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ABSTRACT

Optimization problems are prevalent in various fields, and the gradient-
based gradient descent algorithm is a widely adopted optimization method.
However, in classical computing, computing the numerical gradient for a
function with d variables necessitates at least d + 1 function evaluations,
resulting in a computational complexity of O(d). As the number of variables
increases, the classical gradient estimation methods require substantial
resources, ultimately surpassing the capabilities of classical computers.
Fortunately, leveraging the principles of superposition and entanglement
in quantum mechanics, quantum computers can achieve genuine parallel
computing, leading to exponential acceleration over classical algorithms in
some cases. In this paper, we propose a novel quantum-based gradient
calculation method that requires only a single oracle calculation to obtain
the numerical gradient result for a multivariate function. The complexity
of this algorithm is just O(1). Building upon this approach, we successfully
implemented the quantum gradient descent algorithm and applied it to
the variational quantum eigensolver (VQE), creating a pure quantum vari-
ational optimization algorithm. Compared with classical gradient-based
optimization algorithm, this quantum optimization algorithm has remark-
able complexity advantages, providing an efficient solution to optimization
problems.The proposed quantum-based method shows promise in
enhancing the performance of optimization algorithms, highlighting the
potential of quantum computing in this field.

Keywords quantum algorithm, gradient descent, variational quantum
algorithm

1 Introduction

Optimization problems are a crucial research area that
involves finding parameter values that minimize or
maximize an objective function subject to given
constraints [1-3]. They have broad-ranging applications
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in diverse fields, including machine learning [4-6],
finance [7-9], quantum chemical calculations [10, 11],
and the pharmaceutical industry [12]. Gradient descent
is one of the widely used optimization methods in solving
optimization [13, 14]. The basic idea of the gradient
descent algorithm is to iteratively adjust the model
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Fig. 1 Diagram of a quantum variational algorithm optimized using gradient descent algorithm. (a) The algorithm
involves the generation of a parameterized quantum circuit on a quantum computer, followed by optimization of the objective
function parameters on a classical computer. This iterative process involves the exchange of data between the quantum and
classical computers. (b) The algorithm utilizes a pure quantum gradient estimation approach to evolve the parameterized
unitary operator on the quantum circuit, effectively replacing classical gradient algorithm. The process is repeated iteratively
until the objective function is minimized. All operations of this algorithm can be efficiently performed on a quantum

computer.

parameters to minimize the loss function. Specifically,
the algorithm computes the gradient of the loss function
for each parameter and then updates the parameters in
the opposite direction of the gradient to minimize the
loss function as rapidly as possible. This process is
repeated multiple times until convergence [15].

With the rapid development of quantum computing,
variational quantum algorithm have gained increasing
attention as a means to solve optimization problems by
adjusting some parameters in a quantum circuit to mini-
mize an objective function [16, 17]. In optimization
problems, as illustrated in Fig. 1(a), we first create a
quantum circuit with parameters to calculate the objective
function. Classical optimization algorithms, such as the
gradient descent algorithm, are then utilized to optimize
the objective function on a classical computer. The opti-
mized parameters are then fed back into the quantum
circuit, and the optimization process continues until
convergence [13, 18]. Various classical optimization algo-
rithms, such as the conjugate gradient method [19] and
Broyden—Fletcher-Goldfarb—Shanno (BFGS) algorithm
[20-23], are widely used in variational quantum algo-
rithm. It should be noted that during the optimization
process, classical optimization algorithms continuously
measure the quantum circuit and input the results into
the classical computer for computation, which may
affect the algorithm’s convergence rate. Moreover, when
employing the gradient-based gradient descent algorithm
on a classical computer, the numerical gradient calculation
is the core of the algorithm, with a complexity of O(d)
[24]. As the number of variables d increases, the resource
consumption grows rapidly, potentially impacting the
optimization algorithm’s convergence.

Quantum computers leverage the principles of super-
position and entanglement to achieve remarkable accel-
eration in certain problems compared to classical

computers [25-33]. In the context of gradient computa-
tion, several quantum gradient calculation methods have
been proposed, but they suffer from limitations in terms
of applicability or complexity [24, 34-37]. Therefore, in
this paper, we propose a pure quantum gradient estimation
method that does not require classical computation of
the gradient. For a multivariate function, this algorithm
can achieve numerical gradient computation with just
one oracle calculation, and its complexity is only O(1),
which does not consume additional computational
resources with an increase in the number of variables.
Based on this, we implemented a quantum gradient
descent algorithm based on pure quantum gradient esti-
mation. We conducted numerical experiments using this
algorithm and applied it to calculate the ground state
energy of a small-scale Hamiltonian in VQE [18], as
shown in Fig. 1(b). The optimization process of this
algorithm does not depend on classical computation of
the gradient. The numerical experiments demonstrate
that our proposed pure quantum gradient estimation
algorithm, quantum gradient descent algorithm, and its
application in the Heisenberg model have produced
satisfactory results. Furthermore, this pure gradient
evolution algorithm has theoretical advantages in
complexity, which can accelerate the convergence rate of
optimization problems in large-scale problems, providing
a more efficient optimization algorithm for optimization
problems.

The organizational structure of this paper is as follows:
In Section 2, we present a pure quantum gradient esti-
mation algorithm. In Section 3, we describe the quantum
gradient descent algorithm which is implemented using
the proposed pure quantum gradient estimation algo-
rithm. In Section 4, we perform numerical experiments
on the proposed pure quantum gradient estimation algo-
rithm and quantum gradient descent algorithm. In
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Section 5, we combine the quantum gradient descent
algorithm with the VQE algorithm to calculate the
ground state energy of the Heisenberg model to implement
the full quantum variational eigensolver(FQVE). We
analyze the errors of the algorithm in Section 6 and
conclude with our findings in Section 7.

2 Pure quantum gradient estimation

The gradient of a function is widely used to locate
extrema and offers an effective solution for certain opti-
mization problems [24]. However, in the case of a d-
dimensional variable in a function f, calculating the
gradient necessitates at least d + 1 function evaluations
using the equation:

of  flx—le;)—=

(1)

Here, e; denotes the ith normalized basis vector [34]. As
the number of parameters increases, the resources
required to compute the gradient grow, often surpassing
the capabilities of classical computers. In optimization
problems, the computation of the function is typically
the most time-consuming task when calculating gradi-
ents. Hence, minimizing the number of function evaluations
is critical to improving the efficiency of optimization
algorithms [34, 38].

2.1 Quantum algorithm for gradient estimation at zero

We observe the availability of a fast quantum algorithm
for computing gradients at zero, as proposed in reference
[34]. For both classical and quantum cases, given a suffi-
ciently small value x, it holds that

flx) = f(0) +xV/. (2)

For a function of d variables, the classical computation
requires evaluating the function d + 1 times, whereas the
utilization of quantum superposition allows obtaining
the gradient values of all variables using just one function
evaluation. In this quantum algorithm, for d variables,
each variable is encoded using n qubits, a superposition
state of n x d qubits is created as

0) %

1 N-1
T 52:% 6)- (3)

Then, an oracle is constructed as O = e?m(N/mhf(@)
which is applied to the superposition state resulting in a
phase that contains the function as

1 N-1 o 1 N-1 N
= 16) = = /@), (4)
N 6=0 N 6=0

Let = = (I/N)é (where [ is a sufficiently small value),

v . QADD . QSUB P .

10)

Fig. 2 Schematic diagram of the proposed pure quantum
algorithm for gradient estimation. The algorithm is designed
to enable direct estimation of the gradient through the use of
Hadamard gates (H) to create superposition states, QADD
and QSUB gates for entanglement-free quantum addition
and subtraction between qubits, an oracle (U) for evolving
the gradient, and an Inverse Quantum Fourier Transform
(IQFT) for extracting phase information.

perform the transformation in Eq. (2), ignoring the
global phase, resulting in a phase that contains the
gradient as

1 Nl oon
Z e%[51Vf1+52vf2+“-+5dvfd]’5>. (5)
=0

VN4

After applying the Inverse Quantum Fourier Transform,
a state containing the gradient can be obtained as

N S| S0, (6)

Finally, measurement in the computational basis can
obtain the Vf of the objective function. In the above
equation, d represents the number of variables in the
function, n represents the number of qubits, N = 2", m is
an order of magnitude estimate of the actual gradient, §
are n-bit integers (0 to N —1), and | is a sufficiently
small parameter [34].

Importantly, this algorithm is limited to computing
the gradient of the objective function at zero, and its
efficiency depends on the value of the parameter m.
Therefore, it may not be suitable for practical applica-
tions, such as optimization problems.

2.2 Pure quantum gradient estimation algorithm

We propose a pure quantum gradient estimation algo-
rithm, as shown in Fig. 2, that can efficiently estimate
gradients at arbitrary points of the objective function.
Our algorithm provides an effective quantum gradient
estimation method for optimization problems.

When approximating the objective function, the
Taylor series can be expressed for an infinitesimal quantity
(xr —z0) as follows: f(x) = f(zo) + Vf(xo)(x —z0). In our
algorithm, we set xo = Az (compute the gradient at this
point), x; = (I/N)§" (where [ is a sufficiently small
parameter, and x; is a sufficiently small quantity,
& =21 1, N=2"), and « =z + Az. Therefore, we
obtain

f(x) = f(Az) + 2,V f(Az). (7)

Consequently, we only need to construct an oracle
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A quantum adder without entanglement

Fig. 3 Schematic diagram of a quantum adder without
entanglement. (a) The MAJ module performs addition on
the input states to obtain the sum of the two states and a
carry qubit. (b) The UMA module adds the sum and the
carry qubit from the MAJ module to achieve the effect of a
full adder. (¢) This quantum adder (QADD) uses MAJ and
UMA modules to perform addition operations on the input
state, and the output states are not entangled with each
other, which can be used for subsequent operations on
specific target qubits.

containing f(x).

For an objective function with d variables, we first
create a superposition state (using quantum superposi-
tion, the gradient can be computed for d variables
simultaneously):

| N-l
——= > 10 (8)
N 6=0
We then use a separable variable quantum adder [39] to
add Az to the superposition state, resulting in

—_— |6 + Ax). (9)
VNi =

The purpose of this operation is to shift the quantum
state by Az to compute the gradient at this point. The
separable variable quantum adder is used to add Az to
the superposition state and ensure that the qubits do
not become entangled with each other. For example, the
CNOT gate can be considered as an entangled adder.
When the input of qubit ¢q is v/2/2(|0) + [1)), and the
input of qubit ¢ is |0), after passing through the CNOT
gate, qo and ¢; become entangled, and the output of ¢; is
influenced by ¢y, making it unsuitable for subsequent
calculations (shown in Fig. 4). Therefore, we use a quantum
adder without entanglement(QADD) shown in Fig. 3 in
this case.

In order to compute gradients at arbitrary points (Az),
we employ a quantum adder without entanglexment
(QADD) to shift the quantum state by Az and calculate

the gradient at the desired point. To estimate gradients
at arbitrary locations in our algorithm, taking into
account the carry after the quantum adder, we construct
an oracle O =e>N/mhf(@)  where x =z + Az, z; =
(I/N)§',8" =271 —1, N = 27, acting on the state |§ + Ax).
Taking the example of a 2-qubit system and calculating
the derivative at Az =1, the diagonal elements of this
oracle can be expressed as

I
f(055 + Aa)

f(l% + Ax)

I
@ +Aw)

l
3— + Ax
ez’”(%) I N )

l
fg +Ax)

l
f(5 + Aw)
f(G% + Ax)
l

To achieve the desired state for the constructed oracle,
we utilize a quantum adder to transform the previous
equal-weight superposition state from |0) + |1) +|2) + |3)
to[1) +12) +[3) + |4).

1 N-1
Op—— > |6+ Ax)
N 6=0
N—1,2"t1_1

1
" 2

§=0,6"=0

N I
eQﬂ'l(m)Vf(Aw)N(; |5+Aw>,

can be written as
G%W(Am)om +6%W(Am)1|2>
27i 2mi
+ eWVf(Aw)2|3> + eWVf(Aa:)3|4>'

Through the utilization of the QADD, we successfully
attain the target quantum state required for applying
the oracle, facilitating gradient estimation at any desired
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Stepl Step2 Step3
Fig. 5 Schematic diagram of a quantum complement
circuit. A quantum subtractor can be regarded as adding a
negative number using an adder, so it is only necessary to
apply the adder to the complement of the subtrahend. For
example, to get the complement of —010, in Stepl, construct
the quantum state of the value qubits of —010. In Step2, take
the one’s complement of the value qubits. In Step3, construct
the quantum state of [1). Then, use a quantum adder to add
[1) to the complemented value qubits obtained in Step2 to
obtain the two’s complement of —010, which is represented as
|s2s150) in the value qubits.

point in the objective function. By implementing subse-
quent operations, we are able to effectively realize gradient
estimation at arbitrary points within the objective func-
tion.

Next, we construct an oracle containing f(z) in phase
and apply it to the shifted superposition state above,
obtaining

| N-1 o N-1

— d+Ax) —5

= 2|
6=0

1 N
Vo > Mm@ 54 Ag).
6=0

(10)

Using the above formula and ignoring the global phase,
we obtain the quantum state containing the gradient
information in phase:

1
eQ'frl/m[§1(Vf)1+52(Vf)2+ +04(V f)al |6 + ASD>

N—

VNd Nd
(11)
To extract the phase information, we need to shift the
superposition state back to the initial equal-weight posi-

tion, so we need a separable quantum subtractor (shown
in Fig. 5)7 which gives

271'1

[01(Vf)1+62(V )2+ +5d(vf)d]’6>

(12)

Taking the example of a 2-qubit system and calculating
the derivative at Az = 1, the quantum state

1 N—1,2"t1_1

5=0,6"=0

e27r1( poay )Vf(Aa:

|5+Aa:>

5

after passing through the quantum subtractor can be

in other words,
271"
+C o, Vf(Am |2> +€ o, Vf(AJ:)3|3>

By utilizing the quantum subtractor, we successfully
transform the quantum state into a form suitable for
performing Quantum Fourier Transform.

Finally, applying the Inverse Quantum Fourier Trans-
form yields the quantum state containing the gradient
information:

@@ (T A (Ve
(13)

where the subscription i refers to the i-th component of
the gradient, which is a vector. In the above formula, d
represents the number of variables in the function, n
represents the number of qubits, N = 2", m is an estimate
of the order of magnitude of the actual gradient and can
be taken as 2", and [ is an extremely small parameter.

In the above process, the gradient estimation is for
the case where Az is positive. For the case where Az is
negative, we can simply subtract a positive value Az*
(by adding the two’s complement of Az using a quantum
adder) from the initial superposition state, resulting in

(14)

apply the oracle to add the gradient information to the
phase:

e2m/m[81(V £)1+82(V )2t +8a(V f)a |5 Ax >

(15)
and then add this positive value Az™:
1 N-1
Z e27r1/m[51(Vf)1+52(Vf)2+ +5,1(Vf)d]|5> (16)
5=0

Finally, the Inverse Quantum Fourier Transform can be
applied to obtain a quantum state that contains the
gradient information at the negative value of Az:

‘N Vf(Az)) > ‘N Vfi(Az)) > ’N Vf A:c))>

During the derivation presented above, we note that

Ronghang Chen, et al., Front. Phys. 19(2), 21202 (2024)
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Algorithm 1: Pure quantum gradient
estimation algorithm

Input:
f(x): A objective function for which the gradient is to
be computed;
m: One parameter estimates the order of magnitude of
the gradient;
n: The number of qubits required to encode each
variable;
N: N=2";
d: The quantity of variables;
l: A parameter that is small enough;
Az: The point at which the gradient wants to be
estimated;
@1 @y =L£6,8 =0,1,--- 2" 1
x: T =x1 + Ax;
1. Register: Utilize n-qubit input registers |z1), |z2), ...,
|xa), with each qubit initialized to |0);
2. Init: Apply a Hadamard gate to each qubit in the
input registers, resulting in

;] Nl

H

= =219
N¢ 6=0

3. Add: Apply a quantum adder with separable
variables to add Az to the superposition state:

Aapp 1 =
Zl ) 55 o= D16+ ).
=0

4 Oracle: Construct an oracle O = 2™ (N/mDf (@) that
contains the function f(x) in its phase. Apply the
oracle to the input registers, resulting in

2

—1

e 1
E 6 + A
— +b2) = \/W

Ignoring the global phase, the input registers are now
approximately in the state:

&
Il

0

2

—1
o L 01(VH)1+62(V )2+ +64(V )al |6 + Ax).

5. Sub: After applying a quantum subtractor to subtract
Az from the superposition state, the input registers
are left in the state:

m

1
= Y o )
5=0
6. IQFT: Apply the Inverse Quantum Fourier Transform

(IQFT) to the input registers, the quantum state can
be expressed as

‘%(Vf(A > ‘Nw (Az)) > ‘Nw Aa:))>.

7. Measure: Measure the quantum state obtained after
applying IQFT in the computational basis to obtain
the components of V f;

Result: A quantum state obtains the components of

Vf.

M @) 5 4 Ag).

the evolved gradient should have the same sign as the
parameter m. When m is fixed to be 2", the gradient
obtained from the algorithm is positive. However, when
the actual gradient is negative, due to the periodicity of
the exponential function in the Inverse Quantum
Fourier Transform, for a negative integer k [34],

N—1 -
—= D e PTINIE) — |N — |k)),
j=0

therefore,

Z —271'1\ |5‘5

Thus, the algorithm can also obtain a quantum state
related to the negative gradient, which, at m = 2", can
be understood as the two’s complement of the negative
gradient without the sign qubit.

) ‘N—|ZV]”>. (17)

3 Quantum gradient descent algorithm

We have implemented quantum gradient descent using
the pure quantum gradient estimation algorithm. In the
classical ~gradient descent process [19, 24, 40],
ot = 2k — oV f(2¥), where a is the learning rate, z¥ is
the kth iteration of the ith variable. In our quantum
implementation, for a positive component Vf(z¥) of the
gradient, we can obtain |z}*!) = |zF — a((N/m)V[)),
which can be understood as normal gradient descent,
where we subtract a positive number from z¥. For a
negative component Vf(zF) of the gradient, we can
obtain [zF+1) = |of — (N — (N/m)Vf])). This can be
interpreted as subtracting the two’s complement notation
of the negative gradient from x*. In other words, adding
the absolute value of the negative number. Thus, we
have ‘xf+1>:|x§+a(wf(x§)|)>, which is no different
from normal gradient descent. Therefore, whether our
algorithm obtains the true gradient or the two’s comple-
ment notation of the true gradient, it does not affect the
calculation process of gradient descent.

In the gradient descent formula ™! =zF — aVf(z}),
quantum multiplication is required, which can be chal—
lenging due to the large number of qubits needed for
constructing a quantum multiplier. Therefore, in the
case of limited qubits, we propose a hybrid approach
that combines classical multiplication with pure quantum
gradient estimation in the gradient descent process.
Specifically, we use the pure quantum gradient estimation
algorithm to estimate the gradient value of the objective
function, and then update the parameters using classical
methods. However, due to the introduction of classical
computation, we need to perform measurements after
each gradient estimation and update the parameters
using classical computers, which may affect the calculation
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Fig. 6 Quantum circuit diagram and results for estimating
the gradient at zero.

speed to some extent. In the long run, we expect the
emergence of large-scale fault tolerant quantum comput-
ers, which will enable our quantum gradient descent
algorithm to complete calculations without repeated
measurements and improve its performance.

Analyzing the results of numerical simulations in
Section 4.3, we found that although the algorithm
partially uses classical computers, it can still effectively
find the optimal value of the objective function, which
can be used in practical applications.

4 Results

We conducted numerical simulations of the pure quantum
gradient estimation algorithm and quantum gradient
descent algorithm using Qiskit [41]. Our results showed
that these algorithms were effective in estimating the
gradients of the objective function, finding the optimal
values of the objective function.

4.1  Gradient estimation at point zero

In this study, we used Qiskit [41] to numerically simulate
the pure gradient ascent. We encoded the objective
function f(z) = 1.3z in the ground state using four qubits,
with two qubits encoding the decimal values. We set the
parameters N =4 and m = 4 and conducted 1000 experi-
ments using the gasm.simulator simulator. From Fig. 6,

f(z1,22) = 0.1(z1 + 23)? + 0.1(1 + x3)? at various initial points.

we observed that the state |(V/m)Vf) had a probability
of 85.2% of being in the state |0101), which corresponds
to an estimated gradient of 1.25 for the objective func-
tion. The small difference between the estimated and
actual gradients suggests that the algorithm was successful
in estimating the objective function’s gradient.

4.2 Gradient estimation at any point

In this section, we encoded the objective function
f(z1,29) = 0.1(zy +23)% +0.1(1 + 22)? in the ground state
using four qubits, with two qubits encoding the decimal
values for each variable. It transforms a binary string x
of length n into a quantum state |z) = |i,) with n qubits,
where |i,) is the computational basis state. The parameters
N =4 and m=4 were used, and we conducted 1000
experiments using the gasm_simulator [41]. The gradients
of the objective function at (1,1.5), (-2, —1.25), (—2,1.25),
and (1,-1.5) are shown in Fig. 7. The results indicate
that the final quantum states for each point had a prob-
ability of 100% of being in the state |00010110), 76.1% of
being in the state [00111000), 76% of being in the state
[00111000), and 100% of being in the state |00010110),
respectively. Combining with symbolic analysis, the esti-
mated gradient values for each point were (—0.25,1.5),
(=0.75,—2), (—0.75,2), and (—0.25,—1.5). The small differ-
ences between the estimated and actual gradient values
suggest that the quantum gradient descent algorithm
successfully estimated the gradients of the objective
function.

4.3 Numerical results of gradient descent algorithm

In this study, we utilized the gasm.simulator [41] to

Ronghang Chen, et al., Front. Phys. 19(2), 21202 (2024)
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at the starting point (1,—1.6)
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Fig. 8 The results of quantum gradient descent of the
objective function f(w1,22) = 0.1(z1 +23)® +0.1(1 +23)* at
various starting points using this pure quantum gradient
descent algorithm on Qiskit.

implement gradient descent. Our numerical experiments
demonstrate that the pure quantum gradient estimation
algorithm-based quantum gradient descent algorithm
can effectively locate the extremum of the objective
function. This provides a firm foundation for applying
quantum gradient descent to optimization problems.

For the objective function f(xy,xs)=0.1(z; + x3)%+
0.1(1 + 23)?, Fig. 8 shows the iteration process of quantum
gradient descent from different starting points. All four
gradient descent processes used four qubits (including
two qubits encoding decimals) to encode data. The step
size a = 0.05 was used in Figs. 8(a) and (b), where the
starting point of Fig. 8(a) was (z1,z2) = (0.7,1.6) and the
extremum found by the extended algorithm was
(), 75) = (0.825,0.994), with an actual gradient of
(—0.033,0.06). The starting point of Fig. 8(b) was
(v1,72) = (1,-1.6), and the extremum found by the
extended algorithm was (z),2,) = (1.09, —1.05), with an
actual gradient of (—0.0025, —0.048).

The step size a = 0.3 was used in Figs. 8(c) and (d),
where the starting point of Fig. 8(c) was (v1,22) = (=2, 1),
and the extremum found by the extended algorithm was
(z7,25) = (0.14,0.625), with an actual gradient of
(—0.05,-0.09). The starting point of Fig. 8(d) was
(v1,72) = (=2,—1.5), and the extremum found by the
extended algorithm was (), z,) = (0.2875,—0.75), with an
actual gradient of (—0.055,0.04875).

The actual gradients of the extremum points found by
the quantum gradient descent algorithm based on pure
quantum gradient estimation in all four processes were
very small, indicating that the gradient at those points
could be approximated as zero. Therefore, it can be
concluded that this algorithm successfully found the
extremum of the objective function from different starting
points.

5 Full quantum variational eigensolver

Variational quantum eigensolver (VQE) is a quantum-
classical hybrid algorithm with enormous potential for
application on NISQ quantum devices [13, 18, 42-44].
The objective of VQE is to find the ground state and
ground state energy of a given Hamiltonian H. In classical
computational physics, the variational method is
commonly used to estimate the ground state energy of a
given Hamiltonian H: parameterize the wave function as
[) = [1(8)), update 8 to minimize the expectation value
(¢(0)|H|(8)) until convergence. On quantum computers,
VQE parameterizes the wavefunction with a quantum
circuit U(0) applied to the initial state |0) =|0)®", and
then optimizes 6 to minimize the expectation value
E(6) = (0|UT(0)HU(0)|0), until convergence [18].

Gradient-based gradient descent is a commonly used
optimization method in the VQE. In VQE, the gradient
can be directly calculated using the parameter-shift rule
[45, 46]:

D) — (H)gp = (), 2

i

where 0 = 0 + e,, e; is the ith unit vector in the parameter
space [18]. Hardware-efficient ansatz [43], unitary
coupled clustered ansatz [43, 47], and Hamiltonian varia-
tional ansatz [48, 49] are common choices for U(8).

This article applies the quantum gradient descent
algorithm to VQE to find the ground state energy of the
2-qubit Heisenberg model and compares it with the
gradient-based traditional gradient descent algorithm.
The Hamiltonian can be written as

Hy,=X103Xo+Y1 QY+ 7 ® Zy,

where X;,Y;, Z; are the Pauli operators on the ith qubit.
The ansatz is shown in Fig. 9, the initial parameter 6 is
a random number between 0 and m, and the learning
rate o = 0.25.

Specifically, we replace the traditional gradient
descent algorithm based on gradients with the pure
quantum gradient estimation algorithm and quantum
gradient descent algorithm to obtain the full quantum
variational eigensolver(FQVE).

If we want to implement the FQVE algorithm on a
fully quantum circuit and introduce our pure quantum
gradient estimation algorithm, as shown in Eq. (10), we
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0,

Fig. 9 The ansatz for 2-qubit VQE. 61, 6, are the parameters
to be optimized.

need to construct an oracle on the phase that contains
the objective function, that is, we need to construct such
an oracle:

O; : &) (ol Hulvo)

We notice that the problem can be addressed using the
techniques, such as block encoding technique [36, 50],
Hamiltonian simulation [36, 51|, described in Appendix
A. However, even for small-scale model problems
mentioned in this paper, the method in Appendix A
requires a large number of qubits (more than 50 qubits),
which makes it challenging to perform real experiments
on current quantum computers or simulators. Therefore,
similar to the general VQE, in this paper, we use the
conventional VQE method to obtain the expected value
of the Hamiltonian and then optimize it using our pure
quantum gradient descent algorithm. Nevertheless, our
FQVE algorithm performs similarly to the general VQE
algorithm on this problem. Furthermore, we look
forward to the emergence of large-scale quantum
computers, where our FQVE algorithm has an advantage
over the general VQE algorithm in theory, running on
fully quantum computers.

We encode the parameters using four qubits, with two
qubits for decimal representation. We compare the
performance of the method to the classical gradient
descent algorithm, and present the raw data results in
Fig. 10. Our experiments demonstrate that, after sufficient
iterations, both the quantum and classical gradient
descent algorithms can find the ground state energy of
this model. Interestingly, we observe that the quantum
gradient descent algorithm performs almost as well as
the classical gradient descent algorithm for small-scale
parameters in VQE. However, for large-scale parameters
(N), the quantum gradient descent algorithm (complexity
O(1)) has a significant advantage over the classical
gradient descent algorithm (complexity O(N)) in terms
of complexity.

6 The impact of numerical errors

In Section 4, we conducted numerical experiments and
observed that our algorithm produced a gradient of 1.25
for the objective function f = 1.3z, encoded with two

— FQVE
0.5 — VQE
— Exact ground state energy
0.0
0.5
-1.0
-1.5
-2.0
—2.5
-3.0

Energy

0 5 10 15 20 25
[teration

Fig. 10 Results of the full quantum variational eigensolver.
The black line represents the exact ground state energy of
the model, which is —3. The red line represents the optimization
process using the full quantum variational eigensolver, while
the blue line represents the optimization process using varia-
tional quantum eigensolver. Both optimization methods
converge to —2.99 after sufficient iterations.

Algorithm 2: Full Quantum Variational
Eigensolver

Input:
0: randomly initialized parameters;
H: hamiltonian of the model;
R: number of iterations;
1. Register: each qubit is initialized to |0);
2. if k < R or the objective function does not converge
then

3. Anstaz: generate a quantum circuit using the
parameters 0: Up;

4 Circuit: generate a circuit |¢§> using the ansatz
Uk:

[w) = Us10);

5. Objective function: the objective function can
be expressed as Lg = (V5| H |g);

6. Optimization: compute the gradient of the

parameters 0 using the pure quantum gradient
estimation algorithm, and update 6 using the
quantum gradient descent algorithm,

0"t = 0" — av f(6);

7. else
8. ‘ Break;
9. end
Result: ground state energy of the model.

qubits to represent the decimal number. As illustrated in
Fig. 11, increasing the number of qubits used for encoding
the decimal numbers improved the precision of the algo-
rithm’s output for the same objective function. This is
because the precision of numerical representation in a
quantum state increases with the number of qubits used
for encoding the decimal numbers. Therefore, increasing
the number of qubits used for encoding decimal numbers
could improve the precision of the algorithm, given suffi-

Ronghang Chen, et al., Front. Phys. 19(2), 21202 (2024)
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The number of qubits encoding decimals

Fig. 11 The relationship between the number of qubits
encoding decimals and the error of gradient estimation in the
algorithm. When m is fixed to the same value (m = 2), the
more qubits used to encode decimals, the smaller the error
and higher the accuracy.

cient computing resources.

Furthermore, we noted that the parameter m is
another factor that influences the estimation of the
gradient. The parameter m provides an approximate
estimate of the magnitude of the actual gradient, which
is typically larger than the actual gradient. If m is
smaller than the actual gradient, the quantum state
|[(N/m)V f(Az)) obtained by the algorithm will be larger
than the value N that can be represented by n qubits.
And as shown in Fig. 12, for the objective function
f =13z, the estimation provided by the algorithm
becomes more accurate as the value of m approaches the
actual gradient.

7 Conclusion

In this work, we propose an effective pure quantum
gradient estimation algorithm for estimating numerical
gradients. The algorithm has a theoretical query
complexity of O(1) [34], which provides significant
advantages over classical algorithm with a computational
complexity of O(d). Numerical simulation results using
Qiskit [41] demonstrate that the algorithm can successfully
estimate the gradient of a complex objective function.
Our error analysis shows that increasing the number of
encoding quantum bits can improve the accuracy of the
algorithm to some extent. Building upon this algorithm,
we implement a quantum gradient descent algorithm,
which, despite being limited by hardware qubit counts,
performs well in finding the extremum of a relatively
complex objective function, as demonstrated by our
numerical simulations. When solving for the ground
state energy of a small-scale Hamiltonian [14, 18], the
performance of our full quantum variational eigensolver
is comparable to that of variational quantum eigensolver.
However, for large-scale Hamiltonian, our algorithm has
a significant theoretical advantage. These results suggest

The difference between the parameter m and the actual gradient

Fig. 12 The relationship between the size of the parameter
m and the error of gradient estimation in the algorithm.
When the number of qubits used to encode decimals is fixed,
the closer the parameter m is to the actual gradient, the
smaller the error.

that our algorithm provides a more efficient quantum
optimization method than classical optimization algo-
rithm, which theoretically can improve convergence
speed and increase the precision of optimization prob-
lems.
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Appendix A: Converting a probability
oracle to a phase oracle

To combine our quantum gradient descent algorithm
with VQE to form a new full quantum variational eigen-
solver, it is necessary to put the objective function
Lo = (9| Hp|1be) into the phase as shown in Eq. (10) [36],
that is, we need to construct such an oracle:

O : &) WolHulva)

We note that the objective function can be transformed
into a probability oracle, and then the block encoding
technique can be used to transform this probability
oracle into a block encoding of a diagonal matrix
containing probabilities [36, 50]. Next, the Hamiltonian
simulation can be used to implement putting this proba-
bility oracle into the phase [51]. Then, our proposed
pure quantum gradient estimation algorithm can be used
to estimate the gradient of the objective function.

Regarding the Hamiltonian of the model Hj) =3
a;Uj,  we  construct  prepareW:0) — >° . /a;j|j)
selectH: = - [5)(j| ® U;. Under the assumption that
>, a; = 1 note that

M
=1
and
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(0] (19| prepare W (selectH)perpareW|0) |1/q)
=" vazacikli) @ {welUslite)
j k

= (ol Y a;Uj [ve)
J
= (ol Hplvg)-

We can use a technique similar to the Hadamard test
as shown in Fig. Al to transform the objective function
into a probability [36]. We can obtain: HC(U)H|0)|vs),
where C(U) is a controlled unitary operation,then we can
obtain

H{(|0)[¢e) + [1)Ultg))
V2

(A1)

(A2)

Therefore, by measuring the first qubit, we obtain a
probability of (1 — (w|U|we))/2 for the outcome to be 1.
The combination with Eq. (A1) leads to a probability of
(1 — (vpo|Hn|ve))/2 for the outcome to be 1. Thus we
obtain a probability oracle O, for the expected ground
state energy of the model, resulting in

Op|0)|0) — (V/PIL)[tbo) + V1= pl0)[¢1))16),

where [|¢o) and [¢,) are arbitrary quantum states, and

p=(1— (o|Hnlta))/2 [36].

We can observe that
(0l ® I)(O}(Z ® 1)0O,)(|0) ® I') = diag(1 — 2p),

(0}(Z ®1)0,) is a block encoding of a diagonal matrix
with diagonal elements of (1 —2p) [36, 50]. Finally, we
use the Hamiltonian simulation technique [51] to transfer
this block encoding into the phase to implement the
phase oracle in Eq. (10). Then we use our proposed pure
quantum gradient estimation algorithm to estimate the
gradient of the objective function.

By utilizing the various techniques mentioned above,
we can put the objective function in VQE into the phase
of our proposed pure quantum gradient estimation algo-
rithm, resulting in a full quantum variational eigen-
solver.

Appendix B: More details of constructing
the oracle

Here, we will provide further details on constructing the
oracle mentioned in Appendix A. Our objective is to
construct such an oracle: Oy : 2mi(N/mi){velHylve),

We initiate by employing a method analogous to the
Hadamard test to acquire a probability oracle pertaining
to the objective function. As shown in Fig. Bl, we
employ the operation Prep and Tuned to prepare the

10) H H

o) U

Fig. A1 Quantum circuit diagram for converting the
ground state energy of the model into probability. Here, |0) is
an auxiliary qubit, |1) is the state obtained by the ansatz in
the VQE algorithm, C(U) is a controlled unitary operation.
Using a method similar to the Hadamard test, we can obtain
a probability of (1 — (e|U|ye))/2 for the outcome to be 1 on
the auxiliary qubit.

variational quantum state [19), where Prep corresponds
to the identity operation and Tuned corresponds to
H;lzle*iH-fz-f. Subsequently, utilizing a circuit similar to
the Hadamard test shown in Fig. Al, we can obtain Eq.
(Al) and Eq. (A2). Consequently, we successfully derive
a probability oracle pertaining to the expectation value
of the ground state of the model [36]

0p10)[6) — (VPI1)[¥0) + V1 —p|0)[¢1))]6).

Then observing this probability oracle, we readily
deduce the relationship:

(0] @ I)(O}(Z @ 1)O,)(|0) ® 1)
= (VP{ol (1] + /1 = p(1 [{01) Z (V/p|1)[0)
+ V1= pl0)¢r))

= diag(1 — 2p),

implying that (O;(Z ® I)0,) constitutes the block encoding
of diag(1 — 2p) [36, 50].

Finally, it remains to subject this block encoding to
Hamiltonian simulation. Numerous approaches are avail-
able to achieve an optimal Hamiltonian simulation when
provided with a Hamiltonian block encoding [51, 52].

For a given Hamiltonian H = ((G|® IU(|G) ® I), we
can utilize controlled- U gates and their inverses to simulate
the Hamiltonian. We can construct

W =((2|G'\G'| - 1)a ® I,)SU'

© (it ),

— @ efiY)\e)\’
A

using G and U, where S is an arbitrary unitary opera-
tion. Specifically, if we let controlled-U be represented as
Vi =[0)(0| @I+ |1)(1]@ U, V2 =[0)(0] @ U + [1)(1| ® I, then
we can set U = ViVo = |0)(0| @ U + [1)(1] ® U and choose
|G/>:%(|O)+\1>)G. We can choose S=(|0)(1]+ [1){0]) ® I
to construct W using these operations [51]. In this paper,
H = ((0| ® 1)(O}(Z ® I)0,)(|0) ® I) = diag(1 — 2p), |G) = 0)
and U = O}(Z @ I)O,,.

Ronghang Chen, et al., Front. Phys. 19(2), 21202 (2024)
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Fig. B1 Quantum circuit diagram for transformation of
ground state energy into probability. The probability of
measuring 1 in the ancillary qubit is (1 — (ye|Hnr|10e))/2.
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Utilizing the obtained W in single-ancilla quantum
signal processing shown in Ref. [51], with W,
H = (GIU|G) =((0| @ I)(0}(Z © )O,)(|0) ® I), and  real
polynomials A(\) and C(\) of degree @/2 and opposite
parity satisfying the following conditions:
A(0) = 1;V C [-1,1],42(0\) + C*(\) <1 as input, we can
achieve the standard form encoding of A[H]+iC[H] [51].

This allows us to precisely encode any function
A[H] +1iC[H] using 2Q queries, where A(\) and C()\) are
bounded polynomials of opposite parity and degree Q.
Hamiltonian simulation is accomplished by selecting a
suitable polynomial of degree @ to approximate
A(N) +iC(N) = e~ [51].

Building upon the aforementioned principles, we are
able to effectively map the ground state energy expectation
value, which serves as the objective function
(¥(0)|H|¥(0)) in the VQE algorithm, onto a phase. This
transformation can be successfully integrated into the
pure quantum gradient estimation algorithm that we
have proposed.

Appendix C: Complexity analysis

For the pure quantum gradient estimation algorithm, we
employ each gradient estimate only once with the oracle.
Consequently, the query complexity of the algorithm
remains O(1). In comparison to standard classical meth-
ods, achieving exponential time savings can be achieved
with just a single oracle query [24]. However, it is essential
to acknowledge that in order to facilitate arbitrary
gradient estimation, the algorithm necessitates the use
of a quantum adder to shift quantum states. As a conse-
quence, a minimum of d x (2n + 2) qubits is required to
represent a function with d-dimensional variables, where
each variable is encoded using n qubits.

Building upon the foundation of the pure quantum
gradient estimation algorithm, we introduce the quantum
gradient descent algorithm. In contrast to classical
gradient descent algorithms, our quantum gradient
descent algorithm replaces the gradient estimation part
with the pure quantum gradient estimation algorithm.
This key distinction is the source of our algorithm’s
advantage. The remaining parts of the algorithm are

consistent with classical gradient descent, resulting in
equivalent complexity between our quantum gradient
descent algorithm and the classical counterpart. Opti-
mization algorithms are inherently iterative, and often,
analyzing the computational workload of each iteration
is relatively straightforward [53]. However, there is no
well-defined representation for the overall complexity of
optimization algorithms. In this paper, the complexity of
the classical gradient descent algorithm is represented as
O(d x 1), where d represents the computational effort for
each gradient computation, and [ is the number of itera-
tions. Due to the O(1) query complexity for each gradient
computation in the quantum gradient descent algorithm,
the overall query complexity for [ iterations is O(1).

When applying the pure quantum gradient estimation
algorithm to quantum gradient descent, similar to the
iterative process in classical gradient descent, the quantum
gradient descent algorithm also requires the use of a
quantum multiplier. For the multiplication of two states,
each consisting of n qubits, it can be understood as
performing n2 AND operations followed by n — 1 addition
operations. Therefore, for a d-dimensional variable (with
each variable encoded using n qubits), when utilizing the
quantum gradient descent algorithm, a minimum of
d x (2n? + n + 2) qubits are needed.

In the context of block encoding, assuming A is an
operation involving s-qubit and U is an operator on
(s +a)qubit, if the condition | A—«({0|®*®I)U
(j0)®* @ I) ||< e is satisfied, U is denoted as the («,qa,e¢)
block encoding of A. In the context of this paper, we can
use a technique similar to the Hadamard test as shown
in Fig. Al to transform the objective function into a
probability [36]. We can obtain a probability oracle O,
for the expected ground state energy of the model,
resulting in:

0pl0)10) — (\/PIL) o) + VI = plO)[¢1))]6).

Observe that A corresponds to ((0|® I)(O}(Z ® I)O,)
(10) ® I) = diag(1—2p) and U to (O}(Z®1)0,). Conse-
quently, by employing a 2 ancillary qubits, we can effec-
tively achieve the block encoding of the desired expectation
value [36, 50].

Regarding the simulation of block-encoded Hamiltoni-
ans, assuming U represents the block encoding of Hamil-
tonian H, we can utilize 2 additional qubits. Through
the application of controlled-U or its inverse gates, we
can achieve an e-precision approximation of the Hamil-
tonian simulation e'*#. This simulation approach maintains
a computational complexity of O(|t| + log(1/¢)) [36, 51].
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