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ABSTRACT

Physical properties such as the conductivity are usually classified according
to the symmetry of the underlying system using Neumann’s principle,
which gives an upper bound for the number of independent components
of the corresponding property tensor. However, for a given Hamiltonian,
this global approach usually can not give a definite answer on whether a
physical effect such as spin Hall effect (SHE) exists or not. It is found that
the parity and types of spin-orbit interactions (SOIs) are good indicators
that can further reduce the number of independent components of the
spin Hall conductivity for a specific system. In terms of the parity as well as
various Rashba-like and Dresselhaus-like SOIs, we propose a local
approach to classify SHE in two-dimensional (2D) two-band models,
where sufficient conditions for identifying the existence or absence of SHE

In-plane SHE z
0= =0~

Out-of-plane SHE

in all 2D magnetic point groups are presented.

Keywords spin Hall effect, symmetry, two-dimensional system

1 Introduction

Berry curvature related band geometric quantities are
widely adopted to describe various Hall effects [1, 2]. For
instance, nonzero Berry phase accounts for both quantum
Hall effect [3] and quantum anomalous Hall effect [4],
which are intrinsic responses and involve the breaking of
time-reversal symmetry. In time-reversal invariant
systems, extrinsic Hall effect can exist in the nonlinear
response regime, such as the second-order Hall effect
induced by Berry curvature dipole [5-7] and the third-
order Hall effect induced by Berry-connection polarizability
tensor [8], which can also be studied in multiterminal
systems using the scattering matrix theory [9, 10].
Higher-order nonlinear anomalous Hall effects induced
by Berry curvature multipoles such as quadrupole and
hexapole have been discussed in certain materials with
magnetic point group symmetry [11]. In particular,
intrinsic second-order anomalous Hall effect has been
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discovered in PT-symmetric antiferromagnets [12-14]
and intrinsic third-order anomalous Hall effect was
discussed [15]. In addition to Hall currents, it was found
that Berry curvature dipole and Berry curvature fluctu-
ation can give rise to linear and nonlinear thermal Hall
noises [16]. The existence of these nonlinear Hall effects
are classified by symmetry and relevant constraints [5, 6,
11-13, 15], since band geometry is strongly affected by
symmetry.

In fact, symmetry plays essential roles in classifying a
variety of physical properties [17]. For example, the
famous universal conductance fluctuation (UCF) [18-22]
in mesoscopic transport depends on symmetry and
dimensionality of the system. To describe UCF, the
system Hamiltonian is categorized into three ensembles,
i.e.,, Gaussian orthogonal/unirary/sympletic ensemble,
based on the presence or absence of time-reversal and
spin-rotation symmetries. When the particle-hole and
chiral symmetries are further included, it has been
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extended to the ten-fold way [23, 24], which is widely
used in classifying topological insulators (TI) and topo-
logical superconductors. Spin photovoltaic effect in anti-
ferromagnetic materials can be classified in terms of the
PT symmetry and spacial symmetries [25]. However,
there are also exceptions using symmetry analysis. The
remarkable example is the phase transition between TI
and band insulator, which occurs without symmetry
breaking but with the changing of global (topological)
invariants [26, 27]. In this work, we find another exam-
ple: for a system with a given symmetry, spin Hall effect
(SHE) can be present or absent depending on the parity
and spin-orbit interaction (SOI) of the Hamiltonian.

SHE is a relativistic phenomenon, where charge
current drives transverse spin current in spin-orbit
coupled systems [28]. Similar to charge Hall effects, SHE
can also be intrinsic or extrinsic. Intrinsic SHE [29, 30]
is not influenced by transport process, which has been
proposed in Weyl semimetals such as TaAs [31]. The
orientation of spin polarization in SHE can be either in-
plane or out-of-plane. In different materials, the dominant
SOI could be Dresselhaus-like or Rashba-like, or the
combination of them [32-34]. The existence of SHE and
inverse SHE [35] have been solidly confirmed by a series
of experiments [36, 37|, and theoretical description of
SHE usually involves spin Berry curvature [31]. However,
less attention has focused on classifying SHE, which
could be carried out wusing Neumann’s principle.
Neumann’s principle has been applied to analyze the
conductivity tensor for nonlinear Hall effects [11-13],
which can be stated as: if a crystal is invariant with
respect to certain symmetry, any of its physical properties
must also be invariant with respect to the same symme-
try. As a consequence of this principle, symmetry
imposes constraint on physical quantities, including the
spin Hall conductivity.

In this work, we demonstrate that the symmetry alone
is insufficient to determine the existence of SHE in 2D
systems, since SHE can be switched on or off by varying
the SOI while maintaining the symmetry of the system.
Compared with Neumann’s principle, the parity and
types of SOIs are better indicators for identifying SHE.
Based on the parity as well as different orders of in-
plane or out-of-plane, Dresselhaus-like or Rashba-like
SOIs, we propose a local approach to classify SHE,
which gives sufficient conditions for the existence of
SHE in 2D two-band models. Complete analysis on all
2D magnetic point groups (MPGs) are carried out and
possible materials for experimental verification are
discussed.

The paper is organized as follows. In Section 2, the
Kubo formula for the spin Hall conductivity of a 2D two-
band model is introduced. In Section 3, classification of
2D SHE according to Neumann’s principle is discussed.
For a Hamiltonian with certain symmetry, this general
classification can only give an indefinite answer on the

presence or absence of SHE. In Section 4, a different
symmetry analysis based on parity and types of SOIs
constituting the 2D Hamiltonian is given, which allows
identifying the existence of SHE. Finally, discussion and
conclusion are given in Section 5.

2 Formalism for spin Hall effect

The spin Hall conductivity is [29, 31, 38] (h=e=1)
O—gy = /kan,ng,xy(k>v
n

where [, = [, d%k/(27)? and o labels the direction of
spin polarization of SHE. The “spin” Berry curvature is
defined as

(1)
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with spin current operator J& = 1{v;,s,}, where s, is the
spin operator and v; = gTZ is the velocity operator. Note
that the “spin” Berry curvature resembles usual Berry
curvature only if the spin is a good quantum number. In
the presence of spin-orbit interaction (SOI), it is very
different from the usual Berry curvature. We focus on a
two-band model defined as H = dyoy + d - o, from which
we have

v; = Oido + (03d;)0, (3)

where summation over repeated indices is implied and

J¥ = g(o’aaido + aida).

2

(4)

After some algebra, we find the spin Berry curvature
for the lower band

_ 0,do(9,d x d)o

0, (k) 1o X e,

()

where d®> =d-d. It is easy to show that for the linear
Rashba SOI, Eq. (5) reproduces the spin Hall conductance
of e/(8r), which was obtained by Sinova et al. [29]. For
comparison, we show the expression of Berry curvature

ho,d - (9,d x d)
243 '

Qi ay(k) ==+ (6)
Obviously, if Hy =0 there is no linear SHE. From now
on, we will work on systems with broken particle-hole
symmetry (dy = k?) and focus on o2, . The analysis of o¢,
is similar.

In order to have spin Hall effect, SOI must be present
which can be classified according to the symmetry as
well as linear or nonlinear orders of momentum. For
instance, two typical in-plane linear order SOIs (IP-SOI)
in 2D systems are the Rashba SOI ko, — k,0, and Dres-
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Table 1 SOI Hamiltonians of various orders and symmetries.

In-plane Dresselhaus-like SOI (symmetry)

In-plane Rashba-like SOI (symmetry)

Hy = R(kyoy) (21')
Hs, = R(k3o_) (2'mm') [33, 39], Hyy = R(koy) (6'm'm) [33, 39)
Hy =R(k3o_) (21'), Hs = R(kioy) (41')
Hi = R(kfo-) (41'), Hs = R(k3o4) (61"

Hy = kyoy — keoy ~ S(kyo-) (Coo, T)
Hsy = S(k3o-) (2'm'm) [33], Hay = S(kio4) (6'm'm) [33]
He = S(k3o_) (2mml') [33], H7 = J(k3o4) (4mml') [33]

Hy = ¥(k%o_) (4mml'), Hy = S(kYoy) (6mml')

Out-of-plane Dresselhaus-like SOI

Out-of-plane Rashba-like SOI

R(ky)o. (ml') [40]
R(k3)o- (4'm'm) [11]
R(k3)o. (3m) [32, 41-43)

S(ky)o. (ml')

%(k:‘;_)az (4'm'm)

(k3 )o. (3m) [32, 42, 44, 45]

selhaus SOI ko, — kyo,. For the classification reason, we
define two types of SOI, Dresselhaus-like (Hp) and
Rashba-like (Hg) SOI, as follows. For IP-SOI, we define
A= (kY K oy + B kN ko) with ky = k, £ ik,
then Hp = A+ A" and Hp = —i(4 — A?). For the out-of-
plane SOI (OP-SOI), we have Hp=B+B' and
Hp = —i(B — BY) where B = 25:1 Yk k" o.. In Table 1,
we list a few IP-SOIs and OP-SOIs which are basic
building blocks of the SOI Hamiltonian. In particular,
the SOI with N =3 is called cubic Dresselhaus and
Rashba SOI, respectively in the literatures [32, 38,
46-48]. According to our notation, ko, — kio, ~ Im[(k3+
3k k2 o], (k2 = k) (kyoo + kyoy) ~ Im[(k3 + k2 ko],
K2k2(kyo, — kyoy) ~ Im[(k2 — k2)2ky o], and  koky(keou—
kyoy) ~ Im[(k? — k*)kio_] belong to Rashba-like SOI
with Cy, symmetry [49-51] while k.k,(k,0, — kyoy) ~
Re[(k1 — k2 )kyo ] and kdo, + kjo, ~ Im[(k3 + 3k, k2 )oy]
belongs to Dresselhaus-like SOI with C; symmetry [42,
52].

3 Classification of SHE from Neumann’s
principle

SHE can be classified using Neumann’s principle. Note
that the spin current is obtained from spin (pseudo-
vector) and velocity (vector) operators, it forms a
second rank pseudo-tensor while the electric field is a
vector. As a result, the spin conducticity tensor of, is a
third rank pseudo-tensor (8,v = x,y) [53, 54]. Different
from the Hall effect, generally speaking, spin conductance
does not enjoy antisymmetric property with respective
to B8 and 5. According to Neumann’s principle, the spin
conductivity tensor is expressed in terms of a rotation
matrix R as

0§, = ndet(R)Raa Rpg Ry 0. (7)
where 5= —1 for prime operation and the presence of
det(R) is needed for a pseudo-tensor. From Eq. (1), it can
also be shown as

(a)

(b)

In-plane SHE z Out-of-plane SHE

—
JI\ |
rg el el
- o
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Fig. 1 Schematic plots of the in-plane (a) and out-of-plane
(b) spin Hall effects. J¥/% denotes the spin current, and F is
the driving electric field.

o5, :/ngv(k) :ndet(R)/k 5 (RE), (8)

Since 2D MPG is imbedded in 3D MPG, we can use
Bilbao Crystallographic Server [55] to find nonzero
components of 08 which is similar to the discussion of
higher-order anomalous Hall effects [11-13].

The results obtained from Bilbao Crystallographic
Server, using Jahn Symbol eV?, can be summarized as
follows. For in-plane SHE (IP-SHE), we find: (i) for
MPG m, ml', 0¥, =0Y,=0 and o, and o}, are indefinite;
(ii) for MPG 2', m', T, both ¢%¥ and ¢}¥ are indefinite;
(iii) for MPG 3, 31', 3m', 6', o%)¥ = 0/?; (iv) for MPG
3m, 3ml', 6'mm', o7, =07 =0 and oY, = o¥,. For other
2D MPG elements, both a%” and a'lféy are zero. For out-
of-plane SHE (OP-SHE), we have: (i) ¢Z, = —07, for
most of the high symmetry rotations: 4, 41', 4mm,
4mml', 4'm'm, 4m'm', 3, 31', 3m, 3ml', 3m', 6, 61', 6,
6mm, 6mm1', 6'mm’', 6m'm'; (ii) o}, and o7, are indefinite
for the rest of the MPGs. The in-plane and out-of-plane
SHEs are schematically shown in Fig. 1.

These results are summarized in Table 2, from which
we find that for many systems the existence of SHE can
not be determined solely by the symmetry. Moreover,
we observe that o2 can be switched on and off while
maintaining the symmetry of the system. For instance,

Hsor = kZo, + ko, has Cy7 symmetry and it is easy to
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Table 2 Results from Neumann’s principle for IP-SHE.
Here “N” represents no constraint. “S” and “A” refer to
symmetric relation for a;”éy and antisymmetric relation for
0%, with respective to = and y, respectively. “0” stands for
zero og,. The results with m, are listed. For MPGs containing
my, oy, and o¥, are interchanged. For example, for MPG m,,

myl', my', ok, = N and o, = 0.

MPG Ozy  Ody  Oxy

Ma, Mal', my' 0 N N

2' N 0 N

T N N N

3,31, 6' S S A

3ma, 3mgl', 3m,', 6'my'me 0 S A

4mm, 4mml', 4'm'm, 41'11'1’11'7I 4,' 41', 6mml’, 0 0 A
6mm, 6, 61', 6m'm

2, 21", 2mm, 2mml’', 2'm'm, 2m'm"', 4' 0 0 N

verify that o7, is zero for Hsor while o7, # 0 for Hy + Hsor
where H; is the linear Rashba SOI listed in Table 1.
This shows that for a given Hamiltonian, symmetry
alone cannot characterize the OP-SHE. This conclusion
is also valid for IP-SHE. Note that Eq. (7) relates different
components of SHE and imposes constraint on them
(global constraint). It gives an upper bound of the
number of independent components solely from the
symmetry of the third rank pseudo-tensor, regardless of
the physical system. Once the expression of SHE is given,
we can use Eq. (8) to find further constraint on a particular
component of SHE (local constraint). It turns out that
the parity and types (Hp or Hy) of SOI are good indicators
to classify SHE. We recognize that parity is also a kind
of symmetry, but in this work the word “symmetry”
refers solely to spatial symmetries. In the following, we
will give the sufficient condition under which SHE may
vanish.

4 Classification of SHE based on the parity
and types of SOIs

The order of SOI, N, is determined by the power of k
(regardless of k, and k,). In general, the parities of Hp
and Hp are discussed in Appendix A. We find that the
parity (—1)V plays a critical role in determining the exis-
tence of IP-SHE (o%/¥). Specifically, we demonstrate
that, for a system with several SOI components, the IP-
SHE can be switched on and off by tuning these SOIs
while maintaining the symmetry of the system. We
further show that SHE can be classified by the parity of
SOL.

For IP-SHE, there are 12 MPGs in Table 3. The
results are summarized as: (i) for MPG m, m1', 3ml, we
find 02, =0 and 0%, =1 (“1” stands for nonzero) when
m =my; (ii) for MPG m', 3m, 3m', we find o2, =0 while
oY, =0/1 (“0/1” stands for zero or nonzero depending on

Table 3 Results of direct calculation. Here “0” and “1”
stand for zero and nonzero o, respectively. “0/1” means
SHE can be switched on and off and “NA” means that SOI
Hamiltonian is not available for d. # 0. The results with m,
are listed. For MPGs containing m,, o%, and 0¥, are inter-
changed.

MPG Oy oy Oy
My 0 1 0/1
mgl', 3mgl' 0 1 1
T, 3,31 0/1 0/1 1
ma'y 3Mg, 3my' 0 0/1 1
4mm, 4'm'm, 4m'm’, 4, 6mm, 6, 6m'm’, 0 0 1

2, 2mm, 2'm'm, 2m'm', 4'
2' 21", 2'mm', 2mm1’, 41', 4mm1’,

6', 6'm'm, 61', 6mm1’ NA  NA 1

the parity of individual SOI component in the Hamilto-
nian); (iii) for MPG 7, 3, 31", ¢%/¥ = 0/1; (iv) for MPG
2', 21", 2'mm’', 2mm1', 41', 4mml', 6', 6'm'm, 61', and
6mm1', no SOI Hamiltonians are available for 2D two-
band models with nonzero d,.

For OP-SHE, o7, is nonzero for most of MPGs. The
condition for ¢% =0 is that d.d, is an odd function in
momentum space. We find that o7, is nonzero for all 2D
MPGs except three (m, 1, 2') with the following Hamil-
tonians: (i) the Hamiltonian with MPG m (mirror
symmetry), e.g., H = k2o, +kyo,. Other Hamiltonian
with the same symmetry may not have vanishing OP-
SHE. (ii) the Hamiltonian with no symmetry at all, e.g.,
H = ky0, + kloy,. (ili) the Hamiltonian with MPG 2', e.g.,
H =klo, — k2o,. Another straightforward condition is
that the system either has the chiral symmetry o, [56,
57] or chiral symmetry o, [58]. In the following, we give
an example to demonstrate our findings and then verify
it in a general account.

We consider the following Hamiltonian

A
H = ]{jQO'O —+ Al(kya-az — kzay) -+ ;(ki()ﬁr =+ k%o'_)

A A iA
— i (ko — ko) + SHRL + k2o, — 20k
A i\
— K )os + SRS + ko — %(ki — K)o

9)

Here o4 =0, +i0,. In this Hamiltonian, different parts
of SOI have been used before. For instance, the \, term
was used in Ref. [39] to address 2D dual topological
insulator of NasBi. By fitting the experimental data, the
Dresselhaus-like SOI ()3 term) can account for the
strong out-of-plane spin component at the Fermi surface
of 2D Au/Ge(111) surface [34]. The )\, term was
proposed [41] to explain the experimentally observed
warping effect of Fermi surface for topological insulator
Bi,Te; and the A5 term is crucial in determining the
origin of experimental finding, the giant Zeeman-type
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spin polarization in WSe, [59]. Note that the linear
Rashba SOI (A\; term) has the highest symmetry while
the Ay term (6'm'm), A3 term (6mml'), \s term (6), and
A7 term (6mm) are hexagonal SOI. The )\, and )5 terms
are trigonal SOI having m, and m, symmetries, respec-
tively, making Eq. (9) a good testing platform for
symmetry analysis. For instance, when X\, and )5 are
nonzero, the system has (C;, m,7) symmetry (see
Appendix B for more details). Turning on and off any of
A1 [60], A3, or X\ does not affect the symmetry of the
system. Fixing X\ and A\, to be nonzero while switching
off A5 and )¢ changes the system symmetry to (Cs, my).
Therefore IP-SHE of this trigonal symmetry can be
studied by tuning any of parameters of \;, A3, and \;.
For nonzero (Mg, Ay, )s), the system has C; symmetry.
Its IP-SHE can be studied by varying \;. In addition, IP-
SHE of hexagonal MPG 6 can be examined by setting
(A2, A1, As) =0 and(A3, As, A7) # 0 while varying A,. IP-
SHE of MPG 6mm (6m'm') can be studied by switching
on A3 and A7 (A\g) and turning on and off A;.

In the following, we focus on ¢, = 8,d(d,d x d), which
differs from Q2 by 1/(4d®). For convenience, we define
an = k¥ + kY and by =i(kY — k) so that all SOI Hamil-
tonians in Table 1 can be expressed in terms of ay, by,
and o,. The parities of ay and by with respect to k, and
k, are found to be ay~kY and by~ k.kyan (see
Appendix C). For Eq. (9), in terms of ay and by, we
have dx = Alky + )\2(12 + /\3b5, dy = —)qk’x + )\ng — )\3@5,
and d, = \jas + \sbs + Agag + Arbg. Using Eq. (5), the
expression of ¢, is shown in Appendix D.

Now we examine the behaviors of IP-SHE for various
symmetries 6mm (6m'm'), 6, (Cs, m,T), (Cs, m,) and Cs.
1) For MPG 6mm or 6m'm', we find o2 =0. The
reason behind this can be understood by simple parity
analysis. For a 2D system having two mirror symmetries
or both m,,, 7 symmetries, d* is an even function of
both k, and k,, and hence we can focus on the parity of
¢o- For of to be nonzero, ¢, must be an even function
of kg if we set k, = k, = ko. In addition, the in-plane (out-
of-plane) SOIs must be odd (even) functions of ky. This
is because o4 rotates in the same way as ki while o,
remains unchanged under rotation. Since ¢,/ scales like
dy,d-ksk, according to Eq. (5), it is impossible for ¢,/
to be an even function of k,. Thus, we find that o2 =0
for systems with two mirror symmetries, which include
symmetry groups: 2mm, 4mm, 6mm, 2mml', 4mml’,
6mml', 2m'm', 4m'm', and 6m'm".

2) For the system with Cs symmetry, (A3, Ag, A7) is
nonzero and varying )\; does not affect the symmetry.
We find %)Y =0 because d*> has a mirror symmetry
M,, with or without A\; so that terms involving 0(12/)2_/
and cf’/)y
symmetry of energy spectrum or d2 is shown in
Appendix E. This result agrees with that obtained from
Neumann’s principle.

3) For the system with (C3, m,7T) symmetry, we study

do not contribute to af.éy. Discussion on the

the following cases. (a) The case when A\, and A5 are the
only two nonzero parameters. Since there is only one
SOI in either TP-SOI or OP-SOI, 4?2 has two mirror
symmetries. From Appendix D, we keep only M and cg(,l)
and find ¢2” = 0 (no IP-SHE). As will be discussed later,
if there is one IP-SOI and one OP-SOI with different
parities, there is no IP-SHE. Case (3a) is just a special
case. (b) Now we turn on )\; which respects m, symme-
try. Since the X, term does have m, symmetry, hence
d2 + d; has only m, symmetry which is the only mirror
symmetry possessed by both IP-SOIs. Note that the
symmetry of d2 remains the same as in (3a) which makes
d?> asymmetric about k,. Including both Y and ¢, we
obtain Cyp = 3)\1)\5&2]‘6% + )\2)\5(2&1[)3 — 3a2b2)kz and Cy = 0,
which gives ¢% #0 and ¢¥% =0 [shown in Appendix

F(a)]. (c) If we replace the \; term by the )¢ term,
d2 +dZ has two mirror symmetries as explained above.
Note that d2 has m, symmetry. We have
¢z = —4XaXg(arag + babs)ky + 222A5(3a2be — 2a1b3)k,, and

¢y = 0, leading to nonvanishing o7, [shown in Appendix
F(b)]. We see that ¢7, and oY, can be switched on and
off while maintaining the system symmetry.

4) For the system with (C3, m,) symmetry, we require
A2 and \; to be nonzero and set A5 = A\g = 0. (a) When
A1 = A7 =0, d? has two mirror symmetries and we find
oY = 0 from the symmetry argument which is the same
as case (3a). (b) When turning on );, d%> becomes
symmetric about k, only. Hence neglecting terms odd in
k., we find o7, =0 and ¢, =\ M\i(az — 3boky kot
A2A4(2a3by — 3agbs )k, making ¢¥ 0 [shown in Appendix
F(c)]. (c) When replacing the A; term by the A; term,
the symmetry of d? remains the same. We obtain o7, =0
and ¢, = M A4(2a3by — 3asbo)k, which has nonzero contri-
bution. The result is the same as (3b).

5) When (\s, A4, As) are nonzero, the system has Cj
symmetry. It is easy to show that d? has only mirror
symmetry m,, and therefore only terms involving cfvl/)y
and cgl/)y contribute. We find a%” =0. When ) is
present, the system is still maintained at C5 while m,,
symmetry is broken for d?. We find ¢, = —6A\; A\sa0k2+
6)\1)\4{)2]63 - 2)\2)\4(2&1&3 + 3b%)]€1 +2/\2)\5(3a2b2 - 2a1b3)km
and Cy = 2)\1)\4(&3 — Sbgky)kw + 2/\1)\5 (b3 + 3a2ky)k‘m+
2o Xs (2b1b3 + 3a2) ks + 2Xa\a(2a3by — 3azbs)k,. Hence both
(r%y #0.

For OP-SHE, it is easy to see that: if OP-SHE
vanishes for a particular Hgo; then H;, + Hso; makes
oz, # 0. Therefore, for a given symmetry, OP-SHE can
also be tuned from zero to nonzero. One IP-SOI means a
basic building block with a defnite parity and SOI type,
such as the one in Table 1.

Now we give the sufficient conditions for vanishing IP-
SHE in 2D systems in the following, and present the
proof in Appendix I. (i) If the SOI Hamiltonian has
chiral symmetry o, then o%)¥ = 0. (ii) If the SOI Hamil-
tonian contains only one in-plane and one out-of-plane
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components, there is no IP-SHE when the two componants
have different parities [see the examples, cases (3a) and
(4a)]. Supposing they have the same parity, we find that
oY, =0 if both components are the same type of SOI
while ¢, = 0 if they are different types of SOI. (iii) The
case that d? has one mirror symmetry m,. Supposing the
Hamiltonian is given by H = Hy+ M Rrp+ MDip+
X3Dop + MRop where R;p and Dpp stand for in-plane
Rashba-like SOI and out-of-plane Dresselhaus-like SOI,
respectively. Each SOI Ap with A= R, D and B =IP,0OP
may have several terms but must have the same parity.
For instance, D;p = D¢, + D%p, IP-SHE vanishes only if
a and b have the same parity. We find that the condition
for 0% =0 is: the parity of (Drp,Rip,Dop,Rop)=
(£, F,F,+) where + stands for even parity while the
condition for oY, =0 is: the parity of (Dip,Rrp,Dop,
Rop) = (£, F, £, F) [see the examples, cases (3b) and (4b-
d)]. (iv) Assuming the mirror symmetry of d? is m,, we
find that the condition for ¢%, =0 is H = Rjp + R{p+
Dgp+DEp or H=Djp+ Djp+ Rop+ Rbp; while for
oY, =0, we require H =Rj,+Rj,+Rop+R5p or
H = D;p+ Dfp+ Dgp+ D p. (v) If all IP-SOIs have one
parity and all OP-SOIs have another parity, a%y =0.

We present examples of SOI Hamiltonians for all 2D
MPGs in Table A2 of Appendix J. As shown in
Appendix K, the vanishing of IP-SHE for all 2D MPGs
with d, # 0 in Table 3 can be predicted using conditions
(2)—(5) without involving Neumann’s principle.

5 Discussion and conclusion

In summary, we have demonstrated that the symmetry
of the system along is not enough to characterize the
existence of spin Hall effect, while the parity and
symmetry types of constituent SOI play a crucial role. It
is found that 2D in-plane SHE can be switched on and
off by combining different SOI components, including in-
plane and out-of-plane Rashba-like and Dresselhaus-like
SOIs of different orders, while maintaining the system
symmetry. Sufficient conditions for the existence of SHE
are presented, accompanied by complete analysis on all
2D magnetic point groups.

The verification of our findings would be straightfor-
ward. SHE has been experimentally realized over fifteen
years [36, 64]. In Ref. [65], H = Hy + Hg + Hi3, was used
to model the surface states in the Bi,Tez family of 3D
TI wusing first-principles calculation, which has been
experimentally verified [34]. However, we need a system
with both types of SOI and different parities. In Ref.
[66], a new class of atom-laser coupling schemes were
introduced to describe the spin—orbit coupled Hamiltonian
of ultracold mneutral atoms, which has the form
H = Hy + H3, + H3, + Hs + Hs and could be adopted to
the switching on and off of SHE.
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Appendix A: Symmetries of Hp and Hr

Under mirror symmetry m,,,, we have k, — Fk_ and
oy = +o_, from which we find A= (-1)VA" under m,
and A = — At under m, where A is the corresponding SOI
after transformation. Defining (—1)V as the parity of
SOI, we obtain that R;, has both m,,,, Rf, has only m,,
D;p has no mirror symmetry while Df, has only m,
symmetry, where R and D represent Rashba-like and
Dresselhaus-like SOI, respectively. Since o, — —0o, for
Mgy, we have B = (—1)"*'Bf under m, and B— —Bf
under m,, from which we find that R;, has m,, R, has
both m,,, Dgp has m,, and D{;, has no mirror symmetry
(see Table Al for a summary).

Appendix B: Symmetry of the Hamiltonian
in Eq. (9)

For Eq. (9), the symmetry of each SOI term is listed: \;
term has (Cw, 7); A2 term has (Ce7, Cs, my, m,T); A3
term has (Cs, T, C3, ma, my, myT, m,T); A4 term has
(03, T, My, mxT)a A; term has (037 T, My, myT)a A6
term has (Cs, C3,m,T,m,T ); A7 term has (Cs, C3, Mmuz,
my)-

We may have three cases to test the effect of symmetry
on IP-SHE. (i) The presence of A3 and )\s ensures Cg
symmetry and the presence of A3 and \; ensures (Cg, my,
m,,) symmetries. (ii) The presence of )\, and \; ensures
(C3, m,T) symmetries regardless of A, A3, and ). (iii)
The presence of X\, and )\, while setting A5 =Xs =0
ensures C3 and m, symmetries. Note that varying (A, A3,
A7) does not change the symmetry of the system. All of
these systems do not preserve time-reversal symmetry.

Appendix C: Parity of ay and by

We define ay = k¥ + kY and by = i(kY — k). The parities
of ay and by can be obtained as follows. Under m,, we
have ky — —k_, ay = (=1)Vay and by — (=1)N+lby.
Under m,, we have k;y —k_, ay —any and by — —by.
Therefore ay ~ kYg: and by ~ kY ~'k,go where g; with
i = 1,2 are arbitrary even functions of k,.
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Appendix D: Analytic expressions of ¢,

¢ is given by

¢, = Opdo(dy0ydy — dy0ydy),

Cm/y = 8zd0(d28ydy/x — dy/xaydz) (Al)
For the example in the main text, c, is found to be
M = 2[A2k, + M Az(as — Sagk, — 5bak,)
— 2X\3(b1by + aras) — 5A3(asas + babs) ks,
? =0,
023) = 2[)\1/\2(2b1kw — 2a1ky — bg) + /\2)\3(2a5b1
— 5(12b4 — 2(11()5 + 5a4b2)]kx,
W =0, (A2)
where ¢! is even in k, and Ky, ¥ is odd in k, and even

in k,, ¥ is even in k, and odd in k,, and ¢? is odd in

k, and k,. We have used the relations 9,a, = nb,_; and
9yb, = —na,_1. ¢, also has four terms,
Cgl) = 2[—3)\1>\5a2]€x — A2A6(2a1a6 + 6babs)
— )\3)\5(51)3[)4 + 3a2a5)]k’m,
cg) = 2[)\2/\4(—2a1a3 — 3[)3) — 6M\ 1 Arask,
— )\3)\7(6&% + 5b4b6)]ka:v
¥ = 2[Aa A5 (3a2bz — 2a1b3) — AsAg(5agbs
— 6a5b5) + 6)\1>\6b5kx]kxa
et = 2[A3Ma(3asba — Bazbs) + 3Mi Aabzk,

+ Ao A7 (6asba — 2a1bg)]ky . (A3)
For ¢,, we find
M = 2[A\1\4(as — 3baky) — AsAa(Bagas + 3b2bs)
+ A7 (6azas + 2b1bg) ko,
el = 2[A1Xg(ag — 6bsky) + A2As5(2b1b3 + 3a3)
+ 36 (5agag — 6b2)]ky,
e = 2[A2A4(2a3b1 — 3azba) + A A7(bs + 6ask,)
+ A3A7(6asbs — 5agbe)]ks,
Y = 2[A1 A5 (b3 + Bazky) + A2As(2asby — 6aszbs)
— A3A5(bagbs — 3azbs)]k,. (A4)

Appendix E: Symmetry of the energy spec-
trum

For Hy = k?0q, d? is the same as that of the energy spec-
trum, from the symmetry point of view. The symmetry
of the energy spectrum is summarized as follows.

(a) m, and m, symmetries. If there is only one IP-SOI
and one OP-SOI, the energy spectrum has two mirror
symmetries regardless of symmetries of each SOL.

(b) myy, symmetry. If all IP-SOIs have one parity

Table A1l Mirror symmetry of IP-SOI and OP-SOI. “A”
and “S” represent antisymmetric and symmetric under different
mirror operations, respectively. The SOI has the corresponding
mirror symmetry if “S” is marked.

IP-SOI Mo My Moty || OP-SOI  ma My Moty
R, s s S R5p A S A
Rfp A S A REp s s S
D A A S D5p s A A
Dy s A A D5y A A S

and all OP-SOIs have another parity, the energy spectrum
has m,, symmetry.

(¢) m, symmetry. If IP-SOI H;p = R;p+ Dj, or
Rfp+ Dyp then d2+d; has m, symmetry, where R,
denotes Rashba-type of IP-SOI with odd parity. If OP-
SOI Hop = Rgp+ Dhp or RYp+ Dgp then d2 has m,
symmetry. Hence there are four possible combinations
that respect m, symmetry. Note that H;p = R, + Ryp+
D?_P =Rip+ D?_P'

(d) m, symmetry. If IP-SOI H;p = Rj,+ Rfp or
Dip+ Dfp then d2+d2 has m, symmetry. If OP-SOI
Hop = Rgp + Rbp or D5y + DJp then d? has m, symme-
try. Once again there are four possible combinations
that respect m, symmetry.

Appendix F: Details of calculation for the
examples in the main text

(a) For the system with (C3, m,7) symmetry, when (A,
A2, As) are nonzero, [, ¢,/d® # 0. It is straightforward to
find d? = A2k + \3k* + M\ \ok? sin(30) + A2sin®(30) and ¢, =
3 Ask? cos20cos? 0 + AaAskS(2cosfsin30 — 3cos26sin26)
cosf = (3/4) A1 Ask* (142 cos 20+cos 40)+(1/4) Aa A5 k5 (7 sin 30+
5sin50 — 2sinf) where we have used ay = k™ cos N§ and
by = —kVsin NO. Expanding d? in powers of sin30, the
sin”(30) term gives a nonzero contribution in A\ \; while
the sin 30 term makes Ay \5 nonzero.

(b) For the system with (C3, m,7) symmetry, when
(A2, X5, X¢) are monzero, [, c./d*#0. Note that ¢, =
—4Xa k3 (cos 0 cos 66 + sin 20 sin 50) cos O+2a A5 k> (3/2 sin 46—
2 cos 0 sin 30) cos = — A Ask®(2 cos 80 + 5 cos 60 — cos 26) —(1/2)
Ao Ask® (sin 56 + sin 36 + 4sin§). Since d? is the same as (a),
the cos60 and sin3f terms give nonzero contributions to

y(c) For the system with (C3, m,) symmetry, when (A,
A2, A\4) are mnonzero, [, c,/d*#0. Note that d? = \3k?+
A3k + A Aak® sin(30) + A2 cos?(36) and ¢, = A\ \gk*(cos 30+
3sin 20 sin ) cos O+ Aa Ay k5 (-2 cos 30 sin 6+ 3 cos 20 sin 20) cos § =
(1/4) A1 Mgk (2 cos 40 —cos 20+3) + (1 /4) Ao A4 kP (sin 50 +3 sin 30+
2sinf) which is nonzero due to the constant term in A\,
and sin 36 term in Ay\4.

ag

Longjun Xiang, et al., Front. Phys. 19(3), 33205 (2024)

33205-7



Fe > FRONTIERS OF PHYSICS

RESEARCH ARTICLE

Appendix G: Parity analysis for SHE

If we are only interested in the parity of ¢, parity analysis
is most convenient. We have

¢, = kykydzdy,
Czx = kzkydyd.,

¢y = kakydpd., (A5)

where the factor k, comes from 9,. Now we take the
example in the main text to demonstrate this method.
Let (A1, A2, A5) be nonzero, we find

Co = kaky (=AM Askzbs + AaA5bab3)
= MAs91 + A2 Asky g0,

and

Cy = kxk’y()\])\g;kybg + )\2)\5@2[)3)
= )\1)\5kzkygl + )\2)\5kzg2a

where g, and g, are even functions of k, The same
results are found from Egs. (A3) and (A4) if we concern
only about the parity. Note that this parity analysis is
useful in proving sufficient conditions for zero IP-SHE.

Appendix H: Existence of OP-SHE

We show that OP-SHE can be nonzero for all 2D MPGs.
Since the linear Rashba SOI H; has (Cw, my, my,, T)
symmetry, for any SOI Hamiltonian with a particular
MPG Hwpg = d10s + daoy, + dso, obviously Hyps + Hy will
not change the symmetry of the system. Therefore, we
can write dz = )\1[€y + )\le, dy = —)qk’z + )\de, dz = )\2d3.
According to the expression of Q2 in Eq. (6), we have

QZ, = [ATk2 + A3ky(d10yda — d10yd2)

+ Mok (kyOyda + kp0ydy — d2)]/(4d%).  (A6)

It is obvious that the A2 term already contributes to a
nonzero value of ¢Z , and other terms will not make it

vanish for general \; and \,.

Appendix I: Proof of the conditions for zero
IP-SHE

Condition (1) — If SOI contains no out-of-plane compo-
nent, it has chiral symmetry o,. Consequently, o%y =0
according to Eq. (Al).

Condition (2) — If SOI contains only one in-plane
and one out-of-plane components (with Hy = k%0y), d?
has two mirror symmetries. So we keep only terms that
are even in k, and k,. If IP-SOI and OP-SOI have different
parities, d,,d. must have odd power of ko =k, =k,
Therefore ¢, ~ kykyd, ,d. is an odd function of kg
making 034! ~ [, ¢,/,/d> = 0.

If TP-SOI and OP-SOI have the same parity, we
consider the following four combinations.

(a) For Drp and Dop (one from in-plane SOI and the
other from out-of-plane), ¢, ,, can be analyzed from their
parities. From Table Al in Appendix A, we see that
both D;p and Dop are antisymmetric under m, regardless
of the parity. Since under m,, k, — —k, and o, — o,
while o,,, — —0,,,, we obtain that d, (d,) is an even
(odd) function of k, and d, is an even function of k,.
Hence ¢, ~ k,k,d,d, is odd in both k, and k, leading to
o, =0.

(b) For R;p and Rop, Table Al shows that both R;p
and Rop are symmetric under m, regardless of the
parity. Similar to the argument of (a), we find that d,
(dy) is an odd (even) function of k, and d, is an odd
function of k,. Once again ¢, ~ kykyd,d, is odd in both
k, and k, making oy, =0.

(c) For D;p and Rop, Table Al shows that D;p (Rop)
is antisymmetric (symmetric) under m, regardless of the
parity. Similar to the argument of (a), we find that d,
(dy) is an even (odd) function of k, and d, is an odd
function of k,. Thus ¢, ~ k,k,d,d, is odd in both &, and
k, making o7, = 0.

(d) For R;p and Dop, Table Al shows that Rrp (Dop)
is symmetric (antisymmetric) under m, regardless of the
parity. Similar to the argument of (a), we find that d,
(dy) is an odd (even) function of k, and d, is an even
function of k,. Thus ¢, ~ k,k,d,d, is odd in both &, and
k, making o7, = 0.

Condition (3) — Since d? has m, symmetry, from
Appendix I (2c) we anticipate the combination of SOIs
to be H = k25g+ A Dby + AREp + \sDZp + MRS, with
dy = \a; + )\zbk, dy = Mb; + Aoag, and d, = A3 + Agby,.
From Eq. (A5), we have

o ~ koky (M Azk, kL™ 4 X A kL™

+ A AEET™ o A Mgk, KT, (AT)
and
cy ~ kuky (M AZELT™ 4+ X Ak, kL
+ Ao Azk, KETMHL L\ Ny kR, (A8)

Since d? has m, symmetry, we can ignore those terms
odd in k,. Hence the sufficient conditions for o7, =0 are
l+m = odd, | +n = even, k+m = even, and k + n = odd.
In another word, we have two solutions:

Parity of (D;p, R;p, Dop, Rop) = (£, F,F, %), (A9)

where + labels even parity. The solutions for oY, = 0 are:
Parity of (Drp, Rrp, Dop, Rop) = (£, F, £, F). (A10)

Note that if we only have three SOI components, e.g.,
Rrp =0, Egs. (A9) and (A10) can still be used. In this
case, Eq. (A9) reads: parity of (D;p, Dop, Rop) = (£, F, £).
The combination of SOIs in Egs. (A9) and (A10) can
also be obtained from Table Al from the symmetry
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Table A2 SOI Hamiltonians and corresponding symmetries for 31 MPGs.

Hy =S(k_0y) (Coo, T)

Hy = R(kioy) (21')

Hs, = R(k3o-) (2'mm')

Hsy = 3(k30-) (2'm'm)

Hip = R(k304) (6'mm')
Hy = S(Koy) (4mm1)
Hioy = (k4 )0 (ml')
Hizy = S(k1)o. (3ml")
Hiz = S(k%)o. (6mm)
Haoy = H1 + Hsy + Hip (m')
Houp = Hy + Hyy + Hig (3m')
Hy7 = Hy + Hioz + Hioy (T)
Hzo = Hi + Hi + Hiz (4)

Hyy = S$(k1oy) (6'm'm)
Hs = R(kioy) (61)

Hii = R(k2)o, (4'm'm)
Hiy = R(k})o- (4m'm')
Hig = Hs + H3 (2')

Hay = Ha + His (2)
Houy = H1 + Huz + Hig (3m')
Hsgy = Hy + Hsy + Hio (m)
Hsy = Hy + Hise + Hisy (31")

Hy = R(kLoy) (A1)
Hy = S(k}oy) (6mm1')
Hiz = S(K)o- (4'm'm)
His = %(ki)az (4mm)
Hy9 = Hy + Hay + Hay (6')
Hs> = Hi + Hi1 + Hia (2m'm")
Hos = Hag + Hay + Hisz (3)
Hssy = H1 + Hsy + Hiz (m)
Hsze = Hy + Hae + Hiz. (3m)

Hg = %(kia,) (2mm1")
Hioe = R(k4)o. (ml")
Hizp = R(k)o. (3ml")
Hig = R(kS)o. (6m'm')
Hsop = H1 + H3y + Hyp (m')
Ha3 = Hs + Hia (4)
His = Hy + Hi6 + Hi7 (6)
Ha9 = Hy + Hiz + Hys (2mm)
Hsoy = Hi + Huy + Hisy (3m)

Hy = R(kYo-) (21")

Hi, = R(k}o_) (6'mm’)

Hi, = S(kio_) (6'm'm)

Hg = R(k3o-) (41')

H; = 3(kS0-) (4mml')

point of view. We illustrate this method in the analysis
of condition (4) below.

Condition (4) — Since d? has m, symmetry, from
AppendixI (2¢) we focus on the following four combinations
of SOL

(a) Hip=R;p+Rfp and Hop=Rgp+ R5p. From
Table A1, we know that both H;p and Hpp are symmetric
under m,. Therefore, d, (d,) is antisymmetric (symmet-
ric) about k, and d, is antisymmetric about k, because
under m, only o, changes sign while o, does not. As a
result, ¢, ~ kyky,d,d, is an odd function of k, giving rise
to oy, =0.

(b) Hip=R;p+Rfp and Hop=Dyp+ DSp. From
Table Al, we know that H;p (Hop) is symmetric (anti-
symmetric) under m,. Therefore, d, (d,) is antisymmetric
(symmetric) about k, and d, is symmetric about k,. As a
result, ¢, ~ kyk,d,d, is an odd function of k, making
Oy = 0.

(c) Hip=D;p+Dfp and Hop= Rgp+ RYp. From
Table Al, we know that H;p (Hop) is antisymmetric
(symmetric) under m,. Therefore, d, (d,) is symmetric
(antisymmetric) about k, and d, is antisymmetric about
ky. As a result, ¢, ~ kykydyd, is an odd function of k,
making o7, = 0.

(d) Hip=Dj;p+Dfp and Hop = Dg,p+ DJp. From
Table Al, we know that both H;p and Hpp are antisym-
metric under m,. Therefore, d, (d,) is symmetric (anti-
symmetric) about k, and d, is symmetric about k,. As a
result, ¢, ~ k,k,d,d. is an odd function of k, making
o, =

Thus, the condition for o%, =0 is H =R;p+ Rjp+
Dop+Dbp or H=D;p+ Djp+ Rop+ R,p while for
oY, =0, we require H=R;p,+Rfp+R;p+R5p or
H = Djp+Dfp+Dop+ Dbp-

Condition (5) — For the case where d? has m,,,
symmetry. If all IP-SOIs have one parity and all OP-
SOIs have another parity, then d* has m,., symmetry.

We see from Table Al that, if the parity of IP-SOI is
positive (negative), d,,, are symmetric (antisymmetric)
under m,, because o,/ also change sign. For OP-SHE,
it is the opposite, i.e., if parity of OP-SOI is positive
(negative), d,,, are antisymmetric (symmetric) under
Mgy As a result, if the parities of IP-SOI and OP-SOI
are different, d,/,d. is an even function of k, and
d is an odd function. Thus o2/’ = 0.

Cz/y ~ k/'xkydy/"c

Appendix J: List of SOI Hamiltonians for
31 MPGs

Here we list SOI Hamiltonians for 31 MPGs in Table A2.
Note that the construction of a SOI Hamiltonian for a
given symmetry is not unique. They can have different
expressions with the same symmetry. For instance,
H, + H, has the same symmetry as that of H,. H;; has
my T, m,T as well as m,;,. On the other hand, H;, has
My, My, and my,. Here under myyy, ky/y — —k,/y and o,
remains unchanged. Within our 2D two-band model,
only 20 MPGs have nonzero d, and hence can be used to
study IP-SHE.

Appendix K: Analysis of IP-SHE for all 2D
MPGs using the sufficient conditions

In the following, we examine the IP-SHE for all 2D
MPGs with d, # 0 that are listed in Table 3 of the main
text.

MPG m, ml', 3m1' — For these three MPGs with
m = m,, of, =0 and ¢¥, =1 according to the notation of
Table 3. Now we analyze these MPGs in details.

(a) MPG m. For Hsg, = R;p + Dfp + RS p with m,, we
have ¢%, = 0 from condition (3). From direct calculation,
we find that ¢, contains sin3¢ and d*> = A+ Bsin(30)+
Ccos(40). Thus ol # 0. For Hysy = Rjp + Rfp + RS p with

Longjun Xiang, et al., Front. Phys. 19(3), 33205 (2024)
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my, we find ¢, is exactly zero. Direct calculation of ¢, is
the same as ¢, of Hss, and thus o2 , #0and g, =0.

(b) MPG ml'. For Hy,, = RIP +Dgp Wlth msl', we
have ¢Z, =0 from condition (2). Direct calculation gives

¢y =k} and thus o¥% #0. For Hy, = Rjp+ R5p with
myl we have 0¥, =0 from condition (2). Direct calculation
gives ¢, = k2 and thus oy, # 0.

(c) MPG 3ml'. For Hy + His, = R;p + Dgp with 3m,1",
we have ¢f =0 from condition (2). Direct calculation
gives ¢, =k and thus oY , #0. For Hy+ Hy3, = Rjp+
Rop with 3m,1', we have 0¥, =0 from condition (2).
Direct calculation gives ¢, = 3k2(kZ — k2) ~ 14 cos 26+
cos40 and thus o7, # 0 due to the constant term.

MPG T, 3, 31' — For these three MPGs, o%¢ = 0/1
according to the notation of Table 3. Now we analyze
these MPGs in details.

(a) MPG T. For Hy; =R;p+Dgp+ Rop With T,
direct calculation gives ¢, = ¢, = k2 and hence a’ Y £0.
For Hs = Hy+ Hi3, = Djp+ Dgp and Hy = Hy+ Higy =
Dip+ Rgp, the system has 7 symmetry only. From
condition (2), we find oY, =0 for Hy and ¢%, =0 for Hp.

(b) MPG 3. For Hy; = R;p + Rfp + Dfp + Dgp with 3,
direct calculation gives c, ~ k;[—2(k, + ky)as — 3ba(—k,+
b2 —+ ag)] and Cy = k$[(1 — 2ky + 2l<:z)a3 =+ 3b2(k7y + as + bg)},
both Ca/y contain a term cos 36. Since
d?> = A+ Bsin30 + Ccos30 + Dcos6¢ (if R;, is turned off,
d> = A+ Dcos66), we conclude that o2¥ # 0. Switching
off Ry, will make o5}’ = 0 according to condition (5). In
addition, H = Hy, + Huy + Hi3y = Rfp + Dip + Rop  also
has C3 symmetry. From condition (5), o%? = 0.

(c) MPG 31'. For Hs; = R;p+ Rpp + Dgp with 317,
direct calculation gives ¢, ~ k2(by — az) ~ 1 +sin20+
sindf + cos 20 + cos4d and ¢, = k,(as + b3) — 3k, k (bg —as)
~ 1+ sin20 + sin46 + cos 20 + cos46. Thus both O'xyy £ 0.
Note that the system with 31' symmetry can have SOI
Hamiltonians different from H,s. For instance, both
Ha=Hs+ Hi3, and Hp= Hg+ Hys, also have 31'
symmetry. From condition (2), we find oY =0 for
Hy=D P+D0P and o7, =0 for Hp = P+ROP

MPG m', 3m, 3m — For these three MPGs with
m=m,, of, =0 and oY, = 0/1 according to the notation
of Table 3. Now we analyze these MPGs in details.

(a) MPG m'. For Hyo, = R;p + Rfp + D} p with m!, we
have ¢2, =0 from condition (4). Direct calculation gives
¢y ~ 1+ cosf + cos 20 + cos 30 + cos 40 and d?=A + Bsin 36+
Ccos46. Hence Y, # 0. Note that H = Hs, + His, = Rjp+
D;p and therefore ¢%Y =0 from condition (2). For
Haoy = Rip+ Djp +DSp with m/, Since d* has M,
symmetry, we have ¢¥% =0 from condition (3).
¢y ~ 1+ sinf +sin36 + sin460 + cos46 and d> = A + Bcos 0+
Ccos4f. Hence of, #0. Similarly, H = Hs, + Hy3, with
m,' makes o7, # 0.

(b) MPG 3m. For Hsy, = R;p + Dfp + Dgyp with 3m,,
we have ¢Z =0 from condition (3). Direct calculation
gives ¢y = kz[(1 — 2ky)as — 3ba(ky + cos 260)] ~ 1 + sin 36+
sinf + sin 50 + cos 26 + cos 40 making a nonzero contribution

to 0%, since d*> = A+ Bsin36 + Ccos60. For Hsy, = Rjp+
R}p + Rgp with 3m,, we have o, =0 from condition (4).
Direct calculation yields ¢, = k;[—2k,bs + 3aa(—ks + a2)]
~ 14 cosf + cos26 + ... and hence o7, # 0.

(c) MPG 3m'. For Hay, = R;p + Rip + D} p with 3m,
we have aw =0 from condition (4). Direct calculation
yields = ky[(1 + 2k;)as6 — 6bs(k, + sin26) (which
contains cos 60) and d?> ~ A+ Bcos30+ Ccos60 (after
expansion it contains cos66 as well). We conclude that

oy, #0. For Hyyy, = Rpp + Dfp + D p with 3m;, we have
oY, =0 from condition (3) since d*> has m, symmetry.
Direct calculation gives ¢, = k,[—2kyag + 6b5(k, + sin 20)]
which  contains sin30 and cos60. Note that
d*> ~ A+ Bsin30 + Ccos60, thus o2 #0. Therefore
U%y =0/1.

For the rest of MPGs — For the following SOI
Hamiltonians: Hy; = Rjp + Dfp  with 4'm'm, Hyy =
Ryp+Rhp with 4'm'm, and Hy =R;p,+ DS, with
4m'm', His = R;p+ RS, with 4mm, His = R;p+ Dfp
with 6m'm’', Hi; = Rip+ Rip with 6mm,
Hy = Djp+ Rbp with MPG 2, Hy = Rjp+ Dfp+
DSp=Rip+DSp with  2m'm', Hy = Rjp+ Rbp+
Rbp = Ryp+RYp with 2mm, Hyy = Ryp + R5p + Dbp
with 4', we have o7’ =0 from condition (2). For
Hys = Rip+ Dip+ D} p with MPG 4 and
Hy = Ryp + Dip+ RE, with MPG 6, oY =0 from
condition (5).
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