive  index
profiles.  The  proposed  curved  anisotropic  polaritons
provide  an  important  reference  for  developing  curved
surface field regulation with simple structure and multiple
degrees  of  freedom,  which  can  be  generalized  to  more
three-dimensional  structures,  such  as  cone  and  ring
structures,  and  find  new  applications  in  photonics  [43],
for example, black hole [44], optical chaos [45], and meta-
optical imaging [46].

 2   Maxwell fisheye metric and curved
polaritons

g0 = dρ⊗ dρ+ ρ2dφ⊗ dφ ρ

φ

ρ θ

ρ θ

In  mathematics,  the  Riemannian  metric, g,  in  a  2D
space can be written as g = gij dxi dxj (with i and j ranging
from 1 to 2) and g12 = g21 in a certain coordinate system
(x1, x2).  Hence,  the  line  element  is  expressed  by  ds2 =
g11dx1dx1 +  2g12dx1dx2 + g22dx2dx2.  Here  we  consider  a
concrete  plane  equipped  with  the  2D  Euclidean  metric

 in the polar coordinates, where 
and  are the radial coordinate and the angle coordinate,
respectively. Such a flat plane can also be endowed with
a  non-Euclidean  Riemannian  metric, g1 = n( , )2g0.
Hence g0 and g1 are conformally equivalent to each other.
As we can see, n( , ) is the length scaling eu, where u is
a  special  choice  with  rotational  symmetry.  In  order  to
solve the geodesics in the plane with the non-Euclidean
metric,  we  consider  the  two-dimensional  geodesic  equa-
tion: 

d2xλ

dt2
+ Γλ

uv

dxu

dt
dxv

dt
= 0, (1)

λ µ ν

Γλ
uv

where { , , } are dummy indices (only with values 1
or  2),  are  Christoffel  symbol  of  the  second  kind  in
Riemannian physical space, and t is the length parameter
of the geodesics. Christoffel symbol [47] can be obtained
from the metric, namely, 

Γλ
uv = gλω(∂vguω + ∂ugvω − ∂ωguv)/2, (2)

gλωwhere  is the component of the inverse of the metric
g.

ρOnce  we  treat n( )  as  refractive  index  profile  with
rotational symmetry, ds2 represents the optical path. In
the  limit  of  geometric  optics,  the  light  rays  follow  the
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Fermat principle, which states that light travels through
the  path  in  which  it  can  reach  the  destination  in  the
least  time  (compared  with  other  nearby  paths).  Based
on transformation optics, we can also obtain the equivalent
relationship between the metric and the relative electro-
magnetic parameters [48]: 

εij = µij = ±√
ggij , (3)

ε µwhere  the  permittivity  and  the  permeability  are
given in terms of the geometry.

Firstly,  we  consider  an  anisotropic  two-dimensional
radial metric: 

ds2 = M

(
2

ρ2 + 1

)2

dρ2 +N

(
2ρ

ρ2 + 1

)2

dφ2, (4)

α =
√

N
M

ds2 = n2dl2 =
(

2
ρ′2+1

)2

dρ′2 +
(

2ρ′

ρ′2+1

)2

dφ′2

ρ′ = ρ, φ′ = αφ

where M and N are anisotropic coefficients respectively.
Here we define geometric parameter . In previous
studies [49], the geodesic in Eq. (4) is equal to the ray of
the optical Maxwell fish-eye lenses when M = N = 1. To
understand  the  anisotropic  geometry,  we  compare  the
interval  in  Eq.  (4)  with  the  line  element  in  Maxwell’s
fish-eye space: . It
is  easy  to  find  that  the  interval  in  Eq.  (4)  can  be
obtained by the following transformation on the angular
coordinate: .  Maxwell  fish-eye  lenses  are
optical  absolute  lenses,  so  all  the  geodesic  rays  are
closed.

The above metric requires electromagnetic parameters
that  are  both  anisotropic  and  inhomogeneous,  which  is
very difficult to achieve experimentally. Previous studies
have shown that the stereographic projection of geodesic
on  spindle  or  sphere  surface  onto  plane  corresponds
exactly  to  the  rays  in  the  generalized  Maxwell  fish-eye
lens [43]. In this case, a homogeneous anisotropic curved
surface is constructed, and the anisotropic Maxwell fish-
eye  line  element  is  equivalent  to  an  anisotropic  curved
line element by an inverse projection of light: 

ds2 = M

(
2

ρ2 + 1

)2

dρ2 +N

(
2ρ

ρ2 + 1

)2

dφ2

= Mdθ2 +Nsin2θdφ2

=
M

q
(qdθ2) +Nsin2θdφ2, (5)

h(ρ) = arcsin ρ
h(ρ) = arcsin(√qρ)

where q=1  corresponds  to  the  anisotropic  spherical
surfaces  and q >  1  correspond  to  anisotropic  spindle
surfaces  with  different  curvatures.  Among  them,  their
geodesic  relationships  are  and

 respectively  [see Fig.  1(a)].  Therefore,
the  spindle  and  the  sphere  have  the  same  geodesic
physics  because  their  same  line  elements.  For  conve-
nience, here we consider the light projection from sphere
surface  onto  plane  by  using  the  north  pole  O  as  the
projection point, as shown in Fig. 1(b). According to the
projection operation, the initial point E′, central point S′

and point at infinity O′ on the plane correspond to the
equatorial point E, south pole S and north pole O on the
sphere surface, respectively.

In the above analysis, we concentrate on the geometrical
aspect  of  in-plane  anisotropy.  Nevertheless,  we  cannot
ignore the volume effect of the anisotropic sphere in the
wave simulation. It is well known that the three-dimen-
sional optical field modes are the superposition states of
transverse  electric  (TE)  and  transverse  magnetic  (TM)
modes. According to Eq. (3), the ideal three-dimensional
wave  realization  of  the  above  spherical  metric  requires
both permittivity and permeability. Obviously, it is not
practical  to  achieve  them  for  both  natural  anisotropic
materials  and  metamaterials.  However,  because  of  the
approximation  of  large  wavevectors  and  ultrathin-slab,
curved  anisotropic  polaritons  require  only  one  of
anisotropic permittivity or permeability tensors and can
confine  light  on  the  curved  surface  without  external
absorbing conditions. In this case, polaritons become the
indispensable  carriers  to  excite  designed  curved  surface
patterns.  Here,  we  excite  curved  polaritons  in
anisotropic spherical shell by an electric dipole, as shown
in Fig. 1(c).

α

Additonally,  any  realistic  systems  should  include
losses or gains to fulfill the causality principle. Therefore,
anisotropy  ratio  can  be  complex  valued  if  losses  or
gains  are  taken into consideration.  However,  the  space-
time geometry must be real. In the language of transfor-
mation optics, if the coordinate transformation is gener-
alized  to  complex  coordinates  [50‒ 52],  the  transformed
material  parameters  become  complex  functions  of  the
space coordinates. But this approach does not influence
the  effective  geometry  of  the  anisotropy.  In  addition,
previous  studies  have  also  shown  that  small  material
losses will not affect the wavefront shape and propagation
characteristics, only the propagation distance of in-plane

 
ρ

ρ

Fig. 1  (a) Spherical  and  spindle  geodesic  lenses.  is  the
radial coordinate, and h( ) is the length measured along the
meridian from O pole on the geodesic surface. (b) Schematic
projection  from  sphere  to  Maxwell’s  fish-eye  plane.
(c) Schematic model of curved anisotropic polaritons.
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anisotropic  polaritons  [11, 36].  Considering  the  loss  of
real  systems,  next  we  will  discuss  curved  anisotropic
polaritons in naturally anisotropic materials MoO3.

 3   Curved elliptical polaritons

ρ

θ

Here, we consider the case sgn(M) = sgn(N) and M ≠ N.
Frist,  we  assume  the  elliptical  Maxwell’s  fish-eye  plane
and sphere corresponding to the metrics in Eqs. (4) and
(5).  For convenience,  we set the cicle  | |=1 m (equator
 = π/2) as the initial position of ray and calculate the

geodesics  [see  the  Electronic  Supplementary  Materials
(ESM)]  for  different  geometric  parameters,  as  shown in
Fig. 2.

α α

α

α =
√
2,
√
0.5 α

According to the geodesic projection, the rays incident
outside  (inside)  the  circle  correspond to  the  light  along
the  upward  (downward)  direction.  Thus,  the  image
points  on  the  circle  correspond  to  the  image  points  on
the spherical equator. When  is rational number (  = 2,
0.5),  the  rays  will  propagate  along  the  periodic  orbits
with  self-focusing  phenomena.  Therefore,  only  a  finite
number  of  images  on  the  circle,  and  the  number  of
images is dependent on ; Otherwise, caustics will occur
( ).  In the ESM, we find that  corresponds
exactly to the scaling parameter in generalized Maxwell’
s fish-eye lens. The rationality of the scaling parameters
has been shown to affect the self-focusing of the lens in
previous  work  [53],  and  our  findings  demonstrate  that
the rationality of the anisotropy ratio can have a similar
effect.

Then we design and simulate the elliptical inhomoge-

Eρ Eφ

(ερ, εφ, µz) = (N( 2
ρ2+1 )

2,M( 2
ρ2+1 )

2, 1)

α

α

neous wave to verify the in-plane geodesics in Figs. 2(c)
and (d) by the finite-element methods. In two-dimensional
transverse  magnetic  (TM)  modes,  we  only  need  to
consider  ( , , Hz).  Therefore,  based  on  Eq.  (3),  we
set .  Similar  to  ray
tracing, we place a point source at (–1, 0) m as the excitation
source of TM waves. When  = 2, under the influence of
anisotropic  permittivity,  the  radial  elliptic  waves  show
square  symmetry,  indicating  that  there  are  three  other
image points on the circle [see Fig. 3(a)]. In addition, we
can  see  clear  propagation  fringes  near  the  circle,  but
they  do  not  interfere  with  each  other  to  form  image
points when  = 0.5.

λ

The  anisotropic  polaritons  are  selected  to  investigate
the  in-plane  elliptic  anisotropic  effect  on  the  curved
surface.  It  is  worth noting that,  unlike two-dimensional
elliptic waves, the permittivity of the elliptic anisotropic
polaritons  we  discuss  next  is  negative.  Here  we  set  the
incident wavelength  = 11.92 μm, the substrate material
and the background material are set as air. Considering
the thickness of the van der Waals films and the excitation
of the in-plane polaritons, the radius of the inner sphere
r0 =  10  μm,  and  the  thickness  of  anisotropic  spherical
shell rd = 300 nm. We place an electric dipole above the
equator and observe out-of-plane electric field Er on the
sphere  surface.  Depending  on  the  direction  of  winding,
the  relative  electromagnetic  permittivities  of  MoO3 [11]

 

α =
√
2

α =
√
0.5 α

α

α α

|ρ| = 1

Fig. 2  Geodesics on the elliptical Maxwell’s fish-eye plane
for  anisotropic  coefficients. (a) M =  1, N =  2  ( ).
(b) M =  2, N =  1  ( ). (c) M =1, N =  4  (  = 2).
(d) M =  4, N =  1  (  =  0.5).  Geodesics  on  the  elliptical
anisotropic  sphere  surface  for  anisotropic  coefficients.
(e) M = 1, N = 4 (  = 2). (f) M = 4, N =1 (  = 0.5). The
yellow points are the sources and the green points are images.
The  red  ray  represents  the  light  incident  outside  the  circle
(along the upward direction), and the blue ray represents the
light  incident  inside  the  circle  (along  the  downward  direc-
tion).  In  subgraphs  (a–d),  the  black  circle  bound  is .
The illustration of subgraph (e) is side view.

 

ερ ρ2

εφ ρ2 ερ ρ2 εφ ρ2

εθ εφ
εθ εφ

λ

ρ

λ

Fig. 3  The  magnetic  field Hz on  the  elliptical  Maxwell’s
fish-eye plane for anisotropic permittivity. (a)  = 4[2/(  +
1)]2,  =[2/(  + 1)]2. (b)  = [2/(  + 1)]2,  = 4 [2/(  +
1)]2.  The electric field Er on the elliptical anisotropic sphere
surface for different anisotropic permittivity. (c) Front view
and  rear  view  for  =  ‒ 38.2  ‒  7.07i,   =  ‒ 0.24  ‒  0.11i.
(d) Front  view and rear  view for  = ‒0.24  ‒  0.11i,   =
‒38.2  ‒  7.07i.  The  yellow  points  are  the  sources  and  the
green  points  are  images.  In  subgraphs  (a,  b),  the  incident
wavelength  is set as 0.5 m (m could be arbitrary unit), the
black circle bound is | | = 1 and the outermost layer structures
are perfectly matched layers. In subgraphs (c, d), the radius
of  the  inner  sphere,  the  thickness  of  elliptical  anisotropic
spherical  shell,  and the  incident  wavelength are  set  as r0 =
10 μm, rd = 300 nm,  = 11.92 μm. The illustrations are the
geodesics whose metric corresponding to the real part of the
permittivity.
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(εr, εθ, εφ) (5.6− 0.02i,−38.2−
7.07i,−0.24− 0.11i) (5.6− 0.02i,−0.24−
0.11i,−38.2− 7.07i)

εθ εφ

spherical  shell  are  set  as 
 in Fig.  3(c),  and 
 in Fig.  3(d).  Previous  studies  have

shown that bending two-dimensional materials produces
modes  with  different  field  confinement  and  the  lowest
mode is very localized at the curved waveguide’s vertex
[54].  Therefore,  affected  by  modes  and  material  losses,
our  in-plane  polaritons  are  also  localized  at  partial
sphere.  In  order  to  explain  the  phenomenon  of  elliptic
polaritons on the sphere, we show the corresponding ray
behavior over a short period of time in the illustrations
of Figs.  3(c)  and  (d).  By  comparing Figs.  3(c)  and  (d)
with their illustrations, we can still see the clear influence
of  anisotropic  parameters  on  polariton  propagation.
When  | |  <  | |,  the  horizontal  elliptic  polaritons  will
form  parallel  propagation  fringes  near  the  equator,
which  can  be  used  for  information  transmission  and
construction of new light fields on curved surfaces. Due
to curvature and extreme anisotropy, the vertical elliptic
polaritons  do  not  propagate  to  the  other  side  of  the
sphere, resulting in a local channelization effect.

 4   Curved hyperbolic polaritons

α

α2

α

α2

α2

θ

θ

Similarly, we change the symbols of M or N and remain
the  value  of  | |.  For  this  case,  there  is  no  intuitive
geometric  picture,  such  as  ordinary  disclination
described above, because the spatial metric is no longer
definitely  positive  when  is  negative.  Actually,  the
coordinate with a negative metric component behaves as
a time-like coordinate that turns the effective geometry
of  the anisotropic  medium from Riemannian space to a
pseudo-Riemannian space. As shown in Fig. 4, rays incident
inside  the  circle  (along  the  downward  direction)  will
focus  on  the  center  (south  pole)  while  rays  incident
outside  the  circle  (along  the  upward  direction)  move
away from the center of  the circle  gradually and arrive
at  the  infinity  (north  pole).  Unlike  the  case  of  elliptic
anisotropy  in Fig.  2,  the  self-focusing  properties  and
caustics of light do not occur regardless of whether | | is
rational or not. When | | is larger than 1, the rays are
very  similar  to  the  intersection  lines  left  by  an  elliptic
cylinder  embedded  in  a  sphere,  i.e.,  Viviani’s  curves.
When | | is less than 1, we can see the spirals clearly at
the  poles  of  the  sphere  or  the  center  of  the  circle  [see
Figs.  4(b),  (d)  and  (f)]).  In  the  ESM,  we  discuss  the
equivalent  potential  nergy  and  refractive  index  profiles
of hyperbolic sphere surface. The results reveal that, the
equivalent potential energy and refractive index at  = 0
(south  pole)  and  = π (north  pole)  are  infinite  (black
hole  medium),  in  other  words,  poles  are  extremely
attractive  to  photons.  Therefore,  it  is  obvious  that  the
hyperbolic electromagnetic parameters form an effective
curved black hole.

In order to verify the above geodesics in wave optics,

ρ

θ

α2

α2

α

we  design  and  simulate  the  hyperbolic  inhomogeneous
wave  by  the  finite-element  methods.  Similar  to  elliptic
wave,  we  place  a  point  source  at  the  cicle  | |  =  1  m
(equator  = π/2) as the excitation source of TM waves.
As  shown  in Figs.  5(a)  and  (b),  hyperbolic  waves
converging at  the center  or  diverging to infinity,  which
are consistent with the ray results in Fig. 4. In the prop-
agation of hyperbolic waves [11], the value of | | influence
the open angle and direction of hyperbolic waves. When
| | is larger than 1, waves incident inside the circle are
all  caught  in  the  center  of  the  circle  [see Fig.  5(a)].
Meanwhile,  the  hyperbolic  waves  outside  the  circle  are
confined  within  an  open  angle  and  have  long  lifetimes,
which preserve the properties of the traditional hyperbolic
waves.  When | |  is  less  than 1,  we  can  also  clearly  see
the spiral light field inside the circle in Fig. 5(b). Inter-
estingly, our ray analysis and wave simulation also show
the  helical  light  field  and  optical  singularity  based  on
the radial hyperbolic plane [18, 55].

λ

(εr, εθ, εφ) (7.96− 0.07i,−4.04− 0.34i, 1.02− 0.07i)
(7.96− 0.07i, 1.02− 0.07i,−4.04− 0.34i)

Based  the  same  structure  with Fig.  1(c),  here  we
excite  the  curved polaritons  at  the  incident  wavelength
 = 11.05 μm and the simulation results based on finite-

element  methods  are  shown  in Figs.  5(c)  and  (d).
Depending on the direction of winding, the relative elec-
tromagnetic  parameters  of  MoO3 [11]  spherical  shell

 are set as 
in Fig.  5(c),  and  in
Fig.  5(d).  As  shown  in Fig.  5,  the  curved  hyperbolic
polaritons  can  be  localized  perfectly  on  the  sphere  and
retain the properties of geodesic manifold in Fig. 4 without
almost being affected by material losses. Unlike the bulk

 

α = i
√
2 α = i

√
0.5

α α

α α

ρ

Fig. 4  Geodesics  on  the  hyperbolic  Maxwell’s  fish-eye
plane  for  anisotropic  coefficients. (a) M =  1, N =  ‒ 2
( ). (b) M = ‒2, N = 1( ). (c) M = 1, N = ‒4
(  = 2i). (d) M = ‒4, N = 1 (  = 0.5i).  Geodesics on the
hyperbolic  anisotropic  sphere  surface  for  anisotropic  coeffi-
cients. (e) M = 1, N = ‒4 (  = 2i). (f) M = ‒4, N = 1 (  =
0.5i). The yellow points are the sources and the green points
are images. The red ray represents the light incident outside
the  circle  (along  the  upward  direction),  and  the  blue  ray
represents  the  light  incident  inside  the  circle  (along  the
downward  direction).  In  subgraphs  (a‒ d),  the  black  circle
bound is | | = 1. The illustration of subgraph (f) is upward
view.
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effect of hyperbolic materials [56], the hyperbolic wavefront
does  not  propagate  to  the  other  side  of  the  sphere  to
form  periodic  orbits,  but  focuses  on  the  poles  of  the
sphere surface. It is  worth mentioning that, affected by
the  high  refractive  index  of  the  center,  the  light  field
near the pole will be bounced off and produce interference
fringes [see Fig. 5(e)]. In the ESM, we show the response
to  the  dipoles  at  other  positions  and the  metastructure
realization of hyperbolic curved polaritons.

 5   Discussion

In this paper, the above discussion does not consider the
effect  of  substrate materials  because the propagation of
curved  polaritons  mainly  depends  on  the  in-plane
permittivity  tensor  of  the  anisotropic  spherical  shell.
Inevitably,  excessive  refractive  index difference between
environment  and  substrate  material  will  disturb  the
stability of the waveguide mode and cause a little clutter.
Nevertheless,  common  substrates  (such  as  SiO2/Si)  do
not influence the propagation of the anisotropic polaritons
on  the  curved  surface.  In  addition,  the  forms  of  the
permittivity  tensor  in  different  coordinate  systems  are
different. Therefore, we mentioned the conversion of the
permittivity tensor between the different curved coordi-
nates and the Cartesian coordinates in the ESM.

Existing  2D  material  systems  can  only  achieve

εx εy εx
εy

εx ≫ εy

anisotropic in-plane elliptic dispersion ( ,  < 0 &  ≠
)  in  narrow  frequency  bands,  and  it  is  usually

extremely  anisotropic  ( ).  In  contrast,  many two-
dimensional  materials  and  metamaterials  have  recently
been  able  to  produce  stable  hyperbolic  dispersion.
Comparing  with  curved  hyperbolic  polaritons,  curved
elliptic polaritons have longer propagation distances and
become more susceptible to material loss and mode loss.
Therefore, the curved hyperbolic polaritons are of higher
application value and experimental realizability. Here we
consider  natural  hyperbolic  films  MoO3 as  the  shell
material because it supports both in-plane elliptical and
hyperbolic  anisotropic  polaritons  in  the  infrared  band.
Recent  research  [57]  suggests  that  the  two-dimension
boron  nitride  sheet  can  be  grown  by  chemical  vapour
deposition  and  inherit  the  hyperbolic  phonon–polariton
dispersion of hexagonal boron nitride. In addition, tran-
sition-metal  nitride  superlattices  on  F-mica  can  be
substantially bent via reactive magnetron sputtering and
support  hyperbolic  response  in  the  visible  to  near-
infrared  ranges  [58],  which  implies  the  feasibility  of
wrapping  two-dimensional  hyperbolic  van  der  Waals
films or growing them on the curved substrates. There-
fore,  one  can  achieve  a  thin  layer  α-MoO3 surrounding
the  sphere  by  wrapping  the  flakes/nanoribbons  with
careful  control  of  the  rolling  angle.  Besides,  there  are
other  possible  approaches.  For  example,  high-quality  α-
MoO3 with large area can be directly grown on the SiO2
substrate  by  a  CVD  method  [59].  With  the  help  of
Scattering-type scanning near-field optical microscopy (s-
SNOM)  set-up  and  metallic  atomic  force  microscopy-
based  infrared  spectroscopy  (AFM-IR)  technique,  one
can  observe  the  propagation  and  focusing  behavior  of
anisotropic polariton by the Nano IR spectra and near-
field two-dimensional imagings [57].

In  summary,  based  on  the  anisotropic  Maxwell  fish-
eye metric  and projection,  we introduce the anisotropic
polaritons  on  curved  surface  and  demonstrate  their
unique optical  properties  through ray tracing and wave
simulations  based  natural  anisotropic  materials.  Our
paper provides valuable references for the applications of
curved  anisotropic  polaritons  on  sphere/spindle  surface
and suggests that more curved surface, such as rings and
cones,  could  serve  as  research  platforms  of  anisotropic
polaritons in the future.
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Fig. 5  The magnetic field Hz on the hyperbolic  Maxwell’s
fish-eye plane for anisotropic permittivity. (a)  = ‒4[2/(  +
1)]2,  =[2/(  + 1)]2. (b)  = [2/(  + 1)]2,  = ‒4 [2/(  +
1)]2. The electric field Er on the hyperbolic anisotropic sphere
surface for different anisotropic permittivity. (c) Front view
and  top  view  for  =  ‒ 4.04  ‒  0.34i,   =  1.02  ‒  0.07i.
(d) Front view and top view for  = 1.02 ‒ 0.07i,  = ‒4.04
‒ 0.34i.  The  yellow  points  are  the  sources  and  the  green
points are images. In subgraphs (a, b), the incident wavelength
 is set as 0.5m (m could be arbitrary unit), the black circle

bound  is  | |  =  1  and  the  outermost  layer  structures  are
perfectly  matched  layers.  In  subgraphs  (c,  d),  the  radius  of
the inner  sphere,  the thickness  of  hyperbolic  spherical  shell,
and the incident wavelength are set as r0 = 10 μm, rd = 300
nm,  = 11.05 μm.
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