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ABSTRACT

Recently universal  dynamic scaling is  observed in several  systems,  which
exhibit  a  spatiotemporal  self-similar  scaling  behavior,  analogous  to  the
spatial scaling near phase transition. The latter one arises from the emer-
gent  continuous  scaling  symmetry.  Motivated  by  this,  we  investigate  the
possible relation between the scaling dynamics and the continuous scaling
symmetry in this paper. We derive a theorem that the scaling invariance of
the  quenched  Hamiltonian  and  the  initial  density  matrix  can  lead  to  the
universal  dynamic  scaling.  It  is  further  demonstrated both in  a  two-body
system analytically and in a many-body system numerically. For the latter
one, we calculate the dynamics of quantum gases quenched from the zero
interaction to a finite interaction via the non-equilibrium high-temperature
virial  expansion.  A  dynamic  scaling  of  the  momentum  distribution
appears in certain momentum-time windows at unitarity as well as in the
weak  interacting  limit.  Remarkably,  this  universal  scaling  dynamics
persists  approximately  with smaller  scaling exponents  even if  the  scaling
symmetry  is  fairly  broken.  Our  findings  may  offer  a  new  perspective  to
interpret the related experiments. We also study the Contact dynamics in
the  BEC–BCS crossover.  Surprisingly,  the  half-way time displays  a  maxi-
mum  near  unitarity  while  some  damping  oscillations  occur  on  the  BEC
side due to the dimer state, which can be used to detect possible two-body
bound states in experiments.

Keywords  dynamic  scaling, Contact  dynamics, quantum  gases, cold
atom, quench dynamics, virial expansion, continuous scaling symmetry

 1   Introduction

Quench  dynamics  refers  to  the  evolution  of  a  closed
system after  a  sudden change  of  either  the  initial  state
or the Hamiltonian. Given its simple operation in experi-
ments, it becomes one of the most studied non-equilibrium
dynamics, especially in ultracold atomic gases [1–9]. The
advance in experiments further prompts extensive theo-

retical  studies  [10–33].  For  instance,  the  Cambridge
group observed several universal phenomena in a three-
dimensional (3D) Bose gas quenched from noninteracting
to unitarity, such as the exponential form of the momentum
distribution at the final  steady state [3].  Later,  the low
temperature condensed part and the thermal gas part of
the  data  are  respectively  explained  by  using  the  time-
dependent Bogoliubov theory [23, 24] and the non-equi-
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librium  high-temperature  virial  expansion  [27].  On  the
other hand, some characteristics of the quenched Hamil-
tonian can lead to novel dynamical phenomena [34–38].
For instance, the Chern number of a topological insulator
can  be  revealed  by  the  linking  number  in  quench
dynamics [35–37].  The discrete scaling symmetry of the
quenched  Hamiltonian  may  give  rise  to  a  dynamical
fractal [38].

Ĥ(P)

Ĥ(ζP) = ζβĤ(P)

β ζ

e−itĤ

Recently,  universal  scaling  dynamics  is  observed  in
quenched  Bose  gases  [4–7, 9].  The  scaling  property  of
spin  correlations  is  investigated  both  in  a  quasi-1D  [4]
and 2D [9] spinor Bose gas, while other works demonstrate
the dynamic scaling behavior of the momentum distribu-
tion in 1D [5], 2D [7] and 3D [6] Bose gases respectively.
Specifically, the evolution of the momentum distribution
exhibits  a  spatiotemporal  self-similar  scaling  feature  in
certain momentum-time windows, which is analogous to
the  spatial  scaling  around  the  critical  point  of  phase
transition [39, 40]. The latter arises from the continuous
scaling invariance of  the system emerged at the critical
point,  where  the  correlation  length  is  divergent.  The
scaling dynamics has been studied in various systems by
a  number  of  theoretical  works  [41–53],  mainly  in  the
framework  of  non-thermal  fixed  points.  However,  there
are  some  disagreements  between  the  theory  and  the
experiment, for example, the scaling exponent [5, 6]. On
the other hand, the possible relation between the scaling
symmetry  and  the  dynamic  scaling  has  not  been
discussed yet. If the Hamiltonian  has a continuous
scaling  symmetry,  i.e.,  with  a  scaling
exponent  (  is  a  positive  constant),  it  can  play  an
important  role  in  quench  dynamics  through  the  time-
evolution operator .

In this letter we investigate this problem by deriving a
theorem that connects the continuous scaling symmetry
of  the  quenched  Hamiltonian  and  the  initial  density
matrix to the dynamic scaling of the momentum distri-
bution.  We  further  demonstrate  its  validity  both  in  a
two-body  system  and  in  a  many-body  system.  Surpris-
ingly, even if the scaling symmetry required by the theorem
is  fairly  broken,  an  approximate  scaling  dynamics  can
still  occur  with  modified  scaling  exponents  in  certain
momentum-time windows, which offers a new perspective
to  interpret  the  experimental  observations.  At  last,  we
calculate  the  Contact  dynamics  to  investigate  how  the
short-range correlations are built up in quenched quantum
gases  [11, 14, 18, 25],  since  the  Contact  is  a  universal
quantity  to  characterize  the  property  of  short-range
interactions  [54, 55].  Recently,  the  Contact  dynamics
also receives the experimental interest [1, 56–58].

 2   Universal dynamic scaling

 2.1   Theorem

ρ0 =
∫
dκwκ|ψκ⟩⟨ψκ|If  the  initial  density  matrix  and  the

Ĥ(p1,p2, ...)quenched Hamiltonian  both have a continuous
scaling symmetry, i.e.,  {

wζκ = ζδwκ,
Ĥ(ζp1, ζp2, ...) = ζγĤ(p1,p2, ...),

δ γ

n(k, t)

where,  and  denote  the  scaling  exponents.  The
momentum  distribution  will  exhibit  a  dynamic
scaling  behavior  in  the  momentum-time  domain,  which
can be expressed as 

n(k, t) = t̃αn(t̃βk, t0) (1)

β = 1/γ α = 2d/γ κ

|ψκ⟩
κ = {p1,p2, ...}

κ = {P , q} P q

ζ

t̃ = t/t0 d

with  and . Here,  represents the set of
the quantum numbers for the eigenstate . For exam-
ple,  for  non-interacting  quantum  gases, ,
and for  an  interacting  two-body system with  no  bound
states,  with  and  being the total and relative
momentum respectively.  is a positive number (i.e., the
scaling factor).  and  denotes the dimensionality
of the system. The proof is displayed in the following.

ρ0 =
∫
dκwκ|ψκ⟩⟨ψκ|

t = 0

n(k, t) Ĥ

t > 0

For  a  given  initial  density  matrix 
at time , the dynamics of the momentum distribution

 governed by the quenched Hamiltonian  at time
 can be expressed as 

n(k, t) =

∫
dκwκ⟨ψκ|eitĤ n̂ke−itĤ |ψκ⟩. (2)

Ŝζ ⟨p1,

p2, ...|Ŝζ |ϕκ⟩ = ⟨p1/ζ,p2/ζ, ...|ϕκ⟩ ≡ ζNd⟨p1,p2, ...|ϕζκ⟩
N

Ĥ

n(k, t) n(ζk, tζ−γ)

For  simplicity,  we  define  a  scaling  operator  as 
,  with

 being  the  total  particle  number  (see  the  Appendix).
By inserting the basis of the eigenstates of the quenched
Hamiltonian ,  one  can  connect  the  momentum distri-
bution  with ,  which  is  displayed  as
follows (see the Appendix): 

n(k, t) = ζ2dn(ζk, tζ−γ) ≡ t̃αn(t̃βk, t0). (3)

δ = −Nd
∫
dκwκ = 1

|ϕζκ⟩
ζγEκ

Note that  from the constraint . Here,
we have used the property that  is also the eigenfunc
tion  of  the  Hamiltonian  with  the  eigenvalue  [59].
Afterwords,  we  demonstrate  this  theorem  by  directly
calculating  the  quench  dynamics  of  the  momentum
distribution in a two-body system as well as in a many-
body system via the framework of the high-temperature
virial expansion.

 2.2   Two-body system

m

Ĥ = −∇2/m+ V̂ (r)

as t = 0

|k = 0⟩ n(k, t)

We first consider a two-body system with equal mass ( )
and an s-wave interaction between them. Essentially, it
can  be  transformed  into  a  one-body  problem  and  the
Hamiltonian can be written as  in the
relative  coordinate.  We  take  the  reduced  Planck
constant and the Boltzmann constant equal to unity for
convenience in this paper. If the system is quenched to a
finite  scattering  length  at  with  an  initial  state

,  the  momentum  distribution  for  finite

FRONTIERS OF PHYSICS RESEARCH ARTICLE

22201-2   Jia-Nan Cui, et al., Front. Phys. 19(2), 22201 (2024)

 



k > 0momenta ( ) after the quench can be expressed as 

n(k, t) =

∣∣∣∣ 1

2πi

∫ +∞

−∞
dω
t2(s)e−iωt

s(s− εk)

∣∣∣∣2 (4)

with the two-body scattering matrix 

t2(s) =
4π

m

1

a−1
s −

√
−ms

. (5)

s = ω + i0+ εk = k2/m

as → ∞

Here,  and . For any finite scattering
length, the dynamics of the momentum distribution does
not  follow  Eq.  (1),  due  to  the  breakdown  of  the  scale
invariance.  However,  in  the unitary limit  ( ),  the
scale invariance recovers and Eq. (4) can be simplified to 

n(k, t) =
64πt

mk4

∣∣∣∣F (
1− i√
2m

k
√
t

)∣∣∣∣2 , (6)

F (z) = 1−
√
π
2

erf(z)
z ez

2

erf(z)

β = 1/2 α = 3

where, the function  with  being
the  error  function.  One  can  see  that  it  indeed  satisfies
Eq. (1) and exhibits the dynamic scaling with the scaling
exponents  and  as the theorem says.

as → 0If one considers the weak interacting limit, , to
the  lowest  order,  the  momentum  distribution  can  be
written as 

n(k, t) =
32π2a2s
k4

[
1− cos

(
k2t

m

)]
. (7)

β = 1/2 α = 2

Remarkably, it also displays the dynamic scaling behavior
but  with  the  scaling  exponents  and .
Because the scattering length is much smaller than other
relevant length scales, the system remains scale-invariant
approximately  and  our  theorem  is  still  valid  in  such
cases.  But  the  scaling  exponents  can  depend  on  the
specific  approximation,  which  is  also  indicated  in
Eq. (3).

 2.3   Many-body system

For  a  many-body  system,  the  particle  density  (or  the
distance  between  nearest  particles)  introduces  a  new
length  scale,  which  generally  prevents  the  system  from
owning  the  continuous  scaling  symmetry,  such  as  the
non-interacting  or  unitary  Fermi  gas.  However,  in  the
low-density limit or the high-energy regime, the influence
of this length scale can be negligible and the many-body
system may also exhibit scale invariance, similar to the
two-body system. In the following, we employ the high-
temperature  virial  expansion  to  demonstrate  the
dynamic scaling, where our theorem is applicable.

Ĥ0

Ĥ t = 0

n(k, t) t > 0

If one considers that a quantum gas is quenched from
a  non-interacting  Hamiltonian  with  an  equilibrium
state to an interacting Hamiltonian  at time , the
evolution of  the momentum distribution  for 
can be expressed as 

n(k, t) =
Tr[e−β(Ĥ0−µN̂)eitĤ n̂ke−itĤ ]

Tr[e−β(Ĥ0−µN̂)]
. (8)

β = 1/(kBT ) T µ

N

z = eβµ ≪ 1

δn(k, t) = n(k, t)− n(k, 0)

Ĥ

z

Here  with  being  the  temperature.  and
 are  the  chemical  potential  and  the  total  number  of

particles,  respectively.  At  high  temperature,  it  can  be
expanded  in  powers  of  the  fugacity  in  the
framework  of  virial  expansion  [27].  Next,  we  will
consider  the  change  of  the  momentum  distribution

 for simplicity, since it represents
the  property  of  the  quenched  Hamiltonian .  To  the
second order of , it can be expressed as 

δn(k, t) =2z2
∑
k1,k2

f(k1)f(k2)

· {2Re[g(k1,k2, t)]δk1,k + |g(k1,k2, t)|2} (9)

with 

g(k1,k2, t) =
1

2πi

∫ +∞

−∞
dω

t2(s)e−it(ω−εq1 )

(s− εq1
)(s− εq2

)
. (10)

s = ω + i0+ q1 = (k1 − k2)/2 q2 = k − (k1 + k2)/2

εq = q2/m f(k1) = e−2βεk1

Here, , , ,
 and . One can calculate Eq. (9)

numerically  to  obtain  the  dynamics  of  the  momentum
distribution.

f(k1) = e−2βεk1

kλ≫ 1 t/tλ ≪ 1 tλ =

1/T

as → 0

a2s β = 1/2 α = 2

a2s

The  initial  distribution  function  does
not have a scaling symmetry. However, if one considers
the  large  momentum  region  and (

), this Gaussian function can be regarded as a Dirac
delta  function approximately  and the  scaling  symmetry
recovers. Therefore, according to our theorem, a scaling
dynamics  can occur  at  unitarity  [60]  and indeed this  is
ture  as  shown  in Fig.  1.  Moreover,  we  calculate  the
results  in  the  whole  BEC–BCS  crossover.  The  finite
scattering  length  breaks  the  scaling  symmetry  of  the
Hamiltonian and the dynamic scaling disappears. Never-
theless,  in  the  weak  interacting  limit,  i.e., ,  the
scattering length is much smaller than all other relevant
length  scales  in  the  system  and  the  scaling  symmetry
recovers approximately, which further leads to the recur-
ring scaling dynamics. Note that to the lowest order (i.e.,
the order of ),  and  due to the prefactor

 in this approximation, which does not follow the theo-
rem quantitatively.  All  the numerical  results  agree well
with  the  above  analysis  based  on  the  theorem.  Our
results  imply  that  the  scaling  dynamics  can  occur  in  a
specific  momentum-time  window,  as  long  as  the  initial
state  and  the  Hamiltonian  are  scale-invariant  approxi-
mately in this domain.

f(k1) = δ(k1)

Actually,  if  one takes the initial  distribution function
as  mathematically, Eq. (9) can be simplified
to 

δn(k, t) = 2z2|g(0, 0, t)|2, (11)

which  is  the  same  with  the  result  of  the  two-body
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2z2

δn(k, t) = t̃3δn(t̃1/2k, t0)

δn(k, t) = t̃2δn(t̃1/2k,

t0) as → 0 a2s

system [see Eq. (4)], except the prefactor . Thus, it is
straightforward  to  show  that  for
all  finite  momenta  at  unitarity  and 

 as  (to the order of ), which are in excellent
agreement with our numerical results (see Fig. 1).

 2.4   Approximate dynamic scaling

kλ ∈ [4, 10]

Surprisingly, even if the scale-invariant condition is not
strictly  satisfied,  an  approximate  scaling  dynamics  can
still occur in certain momentum-time windows as shown
in Fig.  2.  If  one  considers  the  momentum  region

,  the  strict  dynamic  scaling  is  not  expected
given the missing scaling invariance of the initial density
matrix.  However,  there  exists  an  approximate  dynamic
scaling with modified scaling exponents, which may arise
from  the  approximate  scaling  behaviors  of  the  initial
density  matrix  (or  the  main  contributing  part)  with
different  scaling  exponents  in  certain  momentum
regions.

β α

On  the  one  hand,  it  demonstrates  that  the  dynamic
scaling  can  be  robust  against  the  proper  breakdown  of
the  continuous  scaling  symmetry  for  either  the  initial
density matrix or the Hamiltonian.  On the other hand,
it  could  be  closely  related  to  the  recent  experimental
observations [5, 6], since the experimental condition does
not strictly satisfy the scaling symmetry either and the
scaling exponents vary significantly in different systems.
Here, we would like to emphasize that there are two key
features,  on which both the experiment and our  theory
agree  well  with  each  other  qualitatively.  One  is  that
both the scaling exponents  and  are smaller than that

of the strict dynamic scaling in the theorem. The other
is  the  scaling  exponents  depend  on  the  chosen  momen-
tum-time windows. Therefore, our results provide a new
perspective to interpret the experimental observations.

 
δnk t/tλ

λ =
√

2π/(mT )

tλ = 1/T t̃ = t/t0 t0/tλ = 0.02

α β

Fig. 1  The momentum distribution  at  the large  momentum region for  various  times  = 0.02 (black),  0.04 (red),
0.06 (blue), 0.08 (pink), 0.10 (green), 0.12 (navy) in the quench dynamics of quantum gases. Here,  is the thermal
wavelength, while .  with . The results in the BEC-BCS crossover are displayed with the scattering
length labelled in the first  row. In the second row, the corresponding scalings of  both the horizontal  and vertical  axes are
taken via Eq. (1), to demonstrate whether there exists a dynamic scaling behavior. The scaling exponents  and  are shown
in the corresponding graphs.

 

|δnk| t/tλ

λ/as = −100 λ/as = 100

α β

Fig. 2  The quench dynamics of the momentum distribution
 at  finite  momentum region  for  various  times =  0.1

(black),  0.2  (red),  0.3  (blue),  0.4  (pink),  0.5  (green).  The
results  for  the  unitarity  are  plotted  with  unscaled  axes
(a) and scaled axes (b), while they are only demonstrated in
scaled axes for  (c) and  (d). According
to  the  theorem,  they  are  not  expected  to  display  any strict
dynamic scaling behavior, due to the breakdown of the scale
invariance of the initial density matrix. However, an approxi-
mate  scaling  dynamics  can  still  be  seen  in  all  three  cases
with  smaller  scaling  exponents  and  displayed  in  the
corresponding graphs.
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 3   Contact dynamics

C(t) = limk→∞ k4δn(k, t) z

In this section, we further study universal features of the
Contact  dynamics  in  quenched  quantum  gases,  which
correspond to the large-momentum limit. In the framework
of  high-temperature  virial  expansion,  it  can  be  directly
obtained from the momentum distribution,  through the
relation . To the second order of ,
the  Contact  dynamics  in  the  BEC–BCS  crossover  is
displayed in Fig. 3. Owing to the initial non-interacting
equilibrium state, they all start from zero and gradually
approach  to  a  steady  state  at  long  evolution  times.  At
unitarity, one can derive an analytic form, expressed as 

C(as → ∞) =
64z2

λ4
arctan

(
t

tλ

)
. (12)

t→ 0

t

In  the  whole  BEC–BCS  crossover,  as ,  the
Contact can be expanded in powers of . To the lowest
order, it can be written as 

C(t→ 0) =
64z2

λ4tλ
t, (13)

δn(k, t) ≈ [64z2/(λ4tλ)]t/k
4

which is independent of the scattering length and consis-
tent  with  Ref.  [61]’s  result.  Actually  in  this  limit,  the
momentum  distribution  for
large momenta can be obtained. As expected, it satisfies
the  dynamic  scaling  relation  [see  Eq.  (1)],  because  the
scattering  length  is  much  larger  than  other  relevant
length  scales  in  this  regime  and  the  system  can  be
regarded  as  being  scale-invariant.  On  the  BEC  side,
there exist some damping oscillations, which are associated
with the dimer state. Roughly speaking, they result from
the coupling between the dimer state and the scattering
states after the quench. The decoherence of the scattering
states  further  leads  to  the  damping,  due  to  different
scattering energies.

t→ ∞For ,  one  can  obtain  the  Contact  of  the  final
steady state, which can be written analytically as 

C(∞) =
z2

λ4

{[
32π − 64λ2

a2s
Θ(as)

]
+
16

√
2λ

as

[
π +

2λ2

a2s
Θ(as)

]
e

λ2

2πa2
s erfc

(
λ√

2π|as|

)}
.

(14)

Θ(x) x

τ

C(t = τ) = C(∞)/2

Here,  and  erfc( )  are  respectively  the  unit  step
function  and  the  complementary  error  function.  It
exhibits  a  maximum around the  unitarity,  as  displayed
in Fig.  4(a).  We  further  define  a  half-way  time  as

 to  quantify  how  fast  the  Contact
evolves  [3, 27].  The results  for  the BEC–BCS crossover
are  displayed  in Fig.  4(b).  Surprisingly,  a  maximum
occurs around the unitarity, indicating the evolving time
is determined mainly by the difference between the final
state and the initial state [see Fig. 4(a)],  instead of the
interaction strength.

∆Cp = Cp − C(∞)

a−2
s

We quantitatively investigate the damping oscillations
on the BEC side to reveal the relation between oscillations
and  the  dimer  state.  The  relative  values  at  the  peak

 obey a universal power-law decay with
the  same  power  approximately  for  various  interactions
[see Fig. 4(c)], implying the intial state plays an important
role  on  the  damping  rate  instead  of  the  interaction.
However, the frequencies are proportional to  approxi-

 
λ/as =Fig. 3  The Contact dynamics after  the quench for 

–3  (black), –1  (red),  0  (blue),  1  (pink),  3  (green).  They  all
start from zero and approach to a steady value at long times.
On the BEC side, they exhibit damping oscillations.

 

t → ∞

τ

∆Cp = Cp − C(t → ∞) λ/as =

Fig. 4  The Contact  dynamics  in  the  BEC-BCS crossover.
(a) The Contact at infinite time ( ) in the whole BEC-
BCS  crossover,  obtained  from  Eq.  (14). (b) The  half-way
time  as a function of the interaction. (c) The relative value
at the peak  for  3 (black), 4 (red),
5  (blue),  which  obeys  a  power-law  decay  with  the  same
power  approximately. (d) The  frequencies  of  oscillations  at
various  interactions  on  the  BEC  side,  with  a  linear  fitting
(red line).
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mately [see Fig. 4(d)], which is associated to the energy
difference  between  the  dimer  state  and  the  scattering
state.  It  will  be  determined  by  the  dimer’s  binding
energy  when  the  energy  of  the  scattering  state  can  be
negligible.  Therefore,  these  oscillations  of  the  Contact
dynamics can be used as a tool to detect possible dimer
states in experiments.

 4   Conclusion

In summary, we find a theorem showing that the continuous
scale  invariance  of  the  Hamiltonian  and  the  initial
density  matrix  can  give  rise  to  the  universal  scaling
dynamics.  We  first  demonstrate  it  in  the  two-body
system analytically.  Then,  for  quantum gases  quenched
from the non-interacting equilibrium state, the dynamic
scaling appears at large momentum region for both the
unitary  limit  and  the  weak  interacting  limit.  Remark-
ably, an approximate dynamic scaling with smaller scaling
exponents  is  also  found  at  finite  momentum  region,
which may offer a new interpretation to the experimental
observations.  Our  results  can  also  guide  the  future
exploration  of  the  scaling  dynamics  in  various  systems.
The calculated Contact dynamics exhibits several  novel
features such as a maximum of the half-way time around
the  unitary  limit  and  the  damping  oscillations  on  the
BEC side,  which can be explored by the experiment in
near future [3, 6, 56, 57].
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Appendix: Proof of the theorem

|ϕη⟩
Eη η Nd

N d

|ϕζη⟩ ζ

Eζη = ζγEη

ϕζη(ζk1, · · · , ζkN ) = Aϕη(k1, · · · ,kN )

In this appendix, we perform the derivation of the theorem
(i.e.,  Eq.  (3)  in  the  main  text)  step  by  step.  We  first
display the scaling behavior of each term separately and
then  put  them  together  to  give  the  final  result.  Given
the quenched Hamiltonian is scale-invariant, if the wave-
function  is an eigenfunction of the Hamiltonian with
the eigenvalue (  denotes  quantum numbers with

 and  being the total particle number and the dimen-
sionality respectively), a scaled wavefunction  (  is a
positive number) will  also be an eigenfunction with the
eigenvalue  [59].  Therefore,  if  assuming

 (A is a real number),
one can have 

⟨ϕζη1 |ϕζη2⟩ =
∫

dk1 · · · dkNϕ
∗
ζη1

(k1, · · · ,kN )

· ϕζη2(k1, · · · ,kN )

=ζNd

∫
dk1 · · · dkNϕ

∗
ζη1

(ζk1, · · · , ζkN )

· ϕζη2
(ζk1, · · · , ζkN )

=ζNd

∫
dk1 · · · dkNAϕ

∗
η1
(k1, · · · ,kN )

·Aϕη2
(k1, · · · ,kN )

=A2ζNd⟨ϕη1
|ϕη2

⟩.
(15)

⟨ϕζη1 |ϕζη2⟩ = δ(ζη1 − ζη2) =

ζ−Ndδ(η1 − η2) A = ζ−Nd

⟨ϕζη1 |ϕζη2⟩ = ζ−Nd⟨ϕη1 |ϕη2⟩

According  to  the  condition 
,  one  can  obtain  and

.  Based  on  this,  it  is  straight-
forward to derive that 

⟨ψκ|eitĤ |ϕη⟩ = ζNd⟨ψζκ|eitζ
−γĤ |ϕζη⟩. (16)

For the term involved with the momentum distribution,
it can be transformed as follows: 

⟨ϕη1
|n̂k|ϕη2

⟩ =
∫

dk1 · · · dkNϕ
∗
η1
(k1, · · · ,kN )

·
∑
m

δ(km − k)ϕη2
(k1, · · · ,kN )

=
∑
m

∫
dkmfη1,η2(km)δ(km − k)

=
∑
m

∫
dkmζ

3dfζη1,ζη2
(ζkm)δ(ζkm − ζk)

=ζ2d
∑
m

∫
dkmfζη1,ζη2

(km)δ(km − ζk)

=ζ2d⟨ϕζη1
|n̂ζk|ϕζη2

⟩.
(17)

km

fη1,η2(km) =
∫
dk1 · · · dkm−1

dkm+1 · · · dkNϕ
∗
η1
(k1, · · · ,kN )ϕη2(k1, · · · ,kN )

fη1,η2(km) = ζ2dfζη1,ζη2(ζkm)

Here,  we  have  first  integrated  over  all  other  momenta
(except )  and  then  regularized  the  scaling  divergent
term [see Eq. (15)], to obtain 

 in one-particle
space, which satisfies .

With Eqs. (16) and (17), one can derive the dynamic
scaling of the momentum distribution as follows: 

n(k, t) =

∫
dκwκ⟨ψκ|eitĤ n̂ke−itĤ |ψκ⟩

=

∫
dκ

∫
dη1

∫
dη2wκ⟨ψκ|eitĤ |ϕη1⟩⟨ϕη1 |n̂k|ϕη2⟩

· ⟨ϕη2
|e−itĤ |ψκ⟩

=ζ2d
∫

dκwκ⟨ψκ|eitζ
−γĤ n̂ζke−itζ−γĤ |ψκ⟩

=ζ2dn(ζk, tζ−γ)

≡t̃αn(t̃βk, t0).
(18)
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wκ = ζ−δwζκ δ = −Nd∫
dκwκ = ζNd

∫
dκwζκ = ζNd+δ

∫
dκwκ

t̃ = t/t0 β = 1/γ

α = 2d/γ = 2dβ

Here,  with , which can be obtained
from  the  relation .
We  set ,  the  scaling  exponent  and

. Thus, the theorem is proved.
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