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ABSTRACT

We study the local quantum Fisher information (LQFI) in the mixed-spin
Heisenberg XXZ chain.  Both the  maximal  and minimal  LQFI  are  studied
and  the  former  is  essential  to  determine  the  accuracy  of  the  quantum
parameter  estimation,  the  latter  can  be  well  used  to  characterize  the
discord-type  quantum  correlations.  We  investigate  the  effects  of  the
temperature and the anisotropy parameter on the maximal LQFI and thus
on  the  accuracy  of  the  parameter  estimation.  Then  we  make  use  of  the
minimal LQFI to study the discord-type correlations of different site pairs.
Different dimensions of the subsystems cause different values of the mini-
mal LQFI which reflects the asymmetry of the discord-type correlation. In
addition, the site pairs at different positions of the spin chains have different
minimal  LQFI,  which  reveals  the  influence  of  the  surrounding  spins  on
the  bipartite  quantum  correlation.  Our  results  show  that  the  LQFI
obtained through a simple calculation process provides a convenient way
to investigate the discord-type correlation in high-dimensional systems.

Keywords  local quantum Fisher information, quantum correlation,
mixed-spin Heisenberg XXZ chain

 1   Introduction

Quantum  metrology,  as  a  rapidly  developing  field  of
quantum  technology,  can  achieve  higher  precision  and
sensitivity  measurements  than  classical  proposals.
According  to  the  quantum  Cramér–Rao  theorem,  the
quantum  Fisher  information  (QFI)  lies  at  the  heart  of

quantum metrology, which provides the lower bound on
the  variance  of  an  unbiased  estimator.  In  recent  years,
various  proposals  of  quantum  metrology  and  quantum
parameter estimation have been successfully implemented
in different physical systems [1–12]. In addition to quantum
metrology,  the  QFI  has  been  well  applied  in  other
important issues,  such as entanglement witness  [13–15],
quantum  phase  transition  detection  [16, 17],  and  non-
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Markovianity measure [18].

1/2

1/2

1/2, S

S

1/2

Recently,  the  concept  of  local  quantum  Fisher  infor-
mation  (LQFI)  is  proposed  in  Ref.  [19],  which  defines
the QFI of a bipartite system while the parameter to be
estimated  is  introduced  via  a  local  unitary  evolution.
The  minimum  LQFI  is  found  to  be  able  to  naturally
quantify  the  guaranteed  sensitivity  that  a  bipartite
probe state allows in an interferometric configuration. It
can  also  be  used  to  quantify  the  discord-type  quantum
correlation  and  provide  an  experimental  demonstration
of  the  usefulness  of  discord  in  sensing  applications.  In
Ref. [20], the minimum LQFI is used to characterize the
non-Markovianity  of  open  systems  in  local  decoherence
channels.  In  Ref.  [21],  LQFI  is  used  to  describe  the
quantum-correlation  dynamics  of  two  non-interacting
qubits  driven  by  a  single  classical  field  pattern  with
random phases. In Ref. [22], LQFI is used to analyze the
influence of cavity dissipation and spontaneous emission
on two-magnon dynamics  for  different  magnon–magnon
and  photon–magnon  couplings.  Then,  the  LQFI  was
investigated in the anisotropic XY Heisenberg spin chain
[23],  where  the  LQFI  was  found  to  depend  on  the
temperature and the coupling parameter. The LQFI was
also  studied  in  the  Heisenberg XYZ chain  with
Dzyaloshinskii–Moriya  interaction  [24–28],  where  the
authors found the Dzyaloshinskii–Moriya interaction can
enhance the value of LQFI. However, most of the afore-
mentioned works mainly focused on the two-site spin-
Heisenberg chains. There is currently a lack of research
on  the  situations  of  high-dimensional  systems,  e.g.,  the
spin length is larger than  and the total site number
is  larger  than  two.  In  this  work  we  for  the  first  time
consider the LQFI in the ( ) mixed-spin chain, then
the  LQFI  corresponding  to  the  spin-  subsystem  will
present different behaviors from the spin-  subsystem,
and which can reveal the asymmetry of the discord-type
correlation.  Moreover,  by  increasing  the  total  site
number  of  the  spin  chain,  the  LQFI  of  different  site
pairs can be considered, which will exhibit the influence
of the surrounding sites on the LQFI.

1/2, S

T

Jz

1/2, S

S = 1, 3/2, 2

This  paper  is  organized  as  follows.  In  Section  2,  we
introduce the definition of the LQFI and the calculation
method of the maximal and minimal LQFI. In Section 3,
we investigate  the LQFI in the two-site  ( )  mixed-
spin XXZ Heisenberg  chain  and  analytically  calculate
both  of  the  maximal  and  minimal  LQFI.  In  Section  4,
we numerically study the relationship between the maximal
LQFI of the subsystem and the temperature  as well as
the  anisotropy  parameter .  In  Section  5,  we  compare
the  quantum  discord  with  the  minimal  and  maximal
LQFI and further consider the minimal LQFI of different
site  pairs.  The  ( )  mixed-spin  cases  with

 are considered and the total size of the spin
chain  is  enlarged  to  6  sites.  In  Section  6,  we  add  the
second  and  third  nearest-neighbor  coupling  and  discuss
the  influence  on  the  minimum  LQFI.  Conclusions  are
given in Section 7.

 2   Local quantum Fisher information

ρθ

ρθ = UθρU
†
θ ρ =

∑D
i=1 λi|ψi⟩⟨ψi|

θ Uθ

θ D

ρ λi |ψi⟩ i

ρ

The  parameterized  state  can  be  expressed  by
,  where  the  initial  state 

does  not  hold  the  parameter ,  and  is  the  unitary
operator  to  lead  into  the  parameter .  Here,  is  the
dimension of the support set of ,  and  are the -th
eigenvalue of  and the corresponding eigenstate, respec-
tively. Then QFI is expressed as [29, 30] 

F =
D∑
i=1

4λi⟨ψi

∣∣H2
∣∣ψi⟩ −

D∑
i,j=1

8λiλj
λi + λj

|⟨ψi |H|ψj⟩|2 .

(1)

H := i (∂θU†
θ )UθHere,  is a Hermitian operator.

ρAB

HNA

A ⊗HNB

B NA NB

A B

A

UA = eiθH̃A H̃A = HA ⊗ IB
A

In this paper, we consider a bipartite state  in the
Hilbert  space ,  where  and  denote the
dimensions  of  the  subsystems  and ,  respectively.
Assuming the dynamic evolution of  the subsystem  is

 with the local Hamiltonian , the
LQFI of the subsystem  is written as 

F(ρAB ,HA)=4Tr(ρH̃2
A)−

D∑
i,j=1

8λiλj
λi + λj

∣∣∣⟨ψi

∣∣∣H̃A

∣∣∣ψj⟩
∣∣∣2 .
(2)

2×NB

HA = x · s
s = (σx, σy, σz)/2 {σx,y,z}
x = (x1, x2, x3) |x| = 1 A

For  a -dimensional  bipartite  state,  the  local
Hamiltonian  is  chosen  as ,  where

 with  the  Pauli  matrices ,  and
 with .  Then,  LQFI  of  subsystem 

can be rewritten as 

F(ρAB ,HA) =1−
3∑

m,n=1

D∑
i,j=1

2λiλj
λi + λj

⟨ψi |σm ⊗ I|ψj⟩

× ⟨ψj |σn ⊗ I|ψi⟩xmxn.
(3)

λi(j) ρAB

|ψi(j)⟩
Here,  are the eigenvalues of density matrix  with
the corresponding eigenvectors .

AThe LQFI of the subsystem  is rewritten as 

F(ρAB ,HA) = xTWAx. (4)

WAHere, the matrix  is a real symmetric matrix, whose
elements are 

WA
mn=δmn−

D∑
i,j=1

2λiλj
λi + λj

⟨ψi|σm ⊗ I|ψj⟩⟨ψj |σn ⊗ I|ψi⟩,

(5)

δmn = 1 m = n δmn = 0 m ̸= n

µmax µmin

WA

A

where  (for )  and  (for ).  We
use  and  to represent the maximum and minimal
eigenvalues of , respectively. Thus, we can define the
maximal and the minimal LQFI of the subsystem  as 
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Qmax
A = max

HA

F = µmax, Qmin
A = min

HA

F = µmin. (6)

B

UB = eiθH̃B H̃B = IA ⊗HB

HB = y · S S

S > 1/2 |y| = 1

B

Let us consider the subsystem . The unitary evolution
is  with  the  local  Hamiltonian .
The local Hamiltonian is , where  is the spin
operator with the spin length  and also let .
Similarly, the LQFI of the subsystem  is 

F(ρAB ,HB) = yTWBy. (7)

WBHere,  is  also  a  real  symmetric  matrix  with  the
elements as 

WB
mn =

D∑
i=1

2λi⟨ψi |I ⊗ (SmSn + SnSm)|ψi⟩

−
D∑

i,j=1

8λiλj
λi + λj

⟨ψi |I ⊗ Sm|ψj⟩⟨ψj |I ⊗ Sn|ψi⟩.

(8)

B Qmax
B Qmin

B

WB

Similarly,  the  maximal  and  the  minimal  LQFI  of  the
subsystem  (i.e.,  and ) can be obtained by the
maximal and minimal eigenvalues of the matrix .

 3   LQFI in Heisenberg model

1/2 S

The LQFI in the Heisenberg spin model has been widely
studied  [23–28].  In  this  paper,  we  consider  the  ( , )
mixed-spin Heisenberg XXZ chain with only the nearest-
neighbor interaction under the open boundary condition.
The system consists of two kinds of spins with different
spin  lengths  alternating  on  a  chain.  Its  Hamiltonian
components are 

Hα =

n/2∑
i=1

(
sαi S

α
i + Sα

i s
α
i+1

)
, (α = x, y, z)

H = Hx +Hy + JzHz, (9)

s = 1/2 S > 1/2

Jz n

n

sαn/2+1 = 0

where  the  spin  length  of  the  spins  and .
 is  the  anisotropy  parameter  and  is  the  number  of

sites  (  is  chosen  as  even  numbers  in  this  work).  The
open  boundary  condition  is  considered,  i.e.,  we  set

.
n = 2

1/2 S

A B

T

ρ(T ) = exp(−βH)/Z

Z ≡ Tr[exp(−βH)] β = 1/(kBT )

kB = 1

sz + Sz {| − 1/2,−1⟩
| − 1/2, 0⟩ | − 1/2, 1⟩ |1/2,−1⟩ |1/2, 0⟩ |1/2, 1⟩}

E1 = E2 = Jz/2 E3 = E4 =−(Jz +
√
J2
z + 8)/4

Let us first focus on the two-site case, i.e., , and
the  spin-  and spin-  are  denoted  by  the  subsystems

 and ,  respectively.  Then  the  density  matrix  of  this
system  in  thermal  equilibrium can  be  described  by  the
Gibbs  state  at  the  temperature ,  i.e.,

 with  the  partition  function
,  and  (here  the  Boltzmann

constant is set as ). When we choose the eigenstates
of the operator  to be the basis, i.e., ,

, , , , ,  the  eigen-
values of the Hamiltonian (9) can be easily obtained as

, ,  and

E5 = E6 = −(Jz −
√
J2
z + 8)/4

WA WB A

B

.  Based  on  the  definition  in
Eqs.  (5)  and  (8),  one  can  find  that  the  off-diagonal
matrix  elements  of  and  for  the  subsystems 
and  are  zero  and  the  diagonal  matrix  elements  are
obtained as 

WA
11(22) =1− 8

Z

[
ab

(a+ b)(2E2
5 + 1)

+
ac

(a+ c)(2E2
3 + 1)

+
2bcE2

3

(b+ c)(2E2
3 + 1)2

+
bE2

5 + cE2
3

2(2E2
3 + 1)(2E2

5 + 1)

]
,

WB
11(22) =

4

Z

[
a+

4b(b− a)E2
5

(a+ b)(2E2
5 + 1)

+
4c(c− a)E2

3

(a+ c)(2E2
3 + 1)

− 4bc(2E2
3 − 1)2

(b+ c)(2E2
3 + 1)2

+
2(E2

3b+ E2
5c)− 3(b+ c)

(2E2
3 + 1)(2E2

5 + 1)

]
,

WA(B)
33 =

8(b− c)2

Z(b+ c)(2E2
3 + 1)(2E2

5 + 1)
.

(10)

a = exp(−βE1) b = exp(−βE3) c = exp(−βE5)

A B

WA WB

WA
33 = WB

33

Here, , ,  and .
Thus,  the  maximal  and  the  minimal  LQFI  for  the
subsystems  and  can be obtained from the diagonal
elements  of  and .  Then  one  can  find  that  the
diagonal elements are .

Limiting temperature cases.　Now, let us discuss the
limiting temperature cases:

T → 0

Jz Jz > −1

(i)  When  the  temperature ,  we  should  take
different  regions  of  into  account.  For ,  the
diagonal elements are 

WA
11(22) =

4E2
3

(
E2

3 + 1
)

(2E2
3 + 1)

2 ,

WB
11(22) =

8E4
3 − 4E2

3 + 4

(2E2
3 + 1)2

,

WA(B)
33 =

8E2
3

(2E2
3 + 1)2

. (11)

Qmax
A = WA

33 Qmin
A = WA

11

Jz ∈ (−1, 1] Qmax
A = WA

11 Qmin
A = WA

33

Jz ∈ (1,∞) B Qmax
B = WB

11

Qmin
B = WB

33 Jz ∈ (−1, 0] ∪ [1,∞) Q max
B = WB

33

Qmin
B = WB

11 Jz ∈ (0, 1)

WA
33 = WB

33 Qmax
A Qmin

A

Qmax
B Qmin

B Jz
Qmax

A = Qmax
B Jz ∈ [0, 1] Qmin

A = Qmin
B

Jz ∈ [1,∞)

Thus,  in  this  case,  we  have  and 
for ,  while  and  for

.  For  the  subsystem ,  we  have 
and  for ,  while 
and  for . Since the diagonal elements

, the behavior of  ( ) can be consistent
with  that  of  ( )  in  some  regions  of ,  e.g.,  we
have  for  and  for

.
Jz < −1For , we have 

WA
11(22) = 1,

WB
11(22) = 2,

WA(B)
33 = 0, (12)

Qmax
A = 1 Qmin

A = 0 Qmax
B = 2 Qmin

B = 0thus, , , , and .
Jz = −1

WA WB 4/9

Qmax
A = Qmax

B = Qmin
A = Qmin

B = 4/9

When  we  consider  the  special  point ,  all  the
diagonal  elements  of  and  equal  to ,  which
means . At another special
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Jz = 1 Qmax
A = Qmax

B = Qmin
A = Qmin

B = 8/9

Jz = ±1

point , there is . The
special results can be attributed to the high degeneracy
of the eigenstates at  where the anisotropy disap-
pears.

T → ∞
Jz WA WB

Qmax
A = Qmin

A = Qmax
B = Qmin

B = 0

(ii)  For  the  limit  temperature ,  whatever  the
value of  is, all the diagonal elements of  and 
equal  to  zero,  and  thus .  It
implies  that  the  thermal  fluctuation  will  eventually
destroy all the quantum Fisher information and quantum
correlations.

 4   Relationship between the maximum
LQFI and the parameters

A B Qmax
A,B

Qmax
A,B

T Jz

Based on the method of Eqs. (5)–(8), we can obtain the
maximal LQFI of  the subsystems  and  ( )  even
for  high-dimensional  operators.  In  this  part,  we  will
discuss the relationship between  and the temperature

 as well as the anisotropy parameter . The maximal
QFI  is  essential  to  determine  the  precision  of  quantum
parameter estimations.

 4.1   Maximal LQFI versus different temperatures

n = 2

Jz = 3, 2, 1/2 s = 1/2

A S = 1 3/2 2 B

A B

Qmax
A Qmax

B

T Qmax
A

Qmax
B

We numerically  study  the  effect  of  the  temperature  on
the maximal LQFI. In Fig. 1, the two-site case ( ) in
Eq. (9) is considered and the anisotropy parameter is set
as . The spin length is  for the subsystem

 and , ,  and  for  the  subsystem ,  respec-
tively. The maximum LQFI for the subsystems  and 
(  and )  are  defined  by  Eq.  (6).  As  shown  in
Fig.  1,  with  the  increase  of  temperature ,  both 
(the  red  line  with  circles)  and  (the  blue  line  with
stars) gradually decrease to zero.

A B

|Jz| > 1

Qmax
B Qmax

A

S

|Jz| ≤ 1

Jz = 1/2 Qmax
B Qmax

A

S = 2

S = 3/2

Qmax
A Qmax

B

Jz Jz
S

Qmax
A Qmax

B

In addition, our results clearly show that the subsystems
 and  with different dimensions hold different LQFI.

We find that at the low temperatures, when , the
value of  is larger than that of  and the difference
between  them  increases  as  the  spin  length  increases.
However,  when ,  the  rule  may  be  broken,  e.g.,
when  the  difference  between  and  in
the  case  of  [see Fig.  1(k)]  is  smaller  than that  of

 [see Fig.  1(h)]  at  the  low  temperatures.  When
the  temperature  rises  high  enough,  the  difference
between the  and  will  disappears  gradually  for
all  the  values  of .  While,  larger  and  larger  spin
length  may lead to a higher threshold temperature at
which  and  become consistent with each other.

 4.2   Maximal LQFI versus different values of the
parameter Jz

Jz
T = 0.5 s = 1/2

We  take  into  account  the  effect  of  the  anisotropy
parameters  on the maximal LQFI for the temperature

. In Figs. 2(a)–(c), the spin length  for the

A S = 1, 3/2, 2 B

A B

Qmax
A Qmax

B |Jz| > 1

Qmax
B Qmax

A

Qmax
A

Qmax
B |Jz|

Jz
|Jz| ≤ 1 Qmax

A,B

|Jz| |Jz|
Qmax

A,B

subsystem  and  for the subsystem . Due
to the different dimensions of the subsystems  and ,
the values of  and  are different.  When ,

 (the  blue  line  with  stars)  is  bigger  than  (the
red  line  with  circles).  Moreover,  both  of  the  and

 increase with the increase of the absolute value .
That  means  the  maximal  quantum  Fisher  information,
i.e.,  the  accuracy  of  the  parameter  estimation,  can  be
improved by increasing the absolute value of .  In the
region ,  the  dependence  of  on  the  absolute
value  may  be  different,  e.g.,  larger  can  lead  to
smaller values of .

Jz ∈ [−1, 1] Qmax
A Qmax

B

Jz

Jz = ±1

Jz ∈ [−1, 1]

Jz ∈ [−1, 1]

In  the  range  of ,  equals  to .  This
may be due to the special energy level structure in this
region.  We  show the  energy  levels  versus  parameter 
in Figs.  2(d)–(f),  where  one  can  find  the  energy  levels
intersect at the point of , i.e., the high degeneracy
of  the  eigenstates  occurs  at  the  points.  In  the  region

, all  the energy levels are close to each other.
At  finite  temperatures,  the  eigenstates  become  to  be
mixed together  with the weights  corresponding to  their
eigenenergies,  and  the  degenerate  states  hold  equal
weights.  The  special  structure  of  the  mixed  state  for

 may be one of the reasons why the difference

 

Qmax
A Qmax

B T

s = 1/2 A S = 1

S = 3/2 S = 2

B Jz = 3 Jz = 2

Jz = 1/2

Fig. 1  For the two-site case of the Hamiltonian in Eq. (9),
 and  vary with temperature .  We choose the spin

length  for  the  subsystem  and  (a,  d,
g),  (b, e, h), and  (c, f, k) for the subsystem

.  The  anisotropy  parameters  is  (a)–(c), 
(d)–(f), and  (g)–(k).
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Qmax
A Qmax

B

(1/2, 1)

Tth ≈ 0.178 Qmax
A

Qmax
B Jz ∈ [−1, 1]

QA QB

T → 0

(1/2, 3/2)

Tth ≈ 0.317 (1/2, 2)

T th ≈ 0.429

A s = 1

Jz

A

between  and  disappears.  We  find  that  it
requires  a  threshold  temperature.  For  the  case  of  two-
site  mixed  spin  chain,  we  numerically  find  that
when the temperature reaches about ,  and

 become  consistent  in  the  region .  When
the temperature is lower than that, the behaviors of the

 and  tend to follow the analytical results shown in
the  case  of  in  Eqs.  (11)  and  (12).  For  the  two
sites ,  the  threshold  temperature  is  about

,  and  for  the  two  sites ,  the  threshold
temperature becomes . We show more numerical
results of different mixed-spin cases for different temper-
atures in Appendix A. In addition, we also increase the
spin length of the subsystem  to , and investigate
the change rule of . Compared with the result of Fig. 2,
it  can  be  found  that  the  increase  of  spin  length  of  the
subsystem  will also bring some different behavior rules,
see Appendix A for details.

 5   LQFI and quantum correlation

 5.1   LQFI and quantum discord

For a bipartite state, quantum discord is defined as [31] 

DA→B
Q (ρAB) ≡ min

ΠA
i

[
I(ρAB)− J (ρAB)ΠA

i

]
. (13)

I(ρAB) = S(ρA) + S(ρB)− S(ρAB)

A B

Here,  represents  the
mutual  information  between  the  subsystems  and 

S(ρ) ≡ −Tr(ρ log2 ρ)
ρ ρA(B)

J (ρAB)ΠA
i
= S(ρB)− S(ρB |ΠA

i )

B A
{
ΠA

i

}
A S(ρB |ΠA

i )

A DQ

A B

DA→B
Q DB→A

Q

[32].  is  the  von  Neumann entropy  of
the  density  matrix ,  and  is  the  reduced  density
matrix of the subsystem.  is
the  amount  of  information  gained  about  the  subsystem

 by measuring the subsystem .  are the measure-
ment  operators  corresponding  to  the  von  Neumann
measurement on the subsystem .  is the condi-
tional  entropy after  the measurement performed on the
subsystem . Generally,  is asymmetric for the different
subsystems  and ,  which  is  therefore  defined  by

 or  for distinction [32, 33]. Quantum discord
can  be  used  to  describe  the  quantum  correlation  even
when the quantum entanglement disappears. Especially,
in  dissipative  systems,  the  quantum  discord  is  more
robust than quantum entanglement [34, 35]. The quantum
discord  has  been  well  applied  in  many  systems  to
describe  the  quantum  correlations  [36–42].  For  the
general  states,  the  analytical  and  numerical  calculation
of  quantum discord  is  complicated  because  of  the  opti-
mization process over all  the local  generalized measure-
ments.  Therefore,  it  is  only  possible  to  obtain  the
analytical  expressions  of  quantum  discord  for  certain
classes of states.

DA→B
Q

Qmin
A Qmax

A

Jz

It has been proved that the minimal LQFI satisfies all
the  established criteria  to  be  a  measure  of  discord-type
quantum  correlations  [19].  Thus,  in  this  work,  we
employ  the  minimal  LQFI  to  characterize  the  bipartite
correlation  in  the  mixed-spin  chain.  We  first  compare
the behaviors of the quantum discord , the minimal
LQFI ( ), and the maximal LQFI ( ) versus different
parameters .  Different  temperatures  are  also  consid-
ered.

(1/2, 1)

1/2 A 1

B

DA→B
Q Jz

T = 0.05 0.2 0.4 0.6

Qmin
A

DA→B
Q Qmin

A

Jz = 1

Jz = −1

In Fig.  3,  for  the  two-site  mixed-spin  chain
with  spin-  for  the  subsystem  and  spin-  for  the
subsystem ,  we  numerically  calculate  the  quantum
discord  versus different , and the temperature is
set to , , , and  [see Fig. 3(a)]. Then, the
results of  are shown in Fig. 3(b). One can find that

 and  follow  a  basically  consistent  behavior.
They both reach the peak value at  and reach the
secondary peak at .

For comparison, we numerically calculate the maximal

 

T = 0.5 Qmax
A,B

Jz

s = 1/2 A S = 1

S = 3/2 S = 2 B

Fig. 2  For the two-site case of the Hamiltonian in Eq. (9)
with , in subfigures (a–c)  and in subfigures (d–
f) the  corresponding  eigen  energy  levels  vary  with .  The
spin  length  is  for  the  subsystem  and  (a,
d),  (b, e), and  (c, f) for subsystem .

 
(1/2, 1) DA→B

Q

Qmin
A Qmax

A

Jz T = 0.05, 0.2, 0.4, 0.6

Fig. 3  For the two-site  mixed-spin chain,  in
(a),  in (b),  and  in (c) vary  with  the  anisotropy
parameter  at different temperature .
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Qmax
A Qmin

A DA→B
Q

Qmax
A Jz = ±1

|Jz| > 1

Qmax
A

Qmin
A DA→B

Q

|Jz| ≤ 1 Qmin
A

DA→B
Q

Qmin
A DA→B

Q Qmax
A

Jz

LQFI  ( )  in Fig.  3(c).  Different  from  ( ),
 reaches  the  minimum  values  at .  In  the

regions  of ,  one  can  find  that  the  increasing
(decreasing)  corresponds to the decreasing (increas-
ing)  and .  However,  the situation is  different
for the region of , where the behaviors of  and

 become  nonmonotonic,  and  the  three  quantities
, ,  and  can  increase  together  for  some

values of .
Jz < −1

DA→B
Q

Qmin
A

Jz > 1

We can understand the phenomena that when ,
the system tends to the ferromagnetic structure, i.e., the
ground state can be treated as a direct product state of
states with consistent spin orientations at all sites. Obvi-
ously,  there is  no quantum correlation,  thus  and

 have  zero  values.  When the  temperature  increases,
different  spin  orientations  will  occur.  This  leads  to  a
certain quantum correlation in the system state. As the
temperature  continues  to  rise,  more  excited  states  are
mixed  in.  This  makes  the  system  tend  towards  a
completely mixed state, thereby disrupting the quantum
correlation. On the other hand, in the case of antiferro-
magnetism such as , the ground state tends to be
the superposition state  or  mixed state  consisting of  the
components with the opposite-oriented spins alternately
on  the  chain.  Therefore,  the  ground  state  initially  has
quantum  correlations,  and  the  increasing  temperature
will weaken the quantum correlation.

Qmax
A

Qmin
A

Jz

Qmin
A

The maximal LQFI ( ) is different from the minimal
LQFI , which is related to the accuracy of parameter
estimation.  As  the  temperature  increases,  the  thermal
fluctuation will  destroy the quantum resource  and thus
reduce  the  accuracy  of  the  quantum parameter  estima-
tion.  Therefore,  in  all  the  considered  regions  of ,
increasing  temperature  always  has  a  negative  effect  on

.

DA→B
Q Qmin

A Qmax
A

Jz < −1

Qmin
A DA→B

Q

Qmin
A DA→B

Q

T Qmax
A

In  order  to  show  the  effect  of  the  temperature  more
clearly, we calculate , , and  versus temper-
ature  in Fig.  4 and  find  that  in  the  region  of ,
the  dependence  of  and  on  temperature  is
nonmonotonic.  and  first  increase  with  the
temperature from zero values to their maximum values,
then  decrease  gradually.  However,  the  influence  of  the
temperature  on  is  obviously  different  from  that

Qmin
A DA→B

Q

Qmax
A Jz

on  and .  Raising  the  temperature  always
lowers the value of  regardless of the value of .

 5.2   The minimal LQFI of different site pairs

Qmin
A,B

Qmin
A,B

Since  the  minimal  QFI  ( )  can  be  a  measure  of
discord-type quantum correlations, we make use of 
to  study  the  bipartite  correlations  of  a  pair  of  sites  on
the spin chain. Several effects will be considered, such as
the  subsystem dimension,  the  total  number  of  the  spin
sites,  the  position  of  the  site  pairs,  and  the  distance
between the two sites.

n = 2, 4, 6

s = 1/2 A

S = 1 B

1 2

1 & 2 Qmin
A,B 1 & 2

Jz T = 0.5

Jz Qmin
A n = 4

n = 6

n = 2

n = 4 n = 6 8

n = 4

n = 6

6 8

1 & 2

First,  we  take  into  account  the  impact  of  the  total
number  of  the  spin  sites  on  the  minimal  LQFI.  We
choose  the  site  number  as ,  and  two  types  of
spin  with  (corresponding  to  the  subsystem )
and  (corresponding to the subsystem ) alternately
distribute on the spin chain. The site pair considered by
us consists of the -st and -nd sites (denoted by “sites

”).  Then,  we  show  of  the  sites  varying
with  at temperature  in Figs. 5(a) and (b). In
most cases within the range of , the  of  (the
blue line with stars) and  (the red line with circles)
are  below  the  case  of  (the  green  line  with  rhom-
bus).  There  is  only  a  slight  difference  between  the  two
curves of  and . We also check the -site chain
and find the similar phenomena with those of  and

.  The  spin  chain  in  this  work  is  considered  under
the open boundary condition, and the sites far from the
chosen  sites  have  a  weak  correlation  with  them.  Thus,
increasing the total site number to  and  only introduces
a slight influence on the minimal LQFI of the sites .

Qmin
A Qmin

B

Jz ∈ [−1, 0] Qmin
B

n = 4 n = 6 n = 2

Qmin
A Qmin

B

(1/2, 3/2) (1/2, 2)

Qmin
A Qmin

B

Comparing  and  in subfigures (a) and (b), one
may  find  some  different  behaviors  between  them.  For
example, in the region of , the values of  of

 and  can be slightly larger than those of .
The  difference  between  and  also  reflects  the
asymmetry  of  the  discord-type  correlations.  We  show
the  results  of  the  two-site  and  mixed-
spin chain in Appendix B, where more obvious differences
between  and  can be found.

1 & 2 3 & 4

5 & 6 Qmin
A,B

Jz T = 0.5

Qmin
A,B

Qmin
A Qmin

B

Second, we focus on the different positions of the spin
pairs.  Three  nearest-neighbour  pairs,  i.e., , ,
and ,  are  considered.  Then,  we  calculate 
versus  at temperature  and show the results in
Figs.  5(c)  and  (d).  We  find  that  different  positions  of
the  site  pairs  provide  different  values  of ,  which
reflects  the  different  influences  of  the  surrounding  sites
when the spin pair under consideration is placed at the
edges or in the center of the spin chain. Different values
and behaviors between  and  can also be found.

Qmin
A,B

1 & 2

1 & 4

1 & 6 Qmin
A,B

In  addition,  we  consider  the  effect  of  the  distance
between the two sites. In Figs. 5(e) and (f), the  of
the spin pairs consist of  the sites  (green line with
rhombus), the sites  (blue line with stars), and the
sites  (red  line  with  circles).  Obviously, 

 
(1/2, 1) DA→B

Q

Qmin
A Qmax

A

Jz

Fig. 4  For the two-site  mixed-spin chain,  in
(a),  in (b), and  in (c) vary with different temperatures
for different parameters .
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A B

decrease  with  the  increase  of  the  distance  between  the
sites  of  the  subsystems  and .  In  this  type  of  spin
chain,  the  bipartite  correlations  cannot  exist  between
two sites at a long distance.

Jz ∈ [−3,−1] Qmin
A,B

1 & 4

Jz

Qmin
A,B

Jz ∈ (−2, 2)

(1/2, 3/2) (1/2, 2)

For  comparison,  the  entanglement  (measured  by  the
negativity  [43, 44])  is  discussed  and  the  results  are
shown in Figs. 5(g)–(i). One can find that in the region
of ,  becomes evidently larger than zero,
while  the  negativity  keeps  a  zero  value.  In  addition,
entanglement  can  be  easily  suppressed  or  destroyed.
When  we  increase  the  distance  between  the  two  sites
under consideration, the entanglement (measured by the
negativity) disappears for the site pair  in the whole
region of  [see Fig. 5(i)]. By contrast, the discord-type
correlation  (measured by )  presents  nonzero  values
in  an  approximate  region  of .  In  the  case  of
two-site  and  mixed-spin chain shown in
Appendix B, one can see the phenomena more clearly.

 6   LQFI in multiple nearest-neighbor
coupling Heisenberg model

In this section, we have discussions on the impact of the
second  and  third  nearest-neighbor  coupling.  Then,  the
corresponding Hamiltonian can be expressed as 

Hα =

n/2∑
i=1

[
J1

(
sαi S

α
i + Sα

i s
α
i+1

)
+ J2

(
sαi s

α
i+1 + Sα

i S
α
i+1

)
+J3

(
sαi S

α
i+1 + Sα

i s
α
i+2

)]
, (α = x, y, z)

(14)

J1 J2 J3

Jk = 1, (k = 1, 2, 3)

sαn/2+1 = 0 Sα
n/2+1 = 0

sαn/2+2 = 0

where , , and  are the first, second, and third near-
est-neighbor  interaction  intensities,  respectively.  For
simplicity, we set . The open boundary
condition is considered, i.e., we set , ,

.

Qmin
A,B

Then, for the Hamiltonian with the second and third
nearest-neighbor coupling, we calculated the  of the

 
Qmin

A,B 1 & 2 Jz n = 2, 4, 6

Qmin
A,B 1 & 2 3 & 4 5 & 6 Jz

Qmin
A,B 1 & 2 1 & 4 1 & 6 Jz

1/2 A 1 B T = 0.5

Fig. 5  The subgraphs (a, b) show the  of the site  varies with  for different total site number . In
(c, d), the 6-site spin chain is considered and the results show the  of the sites , , and  varying with . In
(e, f) the 6-site spin chain is considered and the results show the  of the sites , , and  varies with . The
subgraphs (g–i) show the  results  of  the  negativity  which is  used to  describe  the  entanglement  of  the  site  pairs.  Here,  we
choose spin-  for the subsystem  and spin-  for the subsystem  at temperature .
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1 & 2 3 & 4 5 & 6

Jz

Qmin
A,B 1 & 2

Qmin
A,B 5 & 6

nearest-neighbor sites, i.e., , , and , varying
with  [see Figs. 6(a) and (b)]. Compared to Figs. 5(c,
d), quite different results are shown in Figs. 6(a) and (b).
Especially,  the  curve  of  the  between  sites
(green line with rhombus) becomes the lowest one, while
the  between  sites become the highest one.

Qmin
A,B 1 & 2 1 & 4

1 & 6 Jz
Qmin

A,B 1 & 2

Qmin
A,B 1 & 6

Qmin
A,B 1 & 4

Qmin
A,B

Qmin
A,B

We  also  considered  the  of  the , ,  and
 sites  varying  with  [see Figs.  6(c)  and  (d)].

Compared  to Figs.  5(e)  and  (f),  the  of  the 
sites  (green  line  with  rhombus)  in Figs.  6(c)  and  (d)
significantly  decreases,  while  the  of  the  sites
(red  line  with  circles)  and  the  of  the  sites
(blue  line  with  stars)  increase.  Thus,  the  second  and
third  nearest-neighbor  coupling  present  remarkable
effect on the minimal LQFI (i.e., the discord-type corre-
lation),  i.e.,  they  enhance  the  of  the  high-order-
neighbor  sites  and  suppress  the  of  the  nearest-
neighbor sites.

 7   Conclusion

Qmax
A,B Qmin

A,B

We investigate the LQFI and bipartite quantum correla-
tions in the mixed-spin Heisenberg XXZ chain. Both the
maximal LQFI ( ) and the minimal LQFI ( ) are
considered  in  this  work.  The  former  determines  the
accuracy of the parameter estimation and the latter can
measure the discord-type quantum correlation.

Qmax
A,B

Qmax
A,B Jz

|Jz| > 1 |Jz|
Qmax

A,B |Jz| ≤ 1

Qmax
A,B |Jz|

|Jz| Qmax
A,B

Qmax
A,B

We find that the increasing temperature will suppress
the maximal LQFI ( ) to zero values. The dependence
of  on  the  anisotropy  parameter  is  complicated.
In  the  region ,  the  larger  leads  to  the  larger

.  While,  in  the  region ,  the  dependence  of
 on  the  absolute  value  may  be  different,  e.g.,

larger  can  lead  to  smaller  values  of .  Different
dimensions  of  the  subsystems  can  lead  to  different
values of .

Qmin
A,B

Qmin
A,B

Jz

Qmin
A,B Qmin

A,B

Jz
n = 6

Qmin
A,B Qmin

A,B

Then  we  make  use  of  the  minimal  LQFI  ( )  to
characterize  the  discord-type  correlation.  Different
dimensional  subsystems  can  provide  different  values  of

,  which  reflects  the  asymmetry  of  the  discord-type
correlation. In most regions of the anisotropy parameter

, the higher dimensional subsystem can provide larger
.  We  find  that  the  temperature  can  affect 

either  positively  or  negatively,  which  depends  on  the
value  of  the .  When  the  spin  chain  with  more  sites
(e.g., )  is  considered,  we  find  that  the  site  pair  at
different positions of  the chain holds different values of

.  The  of  the  nearest-neighbour  sites  is  larger
than  that  of  the  site  pairs  consisting  next-nearest-
neighbour  or  farther  apart  sites.  Our  results  show that
the  minimal  LQFI  can  well  describe  the  discord-type
correlation, especially in the case of the high dimensions.
Compared  with  the  original  definition  of  quantum
discord,  the  calculation  of  the  minimal  LQFI  is  much
simpler  since  there  is  no  need  for  the  optimization
process over all the local generalized measurements.
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Appendix A

1/2, S

Qmax
A Qmax

B Jz
S S = 1

Qmax
A Qmax

B

Jz
Tth ≈ 0.178 Qmax

A Qmax
B

Jz ∈ [−1, 1] S = 3/2

Qmax
A Qmax

B

Jz ∈ [−1, 1]

Tth ≈ 0.317 S = 2

Tth ≈ 0.429

For  the  two-site  ( )  mixed-spin  Heisenberg  chain,
 and  vary  with  the  parameter  at  different

temperatures and for different  in Fig. A1. For  in
the subfigures Figs. A1(a)–(c),  is smaller than 
in  most  range  of .  When  the  temperature  is  higher
than ,  and  are  consistent  with  each
other  in  the  region  of .  For  in  the
subfigures Figs.  A1(d)–(f),  equals  to  in  the
region of  at the threshold temperature about

.  For  in  the  subfigures Figs.  A1(g)–(i),
the threshold temperature is about .

A

s = 1 (1, 3/2)

(1, 2)

We also  increase  the  spin  length  of  the  subsystem 
to , and calculate two mixed spin cases  and

 [see Fig. A2]. Comparing the results in Fig. A2 and

 
Qmin

A,B

1 & 2 3 & 4 5 & 6 Jz

Qmin
A,B 1 & 2 1 & 4 1 & 6

Jz 1/2 A

1 B T = 0.5

Fig. 6  The  subgraphs (a,  b) show  the  of  the  sites
, ,  and  varying  with .  The  subgraphs (c,

d) show the  of the sites , , and  varying
with .  Here,  we  choose  spin-  for  the  subsystem  and
spin-  for the subsystem  at temperature .
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Qmax
A

A s = 1 Qmax
B

Jz < −2 Qmax
A Qmax

B

1/2, S

Jz > 2 Qmax
A,B

Jz

Fig. 2, we find that the values of  (the red line with
circles) significantly increases when we increase the spin
length of the subsystem  to , but the value of 
(the blue line with stars) does not increase significantly.
We also find some new phenomena in Fig. A2 that when

,  both  of  the  and  increase  to  their
steady values more quickly than that in the ( ) case
(in Fig. 2). In addition, when , the values of 
present a slightly decrease with the increased value of 

1/2, S

Jz

which  cannot  be  found  in  the  ( )  case  in Fig.  2
during the considered region of .

 
1/2 S Qmax

A,B

Jz

S = 1

S = 3/2

S = 2

Fig. A1  In  the  two-site  ( , )  mixed-spin  chain, 
versus  the  parameter  at  different  temperatures.  The
subgraphs (a,  b,  c) correspond  to  the  case  of ,  the
subgraphs (d,  e,  f) correspond  to  the  case  of ,  and
the subgraphs (g, h, i) correspond to the case of .

 

T = 0.5 Qmax
A Qmax

B Jz

s = 1 A S = 3/2 S = 2

B

Fig. A2  For the two-site case of the Hamiltonian in Eq. (9)
with ,  and  vary  with .The  spin  length  is

 for the subsystem  and  (a) and  (b) for
the subsystem .

 
Qmin

A Qmin
B

Jz T = 0.5 1/2 3/2

Fig. B1    (a, c, e) and  (b, d, f) versus the parameter
 at the temperature  in the two-site ( , ) mixed-

spin chain.

 
Qmin

A Qmin
B

Jz T = 0.5 1/2, 2

Fig. B2    (a, c) and  (b, d) versus the parameter
 at the temperature  in the two-site ( ) mixed-

spin chain.
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 Appendix B

1/2, 3/2

Qmax
A Qmax

B Jz
Qmin

A Qmin
B

For the two-site  ( )  mixed-spin Heisenberg chain,
 and  vary  with  the  parameter  in Fig.  B1.

The  difference  between  and  in Fig.  B1 is
greater than that in Fig. 5.

Qmin
A Qmin

B Jz
T = 0.5 1/2, 2

Qmin
A Qmin

B

S 2

The variation  of  and  with  parameters  at
the  temperature  in  the  two-site  ( )  mixed-
spin  chain  has  been  shown  in Fig.  B2.  We  find  more
obvious differences between  and  when the spin
length  increases to .
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