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ABSTRACT

The  combination  of  multi-component  Bose–Einstein  condensates  (BECs)
and phase imprinting techniques provides an ideal platform for exploring
nonlinear dynamics and investigating the quantum transport properties of
superfluids. In this paper, we study abundant density structures and corre-
sponding dynamics of phase-separated binary Bose–Einstein condensates
with phase-imprinted single vortex or vortex dipole. By adjusting the ratio
between the interspecies and intraspecies interactions, and the locations of
the phase singularities, the typical density profiles such as ball-shell struc-
tures,  crescent-gibbous  structures,  Matryoshka-like  structures,  sector-
sector  structures  and  sandwich-type  structures  appear,  and  the  phase
diagrams  are  obtained.  The  dynamics  of  these  structures  exhibit  diverse
properties, including the penetration of vortex dipoles, emergence of half-
vortex dipoles, co-rotation of sectors, and oscillation between sectors. The
pinning  effects  induced  by  a  potential  defect  are  also  discussed,  which  is
useful for controlling and manipulating individual quantum states.

Keywords  Bose–Einstein condensates, phase separation, angular
momentum, energy competition

 1   Introduction

Research  on  collective  excited  states  of  many-body
systems  has  attracted  intensive  interest.  Due  to  the
unique  quantum  wave  nature,  macroscopic  quantum
coherence,  and  artificial  controllability,  Bose–Einstein
condensates  (BECs)  provide  an  ideal  platform for  fully
studying  nonlinear  topological  excitations,  such  as
vortices, solitons, knots, and skyrmions, which are difficult
to be regulated in natural systems [1–11]. Multi-component
BECs are promising candidates for realizing steady topo-
logical  systems  [12, 13].  In  binary  BECs,  the  difference
of  atomic  properties  and  the  competition  from  inter-

species  and  intra-species  interactions  bring  diverse
phenomena,  for  instance,  attractive-interaction-induced
collapse  [14],  phase  separation  [15, 16],  exotic  vortex
structure  [17–20],  anomalous  phase  transition  between
miscible  and  immiscible  phases  [21, 22],  and  quantum
turbulence [23]. When the repulsive inter-species interac-
tion dominates, two components of BECs become spatial
separated  like  two  immiscible  fluids  such  as  oil  and
water [24]. This phase separation can also be realized by
tuning the trap potential [25–27] or the particle-number
imbalance [28]. The interface between the two components
deforms  continuously  due  to  the  effects  of  Rayleigh–
Taylor  instability  under  perturbation  [29]  and  Kelvin–
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Helmholtz  instability  resulting  from  a  finite  relative
velocity between two components [30].  Since the phase-
separated BECs can be treated as a junction in atomic
devices, it is also a good platform to investigate transport
and tunneling dynamics of topological quasi-particles.

In  experiments,  besides  mechanical  rotation  [31, 32]
and Raman interaction [33, 34], topological states can be
intentionally created by using phase imprinting techniques
[35, 36]. In binary BECs, the angular momentum set by
phase imprinting will be redistributed in dynamics. The
associated  centrifugal  force  may  change  the  dynamics
and phase separation of the system. For instance, during
the  miscible-immiscible  transition  of  the  binary  BECs
induced  by  quench  of  the  interspecies  interaction,  if  a
vortex  is  initially  present  in  only  one  of  the  species,
there is no vortex in the system after reaching immiscible
structure, and the dynamics of the system show different
properties for the initial vortex state appearing in different
species  [37].  In  a  uniform  system,  it  was  found  that  a
vortex  dipole  can  penetrate  the  interface  between  the
two components when the incident velocity of the dipole
is  sufficiently  large  [38].  Moreover,  vortex–antivortex
superposition state may exhibit peculiar petal-like struc-
tures  and  asymmetric  separated  phases,  where  the
vortex  and  anitvortex  may  turn  into  ghost  vortices  to
break the condensate clouds [39–41]. It showed that the
characteristic  behaviors  of  counter-rotating  vortices  in
miscible  two-component  Bose–Einstein  condensates  are
completely  different  from  those  of  multi-quantum
vortices  in  single-component  Bose–Einstein  condensates
[42].

In this paper, we focus on the fundamental questions
that  how  the  phase-separated  structure  is  modified  by
the initial vortex phase imprinting and how the vortices
evolve in dynamical processes. In Section 2, we describe
the model for binary BECs with vortex phase imprinting.
In  Section  3,  after  introducing  a  single  vortex  phase
imprinting  to  one  component  of  the  binary  BEC,  we
study  the  initial  density  structure  of  binary  BECs  and
the  pinning  effects  induced  by  a  trap  defect  which  is
useful  for  capturing  and  detecting  the  vortex  cores.  In
Section 4, we introduce the phase imprinting of a vortex
dipole [43], which can be regarded as a basic topological
structure  carrying  linear  momentum.  We  show  that
binary BECs with respective vortex dipoles can display
rich  phase  structures  inducing  Matryoshka-like,  sector-
sector and sandwich-type density profiles. Moreover, the
dynamics of the systems show varying properties within
different  density  structures.  The  conclusion  is  outlined
in the last section.

 2   Model and simulation scheme

We  consider  a  two-component  BEC  of 87Rb  atoms
trapped  in  a  harmonic  potential.  At  sufficiently  low

ψ(r, t)

temperatures,  the  mean-field  approximation  can  be
applied.  The  order  parameter  field  satisfies  the
coupled Gross–Pitaevskii (GP) equations

iℏ∂tψk =
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where  is  the  atomic  mass,  specifies  the  com-
ponent of the BEC,  refers to the particle number of
each  component,  and  each  is  normalized  to  1.  The
interaction strengths  can be modulated
by  Feshbach  resonance,  where  is  the  intra-species
and inter-species -wave  scattering  length  for  and

,  respectively.  The  potential  of  the  harmonic  trap
reads ,  where  and

 and  are  the  confinement  frequencies  in  the  radial
and axial directions, respectively.

ωr = 2π × 5

ωz = 2π × 100

Throughout  this  article,  we  set  Hz  and
 Hz. The frequency along the radial direction

is much lower than the axial one so that the system can
be treated as a disk-shaped quasi-2D condensate. Using
the Gaussian ansatz, the wave function can be separated
into

ψk(r, z, t) = ϕk(x, y, t)
1

π1/4
√
az

e−
z2

2a2
z , (2)

az =
√
ℏ/(mωz)where .  By  integrating  along  the  axial

coordinate,  the  resulting  equations  for  the  radial  wave
functions in dimensionless form is

i∂tϕk =
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√
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N1 = N2 = 1.5× 104

gkj
g212 > g11g22

where  the  units  of  length,  time  and  energy  have  been
chosen  to  be , ,  and ,
respectively.  The  contact  interaction  between  atoms
becomes .  Without loss of  generality,  we
set  the  number  of  atoms  of  the  two  components  to  be
the same, , but change the magnitude
of .  We  focus  on  the  phase-separated  regime  with

 which may result in interesting phenomena.

ϕk(r, t) =
√
ρk(r, t) exp [iθk(r, t)] ρk(r, t)

θk(r, t)

θ2(r, 0) = 0

The general wave function of the system can be written
as ,  where  and

 are  the  density  and  phase  distribution  for  each
component,  respectively.  In  addition,  it  is  possible  to
imprint  a  single  vortex  or  a  vortex-dipole  into  one
component  of  the  BEC  by  using  the  phase  imprinting
technique,  remaining the phase of  the other  component
unchanged.  In  the  following  calculations,  the  initial
phase  of  component-2  is  always  set  to  be ,
while that of component-1 is in the form
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θ1(r, 0) =
∏
j

sj × atan2(y − yj , x− xj), (4)

atan2(y, x) ∈ (−π, π] sj = ±1

(xj , yj)

where the function  and  repre-
sents the topological charge of a vortex located at .
We  employ  the  split-step  Crank–Nicolson  Method  to
numerically solve the GP equation (3). The initial states
of the system are obtained by the imaginary time evolu-
tion.

 3   Single vortex state

λ = g11/g22

b

λ > 1 b = 0

λ < 1

b = x0

λ

For  two-component  systems  in  the  phase-separated
regime,  the  density  distribution  of  each  component
depends  strongly  on  the  ratio  of  the  intra-component
interactions,  i.e., ,  and  phase  imprinting
applied  on  the  system.  In  the  situation  without  phase
imprinting,  the  density  distribution  of  the  condensate
shows  the  typical  ball-shell  structure  [37, 44]  as  shown
in Figs. 1(a1) and (a2). The total density profile shown
in Fig.  1(a3)  is  a  Matryoshka-like  structure  nested  by
the two components. The component with stronger intra-
atomic  interactions  situated  in  the  outer  layer  of  the
system  to  form  a  shell.  For  a  single  vortex  phase
imprinting, we set the distance between the phase singu-
larity point and the trap center as . For the situation of

, a vortex phase ( , see the inset of the first two
columns  in Fig.  1)  applied  in  component-1  will  not
change  the  structure  of  the  condensate  cloud  as  shown
in Figs. 1(a1) and (a2). No vortex state can be identified
from  the  density  distribution.  However,  for ,
component-1  [Fig.  1(b1)]  is  surrounded  by  the  shell
structure of component-2 [Fig. 1(b2)], and then a vortex
emerges  in  the  ball  structure  of  component-1  as  shown
in Fig.  1(b1).  In Figs.  1(c)  and  (d),  with  applied  off-
center vortex phase imprinting (  as an example) in
component-1, the density profiles show crescent-gibbous
structures in contrast to the typical ball-shell structures.
Moreover, no vortex appears in the condensate cloud no
matter the value of  as particles in component-1 always
avoid the position of the phase singularity.

The  effective  action  of  the  system  is  rotationally
symmetric, so the angular momentum of the system,

Lz =
∑
k

∫ ∫
ϕ∗k(x, y)l̂zϕk(x, y)dxdy , (5)

l̂z = iℏ(x ∂
∂y − y ∂

∂x )

l̂z
b = 0 l̂z

ℏ

b

b g22 g12
Lz g11

λ = 0.9

is conserved, where . However, since the
initial vortex state is not an eigenstate of the operator 
except for the case with , the expectation value of 
is no longer an integral multiple of . As shown in Fig.
2(a), the total angular momentum decreases monotonically
with increasing , since the phase gradient of component-
1 is smaller for a larger . In addition, when  and 
are  fixed,  the  magnitude  of  increases  with .  We
show two typical  values of  and 1.1 in Fig.  2(a).

As shown in Fig. 2(b), we have

L = Lz êz = m

∫
r × ρ(r)v(r)dr

= b×m

∫
ρvdr +m

∫
r′ × ρvdr, (6)

v(r) ⊥ r′

|v| = sℏ/m|r′| m
∫
r′ × ρvdr = ℏêz

L

λ = 0.9

x

o

m
∫
ρvdr λ = 1.1

y

b×m
∫
ρ(r)vdr

êz Lz λ = 0.9

λ = 1.1

Lz λ

b = 0 ∆Lz

L = ℏêz
b→ ∞ ∆Lz

|v| → 0 L → 0

where  is the velocity field of component-1, and
its  magnitude  is  proportional  to  the  inverse  of  the
distance  away  from  the  vortex  singularity  point,  i.e.,

 [45]. Therefore, the term 
is a constant vector as the density of each component is
normalized to 1, and the direction is the same as . On
the  other  hand,  since  for  there  are  more  atoms
concentrating  near  the -axis  and  the  harmonic  trap
center  [see Figs. 2(b), (c)], the corresponding magnitude
of  is larger than that for . As the applied
velocity  field  in  the -direction  is  always  negative  [see
Figs. 1(c1), (d1)], the term  is antiparallel
to .  As  a  result,  the  magnitude  of  for  is
smaller than that for  as shown in Fig. 2(a). The
difference between  for two sets of  is plotted in the
inset of Fig. 2(a). For the limiting case with , 
vanishes  since  for  both parameter  sets.  For  the
other  limiting  case  with ,  also  vanishes  as

 and  for both parameter sets.

λ = 1.1

V1
VG = Ae−[4(x−3)]2−(4y)2

In  the  following,  we  study  the  evolution  of  the  total
density distribution of the BEC for the initial state with
a crescent-gibbous structure ( ). We keep the form
of  the  trap  for  component-1  unchanged,  while  intro-
ducing an extra Gaussian potential 

 

λ

b = 0

b ̸= 0

g12/g22 = 1.5

Fig. 1  Density  profiles  of  binary  condensates  with  single
vortex phase imprinting in component-1. (a, b) The typical
ball-shell  structures  of  the  density  profiles  with  respect  to
different . The vortex phase singularity is in the trap center
[ ,  see  the  inset  between  (a)  and  (b)]. (c,  d) Crescent-
gibbous density profiles are realized when an off-center phase
imprinting  [ ,  see  the  inset  between  (c)  and  (d)]  is
applied.  The  corresponding  velocity  fields  for  component-1
are indicated by the white  arrows in the top row. Here,  we
set .
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V2
A = 0

s1 = 1

into  the  harmonic  trap  potential  for  component-2.
For , the trap potential is unchanged for the whole
system during the dynamical process, which means that
the  total  angular  momentum  is  conserved.  Due  to  the
existence of the initial angular momentum generated by
the  phase  imprinting  on  component-1  ( ),  compo-
nent-1 will push component-2 to rotate counterclockwise
synchronously.

A ̸= 0

A < 0

A

(x0, 0)

Lz λ = 0.9 0.75ℏ
0.8ℏ A

A = −1.6

A = −3.5

A = −4.4

For ,  the  rotational  symmetry  is  broken  by  the
Gaussian defect. The positions of the defect are indicated
by the dashed circles in Fig. 3. In this case, the motion
of the two components leads to the variation of angular
momentum.  To  investigate  the  pinning  effects,  we  set

.  In Figs.  3(a)–(c),  we  present  the  motion  of  the
BEC for different amplitude  of the Gaussian potential.
The  initial  position  of  the  vortex  is  set  at .  The
initial  values  of  for  and  1.1  are  about 
and , respectively. By adjusting the value of ,  the
condensates perform three kinds of dynamical behaviors,
i.e.,  rotating,  pinning  and  oscillating.  For  the  rotating
case ( ), the interface between the two components
will pass through the defect and the two components of
the  BEC  will  continue  to  rotate  counterclockwise.  For
the pinning case ( ), the condensate is pinned by
the  defect  as  a  metastable  state  after  a  rotation  of  an
angle. For the oscillating case ( ), the condensate

will be bounced back when the interface encounters the
defect and then rotate back and forth.

Lz

Lz t

t = 20t0

A

0 < |A| < 3.5

A

The  three  dynamical  behaviors  can  be  identified  by
the  variation  of  the  total  angular  momentum  of  the
system,  which  is  shown  in Fig.  4(a).  The  angular
momentum  keeps  unchanged  when  the  interface  is
away from the Gaussian potential, resulting in the platform
structures  of  the –  curves.  The  angular  momentum
starts to decrease at about  due to the fact that
the  interface  of  two  components  begins  to  passes
through  the  defect.  During  this  process,  component-2
starts to escape the influence of the defect, which makes
the  increase  of  the  potential  energy  (negative )  but
decrease  of  the  kinetic  energy.  As  shown  by  the  green
dash-dotted  line  and  the  blue  dashed  line  in Fig.  4(a),
for the cases with a weak defect ( ), the angular
momentum  will  not  decrease  to  zero,  which  leads  to
continuously counterclockwise rotation of the condensate.
After  component-2  is  fully  out  of  the  control  of  the
defect,  the  angular  momentum  of  the  system  stops
changing its value because component-1 is free from the
influence of the defect all the time. However, When the
interface  passes  through  the  defect  again,  component-2
enters  the  scope  of  the  defect  again,  leading  to  the
decrease  of  the  potential  energy  but  increase  of  the
kinetic energy. Then the angular momentum will recover
and the condensate turns into the next round of rotation.
In this regime, the larger the absolute value of  is, the
larger  the variational  amplitude (depth of  the steps)  of
the  angular  momentum is.  Moreover,  the  period  of  the
rotation of the condensate becomes longer.

|A| > 3.5 t = 20t0For a strong defect ( ), from , the angular
momentum  decreases  continuously  until  it  changes  the
sign, which means that the condensate is bounced back

 

g12/g22 = 1.5

x

o s

λ = 1.1 0.9

Fig. 2  (a) Angular  momentum  variation  dependents  on
the  off-center-distance  of  vortex  for  fixing .  The
inset  shows  the  value  of  red  dot-line  minus  blue  dot-line.
(b) Density  profiles  of  component-1  along  axis.
(c) Schematic illustration of component-1 of BEC to analyze
the angular momentum of the system. Point  and  represent
the center of the trap and vortex singularity, respectively. In
(b) and (c), the red solid line and blue dashed line correspond
to the parameter  and , respectively.

 

(x0, 0)

VG

λ = 1.1

g12/g22 = 1.5

Fig. 3  Dynamical  evolution  of  the  density  profiles  after
imprinting a vortex phase at position  of  component-1
and applying a weak inverted Gauss potential  for compo-
nent-2.  The  white  (red)  curved  arrow  indicates  that  the
condensate  rotates  counterclockwise  (clockwise),  while  the
case  without  the  arrow  indicates  that  the  condensate  is
hardly  rotating.  Here,  the  parameters  used  are  and

.
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|A| = |Ac| = 3.5

|A|

Lz

xy A = −3.6 A = −4.4

by the defect. The critical phenomenon occurs at about
 [see  the  solid  red  line  and  black  line  in

Fig.  4(a)],  the  angular  momentum  will  drop  closely  to
zero and almost cease to change. As a result, the interface
between  the  two  components  is  pinned  by  the  defect,
forming a metastable state of the condensate.  When 
is slightly larger than the critical value, the variation of

 is  irregular  at  about  0  as  shown  by  the  magenta
dotted line in Fig. 4(a). The time of interacting between
the  interface  and the  defect  in  the  first  period is  much
longer than others. We identify strong shape variation of
the  two  components  in  this  time  interval  as  shown  in
Fig.  4(b).  This  can  be  identified  by  the  center-of-mass
oscillation of the two components. In Figs. 4(c) and (d),
we  show the  center-of-mass  trajectories  of  component-1
in the -plane with  and , respectively.
The  chaotic  motion  of  the  center-of-mass  during  the

Lz

∆Lz

A

A = −3.5

∆Lz |A|
3.5 < |A| < 3.8

c1 exp(|A|/2) + c2|A|+ c3
cj j = 1, 2, 3

interaction between the interface and the defect in Fig.
4(b) clearly indicates the shape variation of the condensate
together  with  the  density  profiles.  Moreover,  for  this
case, the amplitude of the oscillation of  shows obvious
damping  compared  with  other  situations.  In Fig.  4(e),
we  plot  the  curve  of  the  drop  of  the  total  angular
momentum  within  the  first  period  with  respect  to
the  strength  of  the  potential  defect.  There  is  an
abrupt  change  at  about ,  distinguishing  the
parameter range for the rotating and oscillating dynamical
behaviors of the two-component BEC in the influence of
the defect potential.  increases with  in the rotating
regime. There are strong variations within ,
indicating  the  complicated  interacting  process  between
component-2  and  the  defect  in  this  region.  In  the
regimes  away  from  the  critical  point,  the  trend  of  the
increase can be fitted in the form ,
where  ( ) is adjustable parameters.

 4   Vortex dipole state

y (±d/2, 0)

λ = 0.9 λ = 1.1

d g12/g22

ED

In this section, we apply a vortex dipole phase imprinting
[see Fig. 5(a)] on component-1 to investigate the density
structure and dynamics of the system. As the topological
charges  of  the  two  vortices  of  the  dipole  are  opposite,
the total vorticity of the system is 0. We place the two
singularity points symmetrically about -axis at .
The same as in section A, two typical sets of parameters
with  and  are employed. By adjusting the
value  of  and ,  abundant  initial  states  can  be
obtained  via  imaginary  time  evolution.  This  is  due  to
the  competition  of  the  energy  between  the  two  compo-
nents.  The  phase  imprinting  of  a  vortex  dipole  will
increase  the  energy  of  the  condensate.  In  a  uniform
system, the energy of a vortex dipole  is calculated by
[38, 46]

ED ∼ 2πρℏ2

m
ln

d

x0
. (7)

ρ ED

d

ED

ρ(±d/2, 0)

ED

ED

d ED

λ

This  means  that  if  is  a  constant,  will  increase
monotonically  with .  According  to  the  local  density
approximation, we can inherit the calculation of  in a
non-uniform  system.  However,  in  a  harmonically
trapped system, the density distribution of the condensate
is not homogeneous. We use the local density 
of the ground state condensate to give the approximate
value of . As the density of the condensate decreases
gradually  away  from  the  trap  center  with  increasing
gradient,  the  change  of  is  no  longer  monotonically
dependent  on .  For  our  system,  shows  a  trend  of
increasing  first  and  then  decreasing,  which  makes  the
energy  competition  complicated  and  then  results  in
abundant excited states in the regime of phase separation
of the two-component system. We identify seven density
profiles altogether for both kinds of .

 

λ = 1.1 g12/g22 = 1.5

A = −3.6

A = −4.4

∆Lz

A

Fig. 4  (a) Variation of angular momentum with time after
the trap adding the Gaussian potential under the parameter

.  Here, . (b) A  typical  density  profile  of
condensates  when  it  interacts  with  the  Gaussian  defect  in
dynamics. (c,  d) The  center-of-mass  trajectories  of  compo-
nent-1  with  the  blue  dot  start  point  for  and

,  respectively. (e) The  amplitude  of  the  change  of
the total angular momentum  within the first half period
with respect to the amplitude  of the Gaussian defect.
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 4.1   Phase diagram of the density profiles

λ = 0.9

g11 < g22 λ < 1

In Fig.  5(b),  we  recognize  six  different  density  profiles
labeled as I–VI for . We note that a vortex dipole
usually  lifts  the  energy  of  the  condensate.  Meanwhile,

 ( )  supports  that  component-2  has  higher
energy than component-1 if there are no vortex excitations
in  the  system.  Then  component-2  would  like  to  stay
outside  of  component-1  to  keep  lower  density  with  a
shell  structure,  which  gives  a  nested  density  profile  of
the  system.  As  the  phase  imprinting  is  applied  on
component-1,  the  vortices  could  stay  inside  of  compo-
nent-1,  which makes the energy of the two components
being balanced.  In this  case,  the density distribution of
the system is given in Fig. 5(b)(I), which is also a ball-
shell structure. It is intrinsically the same as the structure
of one vortex phase imprinting in Fig. 1(b), but containing
a  vortex  dipole.  We can  still  identify  the  vortex  dipole
structure in the total density distribution of the system
as shown in the inset of Fig. 5(b)(I). The core region of
the  vortex  dipole  in  component-1  is  not  occupied  by
component-2.

ξ

As  the  size  of  the  vortex  core  is  proportional  to  the
healing length  of the condensate, it will increase when

ξ ∼ 1/
√
ρ

d

g12/g22 > 2

the location of the vortex is away from the center of the
condensate  in  a  harmonic  trap  due  to .  Then
with increasing distance  between the two vortices, an
oval-shaped density dip appears at the center of compo-
nent-1,  which  makes  that  the  vortex  dipole  structure
cannot  be  identified  from the  density  profile  of  compo-
nent-1. Meanwhile, with increasing energy of the vortex
dipole,  component-2  can  fill  up  the  density  dip  of
component-1 as shown in Fig. 5(b)(II),  which is similar
to  the  bull's  eye  structure  formed  by  the  one  vortex
quench  dynamics  in  Ref.  [37].  The  total  density  of  the
system shows Matryoshka-like structure as shown in the
inset  of Fig.  5(b)(II).  For ,  we  identify  a
sector-sector structure of the density profile as shown in
Fig.  5(b)(III),  which  is  similar  to  the  one  vortex  phase
imprinting as shown in Figs. 1(c) and (d).

d

d

y

d g12/g22

By increasing  further, the energy of component-1 is
larger  than  that  of  component-2.  The  system  shows  a
sandwich  structure  where  component-1  is  divided  into
two separated parts and component-2 is in the middle as
shown  in Fig.  5(b)(IV).  To  keep  the  energy  lower,  the
density  profile  of  component-1  is  up-down  structure  to
avoid the locations of the phase singularities. For larger
,  the  size  of  the  vortex  dipole  becomes  comparable  to

that  of  the  condensate,  which  means  that  the  vortex
dipole  has  less  impact  on  the  energy  of  component-1.
This leads to smaller energy of component-1 than that of
the  component-2.  As  a  result,  component-1  should
occupy  the  region  with  lower  trap  potential  by  higher
density, which gives a transposed sandwich structure as
shown in Fig. 5(b)(V). To avoid the effect of the phase
singularities,  the  density  distribution  of  component-1  is
along  the -direction,  which  makes  component-2  is
divided  into  two  parts  in  a  left-right  structure.  In Fig.
5(b)(VI),  the  density  profile  turns  to  be  the  ball-shell
structure, which means that the size of the vortex dipole
is  too  large  to  affect  the  energy  of  component-1.  The
parameter range of these density profiles with respect to
 and  is given in Fig. 5(c).

λ = 1.1

g11 > g22

λ = 0.9 d

d

λ = 0.9

However,  for ,  only  two  configurations  occur,
i.e.,  IV and VII  [see Fig.  5(d)(VII)].  The corresponding
parameter range is given in Fig. 5(d). Since both phase
imprinting  and  increase  the  energy  of  compo-
nent-1,  the  phase  diagram  becomes  much  simpler  than
that  of .  For  small  and  large  values  of ,  the
system favors a ball-shell structure with no vortex dipole
appearing  in  the  system  because  the  vortex  dipole  has
no effects on component-1. For a moderate , the sandwich
structure IV is formed which is the same as the case of

 due  to  the  fact  that  the  distribution  of  compo-
nent-1 always tries to mitigate the influence of the phase
imprinting of the vortex dipole.

 4.2   Dynamics of the metastable states

After obtaining the possible density distributions of the

 

(−d/2, 0) (d/2, 0)

d g12/g22 λ = 0.9

g12/g22 d

λ = 0.9 λ = 1.1

Fig. 5  (a) Schematic  illustration  of  the  phase  imprinting
in  component-1  while  the  phase  of  component-2  is  uniform.
The singularity point of the negative vortex phase is located
in  and the positive one is located in . (b) Six
kinds  of  density  profiles  of  the  condensates  are  realized  by
adjusting the value of  and  for  via using the
vortex  phase  imprinting  of  (a).  The  insets  in  (b)  indicates
the total density of the two components. The phase diagrams
of  the  density  profile  of  the  two-component  BECs  with
vortex dipole phase imprinting with respect to  and 
for (c)  and (d) . The inset in (d) indicates the
density distribution VII.
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excited states with vortex dipole phase imprinting, it is
interesting to know the dynamics of the system. During
the  imaginary  time  evolution  of  the  GP  equation,  the
wavefunction  stays  in  a  subset  of  the  many-body
completed basis with fixed phase distribution determined
by the phase imprinting. Therefore, the obtained excited
state  for  a  set  of  given  parameters  keeps  the  minimum
energy  only  under  the  constraint  condition  (imprinted
phase distribution). In the following, we investigate the
temporal evolution of the excited states obtained above
to  see  their  dynamics  when  the  constraint  condition  is
turned off.

y

2t0

6t0

t0

t0

t0

In Fig.  6(a),  we  give  the  dynamical  evolution  of  the
density  profile  I  [see Fig.  5(b)(I)].  In  harmonically
trapped  one-component  condensates,  the  dynamics  of  a
vortex dipole is determined by the competition between
the density inhomogeneity driven and the dipole interaction
driven.  In  two-component  systems,  the  interaction
between different species also matters. At the beginning,
the center of the vortex dipole moves along the  direction
from  the  center  to  the  periphery  of  component-1,  and
then  the  two  vortices  move  apart  from  each  other  to
make  counter-clockwise  and  clockwise  sense  of  circula-
tions, respectively, as shown in Fig. 6(a) at , which is
the  same  as  that  in  the  one-component  case  [36, 47].
When  the  vortex  dipole  moves  to  the  very  edge  of
component-1, the core regions are filled by component-2
as shown in Fig. 6(a) at . The density distribution of
component-2  varies  with  the  shape  modulation  of
component-1  induced  by  the  dipole  movement,  but  the
total  density  profile  of  the  two  components  still  keeps
nested structure. As the dipole moves down to the edge
of component-1, the atoms of component-1 are squeezed
to  the  upper  half-plane  while  atoms  of  component-2
moves to the lower half-plane, making the total density
profile of the system a sector–sector structure. Following
the  transition  of  the  density  profile  from  the  nested
structure  to  the  sector–sector  structure,  the  vortex
dipole penetrates the border of the two components and
enters component-2 as shown in Fig. 6(a) at 9.5 . When
the  vortex  dipole  enters  component-2,  its  core  regions
are  slightly  occupied  by  component-1  [see  the  inset  of
Fig. 6(a) at 9.5 ]. The combination of the vortex dipole
in  component-2  and  the  density  peaks  in  component-1
[see the inset in Fig. 6(a)] forms half-vortex structure in
the  total  density  profile.  Then  the  half-vortex  dipole
moves in the system. The vortices in component-2 disin-
tegrate  and  move  in  the  opposite  directions  along  the
circular edge as in a one-component condensate [43], and
then  vanishes  at  the  border  of  the  two  components.
component-2  tries  to  surround  component-1  again.
However, due to the ghost vortex excited around compo-
nent-2,  component-2  cannot  recover  its  ring-shaped
density distribution as shown in Fig. 6(a) at 45.5 .

In Fig.  6(b),  we  show the  evolution  of  the  bull’s  eye
density profile [see Fig. 5(b)(II)], where the initial vortex

d = 1.7x0

2.5t0
8.5t0

13t0

t = 19.5

49.5t0

spacing is . In this case, there is a density dip in
component-1  and  a  corresponding  density  peak  in
component-2. This structure is not stable. Even though
one  cannot  identify  the  dipole  structure  initially,  there
are  initial  phase  singularities  in  the  phase  space.  The
density  dip  is  actually  a  composite  structure  of  two
vortices  with  opposite  charges.  During  the  dynamical
process,  the  dip  and  peak  move  synchronously  to  the
boundary of the condensate cloud as shown in Fig. 6(b)
at ,  and  disappear  around  the  border  of  the  two
components as shown in Fig. 6(b) at . However, the
ghost  vortices  excited  by  the  movement  of  the  initial
vortex  dipole  can  enter  the  high  density  region  of  the
condensate cloud. As shown in Fig. 6(b) at , a vortex
dipole appears in composite 2. Unlike the process shown
in Fig.  6(a),  there  is  no  counterpart  of  the  dipole  in
component-1,  and  there  is  no  half-quantum  vortex
dipole  in  this  case.  The  vortex  dipole  moves  along  the
periphery  of  the  component-2  and  finally  combined
together,  leading  to  the  formation  of  a  soliton  (see

).  The  soliton  quickly  merges  into  the  interface
between  two  components  and  then  decays  into  density
waves,  as  if  it  moves  in  a  one-composite  condensate.
Similarly,  component-2  tries  to  surround  component-1,
but  its  density  profile  is  discontinuous  in  the  upper-
plane  due  to  the  ghost  vortex  excitations  around  the
edge  of  both  components  [see Fig.  6(b)  at ].  We
note that the ghost vortices can only be identified from
the  phase  distribution  of  the  condensates  [see  the  inset

 

λ = 0.9 g12/g22 = 3.0

d = 1.2x0

d = 1.7x0 λ = 0.9 g12/g22 = 3.0 t = 13t0

t = 49.5t0

Fig. 6  (a) The dynamical evolution of the Matryoshka-like
density  profile  [see Fig.  5(b)(I)]  for  and 
with the initial vortex spacing being . The insets in
the  red  solid  oblongs  magnify  the  corresponding  regions  of
the  density  profiles. (b) The  dynamical  evolution  of  the
Matryoshka-like  with  component-2  being  the  bull’s  eye
profile  [see Fig.  5(b)(II)]  while  the  initial  vortex  spacing  is

 for  and .  The  insets  for 
and  are  the  total  density  of  the  two  components
and  the  phase  distribution  of  the  region  surround  by  the
white oval circle in the density distribution, respectively. For
both  (a)  and  (b),  the  first  row  is  for  component-1  and  the
other one is for component-2.
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49.5t0of Fig. 6(b) at ].

d = 6.5x0 t = 0

t = 12t0

t = 14.5t0

t = 46t0

g11
g22 λ = 0.9

In Fig.  7,  we  show  the  evolution  of  the  transposed
sandwich  structure  with  the  initial  vortex  spacing

.  As  shown  in Fig.  7 at ,  the  locations  of
the initial phase singularities are just outside of compo-
nent-1.  During  the  dynamics,  a  series  of  ghost  vortices
emerge  around  component-1,  which  makes  the  shape
modulation  of  the  two  components  spontaneously.  The
atoms of component-1 in the lower half-plane are pushed
into the upper half-plane while the two separated parts
of  component-2 merge into one connected cloud. Mean-
while,  component-1  is  surrounded  by  a  thin  layer  of
component-2.  There  are  also  a  vortex  dipole  excited  in
component-2 as shown in Fig. 7 at . The same as
in Fig.  6,  the  core  regions  of  the  vortices  are  filled  up
slightly by component-1 as shown in Fig. 7 at .
The  dipole  decays  into  density  wave  oscillations.  With
the  continuous  modulation  of  the  interface  of  two
component, the density profile of them turns to be about
semicircles  occupying  the  upper  and  lower  half-planes,
respectively as shown in Fig. 7 at . We note that
there are still slightly atom distributions of component-2
around  component-1  due  to  the  fact  that  the  is
smaller than  ( ).

d = 1.8x0
t = 0

t = 8t0

Other  density  profiles  [Initial  state  III,  IV and VI  in
Fig. 5(b)] are relatively stable. For the initial condition

,  the  evolution  of  the  system  starts  from  a
sector-sector  structure  as  shown  in Fig.  8(a)  at .
The  interface  between  two  components  develops  into  a
smooth arc-shape as shown in Fig. 8(a) at . Then,
the  density  profile  presents  an  oscillation  between
gibbous-crescent  and  crescent-gibbous  like  a  see-saw,
while the interface rotates counterclockwise at the same
time. This is due to the movement of the excited ghost
vortices  induced  by  the  initial  phase  singularities  in
phase  space  of  component-1.  We  note  that  the  ghost
vortices  emerge  around  component-1  first  and  then
tunnel  into  the  periphery  of  component-2.  With  the
rotation of the system, they can move back into compo-
nent-1.  In Fig.  8(b),  we  show  the  trajectories  of  the
center-of-mass  of  the  two  components  by  the  red
(component-1)  and  blue  (component-2)  solid  lines,

d = 2.3x0

d = 14.0x0

t = 19.5t0

λ

respectively.  For ,  the  evolution  of  the  system
starts  from  a  sandwich-shaped  structure.  The  density
profile  oscillates  periodically  as  shown  In Fig.  8(c).  In
Fig.  8(d),  we  show the  evolution  of  a  ball-shell  density
profile  with .  The  condensate  experiences  an
asymmetric ball-shell configuration for a short time and
eventually  forms  an  oscillating  asymmetric  sandwich
structure as shown in . The number of atoms of
the  two  parts  of  component-2  oscillates,  and  the  shape
of the two components varies with the modulation of the
boundaries  accordingly.  We  note  that  the  behaviors  of
these two cases (initial states IV and VI) do not depend
on the value of .

 5   Conclusions

g11g22 − g212 < 0

The combination of phase imprinting and phase separation
in binary BECs results in diverse density structures and
dynamics as classified in Table 1. The phase separation
appears  to  minimize  the  system’s  energy  when  the
strengths  of  intra-species  and  interspecies  interactions
satisfy .  We  note  that  this  criterion  is
valid only at zero-temperature and in the absence of any
topological  defects.  The  phase  imprinting  introduced
into  the  system adds  new constrain  to  the  competition
of the energies. It opens a novel opportunity to artificially

 

d = 6.5x0 λ = 0.9 g12/g22 = 3.0

Fig. 7  Dynamics  of  the  transposed  sandwiched  density
profile  [see Fig.  5(b)(V)]  while  the  initial  vortex  spacing  is

 for  and . The first row is for the
component-1 and the other one is for the component-2. The
insets  in  the  red  solid  oblongs  magnify  the  corresponding
regions of the density profiles.

 

d = 1.8x0

λ = 0.9 g12/g22 = 3.0

d = 2.3x0 λ = 0.9 g12/g22 = 3.0

d = 14x0 λ = 0.9 g12/g22 = 3.0

Fig. 8  (a) Dynamics  of  the  sector–sector  density  profile
[see Fig. 5(b)(III)] while the initial vortex spacing is 
for  and . (b) The center-of-mass trajectories
of  the  sector–sector  density  profile  [see  (a)]  where  the
red(blue) solid line indicates the trajectory of component-1(-2)
with  the  start  point  red  (blue)  dot. (c) Dynamics  of  the
sandwiched  density  profile  [see Fig.  5(b)(IV)]  while  the
initial vortex spacing is  for  and .
(d) Dynamics  of  the  ball-shell  density  profile  [see Fig.  5(b)
(VI)] while the initial vortex spacing by the phase imprinting
is  for  and . Here, for (a), (c) and
(d), the first row is for the component-1 and the other one is
for the component-2.

FRONTIERS OF PHYSICS RESEARCH ARTICLE

62302-8   Jianchong Xing, et al., Front. Phys. 18(6), 62302 (2023)

 



λ = g11/g22
g12/g22

generate  quantum  states  with  vorticity  in  condensates
and  run  quantum  simulation  of  their  dynamics.  By
adjusting the  ratio  between the intra-atomic
interactions  of  the  two  components,  the  ratio 
between  the  inter-atomic  and  intra-atomic  interactions,
and  the  position  of  the  phase  singularity,  one  can
manipulate  the  structure  of  the  many-body  quantum
states.  Moreover,  with  the  introduced  potential  defect,
the effect of the singly-charged off-center phase imprinting
can be cancelled. This can be achieved by adjusting the
amplitude  of  the  potential.  The  results  show  that  the
energy  competition  plays  a  key  role  in  determining  the
structure of the two-component BECs.

For most of the initial density structures, to minimize
the total energy of the system, the atoms tried to avoid
the  phase  singularities,  which  results  in  no  visible
vortices in the condensate clouds. Vortex structures can
only be identified in the ball-shell structures. The phase
imprinting  affects  the  dynamics  of  the  binary  BECs
greatly. Even though the initial density profiles look the
same,  they  will  undergo  different  dynamical  processes,
such as the ball-shell structures without phase imprinting
and that with vortex dipole phase imprinting while the

phase  singularities  sit  outside  the  condensate  cloud.
Most  of  the  phase-imprinted  states  are  not  stable.  The
evolution of the sector–sector structure is the combination
of  rotation and oscillation of  the density profiles  of  the
two components, while that of the sandwich-type structure
performs  oscillating  behaviors.  All  the  rest  unstable
initial  density  profiles  will  undergo  strong  modulations.
During  the  dynamics,  the  vortex  dipole  excited  in  the
system may transfer  from one  component  to  the  other.
For some cases, there is transition from a vortex dipole
to a half-vortex dipole.
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Table  1  Comparison of initial structure and dynamic behavior for two-component BEC.

Type of phase-
imprinting

Position of the
phase singularity in

component-1
λ

Total density
structure Density profiles of two components Dynamics

Single vortex

b = 0
(Centered phase

singularity)

λ < 1
Ball-shell

Component-1: ball with vortex
Component-2: shell Stable

λ > 1
Component-1: shell

Component-2: ball without vortex Stable

b ̸= 0
(Off-center phase

singularity)

λ < 1

Crescent-gibbous

Component-1: Gibbous
Component-2: Crescent

VG: |A| < |Ac|

VG: |A| = |Ac|

VG: |A| > |Ac|

Rotating with interface
deform (amplitude of

)
Pinning (amplitude of

)
Oscillating (amplitude of

)

λ > 1
Component-1: Crescent
Component-2: Gibbous

Vortex dipole

d g12/g22Varing  and λ < 1

Ball-shell (I) Component-1: ball with vortex dipole
Component-2: shell

Transition from ball-shell
structure to sector–sector

structure with formation of
half-vortex dipole

Matryoshka-like (II) Component-1: ball with density dip
Component-2: bull’s eye

Transition from Matryoshka-
like structure to

sector–sector structure with
penetration of vortex dipole

Sector-sector (III) Component-1: sector
Component-2: sector

Rotating with interface
deform

Sandwich-type (IV) Component-1: two separated gibbous
Component-2: central part Oscillating periodically

Transposed sandwich-
type (V)

Component-1: central part
Component-2: two separated gibbous

Transition from sandwich-
type structure to

sector–sector structure

Ball-shell (VI) Component-1: ball
Component-2: shell

Transition from ball-shell
structure to oscillating
asymmetric sandwich

structure

d g12/g22Varing  and λ > 1
Ball-shell (VII) Component-1: shell

Component-2: ball

Transition from ball-shell
structure to oscillating
asymmetric sandwich

structure

Sandwich-type (IV) Component-1: two separated gibbous
Component-2: central part Oscillating periodically
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