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ABSTRACT

Band mapping is widely used in various scenarios of cold atom physics to
measure  the  quasi-momentum  distribution  and  band  population.
However, conventional methods fail in strongly interacting systems. Here
we  propose  and  experimentally  realize  a  novel  scheme  of  band  mapping
that  can  accurately  measure  the  quasi-momentum  of  interacting  many-
body systems. Through an anisotropic control in turning down the three-
dimensional  optical  lattice,  we can eliminate  the  effect  of  interactions  on
the band mapping process.  Then, based on a precise measurement of the
quasi-momentum  distribution,  we  introduce  the  incoherent  fraction  as  a
physical quantity that can quantify the degree of incoherence of quantum
many-body states. This method enables precise measurement of processes
such as the superfluid to Mott insulator phase transition. Additionally, by
analyzing  the  spatial  correlation  derived  from  the  quasi-momentum  of
superfluid-Mott  insulator  phase  transitions,  we  obtain  results  consistent
with  the  incoherent  fraction.  Our  scheme  broadens  the  scope  of  band
mapping and provides a method for studying quantum many-body prob-
lems.
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 1   Introduction

Band  mapping  [1, 2]  is  a  powerful  method  for  probing
the quasi-momentum distribution [3, 4]  and band occu-
pation  [5–8]  of  quantum  systems  in  ultracold  atomic
physics.  This method has been widely applied to reveal
the quantum properties of various quantum phases [3, 4,
6–8], nonequilibrium dynamics [9], topological invariants
[10–17]  and  topological  quantum  dynamics  [18–20].  By
applying lattice modulation [21–24] to excite the system,
band  mapping  can  measure  the  population  of  different
bands  [25–27]  or  sublattices  [28–34]  in  complex  lattice
geometries.  Band  mapping  can  also  be  combined  with

photoemission  spectroscopy  and  quantum  gas
microscopy to access the spectral functions with quantum
gas microscopy [35].  Site-resolved band mapping is  also
available [32].

The  conventional  band  mapping  method  has  enabled
the measurement of band populations, quasi-momentum,
topology, and even in situ imaging in systems with weak
or  negligible  interactions.  However,  for  interacting
systems, especially strongly interacting ones, the conven-
tional band mapping method fails to accurately measure
the quasi-momentum distribution because the interactions
can modify the quasi-momentum distribution during the
ramping down process that transforms the quasi-momen-
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tum  distribution  into  momentum  distribution  in  free
space  [36].  Consequently,  even  the  superfluid  (SF)  to
Mott insulator (MI) transition in three-dimensional (3D)
optical  lattices  has  not  been  observed  accurately  in
terms of quasi-momentum measurement.

In  this  work,  we  experimentally  developed  a  novel
band  mapping  scheme  for  probing  interacting  quantum
systems in a three-dimensional  optical  lattice with high
precision. Our main idea is to introduce a new ramping
process for band mapping, which eliminates the influence
caused  by  interactions  in  experimental  detection.  As  a
result,  in  sharp  contrast  to  the  conventional  band
mapping  method,  which  is  suitable  for  non-interacting
or weakly interacting systems, our scheme preserves the
quasi-momentum  distribution  of  the  many-body  state
during the ramping down process. We apply our scheme
to the SF to MI phase transition and measure the quasi-
momentum  distribution  of  both  phases  reliably.  Based
on the accurate quasi-momentum distribution, we intro-
duce  two  quantum  phase  measures,  incoherent  fraction
and  spatial  correlation  function,  to  experimentally
distinguish SF and MI phases. Our scheme may pave a
way  to  investigate  strongly  interacting  cold  atom
systems based on the band mapping method.

 2   Improved band mapping method

87RbWe  perform  experiments  with  ultracold  atoms  in
3D  optical  lattices  to  demonstrate  the  reliability  of  an
improved  band  mapping  method  in  an  interacting
regime. Figure  1(a)  shows  a  schematic  diagram  of  our
experimental  system.  The  3D  cubic  optical  lattice  is
formed by superimposing standing waves perpendicularly

λ ≈ 1064 nm

to each other with orthogonal polarizations and different
frequencies,  each  having  a  wavelength  of  around

.  The  system  is  described  by  the
Bose–Hubbard model, with the Hamiltonian [37]:

Ĥ =− J
∑
⟨i,j⟩

â†i âj +
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where  ( ) creates (annihilates) a boson at site , 
denotes  nearest-neighbor  sites  and  is  the
number operator. The parameters ,  and  represent
the  tunneling  coefficient,  on-site  interaction,  and  the
chemical  potential,  respectively,  and  are  controlled  by
the potential depth of the optical lattice. The last term
accounts  for  the  harmonic  confining  potential  with
atomic mass  and frequency .

∆t

τ1 ≪ ∆t ≪ τ2
τ1 ∼ 0.1ms

τ2
τ2

h/U 1/ν h ν

τ2 > 10ms
∆t τ2

The  conventional  band  mapping  method  for  single-
particle  or  weak  interaction  regime  encounters  severe
difficulties when extended to the interacting regime. The
crucial  step  of  band mapping  is  the  ramping procedure
of lattice potential. The duration of ramping process 
is  constrained  by  two  characteristic  time  scales

.  The  ramping  is  slow  with  respect  to  the
band  gap,  where  is  the  characteristic  time
required for the quasi-momentum to adiabatically evolve
into momentum, and  is the time over which the quasi-
momentum occupation remains unchanged.  generically
scales as  and , where  is the Planck constant, 
is  the  trap  frequency  trap.  For  the  non-interacting  or
weak  interacting  regime,  and  it  is  easy  to
choose an appropriate . However,  is greatly reduced

 
Fig. 1  Sketch of experiment setup, time sequence, and images for band mapping. (a) A schematic diagram of the experimental
system. (b) The temporal sequence of the lattice potential along the x, y, and z directions. The potential along the x and y
directions is ramped down to zero within 2 ms, while the potential along the z direction is abruptly quenched to zero. (c) We
obtained band mapping images with our method at three different lattice depths corresponding to the superfluid regime, the
critical point of phase transition, and the deep Mott insulator regime.
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τ ∼ h/U ∼ 1ms
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by the interaction , making it challenging
to determine .
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Here,  we  propose  a  novel  ramping  process  for  band
mapping.  For  a  3D  system,  we  ramp  down  the  optical
potentials  of  and  directions  over  and  quench
optical  potential  of  direction  to  zero,  as  shown  in
Fig. 1(b). This contrasts with the ramping process in the
conventional  band  mapping  method,  where  the  lattice
potentials  in  each  direction  are  simultaneously  ramped
down,  which  inevitably  involves  interactions  and
decreases .  Our  method,  however,  circumvents  this
problem.  This  is  achieved  by  quenching  the  lattice
potential of the  direction to zero, so that the interactions
are released along the  direction, and the system can be
regarded  as  a  (nearly)  non-interacting  system.  As  a
result,  is restored to a large value and band mapping
works.  It  is  worth  noting  that  this  ramping  process
allows  us  to  probe  the  quasi-momentum  population
along the  and  directions since our imaging system is
along the  direction, so quenching the potential of the 
direction  preserves  the  information  along  the  and 
directions.  After  time  of  flight  (TOF)  absorption
imaging was performed, the quasi-momentum information
in the  and  directions of the many-body state can be
feasibly obtained.

The  novel  scheme  of  band  mapping  enables  us  to

V0

V0 = 5Er 13Er 35Er

Er = ℏ2k2/(2m) k = 2π/λ

ℏ
V0 = 5Er

q = 0 V0

J/U → 0

measure the quasi-momentum distribution of  the SF to
MI phase transition. We measured the quasi-momentum
distribution of the atoms in the optical lattice for different
values  of  the  lattice  depth . Figure  1(c)  displays  the
results  for , ,  and ,  where

 is the recoil energy,  is the wave
vector  and  is  the  reduced  Planck  constant.  When

,  the  quasi-momentum  shows  a  coherent  peak
around ,  as  expected  for  the  SF  phase.  As 
increases, the coherence peak decreases continuously and
the plateau gradually rises. In the limit of , the
system enters a deep MI phase and exhibits a flat quasi-
momentum distribution. This contrasts with the results
obtained by the conventional band mapping method (see
Appendix A), which is affected by strong interactions in
the  MI  phase  and  fails  to  detect  the  intrinsic  quasi-
momentum.  Our  method  reveals  the  quantum  phase
transition from SF to MI with high fidelity.

 3   Derivation of quasi-momentum
distribution from momentum
distribution

Before proceeding to investigate the many-body quantum
phases  with  precisely  measured  quasi-momentum,  we
introduce another method to extract the quasi-momentum

 
x

n(x, y)

15Er

Fig. 2  Quasi-momentum distribution from two methods. (a) Integration graphs of (c) along the  axis. (b) Quasi-momentum
distribution is calculated from the first Brillouin zone of (a). (c) The integrated column density , represented by the
optical  density  (OD)  in  arbitrary  units,  is  measured  from  the  experiment  at .  The  inset  shows  the  quasi-momentum
obtained from the first Brillouin zone of momentum distribution. (d) Integrated graphs of band mapping at different lattice
depths. Red points represent quasi-momentum distribution calculated from momentum distribution, while blue points represent
the data obtained from the new band mapping method. Experimental data are averaged over several realizations. Error bars
denote standard deviation; most error bars are smaller than their marker size if not visible.
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distribution  from  the  conventional  TOF  technique,
which  is  qualitatively  consistent  with  our  new  band
mapping  method  and  validates  the  experiment.  The
momentum can be obtained from the TOF imaging, and
the quasi-momentum can be obtained by

⟨â†pâp⟩ = ⟨q|p⟩⟨p|q⟩ ·
⟨
â†qâq

⟩
, (2)

â†p âp

p â†q âq

q q

q p ℏb b

if we assume only the lowest energy band is considered.
Here  ( ) creates (annihilates) a boson with momentum
,  and  ( )  creates  (annihilates)  a  boson  with  quasi-

momentum . Notice that  is in the first Brillouin zone,
 and  differ by an integer multiple of , where  is the

smallest reciprocal lattice vector.

x

V0

Figure  2 compares  the  quasi-momentum  distribution
obtained by two methods. In the upper panel, Fig. 2(a)
shows  the  integrated  momentum  distribution  from  the
raw  data  in Fig.  2(c)  by  integrating  along  the  axis,
and Fig.  2(b)  shows  the  quasi-momentum  distribution
that  was  calculated  based  on Fig.  2(a)  according  to
Eq.  (2).  The  lower  panel  shows  the  quasi-momentum
distribution from both methods at several values of the
lattice potential . The two methods show a good quali-
tative  agreement.  The  slight  difference  between  the
distributions obtained from two methods is partly due to
the inhomogeneous lattice formed by the Gaussian beam.
We  note  that  the  edge  of  the  flat  quasi-momentum

plateau  drops  smoothly  to  zero,  rather  than  abruptly,
because the edge of the band cannot be perfectly adiabatic
and the resolution of the imaging system can not exhibit
completely vertical edges.

 4   Characterization of quantum state
coherence

In  this  section,  we  introduce  two  physical  quantities
that characterize quantum many-body states, which can
be  accessed  by  the  accurate  quasi-momentum  distribu-
tion.  The  two  methods  can  accurately  measure  phase
transitions  from  the  perspectives  of  momentum  space
and  real  space,  respectively,  and  the  two  methods  are
mutually consistent.

 4.1   Incoherent fraction

γinc

We  employ  the  incoherent  fraction  to  quantify  the
degree of incoherence of any quantum state. By precisely
measuring the quasi-momentum distribution,  which can
be  divided  into  two  components,  we  can  identify  the
coherent part as the peak and the incoherent part as the
plateau,  as  shown  in Fig.  3(a),  the  incoherent  fraction

 is given by

 
Fig. 3  Incoherent fraction and correlation. (a) Band mapping images reveal the quasi-momentum distribution at various
lattice  depths,  showing  a  transition  from SF to  MI  as  indicated  by  the  diminishing  peak  and  the  increasing  plateau. (b)
Lattice depth dependence of the incoherent fraction. The inset depicts the method for extracting the incoherent fraction from
the quasi-momentum distribution. (c) Correlation versus space distance at different lattice depths. The gray area has errors
due to inhomogeneous optical lattice.
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γinc =
Abase

Atotal
= 1−

Apeak

Atotal
, (3)

Apeak

Abase

Abase

Apeak n (q ∼ ±ℏk)
Atotal = Apeak +Abase

the peak and plateau parts are represented by  and
,  respectively,  as  shown  in  the  inset  of Fig.  3(b),

which  is  the  integrated  image  of  the  experimental
column density [Fig. 3(a)] along one direction, where the
gray area is , the area above the gray part represents

, and the height of the gray part is , with
.

γinc

γinc

γinc

γinc

The  incoherent  fraction  quantifies  the  superfluid  to
Mott  insulator  phase  transition  in  inhomogeneous
systems, as indicated in Fig. 3(b). Figure 3(b) shows 
as a function of lattice potential. When the system is in
the SF regime,  has a relatively small value, suggesting
that most of the atoms remain phase coherent in the SF
phase.  As  the  lattice  potential  increases,  the  system
transitions to the MI regime, and  increases, reflecting
the localization of atoms and the decrease of coherence.
For the deep Mott regime,  the  saturates to a value
near 1 as expected.

 4.2   Spatial correlation function

CSF(i, j)

CSF(i, j)

Spatial correlation function  distinguishes the SF
phase and the MI phase by means of their decay behav-
ior.  With  the  quasi-momentum  distribution  measured
from  the  new  band  mapping  scheme,  can  be
evaluated by

CSF(i, j) =
⟨
â†i âj

⟩
=

1

N

∑
q∈BZ

e−i qℏ (xi−xj)
⟨
â†qâq

⟩
, (4)

â†q âq

q

lω =
√
ℏ/(mω0)

35Er

ω0 ≈ 60Hz× 2π
lω ∼ 3a

where  ( )  creates  (annihilates)  a  boson  with  quasi-
momentum .  Given that the system has a background
harmonic  trap  potential,  Eq.  (4)  applies  within  the
range  of  the  characteristic  length .  Using
the deepest lattice potential  and the largest envelope
potential  frequency ,  we can estimate the
minimum characteristic length  in the experimental

a ≈ 532 nm

CSF

data, where  is the lattice constant. Therefore
in our work, we focus on the short-distance behavior of

, which still displays qualitatively distinct decays for
different quantum phases.

CSF(i, j) r = xi − xj

V0

V0 ⩽ 11Er CSF(i, j)

1 < r ⩽ 3a CSF(i, j)

∼ 13Er V0 > 23Er

CSF(i, j) 0

Figure  3(c)  shows  the  distinct  decay  behavior  of
 as  a  function  of  spatial  distance  for

different  lattice  potentials .  In  the  SF  regime
( ),  decays  nearly  linearly  over  short
distances  ( ).  On  the  other  hand, 
decays rather quickly after crossing the phase transition
point  ( ).  When ,  the  system  enters  a
deep MI regime, and  rapidly decreases to .

γinc

0

The  observations  above  are  in  good  agreement  with
the incoherent fraction . The decreasing trend of the
correlation  is  consistent  with  the  incoherent  fraction,
and the correlation tends to  as the incoherent fraction
tends to 1. The incoherent fraction and spatial correlation
provide  information  from  momentum  space  and  real
space, respectively. They are consistent with each other
and enable precise determination of the phase transition.

 5   Transformation of momentum
distribution between different
Brillouin zones

In addition to deriving the quasi-momentum distribution
from the momentum distribution,  we also find that the
full  momentum  distribution  can  be  reconstructed  from
the momentum distribution of the first Brillouin zone for
relatively flat optical lattices, namely,⟨

â†p′ âp′

⟩
⟨
â†pâp

⟩ =
|⟨p′|q⟩|2

|⟨p|q⟩|2
, (5)

p p′

q

where  is the momentum in the first Brillouin zone. 
is  any  momentum  in  an  arbitrary  Brillouin  zone. 
represents quasi-momentum. Figure 4(a) shows the raw

 

15Er

Fig. 4  Transformation of momentum distribution between different Brillouin zones. (a) The momentum distribution in an
optical lattice with a potential depth of . (b) By extrapolating the momentum distribution within the first Brillouin zone,
we derived the complete momentum distribution. (c) We integrated (a) and (b) along the x and y directions, shown as blue
and orange lines, respectively.
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15Erdata for the  case, Fig. 4(b) shows the reconstruction
from the first  Brillouin zone of Fig.  4(a),  and Fig.  4(c)
compares their integrations along the x and y directions.
The  blue  and  orange  curves  represent  the  raw  and
reconstructed  data,  respectively,  and  agree  well  with
each other.  This method can be used to assess whether
the  imaging  is  saturated.  The  saturation  of  the  main
peak leads to a reduction of  the transformed secondary
peak compared to the original data. The size of the Brillouin
zone  is  sufficient  to  reconstruct  the  full  momentum
distribution.

 6   Conclusion and outlook

γinc

γinc

γinc

γinc

We  experimentally  developed  a  novel  band  mapping
method that is demonstrated to be feasible in detecting
interacting quantum phases.  It  offers a straightforward,
fast,  and  effective  way  to  perform  band  mapping.  We
investigate  a  3D  Bose–Hubbard  model  as  an  example.
Also, we obtain an accurate quasi-momentum distribution
from the new band mapping scheme, based on which, we
obtain  the  new  experimental  observable  the  incoherent
fraction .  The  spatial  correlation  function  derived
from quasi-momentum successfully differentiates the SF
and the MI phases and agrees with . These two methods
reveal  many-body  states  and  phase  transitions  from
momentum space and real space, respectively, and allow
for accurate measurements of phase transitions. We also
show that the momentum distribution can be reconstructed
from a single Brillouin zone, which can be used to assess
the lattice flatness and the imaging saturation. We want
to point out that the new observable  we propose in
this work can probe both static and dynamic properties
of quantum phases [9].  Combined with quantum Monte
Carlo,  enables  high-precision  measurement  of  the
temperature  of  ultracold  atoms  in  optical  lattices.  Our
band mapping method has  wide applications  in  various
cold  atom  systems,  especially  for  studying  many-body
quantum phase transitions and dynamics.
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Appendix A: Comparison of conventional
and improved band mapping methods

Figure A1 shows the measurement results of the conven-
tional  and  our  novel  band  mapping  scheme  at  lattice

V0 = 7Er 13Er 35Er

7Er

35Er

potential , , and . In the SF regime at
, the conventional method fails to resolve a plateau.

In the deep MI regime at , our method reveals a flat
plateau  which  corresponds  to  a  uniform  distribution  in
the  first  Brillouin  zone.  However,  the  conventional
method cannot detect the plateau, as shown in Fig. A1.

 

 
Fig. A1  Comparison  of  conventional  method  and
improved band mapping at several typical lattice depths.
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