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ABSTRACT

The preparation of quantum states is crucial for enabling quantum
computations and simulations. In this work, we present a general frame-
work for preparing ground states of many-body systems by combining the
measurement-feedback control process (MFCP) with machine learning
techniques. Specifically, we employ Bayesian optimization (BO) to
enhance the efficiency of determining the measurement and feedback
operators within the MFCP. As an illustration, we study the ground state
preparation of the one-dimensional Bose-Hubbard model. Through BO,
we are able to identify optimal parameters that can effectively drive the
system towards low-energy states with a high probability across various

quantum trajectories. Our results open up new directions for further ; . :
exploration and development of advanced control strategies for quantum ' | e—
computations and simulations. 201510500 510152025
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1 Introduction code state, efficient preparation algorithms have been

proposed by measuring cluster states and applying local

Quantum states preparation is an essential part of the
research in the quantum physics field. Recently, it has
been realized that measurements play an important role
in preparing quantum states [1-13]. For states that can
be specified by a set of stabilizers, including both the
Greenberger—-Horne—Zeilinger “cat” state and the toric
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unitary gates based on the measurement outcome
[14-23]. This is an example of the measurement feedback
control process (MFCP), where we measure the quantum
system during the evolution of a quantum trajectory,
obtain the measurement signal with random noise, and

provide feedback controls to the quantum system based
S
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on measurement outcomes [24, 25]. MFCP is a valuable
approach to affect the quantum system in a partially
human-controlled way and has been wildly adopted in
cold atoms, ion traps, photon cavities, and other systems
[26-38].

Motivated by these developments, we explore the
possibility of preparing more general ground states of
lattice Hamiltonians using MFCP. We focus on MFCP
with continuous weak measurements, for which concrete
realization has been proposed in cold atom systems [39,
40]. Since the measurement signal is a random variable
with a large variance because of the uncertainty princi-
ple, we get an ensemble of quantum trajectories instead
of a single quantum state [41]. The protocol succeed only
if typical quantum trajectories, instead of the averaged
density matrix, have high fidelity with respect to the
target. However, the MFCP contains much arbitrariness:
Generally, it is not clear how to choose suitable
measurement and feedback control operators to achieve
the target state.

In this work, we utilize the machine learning (ML)
method to overcome this difficulty and achieve high
fidelity of preparing target states. There are many beautiful
works on using ML in physics, including classifying
different quantum phases, accelerating computation,
preparing physical systems, and optimizing experimental
control processes [42-76]. Among different ML algo-
rithms, Bayesian optimization (BO) [77] stands out for
obtaining the global maximum or minimum of a “black-
box” function where the function form is complicated
but unknown. It’s usually applied in a situation where
the label of the function is expensive to obtain or the
dataset is not abundant, such as parameters control and
experimental calibration [78-85]. We take the one-
dimensional Bose-Hubbard model as an example and
use BO to find the suitable measurement and feedback
control operators for the ground-state preparation. After
training, the MFCP can evolve the quantum system to
states with low energy expectations, which are quite
close to the true ground state.

2 Method

2.1  Measurement feedback control process

For systems evolved under the MFCP, we can divide the
evolution time into a sequence of the interval length §t.
At each time step, the evolution is composed of a weak
measurement and an unitary evolution with feedback
control Fig. 1(a). The weak measurement is described by
a set of Kraus operators with {A(a)} with a € R, which
are chosen to be a Gaussian function of a Hermitian
measurement operator ¢ [86]:

1/4
A(a) — <4’75t> e—nyzSt(é—a)z. (1

~—

™

Jso(0)

iv {Oho, v}

Fig. 1 (a) MFCP for a quantum system. A(c,) is the
measurement step and U(F) is the feedback control step. At
each time interval, the feedback control step evolves the
system with the measurement signal c,. After T times the
system is detected. (b) The general procedure of the BO
method to obtain the global extremum of a“black-box” function

f(0).

Here v is the dissipative strength and « is the measurement
result. The normalization factor is chosen to satisfy
[ da A(@)tA(a) =1. Given a state |i), during each
time interval, measurement result ¢, satisfies the
normal distribution P(c,,) = (A(em) A(em)) ~ N (u = (¢),
0% =1/(8y)dt), where (...) is taken under the state [).
Introducing the measurement signal §W, the measurement
result can be rewritten as ¢, = (é}+%,
measurement signal §W ~ N(0, 6¢) represents the random
noises in each weak measurement. After each weak
measurement, the normalized quantum state evolves
according to

where the

M(0)) = See-@P iRy ), (2
which takes the form of an imaginary-time evolution
with self-consistent field (¢) and random field §W. Here
1/N is the normalizing factor.

A feedback step is followed in order to control the
system. We applying the Markovian feedback control to
the system with a feedback term proportional to the
measurement signal ¢, added to the system. The
unitary dynamic is described by

Urlip(t)) = e 1(HotemPIt/hy 1)), (3)

where [ is the feedback operator and Hj is the system
Hamiltonian. Weak measurement [Eq. (2)] and feedback
step [Eq. (3)] together constitute one loop of the
dynamic evolution:

|9h(t 4 0t)) = UeMy|ip(2)). (4)

As shown in Fig. 1(a), repeating the measurement-
dependent feedback loop multiple times, the system is
evolved to |¢(T)).

The measurement-dependent feedback control can be
used to tailor the system’s dynamics and states. Proper
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choice of measurement operator ¢ and feedback operator
F can lead to high fidelity between the evolved state
[¢(T)) and some target state such as the ground state
[¢y) of some Hamiltonian. In most cases, the explicit
form of the ground state is unknown and fidelity
between the two states is unavailable. Alternative target
functions such as state energy or entropy can be used to
guide the choice of ¢ and F. Thus the key problem lies
in how to determine the form of ¢ and £ which optimize
the target function. In this work, we choose some operator
basis and parameterize both ¢ and F by their expansion
coefficients «; and ;. In the following, we will adopt the
machine learning method to determine the optimized
parameters 6 = {«;, 3;} for this measurement-dependent
feedback control problem.

2.2 Bayesian optimization

Bayesian optimization (BO) is a strategy for global opti-
mization. The ultimate goal of the BO method is to
search for the extremum point of a black-box function
f(0). In order to simulate the relation between variables
6 and y= f(f), sampling of training dataset with
D= {(0;,y:)li=1,---} are required. In some cases, the
label y of the function is hard to obtain. For example, it
may require conducting a time consuming experiment
for each parameter §. BO method queries the labels
online in an economical way and extends the training
dataset through a small training dataset Dy. It can
obtain the global extremum with a limited number of
labels which saves a significant amount of time and
resources.

The general procedure of the BO method is summarized
in Fig. 1(b). i) Initially, a small training dataset
D =Dy ={(by)li=1,---,n0)} is prepared. ii) Train the
BO model with the dataset D and obtain the approximated
model fgo(#). iii) Search for the extremum point 6}, of
the training BO model fzo(#). iv) Query the true label
yx = f(0},) and update the training dataset D by adding
the new sample point (6},,y*). Repeat steps ii)-iv) until
the prediction is converged. Then we can claim that the
BO optimization approaches the extremum point of the
function y* = f(6*). Although the training dataset is
extended during the training process, it is possible that
the limited number of training data points is not large
enough to simulate the real function f(f) in entire
regimes. Nevertheless, the simulated fgo is accurate
enough to predict the extremum point of the f(9) due to
the query strategy adopted by the BO method.

In our setup, we are mainly interested in preparing
ground states for lattice Hamiltonians. Compared to use
fidelity as the target function, the energy is more realistic
to be measured in experiments. As a result, we set the
target function as the energy expectation values with
f(8) = ((T)|H|o(T)). For states with long-range orders
at zero temperature, the correlation length of order

parameters may also be used as the target function. Due
to the stochastic property of the measurement result and
the associated feedback control process, for each set of 6,
each run of the dynamic evolution is only one of the
many possible quantum trajectories. Considering the
real experimental operation condition, we repeat the
dynamic evolution 50 times and only take the first 25
quantum trajectories with minimal energy expectation
values. Then for each set of parameters 0, (-) corresponds
to the average of the 25 quantum trajectories. All training
processes are implemented in MATLAB Bayesian opti-
mization toolbox.

Analytical Benchmark. Before turning to the example,
we provide an analytical benchmark for our BO based
protocol. Up to the fisrt order of &t, the MFCP is
reduced to the stochastic master equation [25],

dp = —i[Ho + Hp, pdt + D[L)pdt + H[L]pdW,  (5)

where DI[L)p = LpLt — L(L1Lp+ pLTL), H[L]p = Lp + pLT—
Te[(L + L1)plp. L = (/7é—iF) is the modified dissipation
operator and Hp, = \/7(¢tF + F¢) is the modified feedback
control Hamiltonian. After taking the ensemble average
of Eq. (5) with E[dW] =0, the reduced master equation
has a pure steady state which is the common eigenstate
of L and H.s = Hy + Hy, —iLTL/2. As a result, by requiring
the ground state as the steady state, i.e., Ljy,) =0, it is
possible to reach a steady state very close to the ground
state [¢,) of H, when the feedback control Hamiltonian
Hp can be neglected for the weak measurement with
strength v ~ 0. Given the ground state |¢,), it is efficient
to minimize the expectation value of (L1L) = Tr[LTL|y,)
(1hg|]/Te[L1L]. This minimization procedure is equivalent
to search the eigenvector with minimal eigenvalue of a
semi-positive matrix K. Here the element of the matrix
is Kiym = (¢H|O;Om|wg) with O, as the operator basis for
parametrization of L, which is known as a correlation
matrix [87-91]. The corresponding eigenvector with the
minimal eigenvalue provides the expansion coefficients 6,
with associated Li, which can drive the system close to
the ground state of H,. For the example discussed in the
following, the ground state |y,) is obtained numerically
with exact diagonalization method.

3 Example

Now we present an example of our protocol using the
Bose-Hubbard model. MFCP has been applied to
prepare both the ground state and excited states in Ref.
[92], where measurement and feedback operators are
constructed based on the perturbative analysis in the
non-interacting case. As a consequence, the performance
decreases as the interaction strength increases. In the
following, we take the Bose-Hubbard model as an example
to illustrate how to determine the measurement and
feedback operator with the BO method. Considering N

Yadong Wu, et al., Front. Phys. 18(6), 61301 (2023)

61301-3



Fe > FRONTIERS OF PHYSICS

RESEARCH ARTICLE
bosonic particles in a one-dimensional optical lattice of N8, Ml =, M
M sites. The Hamiltonian reads @ ' (b)o—
1 — W(050) — Mbs0)
M—1 o M — Vmin -2 — Vain
2 S PY P PN IS O
Hy=-J Z (ajaj+1 + aHlaj) + 5 an(nj - 1), =3 —4
j j B
(6) 5o oo oo T
0 20 40 60 0 20 40 60
where J is the nearest-neighbor hopping strength, U is Epoch Epoch
the contact interaction strength. Here a; is the bosonic N=3, M=4 N=4, M=4
annihilation operator at the j,, site and 7; = d;dj is the @} @]
particle number operator. For experimental convenience, - — 6 24 — %)
: — M(Bs0) — MBs0)

the measurement operator is set as the linear combination
of the single-site particle number operators

M
Cc = E a1y,
J

and the feedback operator is proportional to the nearest
neighbor hopping with

(7)

M-1
F=(B+if) Y alaj +HC, (8)
J

where an overall modification of the hopping amplitude
and phase is applied to the system. Realization of the
scheme for the measurement operator ¢ has been
discussed in Refs. [93-95]. The feedback operator F can
also be implemented by using photon-assisted hopping
[25]. Then the coefficients 6 = {a;, 81, Ba|j = 1,..., M} will
determine the final state of MFCP |¢(T)). The same
operator basis will also be used for the analytic benchmark
analysis.

3.1 Non-interacting case

In this part, we apply the BO training process to the
MFCP in the non-interaction regime with U =0. We
aim to search for the optimal parameters §* which deter-
mine the formalism of the measurement and feedback
operators with a limited number of repeated dynamic
evolution processes. We choose the hopping strength
J =1 as the energy unit. We set the dissipation strength
~ = 0.1 and the time interval §¢ = 0.1. The total evolution
time T =5 is chosen to be long enough for the system
to evolve to the target state. During the training process,
we restrict all the parameters to 6 € (—5,5). Initially, ng
set of random sample points are provided with
Do ={(6;,y:)li=1,--- ;no =10)}. Due to the long time
evolution, the initial state dependence is negligible. Each
label y; = y(6;) is the average of first 25 quantum trajec-
tories with minimal energy expectation over 50 stochastic
dynamic evolutions. During the BO training process,
training dataset is extended by candidate optimal data-
point {6;,,y*} in each iterative loop or epoch as shown
in Fig. 1(b).

For A =4 and total number of particles N =3 with

Fig. 2 (a, b) Energy expectation of non-interacting Hamil-
tonian. Red curves are the mean value of y(6;,) for each
epoch. Blue curves are the mean value of the minimal energy
expectation yp, during training. The shades are the minimal
energy expectation standard variance of 10 different training
processes. (¢, d) Energy expectation during MFCP with 20
different initial states. Red curves are the mean value of
energy expectation driven by analytical optimal operators
with parameters .. Red shades are the energy standard vari-
ance. Blue curves are the mean value of energy expectation
driven by operators after BO training 6o. Gray dashed lines
are the ground state energies without interaction. The true
ground state energy is calculated as FEo/J= —4.854 for
N =3,M=4and Ey/J = —6.472 for N = 4, M = 4 respectively.

fractional filling, we plot the energy y(6},) of the candidate
datapoint generated by the BO model in Fig. 2(a). As
shown by the red dashed line, each line is the average of
10 independent training process. The shaded region
around the red dashed lines stands for the variance of
the independent training process. Taking into account of
all the data points in the training dataset, the minimal
energy ymi is plotted by the blue line in Fig. 2(a) where
similar average of the training process is applied. It can
be found that the variance of the minimal energy ymi
decreases with large training epochs. The system
converges into the ground state energy (the dotted line)
with high probability. After training, BO method
provides the optimal parameters #* and the associated
measurement and feedback operator can drive the
system to the ground state. As shown in Fig. 2(c), the
blue solid line presented the state energy Epo upon average
of 20 different initial states. Analytically, in the non-
interaction regime, numerical diagonalization of the semi-
positive matrix K provides two zero eigenvalues. A
combination of the two corresponding eigenvectors,
which guarantees 5, = 0 for the corresponding feedback
operators, is chosen as the optimal coefficients ;. The
corresponding dynamic evolution y(f.) is plotted in Fig.

61301-4
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Fig. 3 (a, b) Energy expectation of strong interaction
system. Red curves are the mean value of Epo = y(65,) for
each epoch. Blue curves are the mean value of the minimal
energy expectation E., during training. The shades are the
minimal energy expectation standard variance of 10 different
training processes. With strong interactions, true ground
state energy is calculated as Eo/J = —2.771 for N=3, M =4
and FEy/J = —2.204 for N =4, M = 4. (c, d) Histogram of the
first 100 small state energy among 200 dynamic trajectories.
The light-red bar denotes the MFCP driven by 6, and the
light-blue bar denotes the MFCP driven by 6po.

2(c) which provides an analytic benchmark for our BO
strategy for the MFCP. The result indicates that the
parameters learnt by the BO strategy indeed guide the
system to the ground state as well as the benchmark.
For integer filling with A = N =4, similar results are
also presented in Figs. 2(b) and (d).

3.2 Strongly interacting case

Here we set the interaction strength U/J=5. Figures
3(a) and (b) show the BO training results for both fractional
and integer filling. It can be found that energy expectations
y(630) (red lines) have large fluctuations even the minimal
energy (blue lines) expectations are converged.
Compared to the non-interacting case, it is much harder
to reach the ground state energy. In this situation,
analytically the eigenvalues of the matrix K are all posi-
tive. The eigenvector for the minimal eigenvalue is
chosen with (LL.Lc) = 0.0025 and 0.001 for the fractional
and integer filling respectively. For the parameters
learnt by the BO method, the corresponding (LL,Lgo) is
calculated as 0.005 and 0.0004 respectively which is the
same order of the analytic benchmark result. The deviation
of (L'L) from zero is possibly due to the incompleteness
of the operator basis. For practical analysis provided by
the optimal parameters 0, we conduct the dynamic
evolution for the measurement and feedback process to
the final state for 200 times and plot the first 100 traject-

ories with minimal energy in Figs. 3(c) and (d). The
histogram of the distribution of the state energy indicates
a larger occupation of the low energy state with the
parameters fgo provided by BO method compared to 6.
by the analytic benchmark. Namely, adopting the
parameters provided by the BO method has a larger
probability to drive the system to the target state.

4 Discussion

In this work, we use machine learning method, Bayesian
optimization (BO), to optimize the operators for the
measurement and feedback process to drive the system
to a target state. Taking the one dimensional Bose-
Hubbard model as an example, we show that BO can
give us a parameter set to drive systems to the low
energy state for a given operator basis. Our discussions
provide a general scheme for optimizing the controlling
parameters, including preparing different classes of
target states beyond ground states. Applying this
machine learning method only asks for these conditions.
First, the entire control process can be quantified. All
parameters # can be quantitatively determined and can
be digitally described. Then once these parameters are
fixed, the label y() is also determined and repeatable.
The mapping between parameters and labels can be
complicated, and querying labels would be at an expensive
cost. Our scheme is also model free. We do not need to
design a specific machine learning scheme for every opti-
mization task.

We can consider a number of generalizations of such
studies. Firstly, it is interesting to reveal the supremacy
of our protocol in quantum simulation and quantum
computation, such as infault-tolerant quantum computa-
tions [96-99]. Secondly, our state preparation method
could be further improved on gate-model quantum
computers [100-103]. For instance, one could employ an
efficient measurement strategy to reduce the number of
required measurement rounds for determining the
system energy [101]. Additionally, conducting a comparison
between our method and previous proposals for state
preparation would be beneficial [100]. Then, there still
exist many open questions in quantum dynamical phase
transition in open systems and some dissipative-driven
phase transition [104-106]. So MFCP with ML may
provide new ways to realize novel forms of dissipative
criticality. What’s more, recent research indicates that
measurements would induce a new kind of phase transition
in open systems [107-110], which means that the
measurement-feedback control process also has some
critical properties.
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