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ABSTRACT

We concentrate on the skin effects and topological properties in the multi-

layer non-Hermitian Su-Schrieffer-Heeger (SSH) structure, by taking into 1 N
account the nonreciprocal couplings between the different sublattices in | @==@H
the unit cells. Following the detailed demonstration of the theoretical
method, we find that in this system, the skin effects and topological phase
transitions induced by nonreciprocal couplings display the apparent parity
effect, following the increase of the layer number of this SSH structure. On
the one hand, the skin effect is determined by the parity of the layer
number of this SSH system, as well as the parity of the band index of the
bulk states. On the other hand, for the topological edge modes, such an
interesting parity effect can also be observed clearly. Next, when the
parameter disorders are taken into account, the zero-energy edge modes in
the odd-layer structures tend to be more robust, whereas the other edge
modes are easy to be destroyed. In view of these results, it can be ascertained -
that the findings in this work promote to understand the influences of 2 -1 0 1 2 =2 -1 0 1 2
nonreciprocal couplings on the skin effects and topological properties in
the multilayer SSH lattices.
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1 Introduction

Non-Hermitian systems are the open structures that can
be described by non-Hermitian Hamiltonians. In recent
years, they have attracted great interest from both theo-
retical and experimental aspects [1-6]. In particular, non-
Hermitian topological systems have been found to
possess profound application values in enhanced sensing
[7-9], topological lasers [10], and topological optical
funneling [11], because of their new and interesting topo-
logical phenomena. Following the development of the
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relevant theory and experiment, lots of groups have
demonstrated that there are two main ways to realize
non-Hermitian systems: One is to use gain and loss
potentials [12-15], and the other is to consider the
nonreciprocal couplings [16-19].

For the systems with finite potential gain and loss,
they have attracted attention since such systems can be
of parity-time (P7) symmetry. In 1998, Bender and
Boettcher [20] discovered that non-Hermitian operators
with PT symmetry are allowed to have the completely
real energy spectra. This indeed promotes the development
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of researches on non-Hermitian systems [21]. On the
experimental side, researchers have found that P7T-
symmetric systems can be achieved in optics [33-36],
topological circuits [37, 38], and topological photonic
structures [39-42]. With further researches, PT symmetry
has also been applied to various fields, such as single-
mode lasing action in P7-symmetric microcavity
arrangements [43], achieving enhanced spin Hall effect
(SHE) of light [44], metamaterials with extraordinary
properties [45, 46], and perfect cavity absorber lasers [47,
48]. Following the deepening of the researches, various
groups prefer to introduce PT -symmetric imaginary
potentials with gain and loss into topological systems,
such as one-dimensional Su-Schrieffer-Heeger (SSH)
chains, Kitaev models, trimer lattices, graphene, and
two-dimensional SSH lattices [22-32], to explore the new
and valuable topological phase transition manners.

The other non-Hermitian systems are those of non-
reciprocal coupling terms, in which the intensity of the
hopping amplitudes between the lattice points are asym-
metric with each other. According to the previous
reports, this characteristic causes the systems to display
the non-Hermitian skin effect, that is, eigenstates with
open boundary conditions (OBC) are localized near the
boundary of the system in the form of exponential decay
in 1D systems [49-53]. Due to the occurrence of non-
Hermitian skin effect, the bulk—-boundary correspondence
of the system completely collapses [49, 54]. As a result,
such breakdown of the bulk—-boundary correspondence
directly causes the topological invariants in periodic
boundary conditions to be fail to describe the topological
properties of the systems with non-reciprocal couplings.
In 2019, Wang et al. [49] proposed the non-Bloch energy
band theory to achieve the discussion of the topological
characteristics. Related concepts have subsequently been
proposed, such as generalized Brillouin zone (GBZ)
[65-57], non-Bloch bulk-boundary correspondence [49],
and non-Bloch topological invariants [49, 55]. At present,
non-Hermitian skin effect and non-Bloch energy band
theory have been realized and applied experimentally,
including cold atoms, quantum optical systems, optical
grid systems [68-61] and topolectrical circuit [62].
Furthermore, in photonic systems, researchers have used
ring resonator arrays to explore and realize one- or two-
dimensional topological photonic systems with asymmetric
coupling [63].

In view of the current progress in theoretical and
experimental investigations of non-reciprocal systems,
we are motivated to think about more interesting
phenomena by designing SSH-derived structures. In this
work, we design multilayer nonreciprocal SSH structures.
By considering the nonreciprocal couplings between
different sublattices in the unit cells, we aim to discussion
the non-Hermitian skin effects and topological properties
in the multilayer non-Hermitian SSH structure. The
calculation results show that the non-Hermitian skin
effect due to non-reciprocal coupling exhibits the significant

parity effect as the number of layers of the SSH structure
increases. Namely, the skin effect is determined by the
parity of the layer number of this SSH system, as well as
the parity of the band index of the bulk states. In addi-
tion, the topological edge modes are also dependent on
the parity of the number of layers. These results assist
to understand the effect of nonreciprocal couplings on
the skin effects and topological properties in multilayer
SSH lattices.

2 Theory

Our considered multilayer nonreciprocal SSH structure
is shown in Fig. 1(a). In this figure, the red and blue
dots represent the sublattice A and B in each layer. The
system Hamiltonian can be written as

N
H:ZZ tlLa‘mn mn+t1Rbmnam’ﬂ)
n=1

N-1
+ZZ to mnamn_H—I—hc)

m n=1

T2t

m n=1

=

mnam+1n+bmnbm+1n+hc)

(1)

o, n(@mn) is the creation (annihilation) operator of
sublattice a (a € a,b) in the mth layer of the nth unit
cell. N is the total number of unit cells. ¢4z =t £
represent the hopping amplitudes between the different
sublattices in the unit cells, and v denotes the nonreciprocal
coupling strength, as shown by the purple and green
arrow lines in Fig. 1(a). Note that the irreversible
couplings between the sublattices A and B within the
same cell contribute to the formation of the non-Hermitian
system. Next, t, stands for the intercell hopping coeffi-
cient, and t3 describes the hopping coefficient between
the same kind of sublattices in one unit cell, as shown
by the black and yellow lines. In terms of parameter
settings, we would like to take t;, t5, t3, and v to be real
numbers.

According to the expression in Eq. (1), we would like
to write out the matrix form of the Hamiltonian in the
real space, i.e., H = UTH,¥, where

Hy=1  Hi 0 e 0
HYy Hp=2 Has R 0
Hy = 0 H3y  Hp=3 ,
Hy—1m
0 0 Hi 1y Humu
(2)
and V= (\IIm:l» \IJm:27 Y \Ilm:M)Ta Wlth \I]m = (wa,m,ly
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B pod W - T = off — diag(1,1,...,1),, @ off — diag(1,1,...,1)oy (TT* =
=000 00— 020 - 1), in which
0=0—0=20 020020 off — diag(1,1,...,1) N
0=0—0—-0 0=0—0—0 ool
0=0—0-0 02000 -+ I
@2 @5 1 - 0 0/ msm@2Nx2N)
b
®) 06 w00, 0% © 06 P Also, this system has the particle-hole symmetry
031 2y ° & g0 0.3+ Be Bl meg (PHS'), i.e., CH*C™'=—-H with C=diag(l,-1,1,...),,®
g o 3% ... . ST S R SO o4 diag(1,—1,1,...,—1)ay (CC* = I). Specifically, for the case
= o o f 2 u = - jg Zgj b of M =1, the expression of C operator is C = diag(1,
™ °o°°°o° ‘3%: oo‘g’oo °OQ§ —1,1,...,—1)ay, the operator of PHS' for M =2 can be
—0.6 T T T -0.6 T T T i — di _ —1. - _
S p 7 : dro— g g ! written as C = diag(1,—-1,1,..., .1, 1,1, _17---,1)41\1, and
Re(E) Re(E) the operator of M=3 is C=diag(l,-1,...,—1,
-1,1,...,1,1,-1,...,—1)gn. The satisfaction of the parti-

Fig. 1 (a) Schematicdiagram of the multilayer nonreciprocal
SSH structure. The red and blue dots represent the sub-
lattices A and B. The green and purple arrow lines indicate
the intracell hopping terms t:;, and t;r, and black lines stand
for the intercell hopping term t.. In addition, the yellow lines
denote the interlayer hopping coefficient t;, and m means the
number of layers. (b, c) Spectra of Im(E)-Re(E) in the cases
of M =1 and M =2, respectively. The red circles and blue
stars mean the spectra corresponding to the PBC and OBC
cases, respectively. Other parameters are t; = 0.4, to = t3 =
1.0, and v = 0.5.

wb,m,l, wa,m,% "/}b,m,2a o »wa,m,Nv ¢b,m,N)' FOI‘ the elements
of Hy, they can be expressed as

0 ti O 0
tir 0 to 0

H,, = 0 to 0 tig 7
0 0 tir O
2N X2N
tg 0 0
0 t L0
Hyp1m = 3 . (3)
0 t3 ONx2N

Since the skin effect is the intrinsic characteristic of
nonreciprocal systems, our main discussion will focus on
the topological phase transition in this structure. It is
well known that any Hamiltonian symmetry determines
the symmetry-protected topological phase with the topo-
logical structure. Therefore, we first study the topological
properties of this system by discussing the symmetries.
Due to the presence of nonzero v, the system becomes
non-Hermitian. Kawabata et al. [64] gave definitions and
conditions for wvarious symmetries of non-Hermitian
systems. According to their conclusions, our system
satisfies the time-reversal symmetry (TRS'), i.e.,
THTT-! = H. The TRS' operator can be expressed as

cle-hole symmetry signifies that the energy eigenvalues
are symmetric about energy zero point [32]. Moreover,
our system satisfies the chiral symmetry, that is
ITHIT-! = —H, with the operator defined as T = off—
diag(1,-1,1,...)s ® off — diag(1,—1,1,...,—1)an. The chiral
symmetry operator can also be written as I' = TC. The
satisfaction of chiral symmetry suggests that the eigen-
values in this system appear in pairs as (E,—FE) [17, 49].
Accompanied by the above result, the matrix forms of
TRS!, PHS' and CS symmetries in the cases of M =1,
M =2 and M =3 are given in Table 1.

Topological systems can be classified according to
their symmetries [64, 65]. Thus, in order to clarify the
topological properties of our system, its topological clas-
sification should be determined. The above discussion
indicates that in the non-Hermitian case, it belongs to
the BDI' class among the 38 topological classifications.
Based on the previous works [64, 65], it can be ascertained
by calculations that the real part of the energy eigenvalues
is not equal to zero, except for the phase transition
point, and the system has a real line gap. Now, with the
help of the above analysis and the conclusions of previous
works, we know that our system has a Z-class of topological
invariants.

With the help of the traditional discussion methods
[66, 67], we can clarify the topological phase transition
condition by solving the Hamiltonian under the periodic
boundary conditions (PBC), which is well consistent with
the result under the OBC. Similarly, in Figs. 1(b) and (c),
we present the energy spectra of the system under two
different boundary conditions, where the red circles and
blue stars represent the spectra in the PBC and OBC
cases, respectively. One can clearly observe that the
energy spectrum in the OBC case does not correspond to
the energy spectrum at the PBC case for either M =1 or
M =2, like the discussion in the previous works [17, 49,
68, 69]. Thus, the transition conditions from topologically
nontrivial and trivial regions should be solved under the
same parameter conditions. Following this understand-
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Table 1 Matrix forms of the TRST, PHS', and CS symmetries in the cases of M =1, M =2, and M = 3, respectively. The
matrix dimension of all three types of symmetric operators is equal to d = M % 2N.

Symmetry
Layers
TRSY(T) PHS'(C) CS(I
0 1 1 0 0 0 0 1
=t | DY A T
1 0 62N 0 0 - 7'1 IN —.1 0 0 2N
1 0 0 1
0 01 e 0 1o
0 10 o
M=2 . - ’ 0] 01 0 0 —01 701 0
1 0 0)ay 0 .1 ..-A'1A0
0ty 10 aN
1 0 0 1
0 -1 0 0 -1 0
01 ! 701 701 0 0 —01 701 ’
M=3 10 0 ,1 .0 o1 0
1 O O 6N ‘ ll) ? 0 0 (lJ é 0
0 -1 - =100
- 0 -
0o -1/ 6N -10 oN
ing, we perform calculations on the topological phase 10 rtip 0 0
transition with two methods, i.e., similarity transformation ~ R 0 t2 0
and direct root finding [17, 49]. Hpy, = 0 ta 710 i ,
On the one hand, regarding the similarity transforma- 0 0 r—tr 0
tion, we can describe it as follows. For the system with INSIN
oM sublattices, the wavefunction can be defined ts 0 0
as |U) = (Yo, 1,1, Vb,1,1, > Vb, 1,8, Ya,2,1,Vb,2,1 - Vb2, Ny
Va1 Vo1 s YN Yo, ). And then, the eigen- Hypomi1 = 0 13 0
equation H|¥) = E|¥) can be transformed as H|¥) = E|T), : :
where |¥) = S~ U) and H = S71HS. If we assume S to 0 ts / anwan

be a diagonal matrix, i.e.,

(6)

5100 0 0 When r satisfies r = /|tir/tir|, the hopping between

0 52 0 0 0 different sublattices in the unit cell becomes

0 0 53 0 0 |(t1 —7)/(t1 +)|, and then, our considered non-Hermi-

S = : : : : » @) tian system is transformed into the Hermitian system.
(') O 0 Sy 0 This rgsult i.nc.iicat.es that t.he bulk-boundary correspon-

0 0 0 07 St/ us dence is satisfied in H again, and the topological phase

xM transition conditions can be solved under the PBC.

where S, = diag(1, 7,772, ,#N=1,#N=1 7N} The new Therefore, by employing the Fourier transformation, we

Hamiltonian in the real space will be re-expressed as

H=5"'HS
H1 H12 0 0
HYy Hy Hos 0
—| o Ay M
: - HJ\{AM
0 0 Hy_1um Hys

with the elements being

are allowed to transform the newly real-space Hamiltonian
H into momentum space, with its expression H(k). The
energy expression E(k) can thus be obtained by diago-
nalizing this Hamiltonian. Finally, the topological phase
transition conditions of our system can be ascertained
based on the energy-band expression at the boundary of
the Brillouin zone.

On the other hand, for the method of direct root find-
ing, it is to solve the topology of the model directly by
ordering the roots g at E [52, 68, 69]. In the generalized
Brillouin zone (GBZ), the wavevector k becomes
complex. According to the conventional Bloch theorem,
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the real part of the wavevector comes from the periodicity
of the system, while the non-Hermitian skin -effect
should be attributed to the imaginary part of the
complex-valued wavevector. Therefore, by means of
Fourier transformation, the original non-Hermitian
Hamiltonian in the real space is transformed into the
momentum space. The non-Hermitian topological phase
transition can be constructed by replacing the Bloch
phase factor e¢* with g (i.e., e* — 3, e=* — 1/8), and the
value of g =el* is restricted to a ring in the complex
plane. The GBZ and energy E can be obtained by solving
the equation |8,(E)| = |B;(E)|, where i, j are the middle
two indexes when ordering |8;(E)| as |51(E)| < |B2(E)
<o+ < |Ban(E)|. Accordingly, we can plot the spectra of
|B(E)| — t1 to observe the conditions under which topological
phase transitions occur in our considered structure.

Following the above demonstration, we next try to
use these two methods to study the topological phase
transition conditions by considering two typical cases,
i.e., M =2 and M = 3, respectively.

2.1 Caseof M =2

When M =2, the unit cell of this system has four
sublattices, i.e., Ay,, Bin, Asn, and Bs,. In such a
case, the Hamiltonian of the system can be simplified
as H =1 (tipa] ,bip +tigbl ,a10) + Son_ (tipab ot
t1rbY ,a2,0)+ S0 ta(b] 01 1 +0Y 00 1 Hhee)+ 00 s
(a‘;’nagm + b}nbgm + h.c.). The wavefunction can be written
as [¥) = (Ya1,1, > Vb1, N Va2, 15 Ub2,N) -

Firstly, we would like to use the similarity transformation
method to solve the topological phase transition condi-
tion. According to the description above, the first step is
to construct new eigenequations: H|¥) = E|¥), in which
the Hamiltonian and wavefunction obey the forms of
H=S5"1HS and |¥)=S"'¥). S satisfies a diagonal
matrix with the diagonal elements S = diag(1,r,r,
72, NN e 2 oo N1 N And then, in H we
have r*1(t; £4) in the region of t; +~. In the case of
r=/Itir/tic] = /|t —7)/(t1 + )], the non-Hermitian
structure will be Hermitian, with the respective hopping
coefficients defined as

t1=/(ti =)t +7), (7)

Accordingly, H can be rewritten as 7 = SN f1(al byt
ab banth.c)+ SN o (B, @11 Hb] G2 s rtHhc) + S b
(@] @2, + b ,b2n + h.c.). Its matrix form in the momentum
space is '

to =tg, 13 ="ts.

H(k) =
0 t1 + toe F ts 0
t~1 + tzeik 0 0 t3
t3 0 0 1?1 + tge_ik
0 t3 El + tgeik 0

(8)

Surely, this Hamiltonian can be expanded based on the

Pauli matrices, i.e., H(k) = ({1 + tacosk)(mo ® o) + tosink-
(10 ® 0y) + t3(1s ® 00), Where 7, .(c,,.) are the Pauli
matrices in the corresponding subspaces and 74(og) are
the related unit matrices. The energy-band expressions
in the momentum space can be obtained by diagonalizing
the Hamiltonian of Eq. (8), i.e.,

Eii(k) = +ts £V, 9)

with Yy =} 4 3 4 2f1tp cosk. In this Hermitian case, we
can find the phase transition points between topologi-
cally-trivial and -nontrivial phases at #; = t,, i.e.,

or t; =4y/7?—t3.

Herein the energy band gap is closed at k=, and the
eigenenergies are £ = +t3.

Next, we use the other method (i.e., direct root find-
ing) to verify the topological phase transition condition.
To be specific, we first transform the real-space Hamilto-
nian H into the momentum space by performing the
Fourier transformation. And then, by changing e¢'* to be
8, the Hamiltonian of H(j3) is expressed, i.e.,

H(p) =

t1 = £/13 + 72, (10)

0 tir + tgﬁil t3 0
tir + tof3 0 0 t3
t3 0 0 tir + tQBil
0 t3 tig +t2f3 0
(11)
After calculation, one can get the relationship

between E and B, that is  Ej9(8) = £ts—
VIB(Y + 1) + ] (=7 + t1 + Bt1) /B, E34)(B) = £t3+
VIB(y +t1) + t2] (=7 + t1 + Bt1)/B. According to this result,
we can get the roots of E(8):

E? 442 -2+ 2Bt + 2 — 3 F VX3

E)= ,
51(2)( ) 2(t1 +’Y)t2
E?2 4+~ -3+ 2Ft3 + 3 —t3 FV/Xo
ﬂ3(4)<E) = ;
2(t1 + v)ta
(12)
where  Xyp) =4(7* — )13 + {7* — 1] + 15 + [E + (—)t3]}>.

We can infer the size of the root under the parameters,
e, |81(E)| < |8(E)| < --- < |4(E)|. The GBZ and E can
be obtained by solving the equation |8;(E)| = |5;(E)l,
where i, j are the middle two indexes.

In Figs. 2(a) and (b), we plot the spectra of |3(E)| — t;.
The green, blue, black and red lines represent the roots
IB1(E)|, |B2(E)|, |83(E)|, and |B4(E)]. We can know in
Fig. 2(a) that when v = 0.5, the roots meet at the points
of t; = +trp; = +1.12. In Fig. 2(b), it shows that when
v=1.5, the roots can meet at the points of
t1 = +trp; = £1.80, and the roots |33(E)| and |B4(F)| is
closed at t; = +tppy = +£1.12. At this case, all the roots
satisfy |81(E)| < |83(E)| = [B4(E)| < [B2(E)|, which are
consistent with the conclusion of GBZ. The above

Jia-Rui Li, et al., Front. Phys. 19(3), 33204 (2024)
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Fig. 2 Spectra of |3(E)| with the change of ¢;, under the condition of t» = 1.0 when v=05 (a, ¢, €) and v=1.5 (b, d,
f). To be specific, (a) and (b) describe the result of E = +t3 for M =2. (c¢) and (d) indicate the case of E =0 when M =3.
(e) and (f) correspond to the case of E = +/2t3 at M = 3. Different color lines describe the different roots |5(E)|.

numerical results also obey the conclusion of the topological
phase transition condition [i.e., Eq. (10)]. This exactly
means that the system does undergo the topological
phase transition at t; = £/t + 2 and ¢; = £/72 — 3.

2.2 Casesof M =3

We continue to pay attention to the case of M =3
where the unit cell of the system becomes a six-sublattice
structure (a1, b1, G2, Do, a0d a3, Byn). Thus, the
Hamiltonian can be written as H :Zle[tlL(aI,nbLmL
al bantal bsn) Hir(b] a1, 05 a0, +05 L as )N s
(b‘iiynal,n+1 + b;nQQ,nJrl + b;’na&nﬂh.c.) + Zgzltg(a;nag,n +
b;nbg,n + ag,nagyn + b;nb&n +h.c.). The wavefunction of
system is |U)=(¢q1,1,"
Py3,n)"-

According to the discussion above, we first solve the
topological phase transition condition by carrying out
the  similarity H=S8"1'HS and
|T) = S~H¥). In this similarity transformation, S is a
the diagonal elements are
{17,772, N e e 2 N e N e 2 e N
rN}, where r = \/[tig/ti1|. Although the increase of the
lay number of this SSH structure, we know that the non-
Hermitian Hamiltonian can also change to be Hermitian
[CERICEEN
to = ts, and i3 =t3. Thus, in the momentum space, the
Hamiltonian H after similarity transformation is given

i) wb,l,N, 1/)(1,2,17 ) wb,Z,]\H 1%,3,17 )
transformation

matrix with
FN-1

diagonal

when the hopping terms satisfy ¢; =

as

0 T, t5 0 0 0
T 0 0 i3 0 0
ot 0 0o ot o0
AR =10 & 74 0 0 & | (13)
0 0 t3 O 0 Ty
0 0 0 t;3 Tf 0

where Ty =1, +te"*. The energy expression for the

Hermitian case can be expressed by diagonalizing the
above Hamiltonian, i.e.,

Ei2) = £/ Y0,

B3 = £/ Y1 — 2¢/2Y0t3,
Es6) = £/ Y1 + 2¢/2Y0ts,

with Yi = 2 + 2 + 2t2 + 2f2t, cos k. The topological phase

(14)

transition occurs at ¢; = t,, namely,

or 1 ==++/9?—13.

When the hopping parameters satisfy the relationships

tl == t% + 727 (15)

in the above equations, the six bands are in contact with
each other at k ==. Namely, the bands of £, and FE,
meet at E =0, and those of E34) and Es5e) encounter at
E = 4(—)v/2t3. Therefore, we can infer that in the case of
M =3, the system possesses two types of isolated modes.

Similar to the case of M =2, we can also solve for the
roots |3(E)|. By replacing el*(e'*) with g(8~1), H(B) can
be re-expressed as

33204-6

Jia-Rui Li, et al., Front. Phys. 19(3), 33204 (2024)



RESEARCH ARTICLE

FRONTIERS OF PHYSICS f P

0 By t3 0 0 O
B, 0 0 t3 0 O
0

The solutions of the eigenvalue equation |[H(8)— E|=
0 can be written explicitly, ie., Ej)(8) =
+/[B(v+t1)+to] (—y+t1+Bt2) /B, Es)(B ) H[B(=r+t)t2
33 (vt )t + B2 (— 2+ 13 +203+13) — Z]/B}*, and Es(q)(8) =
H{[B(—y+t1)t2 + B (y+t1)ts + B2 +E3+23+13) + 2]/ B},
where Z = —2v2{B32[B(y + t1) + ta](— + 1 + Bt2)}>. And
then, we can obtain the complex roots of E(83), namely,

t% - t%)Q]v

(17)

Hamiltonian H = S~'HS, with the wavefunction defined

After calculation, the new hopping
Hermitian Hamiltonian are given as
t1 = +/](t1 + 7)(t1 — 7)], t2 = t2 and 3 = t3. When the band
gaps are closed at k=, the system will undergo the
topological phase transition, with the topological phase

conditions  being  t; =+/tZ+42 or

o t3 0 0 Bl t3
0 0 t3 0 0 Bl
0 0 0 t3s By O
in which By =(t; +7)+t87! and By = (t; —7) + t23.
|
1
Prz)(E) = W[EQ - -t -6F \/4(72 — )i+ (B> +9% -
1
Ba()(E) = W[EQ + 92—t 2 212 — 2 /2E283 F (v + 1)V 2],
Bse)(E) = ——————[E? + 7% — 13 — 13 4+ 212 + 24/2F22 F (v + t1)\/ Za]
5(6) 20y + th)ta v 17l 3 sF(r+h 2},
where
) as |U) = S71|T).
7= Ap — A 15+ 4V263|Bts/ (v + )| — Az — A3 terms of the
1 0 1+
v+t
2
C A4 A, 4 BB/ (0 + s — Ay
Y + 11
2, ) . transition
Ag=2F ( - tl) + 4t 4f| ’Y+i1i)t2 |( t1t2)7 Ay = t=+"2 — t§~
V2| 5 (B —2t3), and Ag =4ty (E? 4+t + 2t3)—

E*+2E%(6t3—t3)+(t53—2t3)*
Y+t '
of |3(E)| —t; in the case of v=0.5 and 1.5, respectively.

The blue, green, black, red, light-blue and pink lines
represent the roots from |3;(E)| to |3s(E)|, respectively.
In Figs. 2(c) and (d), we present the results of £ =0. It
can be found that the curves of |83 (E)| and |84 (E)]
are the same as each other. For v = 0.5, the curves of
|B1256(F) meet at t; =4trp; = +1.12 [see Fig. 2(c)].
Alternatively, in Fig. 2(d) it shows that when v =15,
the roots are closed at t; = +trp; = +1.8, and the curves
of two roots |4y (E)] and |8,(E)| (185(E)| < |8:(E)| = |a(E)|
<|Bs(E)|) meet at ty = +tppy = £1.12. The results for
trp1 and trps are consistent with the conclusion of
Eq. (15). Similar to E =0, it can be clearly observed
from Figs. 2(e) and (f) that the curves of |35(F)| and
|Bs(E)| meet at +trp; when v=0.5 or 1.5. In addition,
when ~=1.5, the roots |33(F)] and |B4(F)]
(185(E)| < 18:(E)| < 185(E) | =|B:(E)| < |82(E)| < |85(E))) are
closed at +typs. The results of trp; and trpy are also
same as those in Eq. (15). Based on the above results,
the system undergoes topological phase transition under
t1 = +4/t3+ 7% and ¢ = £/v% — £3.

From the results of M =2 and M =3 above,
further determine that the topological phase transition
conditions can be accurately derived by performing the
similarity transformation in our consider the multilayer
SSH structure. Therefore, we would like to utilize the
similar methods to calculate the topological phase tran-
sition for the case of larger M. Accordingly, the non-
Hermitian system can be described by a new Hermitian

Figures 2(c)—(f) show the curves

we can

3 Numerical results and discussion

In this section, we proceed to numerically discuss the
band structure of the multilayer nonreciprocal SSH
structure in detail, under the open boundary condition.
Before discussion, we would like to state the order of
discussion under the open boundary condition as follows.
Firstly, we plot the energy spectra and observe the char-
acteristics of the band structure. Secondly, we introduce
inverse participation rate (IPR) to characterize the local
properties of the system. Next, from the energy and
probability density spectra, the localization of various
edge modes is discussed. Finally, the robustness of edge
modes to disorder under different structures is observed
by two off-diagonal disorders. In addition, we take
ts = 1.0 in the context to perform the calculation for
convenience.

3.1 Casesof M =1and M = 2 under OBC

Before our discussion, we would like to review the case
of M =1. When M =1, the system reduces to a one-
dimensional nonreciprocal SSH structure. According to
the previous works [49, 70], in the presence of nonreciprocal
couplings, the system undergoes gap closing and reopening
as the strength of the hopping coefficient changes. This
theoretical results show that the system undergoes the

topological phase transition at t; =./t3+~2 and
t1 = —\/t3++2, respectively. The twofold-degenerate
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zero-energy modes appear between these two transition
points. From the spectrum of energy imaginary part, one
can find that the energy spectrum is real in other
regions where the energy imaginary part emerges in the
range of |t;| < |y|. Moreover, the twofold-degenerate zero-
energy modes do always not display their imaginary part.
More importantly, with the increase of ~, the zero-
energy modes undergo splitting. As shown by the local
density of states spectra in Refs. [49, 70], the wavefunctions
show a tendency to be localized at one boundary of the
system for both bulk and zero-energy modes. All these
results should be attributed to the non-Hermitian skin
effect.

Following the result of M =1, we continue to discuss
the band structure in the case of M = 2. Figures 3(a)—(d)
show the real and imaginary parts of energy bands
under the condition of t; = t3 = 1.0. From the spectra of
the real and imaginary parts of energy, one can find that
~ takes different effects on the bulk states and isolated
modes of this system. In Figs. 3(a) and (b) where v = 0.5,
the energy gap is closed at the points ¢; = —1.12 and
t; = 1.12, respectively. Between these two critical points,
isolated modes appear in the band gap. In addition, we
notice that the isolated modes at this point are no
longer zero-energy modes but the isolated modes with
eigenvalues of E = 41.0. This phenomenon is different
from the result in the one-dimensional SSH chain of
M =1. Next, the spectrum of the imaginary part of
energy shows that it appears in the range of
t; € [-0.5,0.5]. This indicates that the nonreciprocal
coupling induces the appearance of complex eigenvalues
of bulk states. However, the imaginary part of isolated
modes is always equal to zero in such a case. With the
increase of nonreciprocal coupling strength ~, the range
of isolated modes becomes wider. When ~ is increased to
a critical value, the isolated modes split, and their range
becomes narrower. For example, in the case of v = 1.5,
isolated modes of E = +1.0 only exist in the range of
t; € [-1.8,—1.12] U [1.12,1.8]. In the range of —1.12 <t <
1.12, they split into two modes. Such numerical results
of critical points and energies are consistent with the
derivations results ¢; = +./t3 + +2 and E = +t3 in Section
(2.1). For the bulk-states, the increase of v drives a
gradual expansion of the imaginary-energy range. Now,
we can make a conclusion that this system is allowed to
display the nonzero energy modes in the band gap,
under the condition of M =2. The nonreciprocal
coupling parameter ~ plays its significant modulation
role in the appearance of isolated modes and bulk states.

To further understand the band-structure characteristics
of this system before and after the similarity transforma-
tion, i.e., the non-Hermitian H and Hermitian H, in
Figs. 3(e) and (f) we present the spectra of |E| of an
open chain as a function of ¢; in the cases of v =0.5 and
~ = 1.5, respectively. The blue lines describe the model
of the non-Hermitian multilayer nonreciprocal SSH

=1

Fig. 3 (a—d) OBC energy spectra with the change of i,
where (a, b) v = 0.5, and (c, d) v = 1.5. The left column is the
real part of eigenenergies, and the right column is the corre-
sponding imaginary part. (e, f) Spectra of |E| as a function
of t; when v=0.5 and ~ = 1.5, respectively. Blue lines are
related to the non-Hermitian multilayer nonreciprocal SSH

structure, and black lines correspond to the Hermitian
system after similarity transformation. Parameters are taken
to be t2 = t3 = 1.0.

structure, whereas the black lines represent the corre-
sponding Hermitian result after similarity transforma-
tion. We clearly observe that for the bulk states, there
are some differences between the eigenvalues of H and H.
However, for isolated modes, the open-boundary energy
spectra of H and H are the same regardless of v = 0.5 or
~v = 1.5. Thus, identical topological critical points appear
in the energy spectra, namely, such two Hamiltonians
enable to exhibit the same topological phase transition.
Meanwhile, the energies of isolated modes in both cases
are the same as each other. This exactly suggests that it
is valid to discuss the non-Hermitian Hamiltonian with
the help of the results after similarity transformations in
the structure of M = 2, and the non-Hermitian topological
properties can be judged from the Hermitian Hamiltonian
H after similarity transformation.

In Fig. 4, we provide the eigenenergy spectra and
wavefunction probability density distribution. Besides,
in order to characterize the various types of states, we
introduce the inverse participation rate (IPR) to
describe the localization of the wavefunction in more
detail. According to the previous works [71-75], the
expression of IPR is defined as
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where 1, is the n-th right eigenvector of H [69, 71-73],
and [ is the site index of the considered system. Usually,
IPR is used to calculate the localization degree of each
state and quantitatively describe the wavefunction locali-
zation. IPR,, of the localized states tends to be a nonzero
and finite value with the increase of the system’s size L.
It has been found that IPR, — 1.0 for the completely-
localized states [71-73].

Figure 4(a) describes the case of v = 0.5 with ¢ = 0.4.
The colors represent the values of [PR. We can find that
the system has four bands due to the presence of four
sublattices. For the bulk bands, the imaginary part of
energy is mainly contributed by the bulk states. More-
over, the isolated modes are twofold degenerate and the
imaginary part of energy Im(E)=0. By observing the
value of [PR, it can be seen that [PR of isolated modes
are equal to IPRyg o1 = IPRgoe = 0.49, and the PR value
of the bulk states is about IPR ~ 0.1. These results indicate
that the bulk states are less localized than isolated
modes. The right column figures (i) and (ii) show the
spectra of wavefunction probability density distribution
about isolated modes and bulk states, respectively. One

can clearly find that the system displays the non-Hermitian
skin effect. To be specific, the result in (i) corresponds
to the probability density spectra of E = +t3 = £1.0. We
can find that the isolated modes are the edge modes.
They are only localized in sublattices a;; and a;; and
wavefunction satisfies [41,1]> = [ta2,1]/?>. The figure
(ii) shows the probability density spectra of
E = -1.97-0.18i of bulk band. It shows that it has the
tendency to be localized on the left side.

In Fig. 4(b), we present the spectra in the case of
v = 1.5 with ¢; = 1.4. The right column figures (i) and (ii)
represent the wavefunction probability density distribution
of isolated modes and bulk states, respectively. For the
isolated modes, the results are the same as those of
v=0.5. The twofold degenerate edge modes are also
localized at a;; and ap; and the IPR also satisfies
IPR = 0.49. However, for the [PR of bulk bands, we find
that the IPR increases in the range of 0.2 < IPR < 0.35.
This phenomenon means the further localization of bulk
states as v increases. The wavefunction probability
density can also verify this result. It can be seen that
the wavefunction tends to be localized on the left side of
the system and more localized in comparison with those
in the case of v=0.5. Up to now, we have known that
there exist twofold degenerate edge modes localized on
one side of the system boundary in the system of M = 2.
Also, increasing ~ does not change the energy of edge
modes, and the energy still satisfies E = 4t3 in the
energy gap.

We can also explain these phenomena by solving the
Schrodinger equation of this structure [29]. From
HU = EV, we can write out the Schrédinger equations of
the edge modes:

(t1 +7)Vp102),1 + t3%a,2(1),1 = EVa,1(2),15
(t1 = Y)Va,102),1 + t3¥p2(1),1 + t2¥a1(2),2 = Epa1(2)1
(19)

where v, , is the wavefunction of sublattice a in the
mth layer of the nth unit cell. According to the wave-
function distribution in Fig. 4, the edge modes are only
contributed by 1,11 and v, 2 ;. The edge modes localized
on the left side satisfy 11 =321 =0, so the edge-
mode eigenvalues can be ascertained, i.e., E? —t2=0.
The expressions of energy and wavefunction can be written
as B ==tz and 9,11 = $1pa2,1, respectively. For E = t3,
the wavefunction amplitude ylelds ‘w“ L 1I2 = 1. Therefore,

the localization characteristic is the same as the localization
strength at |¢,11| and [¢, 21| When the energy is aligned
with the edge-mode energy. These results correspond to
those in Figs. 3 and 4.

3.2 Case of M = 3 under OBC

In this part, we focus on the case of triple-layer SSH
structure with M = 3, where the three chains are coupled

Jia-Rui Li, et al., Front. Phys. 19(3), 33204 (2024)
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represents the localization probability density of edge modes. Relevant parameters are set as (a) t; = 0.4 and v = 0.5, and (b)

t1 = 1.4 and v = 1.5. The others are taken to be t; = t3 = 1.0.

together to form a six-sublattice configuration. To
perform calculation, we also set t, = t3 = 1.0. Similar to
the case of M =2, the structural characteristics of this
system are still discussed from the energy-band spectra,
as shown in Figs. 5(a)—(d). To be specific, Figs. 5(a) and
(b) show the real and imaginary parts of energy where
~=0.5. In this figure we can find that this system has
six energy bands which are determined by the number of
sublattice. Regarding the isolated modes, we can clearly
observe that this system have two kinds of isolated
modes with different energies, i.e., the first is
E = +1.41 = \/2t3, the other is E=0. The two kinds of
isolated modes exist around two critical points
t; = +1.12==+,/t3 ++2. These numerical results are
consistent with the theoretical derivation. Besides, the
eigenenergies of these two isolated modes are also real.
On the other hand, Figs. 5(c) and (d) present the spectra
of energy absolute value |E| of non-Hermitian Hamiltonian
H (blue lines) and Hermitian Hamiltonian A (black lines)
before and after similarity transformations. It can be
found that two situations have the obvious difference in
the bulk states. However, for the isolated modes, both
the energy value and the appearance range are consis-
tent. This also indirectly proves that the similarity
transformations are effective to discuss the topological
phase transition.

To observe the localization effect of the two isolated
modes as well as the bulk states, in Figs. 5(e) and (f) we
plot the eigenenergy and the probability density spectra.
In the case of v = 0.5 with ¢; = 0.4 [see Fig. 5(e)], it can
be seen that three pairs of twofold degenerate isolated
modes arise in the band gap, with their purely-real ener-
gies. In the right column, (i) and (ii) show the probability

density  spectra of the two different modes
E = +t3 = +1.41 and E =0, respectively. We find that
although both of the modes exhibit localization on the
left side of the system, their localization effects are
different from each other. In more detail, for the first
edge modes E = +1.41 (i), the wavefunction is localized
to the far left of the system (a1, as; and as;), and in
the other region the wavefunctions are almost equal to
zero. In the case of E =0 (ii), the modes are only localized
at sublattices a;; and as;, showing strong localization.
This result can also be observed in the case of = 1.5.
For v =1.5 with ¢; = 1.4, the edge modes also belong to
twofold degenerate states and the eigenenergy cannot be
changed with the increment of v [see Fig. 5(f)]. For the
probability density spectra, (i) and (ii) correspond to
E = +1.414 and E = 0, respectively. The localization does
not change in these edge modes, and the edge modes are
the same as the those of v = 0.5.

Next, we introduce PR to characterize the localization
characteristics of the system. Figure 6 shows the results
of TPR of bulk bands and edge modes. The magnitudes
of TPR describe numerically the localization properties of
the respective states. To be specific, we find that the
values of IPR are manifested as IPR ~ (0.08 — 0.16) for
the bulk bands. For example, the range of IPR for first
(third)-class  bulk  bands E € [£2.41(1.00) + 0.30i ~
+2.36(0.95)] is 0.08 < IPR < 0.12, and the value of IPR for
second-class bulk bands F € (£1.00 £ 0.30i ~ £0.95) is
0.10 < IPR < 0.16. According to the numerical results of
IPR, we can infer that the second-class bulk bands have
slightly better locality than the others, whereas the first
and third class bulk bands could have similar localization
properties. For two kinds of edge modes, one is equal to
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Fig. 6 Eigenenergy spectra in M =3, for the case of v =0.5. The colors represent the values of IPR. (i-ix) Probability
density spectra of these three-classes bulk bands. (i-iii) represent the localization probability density of E = 42.41 + 0.30i,

E =+2.384+0.18i, and E = +2.36,

respectively; (iv—vi) shows the probability density in the cases of E = 41.0+0.30i,

E =40.97£0.18i, and F = 40.95, respectively; (vii-ix) stand for the probability density of E = 40.42 4 0.30i, E = 40.45 + 0.18i,
and E = +0.47, respectively. Relevant parameters are taken to be ¢t; = 0.4, to = t3 = 1.0.

IPR = 0.37 when FE = ++/2t; and the other is IPR = 0.49
when F = 0. It means that the edge modes of E =0 are
more localized than modes of E =+v/2t;, and these
results agree with those in Figs. 5(e) and (f).

In order to identify the localization effect of the bulk
states, Figs. 6(i)—(ix) show the localization of the bulk
states in different energy bands. It can be observed that
both the bulk states and edge modes have the tendency
to be on one side of the system, so the whole system has
the non-Hermitian skin effect. However, each energy
band has the respective localization effects.

For the first-class bulk band (red arrow line), the
spectra of (i)—(iii) represent localization probability
density FE = 42.41 + 0.30i, E=42.38+0.18i and
E = £2.36, respectively. We see that the the first-class
bulk states are more localized on the second chain
(a2,n,b2,,), although all three chains have local effects.
For the second-class bulk bands (green arrow line),
probability density spectra of (iv)—(vi) correspond to
E=+1.00+0.30i, FE=40.974+0.18i, and E = +0.95,
respectively. Unlike the first-class bulk bands, the
second-class bulk bands are only localized in the first
chain (ay,,b1,,) and the third chain (a3.,,bs,), whereas
the second chain shows a trend of empty occupation. In
the third-class bulk bands (yellow arrow line), the (vii)

—(ix) show the probability density spectra of
E=+042+0.30i, FE=404540.181 and FE = +047,
respectively. It can be found that the localization properties
are the same as the first-class bulk band. The comparison
of the three energy bands reveals that the localization
effect of the second-class bulk bands is indeed slightly
better than the other two bulk bands. In addition, all
three bulk bands have similar localization effects, that is,
the localization of the bulk states becomes better as the
energy imaginary part gradually decreases. These results
are completely the same as the numerical results of IPR
in Fig. 6(a).

Following all the above discussions,
that when three non-Hermitian SSH chains are coupled
to one another, two different topological edge modes
appear in the band gap, i.e., the first is the twofold
degenerate edge modes with energy E = +v/2t;3 and the
second is the double degenerate zero-energy modes. The
bulk states show different local effects with the number
of the bulk bands, which exhibits special parity effect.
Compared with the case of M =2, the whole system
displays a richer variety of topological edge modes. The
causes of the generation of the properties of the two
edge modes and bulk bands can also be explained in the
form of Schrodinger equation. According to HU = EV,

we understand
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the Schrodinger equation for the two edge modes satis-
fies:

(t1 +Y)Vp1(3)1 + t3%a21 = Eva1(3),1,

(t1 = Ya13)1 + t3Up2,1 + t2Va,1(3),2 = By 1(3),15

t3a,1,1 + (L1 +7)p2,1 + t3%a31 = Ea 21,

tstp11 + (b1 — V)Va21 + t3b 31 + tata 22 = Etp a1,
(20)

For the edge modes with energy E = 0, according to the
wavefunction probability density in Fig. 5(e), we can set
b1 = Va1 = Vp21 = tp31 =0. Thus, the Schrodinger
equation satisfies: t51,,1,1 + t3¢a,31 =0 and Ii - 1}2 =1.
For the edge modes with energy E = ++/2t3, we can set
Yp11 = Y21 = tp31 =0. Thus, the Schrédinger equation
satisfies: #3421 = Eva1,1, t3tha,1,1 +t3ta,31 = B2 and
t3ta21 = Eva 31, we can obtain E? —t2 = 0. The expres-
sions of energy and wavefunction can be written as:
E=£V2t3, 11 =801 and t,31 =8¢, For
E = /2t3, the wavefunction amplitude ylelds W’“ 1

a2 — 2
and fresty = 1.

We can also use the same method to verify some
special positions of the bulk states. For example, when
energy is equal to F = 40.95, according to the probability
density spectra Fig. 6(vi), the Schrodinger equation can
be simplified as (&1 +V)Vp13)1 = Evaiz)s (B —7)-
Ya13),1 Tt2¥a13)2 = E¥ua3),10  t3%a),1,1H3%aw),3,1 =0,
tothy1(3),1 = Eba1(3)0 and t3ha1,2 + 332 =0. We can

get the expression EZ?—1t3— (t; +v)(t1 —v) =0, thus
E=4./t2+13 —~2. The relationship of wavefunction
; i [Ya1al® _ [¥saal®_ [Yaa.el?
amplitude can be written as i = o 1|2, e =1
[$o3117 _ 344797 |anol® _ 85 apd [eaal? _ _(i4y)?
[Ya,3,112 = (1+7)? 7 [Wp,117 t§+t?7 2 [Yp1.1]> — t3+t3—72

When v=0.5, t; =0.4 and t, = t3 =1, with the help of
the above results, we can get |[ig1,1]=[a,31]|=0.15,
[p,1,1] = 12| = [Ya3.2] = 0.18. These
results can match Fig. 6(vi) in an effective way.
According to the results from M =1 to M =3, We
find that the three configurations have the same properties
which can be presented as follows: (1) Nonreciprocal
coupling ~ causes the system to have imaginary parts of
energy, which are derived from the bulk states, but the
energies of edge modes are real. Besides, the system
undergo the non-Hermitian skin effect. (2) The increase
of v does not modify the eigenenergy and localization of
edge modes, but makes the localization of the bulk
states stronger. (3) The larger v, such as v = 1.5, causes
the twofold degenerate edge modes to undergo splitting
and transform into the nonzero energy modes. Of course,
the three configurations also have respective unique
properties. They can be summarized as: (I) For M =1
and M = 3, the system has a purely-real twofold degenerate
zero energy modes, but not for the case of M =2. We
conjecture that there exists the “parity effect” in the
system. (II) There is a numerical relationship between

the energy of the edge modes and their corresponding
eigenvalues. (I, IT) For the case of M = 3, three classes of
bulk bands have different localizations, i.e., the first and
the third class of bulk bands are similar, but they are
completely different from the second type. We conjecture
that another “parity effect” may also exist for different
numbers of bulk states.

3.3 Cases of M =4 and M = 5 under OBC

In the following, in order to better verify the conjectures
(I)—(IIT) of these specific properties, we discuss in detail
the cases M =4 and M =5. Based on the results above,
we know that the case of high v (e.g., v = 1.5) does not
affect the energy bands and localization of the topological
states. Therefore, the following mainly focuses on the
case at v =0.5.

Firstly, we would like to pay attention to the edge
modes. Figure 7 shows the band structures of M =4 and
M =5 When M =4, in Figs. 7(a)—(c) it is shown that
the system contributes two kinds of edge modes with
different eigenenergies, i.e., F =4243 = i#tg and
E=+093=+1=¥5;; which are existed between the
positions of t; = £1/t7 ++2 = +1.12. Besides, these two
edge modes are twofold degenerate, as shown by the
eigenenergy spectra. According to the probability
density spectra of (i) and (ii), we can observe that
although the two types of edge modes are both localized
at the left side, these possess different localized proper-
ties. To be specific, the edge modes of E = +2.43 in (i)
are mainly localized at the middle chains, i.e., sublattices
az,; and az;, followed by a;; and a4;. The wavefunction

[Ya,1.1] _ [Ya,a.1] _ 2
[a,2,1]? [ta,3,1]2 3+v5

1. Alternatively, the localization of the edge

satisfies the relationship and

[tha,2.1]?

oo, -
modes with energy E = 40.93 in (ii) shows the opposite
trend, and also, the wavefunction has the different rela-

[Ya,2.1]* -1

N

: WYa11® _ |Yaaal® _ 2
1.€ [Ya,2,112 7 [Ya311> T 3-V6 and [Ya,3,
Therefore, we can conclude that for the case formed by

the coupling of four nonreciprocal chains, the whole
system shows up as twofold degenerate edge modes with
energies E = i“’Z—*/gtg and E = il‘T*/gtg.

Figure 7(d)—(f) show the energy and probability
density spectra under the case of M =5 with t3 = 2.0. It
is observed that the system has three pairs of twofold
degenerate edge modes in the band gaps, with their
different energies. Namely, the first is £ = 4:3.46 = ++/3t,
the second is E = 4+2.0 = %t3, and the third is the zero-
energy modes. The system also undergoes the topological
phase transition at t¢; = +/t3 ++2=+£1.12. All three
types of modes are presented in the region between these
two phase transition points. From the probability
density spectra of the wavefunction for different edge
modes, we can also find that the three edge modes have
different local properties. For the edge modes of
E = 43.464 [see (i)], the left side [an1_5)1] contributes to

tionships,
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of energy. (c) Eigenenergy spectra of t; = 0.4. (i, ii) indicate the probability density spectra with two types of edge modes.
(d—f) Eigenenergy and probability density spectra under the situation of M =5 with ¢; = 2.0. (d, e¢) Real and imaginary parts
of energy. (f) Eigenenergy of ¢; = 0.4. (i—iii) describe the probability density spectra with three types of edge modes. Other

parameters are to = 1.0 and v = 0.5.

the localization of the system, but mainly in the sublattice
as,1, followed by ay; and a4;. For the edge modes of
E = +2.0 are mainly localized at sublattice ay 1, a1, as1
and a5 ;, and the four positions contribute equally to the
localization of the system. (iii) presents the wavefunctions
of zero-energy modes, which are localized on the left side
of the system, with probability distribution at sites of
ai1, as,1 and as ;. Therefore, for the five-layer nonreciprocal
structure, the system not only has twofold degenerate
edge modes, but also has purely real energy zero-energy
modes in the band gap.

Next we focus on the localization properties of bulk
states in M = 4. Figure 8(a) corresponds to the eigenenergy
spectra for t; = 0.4, and the color indicates the value of
IPR. By judging the size of IPR, we observe that the PR
of the bulk states is approximately equal to 0.06 — 0.10.
The system has four-classes bulk bands. The right
column (i)—(xii) show the probability density spectra
with these four-classes bulk bands. It can be clearly
found that the localization properties are different for
these four-classes bulk bands. To be specific, the red
arrow line represents the first-class bulk band with
energy range of E € (£3.45+0.30i ~ £3.38). We can find
from (i)—(iii) that the system mainly displays localization
in the middle two chains, (as,,bs,) and (agn,bs,). For
the second-class bulk band (green arrow line) with
energy range of E € (+1.92 4 0.30i ~ 4-1.88), the localization
is opposite to the first-class bulk band. They are mainly
localized at the first and forth chains, (ay,,b1,) and
(@4,n,ba,n). For the third-class bulk band of
E € (£1.43 4+ 0.30i ~ £1.48) with the purple arrow line, its
localization properties are the same as the first-class
bulk band. Finally, in the fourth-class bulk band
[E € (£0.07 4 0.30i ~ +0.02)], the wavefunction is mainly

localized at the first and forth chains. This result is the
same as the second-class bulk band.

At last, we discuss in detail the localization of the
bulk states for M =5. Figure 9 shows the eigenenergy
spectra of t; =0.4 and v =0.5. The color expresses the
value of TPR. For the bulk bands, they can be divided
into five classes, the first of which is the energy band
with E € (£4.46 £0.30i ~ £4.41) [red arrow line|; the
second class is the energy band of
FE € (£3.00 4 0.30i ~ +2.95) [green arrow line]; the yellow
arrow line represent the third-class bulk band with
E € (£2.4740.30i ~ +2.52); the fourth- and fifth-class
energy band respectively indicate the
E € (£1.00 4+ 0.30i ~ 41.05) and E € (£0.99 4 0.30i ~ +0.95).
The IPR values for the bulk states are approximately
from IPR=0.051 to IPR=0.11. The figures (i)—(xv)
display the probability density spectra of the five-classes
bulk bands. We can clearly observe that similar to M =
3, the bulk states of M = 5 have “parity effect” in terms
of locality. The local effects of the bulk bands can be
distinguished into three main types. More specifically, in
(i)-(iii) and (vii)—(ix), the first- and third-class bulk
bands are mainly localized at the middle chain (a3, b3,),
and the nearest is (az,,b2.,) and (a4 n,ban). The (iv)—(vi)
shows the wavefunction probability density of second-
class bulk band, and the wavefunction is localized at the
four chains of [ay(5) ., b1(5),n] aNd [az(4)n,bo(a)]- Besides,
these four chains have the same probability density
intensity, however, the chain (a3,,bs,) is empty to
occupy the state. The fourth-class bulk band has the
same localization phenomena as the second-class, as
shown in (x)—(xii). For the fifth-class bulk band, we can
find the localization effect is better than other bands
because the IPR is larger in Fig. 9(a). (xiii)—(xv) indicate

Jia-Rui Li, et al., Front. Phys. 19(3), 33204 (2024)
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and t3 = 1.5.

that the wavefunction probability density is mainly
contributed by the odd chains [(ay.n,b1.n), (a3,n,03.,), and
(as5n,bsn)], whereas the even chains [(agn,bs,) and
(a4m,bs,)] show empty occupation. The probability
density components of the three odd chains display the
same magnitude.

Based on the results above, we know that the structures
with different layers show common properties. The
nonreciprocal coupling v leads to the non-Hermitian skin
effect, which changes some of the bulk states to be
complex states. In addition, v induces the topological
phase transition in the system, and the twofold degenerate
edge modes appear in the band gap. The increase of v
does not change the eigenenergy and localization of the
edge modes, but induces the splitting of the edge modes.
In particular, the increase of layer number of this SSH
lattice take a significant modulating effect on the system
properties. To better observe the changes in bulk states
and edge modes, the details of the respective structures
are shown in Table 2. We can anticipate that the
increase of layer number has a small effect on the non-
Hermitian skin effect, but plays nontrivial roles in
modulating the number, energies and localization of edge
modes and bulk states. Therefore, the whole system

displays the “parity effect”. To be specific, the first type
of “parity effect” is manifested in the bulk states. In the
“Localization” column, the color indicates the magnitude
of the probability density. For the few-layer structures,
i.e., M =1 and M = 2, the localization of the bulk states
does not show obvious “parity effect”. However, for
systems with M >3, the localization of bulk states
exhibits the clear “parity effect”. Namely, for odd M,
there are (M +1)/2-classes bulk bands with (M +1)/2
types of localities, and empty occupancy of the bulk
states can be observed. Taking the case of M =3 as an
example, the first- and third-classes bulk bands are
localized in the left boundary of the three chains, the
second class is localized only in the first and third chains,
and the probability density of the second chain is equal
to 0. Alternatively, for the even M, the system has M/2-
classes bulk bands, and the different classes of bulk
bands have different localizations. The second type of
“parity effect” is characterized by the edge modes. On
one hand, when M = 2,4,..., we find that the system has
only nonzero energy twofold degenerate edge modes
which are localized at one side of the system. Otherwise,
the whole system possesses purely real twofold degenerate
zero-energy modes localized on one side of the system, in
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addition to the twofold degenerate nonzero-energy the case of t; = 0.4 with v = 0.5 in M = 2, and Figs. 10 (c)
modes. Moreover, the zero-energy modes are better and (d) describe the case of ¢; = 0.4 with vy =0.5 in M =

localized than the nonzero-energy modes. 3. It is known that for the case of M = 2, the twofold
degenerate edge modes with energy E = +t; exist in the
3.4  Robustness to disorder band gap when d =0, as shown in Fig. 3(a). Next as d

increases, for the bulk states, the real part of energy

From the previous studies [76, 77], we understand that becomes widened, while the imaginary part of the bulk
disorder usually plays an important role in changing the states is gradually narrowed. For the edge modes, they
energy band structure of quantum systems, and mean- undergo different changes in this process. When d is
while, robustness to disorder is a very important property relatively small, the nonzero energy edge modes of this
of edge modes. Therefore, we would like to explore the system are also robust. As the disorder strength
changes in the eigenenergy spectrum due to the presence increases, the twofold degenerate edge modes split. The
of disorder. Our main goal is to distinguish the robustness energy of one split mode is fixed at F=1.0, and the
of different types of edge modes to disorder. In this work, energy of the other split mode shows a decreasing trend.
we consider the case of off-diagonal disorder by respectively Subsequently, the edge modes are integrated into the
introducing disorder in the intercell hopping term ¢, and body band following the further increase of disorder.
the interlayer coupling term t3, i.e., t, =ty +dw, and Such splitting result indicates that the edge modes are
th = t3 + dwn, respectively, where n is the cell index, w, is not robust to disorder. Figure 10(c) and (d) show the
uniformly distributed between —1.0 and 1.0, and d is the results of M = 3 affected by disorder. When d =0, the
disorder strength. system has the twofold degenerate zero-energy modes as
Figure 10 shows the real and imaginary parts of well as twofold degenerate edge modes with energy
energy influenced by the increase of disorder strength d, E = ++/2t3 [see Fig. 5(e)]. Next when d departs from its
in the case of disordered ¢,. Figures 10 (a) and (b) represent  zero value, it can be observed that the variation of the
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Table 2 Summary of non-Hermitian skin effect (NHSE), the number of edge modes (Pair), whether it is a zero-energy
mode, robustness to disorder, and locality of bulk states and edge modes in this five types of structures. In the bulk bands,
we present the probability density spectra of Im(E) = 0. The lightness of the color indicates the magnitude of the probability

density in the “Localization” column of bulk and edge modes.

Bulk states Edge modes
Layers Model NHSE — - - g —
Class Localization Pair | ZEM | Disorder Localization
M=1| A ,ez=—2eB,, T 1 LA [T B [ A; [ By Ay | 1 T (A LAy [ By [ Ay [ By [ Ay |
V=2 A 9T=0B, T 12) [ A, T B, [ A, [ B, As | 1 F Weak 7 [ Ay | By | Ay | By | Ay |
A, 0=—208B,, LA [ B, | A [ B, Ay | 2 [ Ay [ By [ Ay [ By [ Ay |
By, Ai Ah By Ap By, Ay
A, 0=—20B, 1(3) | Ay | By | Ay | By Ay F Weak 153 ézg By Ay By Ay
M=3 B, Ay &: J By Ay By, Ay
Ay@T=—=0B, | T = = = 2 = =
B A A A A
A B 11 1 12 12 13 M1 11 12 12 13
20F==20By, 2 Ay | By | Ay | By | Ay T | bt An | By | Ay | By | Ay
1 By Ay By Ay Ay By Ay By, Ay
B, [ Ay, H B, | A B, | A,
All .ﬁ.Bu 1(3) B, Ag F Ay B, Ay By Az
B, Ass Ay By Ay B;, A
M=4 A, 0=—208B,, T B, Ag P Weak ¢ H By Ap By, Ag
ca
A31.ﬁ.B31 By, Ay 2 Ay By A, By A
B22 A23 Bll AZZ BZZ AZS
A‘“.ﬁ.B“ 2(4) B;, Ay F By Ay B, A
Bll A43 A‘l BA] A42 B42 AAS
B, | A [ B, [ A, [ B, [ A,
By, Ay Ay By Ay By, Ag
1 (3) By, Ay F Ay By Ay By, Ay
B, Ay Ay B, Ay B, Agp
A, 0=—=0B Bs, As — Bs, Asy By, Asy
! " B, A, Weak t2 A, B, A, B A,
A, 0=—20B, 12 13 11 11 12 12 13
! ! B, | A, Ay | By | Ay | By | A,
M=5| A,0=—20B;| T 2(4) B, Ay 3 F Ay By, | Ay By, Ay
Bll A43 A‘l Bél A.u B‘Z Alﬂ
Au@T=>¢B, By | As Aq | By | Ay | By | Ag
ASl.ﬁ.BSI By, Ay Ay By Ay By, Ay
By, Ay Ay By Ay By, Ay
5 By, Ay T t2, t3 Ay By Ay By, Az
By, Ay Ay By Ay B, Ay
By, Ass Asy Bs Asy B, Asy

bulk states is similar to that of M = 2, but the two
types of edge modes display different changes. To be
specific, the nonzero edge modes also split with the
increase of d, and then enter the bulk states at d > 0.65.
Next, for the twofold degenerate zero-energy modes, we
observe that the zero-energy modes do not split with the
increase of disorder in the range 0 < d < 1.0, whereas the
zero-energy modes can exist in the larger range
compared to the nonzero-energy modes. This indicates
that zero-energy modes are better robust to disorder. As
the disorder strength d continues to increase, the widening
of the bulk band merges the zero-energy modes. Based
on the above results, we find that the nonzero-energy
edge modes for both M = 2 and M = 3 split more easily
in the presence of disorder strength, whereas the twofold
degenerate zero-energy modes are relatively robust. This
means that disorder is a helpful mechanism in identifying
the two types of edge modes.

To obtain a comprehensive understanding about the
robustness of the edge modes, we next introduce off-
diagonal disorder on the interlayer hopping term, i.e.,
th = t3 + dw,. Figures 11(a)—(d) show the results when
disorder is applied for the geometries of M =2 and

M =3, where w, is also uniformly distributed between
—1.0 and 1.0. It can be noted that in this case, the bulk
states still exhibit the tendency to be progressively wider
as the disorder is enhanced. However, the effect of disorder
on the edge modes is more pronounced. Specifically, for
the case of M =2, we find that as the disorder is intro-
duced, the real part of the edge modes split into two.
This result indicates that the edge modes can be affected
easily by the disorder of ¢3. When M = 3, the modulation
effect of disorder on the edge modes is more apparent.
As long as the disorder is not equal to zero, the original
nonzero energy modes split directly into two modes and
enter into the bulk states with the increase of the disor-
der. For zero energy modes, we can find that twofold
degenerate zero-energy modes always exist in the range
of 0 <d< 0.7, and display robustness to the disorder of
ts. However, the widening of the bulk-state band leads
to the survival of smaller gap in this system, resulting in
the disappearance of the zero-energy modes. According
to the above discussion, we can be sure that for M =2
and M =3, the nonzero energy edge modes are not
robust to the disorder of t3, whereas the zero-energy
modes at M = 3 are more robust.
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Fig. 10 (a—d) Energy spectra influenced by the different-
strength disorder. The disorder is applied according to the
manner of ¢ =t; +dw, with w, € [-1.0,1.0] and d is the
disorder parameter. The parameters are set as (a) and (b)
t1 =04, y=05 in M=2, (c) and (d) t1 =04, y=0.5 in
M = 3. The spectra are the average over 100 disorder results.
Zoomed-in view of edge modes of M =2 in (a) and zero-
modes of M =3 in (b), respectively.

In view of the effects of the two disorders, we can
clarify that regardless of odd or even M, nonzero energy
modes are only weakly robust to weak disorder of ¢, and
split directly at disorder of t3 as long as d#0. In
contrast, zero-energy modes do not split for disordered t,
and t3 as the disorder strength increases, indicating
better robustness to both disordered t, and t;. We also
understand that for odd-layer structures such as
M =3,5,...,thezero-energy modes can exist in the presence
of disordered t,, compared to the nonzero-energy modes.
This phenomenon provides an alternative way for distin-
guishing the different types of edge modes.

4 Summary

To summarize, in this work we have performed investi-
gations on the skin effects and topological properties in
the multilayer non-Hermitian SSH structure, by taking
into account the nonreciprocal intra-cell couplings in
each layer. The calculation results show that in this
system, the skin effects induced by nonreciprocal
coupling display the apparent parity effect, following the
increase of the layer number of this SSH structure.
Namely in this system, the skin effects and topological
phase transitions induced by nonreciprocal couplings
display the apparent parity effect, following the increase
of the layer number of this SSH structure. On the one
hand, the skin effect is determined by the parity of the
layer number of this SSH system, as well as the parity of
the band index of the bulk state. On the other hand, for
the topological edge modes, such an interesting parity

05 i 15
Disorder strength d Disorder strength d

Fig. 11 (a—d) Energy spectra influenced by the different-
strength disorder. The disorder is applied according to the
manner of ¢ =t3+ dw, with w, € [-1.0,1.0] and d is the
disorder parameter. The parameters are set as (a) and (b)
t1 =04, y=05 in M=2, (c) and (d) t;, =04, y=0.5 in
M = 3.

effect can also be observed clearly. Furthermore, nonzero-
energy edge modes and zero-energy edge modes show
different variations in the presence of disorder, and zero-
energy modes in the odd-layer structures are more
robust to disorder, in comparison with the nonzero-
energy edge modes in the other cases. Based on the
obtained results, it can be thus believed that all these
findings promote to understand the influences of nonre-
ciprocal couplings on the types and properties of respective
states in the SSH lattices.
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