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ABSTRACT

In  recent  years,  cat-state  encoding  and  high-dimensional  entanglement
have  attracted  much  attention.  However,  previous  works  are  limited  to
generation of entangled states of cat-state qubits (two-dimensional entan-
glement with cat-state encoding), while how to prepare entangled states of
cat-state  qutrits  or  qudits  (high-dimensional  entanglement  with  cat-state
encoding) has not been investigated. We here propose to generate a maxi-
mally-entangled  state  of  multiple  cat-state  qutrits  (three-dimensional
entanglement by cat-state encoding) in circuit QED. The entangled state is
prepared with multiple  microwave cavities  coupled to a  superconducting
flux ququart (a four-level quantum system). This proposal operates essen-
tially  by  the  cavity-qutrit  dispersive  interaction.  The  circuit  hardware
resource  is  minimized  because  only  a  coupler  ququart  is  employed.  The
higher intermediate level of the ququart is occupied only for a short time,
thereby decoherence from this level is greatly suppressed during the state
preparation.  Remarkably,  the  state  preparation  time  does  not  depend  on
the number of the qutrits, thus it does not increase with the number of the
qutrits.  As an example, our numerical simulations demonstrate that, with
the present circuit QED technology, the high-fidelity preparation is feasible
for  a  maximally-entangled  state  of  two  cat-state  qutrits.  Furthermore,  we
numerically analyze the effect of the inter-cavity crosstalk on the scalability
of this proposal. This proposal is universal and can be extended to accom-
plish the same task with multiple microwave or optical cavities coupled to
a natural or artificial four-level atom.
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 1   Introduction and motivation

Quantum  computing  and  communication  outperform
classical computing and communication in specific prob-
lems  [1–3].  They  have  made  rapid  progress  in  practical
applications.  The  study  of  quantum  computing  and
communication  has  mainly  focused  on  two-dimensional

d

systems,  namely  qubits.  However,  compared  with  a
qubit,  a  qudit  (i.e., -dimensional  system)  can  be  used
to encode more information in quantum computing and
communication.  In  the  family  of  qudits,  qutrits  (i.e.,
three-dimensional  systems)  are  the  closest  members  to
qubits. Recently, quantum entangled states in qutrits or
higher-dimensional  systems  have  attracted  much  atten-
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tion.  They  have  many  important  applications,  such  as
improving the security of  quantum key distribution [4],
simplifying quantum logic  [5],  increasing the  generation
rate  of  quantum  random  numbers  [6],  and  testing  the
compatibility-loophole-free  contextuality  [7].  A  number
of  works  have  been  devoted  to  producing  entangled
states  with  qutrits  or  higher-dimensional  systems  by
using  various  degrees  of  freedom  of  light  or  photons
[8–17].

Encoding  quantum  information  onto  bosonic  systems
is  a  promising  route  to  quantum  error  correction  and
fault-tolerant quantum computation. In a cat-state qubit
(qubit encoded by cat states), this encoding relies on the
confinement  of  the  system’s  dynamics  onto  the  two-
dimensional  manifold  spanned  by  two  orthogonal  or
quasi-orthogonal Schrödinger cat states. Cat-state qubits
have  attracted  extensive  attention  thanks  to  their
enhanced  lifetimes  [18].  Recently,  there  has  been  an
increasing interest in quantum computing with cat-state
qubits. Many efforts have been made towards the gener-
ation of cat states [19–22]. Schemes have been presented
for  creating  entanglement  among  multiple  cat-state
qubits  [23–26].  Moreover,  proposals  have  been  put
forward  for  realizing  quantum  gates  with  a  single  cat-
state  qubit  [27–29],  quantum  gates  with  two  cat-state
qubits  [30, 31],  and  quantum  gates  with  multiple  cat-
state qubits [32]. Furthermore, experiments have demon-
strated quantum gates of a single cat-state qubit [33, 34]
and created Bell  states  of  two cat-state  qubits  [35, 36].
However, after a deep search of literature, we found that
the previous works are limited to generation of entangled
states of cat-state qubits (two-dimensional entanglement
with cat-state encoding), while how to prepare entangled
states  of  cat-state  qutrits  or  qudits  (high-dimensional
entanglement  with  cat-state  encoding)  has  not  be
reported yet.

Circuit  QED  is  an  analogue  of  cavity  QED,  which
consists of microwave resonators (or cavities) and super-
conducting (SC) qubits. Circuit QED is a highly control-
lable  platform  for  quantum  state  manipulation  and  is
considered  as  one  of  the  most  promising  candidates  for
quantum computing and quantum information processing
[37–43]. SC qubits have the flexibility in both fabrication
and  controlling  of  their  level  spacings.  Their  coherence
times have been significantly improved recently [44–48].
These features allow SC qubits to be designed and fabri-
cated  in  various  kinds  of  spatial  structures  and  to  be
used as good information carriers and units of quantum
information  processors.  On  the  other  hand,  supercon-
ducting microwave cavities or resonators are of particular
interest due to their high performance to mediate nonlocal
interactions between adjacent or non-adjacent SC qubits
in integrated quantum circuits [37–43]. Moreover, it has
been  commonly  recognized  that  a  superconducting
microwave  cavity  with  a  high  quality  factor  can  be
utilized as a good quantum memory [49, 50], because it
hosts  microwave  photons  with  a  much  longer  lifetime

than SC qubits [51]. In recent years, there is an increasing
interest  in  quantum  state  engineering  and  quantum
computing with microwave fields or photons.

Motivated  by  the  above,  this  work  focuses  on  the
generation  of  entangled  state  of  multiple  cat-state
qutrits  (three-dimensional  entanglement  with  cat-state
encoding)  based  on  circuit  QED.  Specifically,  we  will
propose  an  approach  to  prepare  multiple  cat-state
qutrits in the following maximally-entangled state 

1√
3
(|C0⟩|C0⟩ · · · |C0⟩+ |C1⟩|C1⟩ · · · |C1⟩+ |C2⟩|C2⟩ · · · |C2⟩) ,

(1)

{|C0⟩, |C1⟩, |C2⟩}

{|C0⟩, |C1⟩, |C2⟩}
{|C0⟩, |C1⟩, |C2⟩}

where  (from  left  to  right)  the  first  are
the  three  cat  states  of  the  first  qutrit,  the  second

 are  the  three  cat  states  of  the  second
qutrit,  while  the  last  are  the  three  cat
states of the last qutrit. The expressions of the three cat
states are 

|C0⟩ = N0 ( |α⟩+ | − α⟩) ,

|C1⟩ = N1

(
|αeiπ/3⟩+ | − αeiπ/3⟩

)
,

|C2⟩ = N2

(
|αei2π/3⟩+ | − αei2π/3⟩

)
. (2)

N0, N1, N2

N0 = N1 = N2 = 1/
√
2
(
1 + e−2|α|2

)
.

|α| ≥ 2.2.

α

|⟨Cm|Cn⟩|2 < 10−3 m,n ∈ {0, 1, 2} m ̸= n

Here,   and  are normalization coefficients with
 For  the  three  cat

states  being  the  three  logic  states  of  each  qutrit,  the
three cat states require to be orthogonal or quasi-orthog-
onal.  Note  that  this  condition  can  be  met  for 
This is because: with the chosen value of  here, one can
easily  verify  ( , ),
which is a good condition that any two of the three cat
states  can be considered as quasi-orthogonal.  Note that
the three cat states given in Eq. (2) form a three-dimen-
sional  Hilbert  space  for  a  cat-state  qutrit.  Accordingly,
the entangled state given in Eq. (1) is a three-dimensional
maximally-entangled state of multiple cat-state qutrits.

The  entangled  state  (1)  is  prepared  by  employing
multiple  microwave  cavities  coupled  to  a  SC  flux
ququart  (a  four-level  quantum  system).  The  proposal
operates essentially by the qutrit-cavity dispersive inter-
action. As shown below, this proposal has the following
advantages:  (i)  Because  only  a  coupler  ququart  is
employed, the circuit hardware resource is minimized; (ii)
Since  the  higher  intermediate  level  of  the  ququart  is
occupied  only  for  a  short  time,  decoherence  from  this
level  of  the  ququart  is  greatly  suppressed  during  the
state preparation; (iii) Interestingly, the state preparation
time does not depend on the number of the qutrits, thus
it does not increase with the number of the qutrits.  As
an example, we further discuss the experimental feasibility
for  preparing  a  maximally  entangled  state  of  two  cat-
state  qutrits  based  on  circuit  QED.  This  proposal  is
universal  and  can  be  extended  to  generate  the  maxi-
mally-entangled  state  of  multiple  cat-state  qutrits,  by
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employing  multiple  microwave  or  optical  cavities
coupled to a natural or artificial four-level atom. To the
best of our knowledge, this work is the first to produce
entangled  states  with  cat-state  qutrits  based  on  circuit
or cavity QED.

Compared to entangled states of cat-state qubits (two-
dimensional  entanglement),  the  entangled  state  (1)
exhibits  higher-dimensional  entanglement  due  to  its
involvement of cat-state qutrits. Therefore, the entangled
state (1) is inherently significant in the field of quantum
physics. It holds particular importance in high-dimensional
quantum  computing  and  high-dimensional  quantum
error correction, where information is encoded using cat-
state  qutrits.  Furthermore,  this  state  could  serve  as  a
quantum channel  for  establishing  quantum networks  to
implement  various  quantum communication tasks,  such
as  teleportation,  quantum  key  distribution,  superdense
encoding, and networked credit account opening.

This  paper  is  arranged  as  follows.  In  Section  2,  we
derive an effective Hamiltonian. In Section 3, we explicitly
show  how  to  prepare  the  maximally-entangled  state  of
multiple  cat-state  qutrits  based  on  circuit  QED.  In
Section  4,  we  numerically  analyze  the  circuit-QED
experimental feasibility for creating a maximally-entangled
state of two cat-state qutrits and also discuss the effect
of  the  inter-cavity  crosstalk  on  the  scalability  of  this
proposal. A brief conclusion is given in Section 5.

 2   Effective Hamiltonian

n

1, 2, · · · , n
|g⟩ |e⟩, |f⟩,

|h⟩
|g⟩ |e⟩.

|g⟩ ↔ |e⟩ n

n

Consider  a  setup  consisting  of  microwave  cavities
( ) coupled to a SC flux ququart [Fig. 1(a)]. The
four levels of the flux ququart are denoted as ,  
and  [Fig. 1(b)]. In general, there exists the transition
between the two lowest  levels  and  However,  this
transition  can  be  made  to  be  weak  by  increasing  the
barrier  between  the  two  potential  wells.  Therefore,  the
coupling  of  the  transition  with  the  cavities
can  be  assumed  negligible  during  the  entangled  state
preparation.  Note  that  the  coupling  and  decoupling  of
the flux ququart from the  cavities can be achieved by
adjusting  the  level  spacings  of  the  flux  ququart.  For
superconducting  devices,  their  level  spacings  can  be
rapidly  (within  1–3  ns)  adjusted  by  changing  external
control parameters [52, 53].

n 1, 2, · · · , n
|f⟩ ↔ |h⟩

Adjust the level spacings of the ququart such that the
 cavities  ( )  are  dispersively  coupled  to  the

 transition,  while  highly  detuned  (decoupled)
from  the  transitions  between  any  other  two  levels
[Fig. 1(b)]. In the interaction picture and after applying
the rotating-wave approximation (RWA), one has 

HI =
n∑

j=1

gj
(
ei∆jtaj |h⟩⟨f |+ h.c.

)
, (3)

ajwhere  is  the  annihilation  operator  for  the  mode  of

j gj j

|f⟩ ↔ |h⟩
∆j = ωhf − ωcj ωcj

j |f⟩ ↔ |h⟩ ωhf

j = 1, 2, · · · , n

cavity ,  is the coupling constant between cavity  and
the  transition  of  the  ququart,  and

 is the detuning between the frequency 
of  cavity  and the  transition frequency  of
the ququart ( ) [Fig. 1(b)].

∆j ≫ gj
j = 1, 2, · · · , n
Under  the  dispersive-coupling  condition 

( ),  the  energy  exchange  does  not  occur
between the coupler ququart and the cavities. When the
following condition meets 

|∆j −∆k|
|∆−1

j |+ |∆−1
k |

≫ gjgk, (4)

j, k ∈ {1, 2, · · · , n}, j ̸= k(where  ), the interaction between
any  two  of  the  cavities  is  not  induced  by  the  coupler
ququart. Hence, under the dispersive couplings, one can
obtain the following effective Hamiltonian [54–56] 

Heff = −
n∑

j=1

g2j
∆j

(
|f⟩⟨f |a+j aj − |h⟩⟨h|aja+j

)
, (5)

|f⟩ |h⟩
|h⟩

where  the  terms  account  for  the  ac-Stark  shifts  of  the
levels  and  of the ququart induced by the cavities.
When the level  is not occupied, the Hamiltonian (5)
reduces to 

Heff = −
n∑

j=1

λj |f⟩⟨f |a+j aj , (6)

λj = g2j /∆j j = 1, 2, · · · , nwhere  ( ).  As  shown  in  the  next
section,  this  Hamiltonian  (6)  will  be  employed  for  the
preparation  of  the  entangled  state  (1)  of  multiple  cat-
state qutrits.

 3   Generation of a maximally-entangled
state of multiple cat-state qutrits

Let  us  return  to  the  physical  system  depicted  in

 
n

A

j j = 1, 2, · · · , n
|f⟩ ↔ |h⟩ gj ∆j

|g⟩ |e⟩

Fig. 1  (a) Schematic  diagram  of  microwave  cavities
coupled  to  a  flux  ququart.  Each  square  represents  a  one-
dimensional  (1D)  or  three-dimensional  (3D)  cavity.  The
circle  in  the middle  represents  the flux ququart,  which is
capacitively  or  inductively  coupled  to  each  cavity.
(b) Cavity  ( )  is  dispersively  coupled  to  the

 transition with coupling constant  and detuning ,
while  highly  detuned  (decoupled)  from  the  transitions
between any other two levels. It is noted that the transition
between the  two lowest  levels  and  can be  made weak
by increasing the barrier between the two potential wells.
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n

|g⟩ |α⟩+ | − α⟩.

Fig. 1(a). The ququart is decoupled from the  cavities.
Assume that the ququart is initially in the ground state

 and each cavity is  initially in a cat state 
Note that this cat state has been experimentally created
in circuit QED [34, 57–61]. The initial state of the whole
system is thus given by 

|ψ (0)⟩ = |g⟩ ⊗
n∏

j=1

(|α⟩j + | − α⟩j) , (7)

j j j = 1, 2, · · · , nwhere subscript  represents cavity  ( ).
The  entangled  state  preparation  includes  a  few  basic

operations, described as follows:
Step (i):  Apply resonant classical  pulses (with appro-

priate frequencies, initial phases, and duration times) to
the ququart. As shown in Appendix A, after the application
of  the  pulses,  one  can  obtain  the  following  state  trans-
formation: 

|g⟩ → 1√
3
(|g⟩+ |e⟩ − |f⟩) . (8)

t1 =
(
arccos 1/

√
3
)
/Ωfg+

π/ (4Ωhf ) + π/ (2Ωhe)

The  operation  time  required  for  achieving  the  state
transformation  (8)  is  given  by 

 (Appendix  A).  Thus,  the  state  (7)
becomes 

|ψ⟩0 =
1√
3
(|g⟩+ |e⟩ − |f⟩)⊗

n∏
j=1

(|α⟩j + | − α⟩j) . (9)

Step  (ii):  Adjust  the  level  spacings  of  the  ququart
such  that  the  ququart  is  dispersively  coupled  to  the
cavities  [Fig.  1(b)]  to  achieve  an  effective  Hamiltonian
(6). One can verify that under the Hamiltonian (6), the
state (9) evolves as 

|ψ⟩1 =
1√
3

[
(|g⟩+ |e⟩)

n∏
j=1

(|α⟩j + | − α⟩j)

− |f⟩
n∏

j=1

(
|αeiλjt2⟩j + | − αeiλjt2⟩j

) ]
, (10)

t2
λ1 = λ2 · · · = λn = λ t2 = π/ (3λ) ,

where  is  the  ququart-cavity  interaction  time.  By
setting  and choosing  the
state (10) becomes 

|ψ⟩2 =
1√
3

[
(|g⟩+ |e⟩)

n∏
j=1

(|α⟩j + | − α⟩j)

− |f⟩
n∏

j=1

(
|αeiπ/3⟩j + | − αeiπ/3⟩j

)]
. (11)

After  this  step  of  operation,  the  level  spacings  of  the
ququart  is  adjusted such that  the ququart  is  decoupled
from the cavities.

Step (iii): Apply resonant classical pulses (with appro-
priate frequencies, initial phases, and duration times) to

the ququart. As shown in Appendix B, after the application
of the pulses, one can obtain the state transformation 

|e⟩ → |f⟩, |f⟩ → −|e⟩. (12)

t3 = π/Ωhe + π/ (2Ωhf )

The  operation  time  required  for  achieving  the  state
transformation  (12)  is  given  by  
(Appendix B). Hence, the state (11) changes to 

|ψ⟩3 =
1√
3

[
(|g⟩+ |f⟩)

n∏
j=1

(|α⟩j + | − α⟩j)

+ |e⟩
n∏

j=1

(
|αeiπ/3⟩j + | − αeiπ/3⟩j

)]
. (13)

Step (iv): Adjust the level spacings of the ququart such
that  the  ququart  is  dispersively  coupled  to  the  cavities
[Fig. 1(b)] to achieve an effective Hamiltonian (6). One
can verify that under the Hamiltonian (6), the state (13)
evolves as 

|ψ⟩4 =
1√
3

[
|g⟩

n∏
j=1

(|α⟩j + | − α⟩j) + |f⟩
n∏

j=1

(
|αeiλjt4⟩j

+| − αeiλjt4⟩j
)
+ |e⟩

n∏
j=1

(
|αeiπ/3⟩j + | − αeiπ/3⟩j

)]
,

(14)

t4
λ1 = λ2 · · · = λn = λ t4 = 2π/ (3λ) ,

where  is  the  ququart-cavity  interaction  time.  For
 (set  above)  and  the

state (14) becomes 

|ψ⟩5 =
1√
3

[
|g⟩

n∏
j=1

(|α⟩j + | − α⟩j) + |f⟩
n∏

j=1

(
|αei2π/3⟩j

+| − αei2π/3⟩j
)
+ |e⟩

n∏
j=1

(
|αeiπ/3⟩j+| − αeiπ/3⟩j

)]
.

(15)

After  this  step  of  operation,  the  level  spacings  of  the
ququart  is  adjusted such that  the ququart  is  decoupled
from  the  cavities.  Note  that  the  cat  states  above  have
the  same  normalized  constant.  Hence,  the  normalized
constant  is  omitted  in  the  above  equations  for  simplic-
ity.

After having the state (15) normalized and in terms of
Eq. (2), the state (15) can be rewritten as 

|ψ⟩6=
1√
3

(
|g⟩

n∏
j=1

|C0⟩j + |f⟩
n∏

j=1

|C2⟩j + |e⟩
n∏

j=1

|C1⟩j
)
.

(16)

Eq. (15) or Eq. (16) shows that the ququart is entangled
with the cavities.  The purpose of the remaining step of
operation is to disentangle the ququart from the cavities.

Step (v): Apply resonant classical pulses (with appro-
priate frequencies, initial phases, and duration times) to
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the ququart. As shown in Appendix C, after the application
of  the  pulses,  one  can  obtain  the  following  state  trans-
formation 

|g⟩ → 1√
3
(|g⟩+ |e⟩+ |f⟩) ,

|e⟩ → 1√
3

(
|g⟩+ ω|e⟩+ ω2|f⟩

)
,

|f⟩ → 1√
3

(
|g⟩+ ω2|e⟩+ ω|f⟩

)
, (17)

ω = ei2π/3.
t5 = π/

(2Ωhf ) + π/ (2Ωfg) + π/Ωhe + arccos
√
2/3/Ωfg

where  The operation time required for achieving
the  state  transformation  (17)  is  given  by 

 (Appendix
C). According to Eq. (17), the state (16) changes to 

|ψ⟩7 =
1√
3

( n∏
j=1

|C0⟩j +
n∏

j=1

|C1⟩j +
n∏

j=1

|C2⟩j
)
|g⟩

+
1√
3

( n∏
j=1

|C0⟩j + ω
n∏

j=1

|C1⟩j + ω2
n∏

j=1

|C2⟩j
)
|e⟩

+
1√
3

( n∏
j=1

|C0⟩j + ω2
n∏

j=1

|C1⟩j + ω
n∏

j=1

|C2⟩j
)
|f⟩.

(18)

|g⟩, |e⟩, |f⟩, n

Eq.  (18)  implies  that  if  the  ququart  is  detected  in  the
state   or  the  cavities will  be respectively in
the following entangled states: 

|ENT⟩1 =
1√
3

( n∏
j=1

|C0⟩j +
n∏

j=1

|C1⟩j +
n∏

j=1

|C2⟩j
)
,

|ENT⟩2 =
1√
3

( n∏
j=1

|C0⟩j + ω
n∏

j=1

|C1⟩j + ω2
n∏

j=1

|C2⟩j
)
,

|ENT⟩3 =
1√
3

( n∏
j=1

|C0⟩j + ω2
n∏

j=1

|C1⟩j + ω
n∏

j=1

|C2⟩j
)
.

(19)

n

1, 2, · · · , n
|C0⟩, |C1⟩, |C2⟩.

α,

α

n

One can see that the three states given in Eq. (19) are
also  the  entangled  states  of  the  cat-state  qutrits
( ),  for  each  of  them  the  three  logic  states  are
encoded  via  the  three  cat  states   and  In
the introduction, we have mentioned that for a sufficiently
large  any two of the three cat states are quasi-orthogonal
to  each  other.  Therefore,  when  is  large  enough,  the
states  given  in  Eq.  (19)  are  the  maximally-entangled
states of the  cat-state qutrits to a very good approxi-
mation.

From the above description, one can easily see that:
|h⟩

|h⟩

(i) The higher-energy level  of the ququart is occupied
only  in  steps  (i),  (iii),  and  (v).  Since  these  steps  only
employ the ququart-pulse resonant interactions and thus
can  be  fast  completed  within  a  short  time,  the  higher-
energy  level  of  the  ququart  is  occupied  only  for  a
short  time  during  the  entire  state  preparation.  Thus,

decoherence from this level is greatly suppressed.
(ii)  The  total  operation  time  for  the  entangled  state

preparation is given by 

top = τ1 + τ2, (20)

where 

τ1 = 5π/ (4Ωhf ) + 5π/ (2Ωhe)

+
(
π/2 + arccos 1/

√
3 + arccos

√
2/3
)
/Ωfg + 4τd,

(21)
 

τ2 = π/λ. (22)

τ1
τ2

τd

n

Here,  is the total of operational time for steps (i), (iii),
and (v), while  is the total of operational time for steps
(ii) and (iv). Note that  is the typical time required for
adjusting  the  level  spacings  of  the  ququart,  which  is
about 1–3 ns [52, 53]. From Eqs. (20)–(22), one can see
that  the  entire  operation  time  for  the  entangled  state
preparation is independent of the number of the qutrits
( ) involved in the entangled state. Thus, the operation
time does not increase with the number of the qutrits.

λ1 = λ2 · · · = λn(iii)  The above condition  turns out to
be 

g21
∆1

=
g22
∆2

= · · · = g2n
∆n

, (23)

∆j

ωcj

j ∆j = ωfg − ωcj j = 1, 2, · · · , n
gj

cj j

which can be easily established by carefully selecting 
through  appropriately  choosing  the  frequency  of
cavity  due to  ( ). In addition,
the  condition  (23)  can  be  achieved  by  varying ,  e.g.,
through  adjusting  the  capacitance  between  cavity 
and the ququart.

(iv)  During  the  entangled  state  preparation,  the
ququart  is  coupled  or  decoupled  to  the  cavities  by
adjusting the ququart’s level spacings. Alternatively, the
ququart can be made to be coupled or decoupled to the
cavities by adjusting the frequency of each cavity. For a
superconducting microwave cavity, its frequency can be
quickly (within a few nanoseconds) tuned in experiments
[62, 63].

(v) The entangled states (19) are produced depending
on the outcome of  the measurement on the ququart.  It
should  be  mentioned  that  experiments  have  reported
rapid and accurate measurement of the states of  super-
conducting artificial atoms [64, 65].

|C ′
0⟩ = |α⟩

|C ′
1⟩ = |αeiπ/3⟩ |C ′

2⟩ = |αei2π/3⟩

(vi) This protocol is also suitable for the case of coherent
states. The three logic states of each qutrit can be coherent
states.  For  instance,  they  can  be: ,

, and . In this case, the proce-
dure  for  preparing  the  entangled  state  (1),  with  the
three  cat  states  replaced  by  the  three  coherent  states
here,  is  the  same  as  the  preparation  process  described
above.

(vii) In the above, we have assumed that all detunings
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are positive. However, it is worth noting that the protocol
also applies to the negative detunings.

Before  ending  this  section,  it  should  be  mentioned
that our proposal presented above does not consider the
inter-cavity crosstalk.  As shown above,  when the inter-
cavity crosstalk is not taken into account, this proposal
can in  principle be  used  to  create  the  entangled  states
(19) of multiple cat-state qutrits.  In reality, there is an
unwanted  inter-cavity  crosstalk  during  the  entangled
state  preparation.  As  demonstrated  in  the  following
subsection  D,  the  scalability  of  this  proposal,  i.e.,  the
fidelity  of  the  entangled  states  (19)  with  multiple  cat-
state qutrits, is limited by the inter-cavity crosstalk. To
make  our  proposal  have  a  good  scalability,  one  would
need to reduce the inter-cavity crosstalk in experiments,
especially when a number of cavities are involved.

 4   Experimental feasibility

As an example, we investigate the experimental feasibility
for preparing the maximally-entangled state of two cat-
state qutrits, by employing a setup of two 1D microwave
cavities or resonators coupled to a flux ququart (Fig. 2).
As mentioned previously, because steps (i), (iii), and (v)
only employ the ququart-pulse resonant interactions, the
operations in these steps can be fast completed within a
very  short  time  (e.g.,  by  increasing  the  pulse  Rabi
frequencies). Thus, for steps (i), (iii), and (v), the effect
of  the  ququart  decoherence,  the  cavity  dissipation,  and
the  inter-cavity  crosstalk  is  negligibly  small.  In  this
sense, the effect of the system dissipation and the inter-
cavity  crosstalk  would  appear  in  steps  (ii)  and  (iv)
because these two steps require a relatively long operation
time  due  to  the  use  of  the  ququart-cavity  dispersive
interaction [Fig. 1(b)].

 4.1   Full Hamiltonian

HI

n = 2

After  considering  the  unwanted  couplings  between  the
cavities  and  the  ququart’s  level  transitions  (see Fig.  3)
as well as the inter-cavity crosstalk, the Hamiltonian 
in Eq. (3), with  for the present case, is modified as 

H ′
I =

2∑
j=1

gj
(
ei∆jtaj |h⟩⟨f |+ h.c.

)
+

2∑
j=1

g′j

(
ei∆

′
jtaj |h⟩⟨e|+ h.c.

)

+
2∑

j=1

g′′j

(
ei∆

′′
j taj |f⟩⟨g|+ h.c.

)
+

2∑
j=1

g′′′j

(
ei∆

′′′
j taj |f⟩⟨e|+h.c.

)
+ ε,

(24)

j |e⟩ ↔ |h⟩
g′j ∆′

j = ωhe − ωcj

j = 1, 2

j |g⟩ ↔ |f⟩
g′′j ∆′′

j = ωfg − ωcj

j = 1, 2

j |e⟩ ↔ |f⟩
g′′′j ∆′′′

j = ωfe − ωcj

j = 1, 2 ωhe, ωfg, ωfe |e⟩ ↔ |h⟩
|g⟩ ↔ |f⟩

|e⟩ ↔ |f⟩
ε

where the second term represents the unwanted coupling
between  cavity  and  the  transition  with
coupling  constant  and  detuning 
( ),  the  third  term  represents  the  unwanted
coupling  between  cavity  and  the  transition
with  coupling  constant  and  detuning 
( ),  and  the  fourth  term represents  the  unwanted
coupling  between  cavity  and  the  transition
with  coupling  constant  and  detuning 
( ) (Fig. 3). Here,   and  are the 
transition  frequency,  the  transition  frequency,
and  the  transition  frequency  of  the  ququart,
respectively. In Eq. (24),  is the Hamiltonian character-
izing the inter-cavity crosstalk, given by
 

ε = g12ei∆12ta+1 a2 + h.c., (25)

g12

∆12 = ωc1 − ωc2

|g⟩ ↔ |h⟩ |g⟩ ↔ |e⟩

|g⟩ ↔ |h⟩ ωhg ≫ ωcj , j = 1, 2

|g⟩ ↔ |e⟩

where  is the crosstalk strength between the two cavi-
ties,  and  is  the  frequency  difference
between  the  two  cavities.  Note  that  the  couplings  of
each cavity with the  and  transitions are
negligible because each cavity is highly detuned from the

 transition  (i.e.,  )  and  the
 transition  is  weak  due  to  the  barrier  between

the  two  potential  wells.  Therefore,  these  unwanted
couplings are not considered in the Hamiltonian (24) to
simplify the numerical simulations.

 

A

Fig. 2  Setup for two 1D microwave cavities and a SC flux
ququart (the circle  in the middle). Each cavity is a trans-
mission  line  resonator.  The  flux  ququart  consists  of  three
Josephson  junctions  and  a  superconducting  loop,  which  is
linked to each cavity via a capacitor.

 

j j = 1, 2 |e⟩ ↔ |h⟩
g′j ∆′

j j j = 1, 2

|g⟩ ↔ |f⟩ g′′j
∆′′

j j j = 1, 2

|e⟩ ↔ |f⟩ g′′′j

∆′′′
j

Fig. 3  Illustration  of  the  unwanted  coupling  between
cavity  ( )  and  the  transition  with  coupling
constant  and detuning . Illustration of cavity  ( )
and  the  transition  with  coupling  constant  and
detuning .  Illustration  of  cavity  ( )  and  the

 transition  with  coupling  constant  and  detuning
. Red lines correspond to cavity 1, while green lines corre-

spond to cavity 2.
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 4.2   Numerical results

During the operation of step (ii) or step (iv), the dynamics
of  the  lossy  system  is  determined  by  the  following
master equation 

dρ
dt

=− i [H ′
I , ρ] +

2∑
j=1

κjL [aj ]

+ γegL
[
σ−
eg

]
+ γfeL

[
σ−
fe

]
+ γfgL

[
σ−
fg

]
+ γhfL

[
σ−
hf

]
+ γheL

[
σ−
he

]
+ γhgL

[
σ−
hg

]
+
∑
s

γs,φ (σssρσss − σssρ/2− ρσss/2) , (26)

L [Λ] = ΛρΛ+ − Λ+Λρ/2− ρΛ+Λ/2 Λ = aj , σ
−
eg,

σ−
fe, σ

−
fg, σ

−
hf , σ

−
he, σ

−
hg) σ−

eg = |g⟩⟨e|, σ−
fe = |e⟩⟨f |, σ−

fg = |g⟩⟨f |,
σ−
hf = |f⟩⟨h|, σ−

he = |e⟩⟨h|, σ−
hg= |g⟩⟨h|, σss= |s⟩⟨s| s=h, f, e

κj j j = 1, 2 γeg
|e⟩

|e⟩ → |g⟩ γfe
γfg |f⟩

|f⟩ → |e⟩ |f⟩ → |g⟩
γhf , γhe, γhg

|f⟩
|h⟩ → |f⟩, |h⟩ → |e⟩, |h⟩ → |g⟩ γe,φ, γf,φ,

γh,φ
|e⟩, |f⟩ |h⟩

where  (with 
,   

    ( ).
In addition,  is the decay rate of cavity  ( ), 
is  the  energy  relaxation  rate  for  the  level  of  the
ququart associated with the decay path ;  and

 are  the  relaxation  rates  for  the  level  of  the
ququart related to the decay paths  and ,
respectively;   and  are, respectively, the relax-
ation rates for the level  of the ququart related to the
decay  paths   and ;  
and  are,  respectively,  the  dephasing  rates  of  the
levels  , and  of the ququart.

The fidelity of the entire operation is estimated by 

F =
√
⟨ψid|ρ|ψid⟩, (27)

|ψid⟩
n = 2 ρ

where  is the ideal output state given by Eq. (15) for
,  while  is  the  final  density  matrix  of  the  whole

system obtained by numerically solving the master equa-
tion. For numerical calculations, we here use the QUTIP
software [66, 67], which is open-source software for simu-
lating the dynamics of open quantum systems.

g2
|g⟩ ↔ |e⟩ |e⟩ ↔ |f⟩

ϕij
|i⟩ |j⟩ ij ∈ {he, hf, fg,

Table 1 provides the parameters used in the numerical
simulations.  The  coupling  constant  is  calculated  by
using Eq. (23). The  and  transitions are
much weaker due to the barrier between the two potential
wells.  Define  as  the  dipole  coupling  matrix  element
between  the  two  levels  and  with 

fe, eg} ϕhg ∼ ϕhe ∼ ϕhf ∼
√
2ϕfg ∼ 10ϕfe ∼

50ϕeg
g′j ∼ gj , g

′′
j ∼ gj/

√
2, g′′′j ∼ 0.1gj

j = 1, 2 .

gmax = 2π × 96.82

2π × 636 2π × 7.27

.  One  can have  
 through  properly  designing  the  flux  ququart  [68,

69]. In this sense, one has   
( )  Among the coupling constants listed in Table 1,
the  maximum is  MHz,  which is  readily
achievable  since  a  coupling  constant  ranging  from

 MHz  to  GHz  has  been  reported  in
experiments  for  a  flux  device  coupled  to  a  microwave
cavity [70–72].

γ−1
eg = 100 γ−1

fe = 50 γ−1
hg = γ−1

he = γ−1
hf =

γ−1
fg /2 = 10 γ−1

h,φ = γ−1
f,φ = γ−1

e,φ = 5 κ1 = κ2 = κ

α = 2.2. γ−1
eg γ−1

fe

{γ−1
hg , γ

−1
he , γ

−1
hf , γ

−1
fg } ϕeg, ϕfe ≪ {ϕhg, ϕhe,

ϕhf , ϕfg}
γ−1
hg = γ−1

he = γ−1
hf = γ−1

fg /2

ϕhg ∼ ϕhe ∼ ϕhf ∼
√
2ϕfg.

γ−1
h,φ = γ−1

f,φ = γ−1
e,φ

|e⟩, |f⟩, |h⟩

Other  parameters  employed  in  the  numerical  simula-
tions are: (i)  μs,  μs, 

 μs,  μs,  (ii) ,
and  (iii)  Here,  and  are  much  greater
than    because  of 

 due  to  the  barrier  between  the  two  potential
wells.  We  choose  because  of

 In  addition,  we  choose
 because  the  dephasing  times  for  the

three excited levels   and  are not related to the
dipole matrix elements and are on the same order. The
decoherence  times  with  the  values  given  here  are  a
conservative  case  because  experiments  have  reported
decoherence  time  70  μs  to  1  ms  for  a  superconducting
flux device [47, 73, 74].

κ−1

g12 = 0, 0.01gmax, 0.05gmax

κ−1 ≥ 50

g12 = 0.05gmax g12 ≤ 0.05gmax

C1 C2

By  numerically  solving  the  master  equation  (26),  we
plot Fig.  4 which  shows  the  fidelity  versus  for

  and .  From Fig.  4,  one  can  see
that  the  fidelity  exceeds  95.44%  for  μs  and

.  The  setting  can  be  obtained
experimentally  by  a  prior  design  of  the  sample  with
appropriate capacitances  and  shown in Fig. 2 [75].

 4.3   Discussion

∆j/gj

The infidelity is mainly caused due to the system dissi-
pation,  the  unwanted  ququart-cavity  interaction,  and
the validity of the effective Hamiltonian (5). The fidelity
can be further improved by: (i) select the ququart with
larger level spacing anharmonicity and longer decoherence
time, (ii) choose the cavities with a high quality factor,
and  (iii)  optimize  the  ratio  to  better  meet  the
large detuning condition for the effective Hamiltonian.

As mentioned above, to simplify the numerical simula-

Table  1  Parameters used in the numerical simulation. For the definitions of the parameters, please refer to the text.

ωeg/(2π) = 3GHz ωfg/(2π) = 11GHz ωhe/(2π) = 17GHz
ωhf/(2π) = 9GHz ωhg/(2π) = 20GHz ωc1/(2π) = 7.5GHz

ωc2/(2π) = 6.5GHz △1/(2π) = 1.5GHz △′
1/(2π) = 9.5GHz

△′′
1/(2π) = 3.5GHz △′′′

1 /(2π) = 0.5GHz △2/(2π) = 2.5GHz
△′

2/(2π) = 10.5GHz △′′
2/(2π) = 4.5GHz △′′′

2 /(2π) = 1.5GHz

△12/(2π) = 1.0GHz g1/(2π) = 75MHz g′1/(2π) = 75MHz

g′′1 /(2π) = 53.04MHz g′′′1 /(2π) = 7.5MHz g2/(2π) = 96.82MHz
g′2/(2π) = 96.82MHz g′′2 /(2π) = 68.47MHz g′′′2 /(2π) = 9.682MHz
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|g⟩ ↔ |h⟩ |g⟩ ↔ |e⟩

|g⟩ ↔ |h⟩
|g⟩ ↔ |e⟩ ωhg ≫ ωcj

|g⟩ ↔ |e⟩

tions,  we  did  not  consider:  (i)  The  coupling  of  each
cavity with the  and  transitions, (ii) The
system dissipation and the inter-cavity crosstalk during
the  adjustment  of  the  ququart  level  spacings,  and  (iii)
The system dissipation and the inter-cavity crosstalk in
steps  (i),  (iii),  and  (v).  However,  when  they  are  taken
into  account,  the  fidelity  would  be  slightly  decreased.
Reasons  for  this  are  as  follows.  First,  as  stated  above,
the  couplings  of  each  cavity  with  the  and

 transitions  are  negligible  because  of 
and  the  weak  transition  (Fig.  2).  Second,  the
system dissipation and the inter-cavity crosstalk can be
neglected  during  rapidly  adjusting  the  ququart  level
spacings [52, 53]. Last, as already explained above, they
are negligibly small in steps (i), (iii), and (v). Finally, it
should  be  mentioned  that  the  fidelity  was  calculated
without  considering  the  measurement  errors,  which
however  could  be  negligible  because  fast  and  highly
accurate measurements on the states of superconducting
artificial  atoms  have  been  experimentally  reported  [64,
65].

Ωhf = Ωhe = Ωfg = 2π × 100

τd = 1

τ1 ∼
∆j gj j = 1, 2

λ = g2j /∆j ∼ 2π × 3.75

τ2 ∼ 0.133

τ1 τ2 τ1 ≪ τ2.

τ1 + τ2 ∼ 0.16

κ−1 = 50

Q1 ∼ 2.35× 106

Consider  MHz (available in
experiments  [76]).  In  addition,  assume  ns.  The
total  of  operational  time  for  steps  (i),  (iii),  and  (v)  is

 0.027 μs, which is calculated based on Eq. (21). For
the  parameters  and  given  in Table  1 ( ),  a
simple calculation gives  MHz. Thus,
according  to  Eq.  (22),  the  total  operational  time  for
steps (ii) and (iv) is estimated as  μs.  For the
values  of  and  here,  it  is  obvious  to  have  
The  entire  operational  time  for  the  entangled  state
preparation  is  μs,  which  is  much  shorter
than  decoherence  times  of  the  ququart  used  in  the
numerical  calculations  and  the  cavity  decay  times
(10–100 μs) considered in Fig. 4. Finally, with the cavity
frequencies  in Table  1 and  μs,  the  quality
factors  of  the  two  cavities  are  and

Q2 ∼ 2.04× 106

Q ≳ 2.7× 106
,  which  are  available  because  a  1D

microwave cavity with a high quality factor 
was reported in experiments [77, 78].

The above analysis implies that high-fidelity generation
of the maximally-entangled state of two cat-state qutrits
is  feasible  with  current  circuit  QED  experiments.  We
remark  that  further  investigation  is  needed  for  each
specific  experimental  setup.  However,  this  requires  a
rather  lengthy  and  complex  analysis,  which  is  beyond
the scope of this theoretical work.

 4.4   Scalability of this proposal

∆1/(2π) = 1.5

∆j/(2π) = ∆j−1/(2π) + 1

j = 2, 3, · · · , n
g1/(2π) = 30

gj j

gj =
√
∆j/∆1 g1 j = 2, 3, · · · , n

gcr

To  further  investigate  the  effects  of  the  inter-cavity
crosstalk  on the scalability  of  this  proposal,  let  us  take
three cavities, four cavities, and five cavities as examples,
i.e., consider n = 3, 4, 5. We choose  GHz
and use the relation  GHz for the
detunings [Fig. 1(b)], with . In addition, we
choose  MHz.  According  to  Eq.  (23),  the
coupling constant  between cavity  and the ququart is
set as  ( ). For simplicity, we
assume that the crosstalk strength  between any two
cavities is identical.

gcr.

gcr/(2π) ≤ 2

n = 3

n = 4 n = 5

We  numerically  plot Fig.  5 which  shows  the  fidelity
versus  To  highlight  the  effect  of  the  inter-cavity
crosstalk, Fig.  5 is  plotted  without  considering  the
system  dissipation  and  the  cavity-ququart  unwanted
couplings. Figure 5 shows that for  MHz, the
fidelity exceeds 99.2%, 98.5%, and 97.5% for  (three
cavities),  (four  cavities),  and  (five  cavities),
respectively.

gcr

gcr,

Figure  5 reveals  that  for  a  given ,  the  fidelity
decreases as the number of cavities increases. Moreover,
Fig.  5 shows  that  for  a  larger  the  fidelity  drops
faster  with  the  increasing  number  of  cavities.  These
results imply that the fidelity of the entangled states (19)

 
κ−1 g12/gmax = 0, 0.01, 0.05 κ

g12

Fig. 4  Fidelity versus  for . Here, 
is the cavity decay rate, and  is the inter-cavity crosstalk
strength  between  cavities  1  and  2.  The  parameters  used  in
the numerical  simulation are referred to the text and Table
1.

 
gcr n = 3

n = 4 n = 5

gcr

Fig. 5  Fidelity  versus  for  three  cavities  ( ),  four
cavities  ( ),  and five  cavities  ( ).  Here,  assume that
the crosstalk strength  between any two cavities is identi-
cal. The system dissipation and the unwanted cavity-ququart
couplings are not considered in the numerical simulation.
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is sensitive to the inter-cavity crosstalk, and this influence
becomes more pronounced when the number of  cavities
increases. Therefore, in order to achieve a good scalability
of  this  proposal,  that  is,  to  obtain  high  fidelity  of  the
entangled  states  (19)  with  multiple  cat-state  qutrits
(involving  multiple  cavities),  the  inter-cavity  crosstalk
will need to be reduced in experiments.

 5   Conclusion

We  have  proposed  an  efficient  method  to  prepare  a
maximally-entangled  state  of  multiple  cat-state  qutrits
in circuit QED. The entangled state is created by using
multiple microwave cavities coupled to a superconducting
ququart. Because of utilizing only a coupler ququart, the
circuit  hardware  resource  is  greatly  reduced.  Since  the
higher intermediate level of the ququart is occupied only
for a short time, decoherence from this level is significantly
suppressed  during  the  state  preparation.  More  interest-
ingly, the operational time for the entangled state prepa-
ration  does  not  depend  on  the  number  of  the  qutrits,
therefore  it  does  not  increase  with  the  number  of  the
qutrits.  Our  numerical  simulations  show that,  with  the
current circuit QED technology, the high-fidelity prepa-
ration is feasible for a maximally entangled state of two
cat-state qutrits. We have also numerically analyzed the
effect  of  the  inter-cavity  crosstalk  on  the  scalability  of
this  proposal.  This  proposal  is  generic  and  can  be
extended  to  accomplish  the  same  task  by  employing
multiple  microwave  or  optical  cavities  coupled  to  a
natural  or  artificial  four-level  atom.  Finally,  this
proposal can be applied to create a maximally-entangled
state with qutrits encoded via coherent states. We hope
that  this  work  will  stimulate  experimental  activities  in
the near future.
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Appendix

In  this  appendix,  we  first  introduce  several  ququart-
pulse  resonant  interactions  and  the  state  evolutions
under  these  resonant  interactions,  we  then  explicitly
show how to implement the state transformations (8,12,
17) given in the main text, by applying resonant classical
pulses to the ququart.

|g⟩ ↔ |f⟩
The  first  resonant  interaction  is:  A  classical  pulse  is

resonant with the  transition of the ququart. In
the  interaction  picture,  the  Hamiltonian  describing  this
resonant interaction is given by 

H1 = Ωfgeiϕ|g⟩⟨f |+ H.c., (A1)

ϕ Ωfg

t

where  is the initial phase of the pulse while  is the
Rabi frequency of the pulse. From this Hamiltonian, it is
straightforward to see that a pulse of duration  results
in the following state rotation: 

|g⟩ → cosΩfgt|g⟩ − ie−iϕ sinΩfgt|f⟩,
|f⟩ → −ieiϕ sinΩfgt|g⟩+ cosΩfgt|f⟩. (A2)

|f⟩ ↔ |h⟩
The second resonant interaction is: A classical pulse is

resonant with the  transition of the ququart. In
the interaction picture, the Hamiltonian is given by 

H2 = Ωhfeiϕ|f⟩⟨h|+ H.c., (A3)

Ωhf

t

where  is the Rabi frequency of the pulse. From this
Hamiltonian, it is easy to see that a pulse of duration 
results in the following state rotation: 

|f⟩ → cosΩhf t|f⟩ − ie−iϕ sinΩhf t|h⟩,
|h⟩ → −ieiϕ sinΩhf t|f⟩+ cosΩhf t|h⟩. (A4)

|e⟩ ↔ |h⟩
The  last  resonant  interaction  is:  A  classical  pulse  is

resonant with the  transition of the ququart. In
the  interaction  picture,  the  Hamiltonian  characterizing
this resonant interaction is given by 

H3 = Ωheeiϕ|e⟩⟨h|+ H.c., (A5)

Ωhe

t

where  is the Rabi frequency of the pulse.  Based on
this  Hamiltonian,  one  can  easily  find  that  a  pulse  of
duration  leads to the following state rotation: 

|e⟩ → cosΩhet|e⟩ − ie−iϕ sinΩhet|h⟩,
|h⟩ → −ieiϕ sinΩhet|e⟩+ cosΩhet|h⟩. (A6)

As  shown  below,  the  state  evolutions  (A2,  A4,  A6)
obtained  above  will  be  used  to  implement  the  state
transformations (8, 12, 17) in the main text.

Appendix A: Implementing the state transformation
(8)

The  state  transformation  (8)  is  implemented  through
the following three basic operations:

ϕ = π/2

|g⟩ ↔ |f⟩(
arccos 1/

√
3
)
/Ωfg

|g⟩ → 1√
3
|g⟩ −

√
2
3 |f⟩

(i)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion.  After  the  pulse  duration ,  the
transformation  is obtained according
to Eq. (A2).

ϕ = π/2

|f⟩ ↔ |h⟩
π/ (4Ωhf )

(ii)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion. After the pulse duration , the transformation
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|f⟩ → 1√
2
(|f⟩ − |h⟩)

|g⟩
 is  realized  according  to  Eq.  (A4);

while the state  remains unchanged.
ϕ = π/2

|e⟩ ↔ |h⟩
π/ (2Ωhe)

|h⟩ → |e⟩
|g⟩ |f⟩

(iii)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion. After the pulse duration , the transformation

 is  achieved  according  to  Eq.  (A6);  while  the
states  and  remain unchanged.

The  states  of  the  ququart  after  each  basic  operation
are summarized below: 

|g⟩ (i)−→ 1√
3
|g⟩ −

√
2

3
|f⟩

(ii)−→ 1√
3
(|g⟩ − |f⟩+ |h⟩)

(iii)−→ 1√
3
(|g⟩+ |e⟩ − |f⟩) , (A7)

t1 =
(
arccos 1/

√
3
)
/Ωfg+

π/ (4Ωhf ) + π/ (2Ωhe) .

which  shows  that  the  state  transformation  (8)  in  the
main  text  is  implemented  after  the  above  three  basic
operations.  From the  descriptions  given above,  one  can
see  that  the  operation  time  required  for  implementing
the  state  transformation  (8)  is 

Appendix B: Implementing the state transformation
(12)

The state transformation (12) is implemented using the
following three basic operations:

ϕ = −π/2
|e⟩ ↔ |h⟩

π/ (2Ωhe)

|e⟩ → |h⟩
|f⟩

(i)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion. After the pulse duration , the transformation

 is  obtained  according  to  Eq.  (A6);  while  the
state  remains unchanged.

ϕ = π/2

|f⟩ ↔ |h⟩
π/ (2Ωhf )

|f⟩ → −|h⟩ |h⟩ → |f⟩

(ii)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion. After the pulse duration , the transformation

 and  is  achieved  according  to  Eq.
(A4).

ϕ = π/2

|e⟩ ↔ |h⟩
π/ (2Ωhe)

|h⟩ → |e⟩
|f⟩

(iii)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion. After the pulse duration , the transformation

 is  realized  according  to  Eq.  (A6);  while  the
state  remains unchanged.

The  states  of  the  ququart  after  each  basic  operation
are summarized below: 

|e⟩ (i)−→ |h⟩ (ii)−→ |f⟩ (iii)−→ |f⟩,

|f⟩ (i)−→ |f⟩
(ii)

−→ − |h⟩
(iii)

−→ − |e⟩, (A8)

t3 = π/Ωhe + π/ (2Ωhf ) .

which  shows  that  the  state  transformation  (12)  in  the
main text  is  realized after  the above three  basic  opera-
tions.  Based  on  the  descriptions  presented  above,  one
can see that the operation time required for implementing
the state transformation (12) is 

Appendix C: Realizing the state transformation
(17)

The  state  transformation  (17)  is  implemented  through
the following basic operations:

ϕ = −π/2
|e⟩ ↔ |h⟩

π/ (2Ωhe)

|e⟩ → |h⟩
|g⟩ |f⟩

(i)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion. After the pulse duration , one obtains the
transformation  according to Eq. (A6); while the
states  and  remain unchanged.

ϕ = π/2

|f⟩ ↔ |h⟩
π/ (4Ωhf )

|f⟩ → 1√
2
(|f⟩ − |h⟩) |h⟩ → 1√

2
(|f⟩+ |h⟩)

|g⟩

(ii)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion. After the pulse duration , one obtains the
transformation  and 
according  to  Eq.  (A4);  while  the  state  remains
unchanged.

ϕ = 0

|g⟩ ↔ |f⟩
π/ (2Ωfg)

|g⟩ → −i|f⟩ |f⟩ → −i|g⟩
|h⟩

(iii)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion. After the pulse duration , one obtains the
transformation  and  according  to
Eq. (A2); while the state  remains unchanged.

ϕ = π/2

|g⟩ ↔ |f⟩
arccos

√
2/3/Ωfg

|g⟩ →
√

2
3 |g⟩ −

√
1
3 |f⟩ |f⟩ →

√
1
3 |g⟩+

√
2
3 |f⟩
|h⟩

(iv)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion. After the pulse duration , the trans-
formation  and 
is  achieved  according  to  Eq.  (A2);  while  the  state 
remains unchanged.

ϕ = −π/2
|f⟩ ↔ |h⟩

π/ (4Ωhf )

|f⟩ → 1√
2
(|f⟩+ |h⟩) |h⟩ → 1√

2
(−|f⟩+ |h⟩)

|g⟩

(v)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion. After the pulse duration , the transformation

 and  is  realized
according  to  Eq.  (A4);  while  the  state  remains
unchanged.

ϕ = π/2

|e⟩ ↔ |h⟩
π/ (2Ωhe)

|h⟩ → |e⟩
|g⟩ |f⟩

(vi)  Apply  a  classical  pulse  (with )  to  the
ququart. The pulse is resonant with the  transi-
tion. After the pulse duration , the transformation

 is  obtained  according  to  Eq.  (A6);  while  the
states  and  remain unchanged.

The  states  of  the  ququart  after  each  basic  operation
are summarized below: 

|g⟩ (i)−→ |g⟩ (ii)−→ |g⟩ (iii)−→ −i|f⟩

(iv)−→ −i

(√
1

3
|g⟩+

√
2

3
|f⟩
)

(v)−→ −i√
3
(|g⟩+ |f⟩+ |h⟩) (vi)−→ −i√

3
(|g⟩+ |e⟩+ |f⟩) ,

(A9)
 

|e⟩ (i)−→ |h⟩ ( ii)−→ 1√
2
(|f⟩+ |h⟩) (iii)−→ 1√

2
(−i|g⟩+ |h⟩)

(iv)−→ −i√
3
|g⟩+ i√

6
|f⟩+ 1√

2
|h⟩

(v)−→ −i√
3

(
|g⟩+ ω2|f⟩+ ω|h⟩

) (vi)−→ −i√
3

(
|g⟩+ ω|e⟩+ ω2|f⟩

)
,

(A10)
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|f⟩ (i)−→ |f⟩ (ii)−→ 1√
2
(|f⟩ − |h⟩) (iii)−→ 1√

2
(−i|g⟩ − |h⟩)

(iv)−→ −i√
3
|g⟩+ i√

6
|f⟩ − 1√

2
|h⟩

(v)−→ −i√
3

(
|g⟩+ ω|f⟩+ ω2|h⟩

) (vi)−→ −i√
3

(
|g⟩+ ω2|e⟩+ ω|f⟩

)
,

(A11)

ω = ei2π/3.

t5 =

π/ (2Ωhf )+π/ (2Ωfg)+π/Ωhe+arccos
√
2/3/Ωfg.

where  Eqs.  (A9)–(A11)  show  that  the  state
transformation (17) in the main text is realized after the
above  basic  operations.  From  the  descriptions  given
above, one can see that the operation time required for
implementing  this  state  transformation  is 

 We  remark
that  although  six  basic  operations  are  required  for  the
implementation of the state transformation (17), it may
not  be  an  experimental  challenge  because  each  basic
operation  can  be  fast  performed  due  to  the  use  of  the
ququart-pulse resonant interaction.
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