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ABSTRACT

In the framework of the factorization approach we calculate the branching fractions of 100 two-body nonleptonic decay
channels in total, including 44 channels of the charm meson decays and 56 channels of the bottom meson decays. For
charm meson decays, we test and confirm the previous observation that taking the limit for the number of colors N — oo
significantly improves theoretical predictions. For bottom meson decays, the penguin contributions are included in addi-
tion. As an essential input, we employ the weak decay form factors obtained in the framework of the relativistic quark
model based on the quasi-potential approach. These form factors have well been tested by calculating observables in the
semileptonic D and B meson decays and confronting obtained results with experimental data. In general, the predictions
for the nonleptonic decay branching fractions are acceptable. However, for a quantitative calculation it is necessary to
account for a more subtle effects of the final-state interaction.

Keywords form factor, quark model, nonleptonic decay, factorization method

1 Introduction

Nonleptonic decays of the heavy mesons offer an envi-
ronment to understand the nature of quantum chromo-
dynamics (QCD). Experimentally many such decays
have been measured. Theoretically nonleptonic decays
involve more complex mechanism than the leptonic and
semileptonic ones due to the local four-quark operators.
A usual treatment is the factorization approach, where
the decay amplitude is factorized into the product of the
meson decay constant and weak transition form factors.
An intuitive justification for the factorization approxi-
mation comes from the so-called colour transparency
proposed by Bjorken [1], where for the energetic B decay,
the final light meson flies very fast in the opposite direction
to the other meson, thus almost escaping the color field
of the parent particle. As a result, the factorization
holds. However, the strong and complicated final state
interaction does challenge the factorization approxima-
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tion. And this part is very hard to be quantified, there-
fore, in this paper we test how factorization works for
the nonleptonic decays.

The form factors embodying the dynamics of the
meson weak transitions are an essential input. As a
motivation and also a new point of this paper, we adopt
the form factors which are derived from the relativistic
quark model based on the quasi-potential approach. The
numerical values of form factor parameters can be found
in Refs. [2, 3], containing the results for the weak D and
B decays to the pseudoscalar and/or vector mesons in
the final states. In this relativistic quark model, the
meson wave functions are explicitly obtained as numerical
solutions of the relativistic Schrédinger-like bound-state
equation and not assumed to be an empirical Gaussian
function. Moreover, no free parameters are involved
since they have been fixed by the previous studies of
hadron spectroscopy. All relativistic effects including the
transformation of meson wave functions from the rest
=
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reference frame to the moving one, and the contribution
of intermediate negative energy states are included. It is
important to note that the form factors are predicted in
the whole kinematically allowed region. The values of
these form factors have been well tested confronting
with experiment by a series of the calculated semileptonic
decay observables, e.g., the branching fractions, forward-
backward asymmetries and polarizations. Similar work
concerning the application of those form factors to the
nonleptonic decays can be found in Refs. [4-6]. A very
recent study of the charmless two-body B meson decays
is performed in the perturbative QCD factorization
approach [7] as a more advanced tool. See also Refs.
[8-10] for some earlier works.

In this paper we calculate the branching fractions of
the charm and bottom meson nonleptonic decays in the
framework of the factorization approach based on the
effective weak Hamiltonian. Experimental results from
PDG and other theoretical predictions are also compiled
for a direct comparison. For charm meson decays, the
penguin contributions are highly suppressed, thus we
neglect them. We have considered the cases of the color
numbers N = 3 as in reality and N — oo V. In the latter
case, the discrepancy between the theory and experimental
results are expected to be significantly reduced due to
the experience in 1980s [14-18]. For the decay process of
the B mesons, we consider both tree-level and penguin
loop-level contributions. The latter can be as large as
the former, or even dominant.

This paper is organized as follows. In Section 2 and
Section 3 we briefly describe the effective Hamiltonian
governing the D and B weak decays. In Section 4 we
collect the input values. In Section 5 we show our
numerical results and discuss them. Some care should
also be taken for the conventions for the definitions of
the decay constants and form factors. Conclusions are
given in Section 6.

2 Factorization in the charm meson
two-body decays

In the standard model, the effective Hamiltonian of the
weak charm meson decay process reads

G . _ B
Hegr :TQV%VW [e1 (1) (Graca)v—a(Upgap)v—a

(1)

where both ¢ 2 can be either s or d quarks,
(71¢2)v—-a = @1y (1 —75)q2 and G = 1.166 x 107> GeV~? is
the Fermi coupling constant; o and 8 are color indexes;
c1(p) and co(p) are Wilson coefficients for which we use
the values ¢; = 1.26,¢co = —0.51 [19] at the scale p=m,.
The penguin contributions are tiny and thus can be

+ co (1) (Gracs)v—a(tisgea)v—al,

1) The application of large N, approach to the hadron physics can be
seen in e.g. Refs. [11-13].

ignored.
Using the Fierz identity (i, 4, k,1 are color indices)

1
010ik = N%ﬂlk + 213,155, (2)
with 7¢ =2 and A\ (a=1,2,---,8) being the Gell-

Mann matrices, and N being the number of colors, one
has

(Ss)v—a(uc)y-a :%(gc)V—A(ﬁs)V—A

+ 2(§aT,3p8p)V—A(ﬂ,@TaaCa)V—A~

(3)

In the factorization approximation the second term of
Eq. (3), which contributes to the nonfactorizable part, is
neglected. Then we can write the effective Hamiltonian
corresponding to the color-favored decay process

Gr

He = %VCZI Vugo01(q1e)v—a(tiga)v—a,

(4)

and for the color-suppressed case

Gr_ . _ =
He = TZchl Vigy 02(q102) v -4 (@€)v—a,

(5)
with a1 =c1+ %,a2 =c2o+ F. Empirically, taking the
choice of N — oo will generally improve theoretical
predictions for the charm meson decays, as it was
already mentioned in Introduction. In this sense, part of
the nonfactorizable effects have been compensated by
the choice of N — .

In the factorization approach, the hadronic matrix
element can be expressed by the product of decay
constant and the invariant form factors. The decay
constant is defined as the matrix element of the weak
current between the vacuum and a pseudoscalar (P) or a
vector (V) meson:

(P(pu)l(@192)v-al0) = =ifppy,
(VI(@a2)v-al0) =ifymye,, (6)
where fpand fy are the decay constants of the pseudoscalar
and vector meson, respectively; my and ¢, are the mass
and polarization vector of the vector meson.

For the D — P transition (with the momenta pp, pp
and masses mp, mp of the initial and final mesons,
respectively), the matrix element of the weak current is
parameterized as

_ m2, — m?2
(Pl@v"e)|D) = f+ () (p% o quf’qﬂ)
7nQD — m% m

+ fO(qQ) qg

(P|(qv"~°c)|D) = 0.

i
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For the D — V transition,

_ 2V(4*)  po s
Vi@ oID) = 2L ey pyy,
e* .
(VI@"y50)| D) = 2my Ao(¢*) =2 4"

€ -
+ (mp +my)A1(¢*) (6*” - 2%“)

€* - q
mp +my
2 2

mpH—m
x <P’f) +pl - quvqﬂ) L ®)

- Az(q2>

In these equations, ¢ = pp —pp,v is the four-momentum
transfer between the initial D and final P or V mesons.
For the case of the nonleptonic two-body decay considered
below, g is just the on-shell momentum of the meson
created from vacuum.

The matrix element Xp_,n, ar, = (M1](ge)v—a|D)(Ma]
(1q)v—4l0) is then simplified as

My=P: Xp_m,p= _imeP€§#<M1|(qC)V—A|D>,
My,=V: Xpomyv= ifvmv€§”<M1|(§C)V—A|D>,
(9)

where we adopt the convention where the final meson
M, (P or V) after the comma in the subscript of X is
generated from vacuum.

In the rest frame of the initial D meson, one has the
explicit representations of the momentum and polarization
vectors:

p% = (mD,0,0,0), pl]t41 = (Elaoaoa |p‘)a

1
q# = (E270707_‘p|)> 61# = 7(E270707 _|p‘)7
/q2

1 1
el = —=(0,%1,1,0), €' = —=(Ip|,0,0,~Fz), (10)

V2 Ve

where FE; is the energy of M; and E;+ E, =mp,
Ip| = \/2(m3,,m3, m3)/(2mp) is the momentum of the
daughter meson with \(x,y,2) = 2% + 4% + 2% — 2(zy+
yz + z2). For convenience, we define the helicity amplitudes

for D — P,V,

Xpospv :ifvmV€§“<P|(§C)V—A|D>
=i2fy f+(m3,)mp|p|

=ifymy Ho. (13)

The expressions for Hy, and H; coincide with the ones
given in Ref. [20] for the D — P transition.
For D — V, P, one has

Xpovp =— ifpmpe]" (V](Gc)yv—a|D)
=2ifpAo(mp)mp|p|

= —ifpmpH;; (14)
for D = Vi, Vs,
| Xpovi v, > = foymi, (|Hy | + [H_|* + |Hol?),
2mp|p|
Hy =— Ai(mi) £ —22V(mi,),
+ = —(mp + my,) A1 (m7,) e—— (my,)
m2 —m2 —m2
Hy = — A 2 D Vi Va
0 (mD + mvl) 1(mV2) 2mVImV2
2m2 2
DIPE ().
(mp + my, )my, my,
(15)

where the definitions of H,, Hy, Hy coincide with the ones
given in Ref. [20] for the D — V transition.

3 Factorization of the bottom meson
two-body decay amplitudes

We classify the bottom meson decay channels into two
classes according to the effective Hamiltonian. For
AB = 41, AC = =+1 transitions, e.g., the processes b — cud,
b — cus, b — acd, and b — @cs, the effective Hamiltonian
reads
GF 1,y
Hefr = %[quvqu (c1(p)O1 + ca(p)02)].

(16)
Then such category is similar to charm decays described
above.

For AB = +1, AC = 0 transitions, e.g., b — écd, b — &c3,

— fw a - - =
Hy = (M |(@e)v—al D), (1) b — wud and b — wus, the effective Hamiltonian reads
with A =t for My = Pand A\ = 4,0 for My, =V. . _Gp s 0 o
For the process D — P, P,, one has eff _W{Vq/b alc1()O1 + c2(p)Oo]
10
Xpospy,p, = = ifpympel (P1|(@c)v—a| D) —ViVig Y Ci(ﬂ)oi}- (17)
= —ifp,(mp — mp,) fo(mb,) i=3
== ifrme Hi (12)  where q(qd) = s,d,c;
Shuo-Ying Yu, et al., Front. Phys. 18(6), 64301 (2023) 64301-3
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01 = (b¢)v-a(@q)v-a, 02 = (baqs)v-a(T3qa)v-a,
O3 = (bg)v—a Y _(@q)v-a, Os = (bags)v-a Y _(@5q4)v -2,
q q’
O5 = (bq)v—a » (@7 )v4a, O6 = (bagp)v-a > _(@sdh)v+a,
q’ q’
3 N —! ! 3 7 —/ /!
Or =S (0g)v-a) e (@ )via, Os = 5 (bats)v-a ) eq'(T500)v+a,
q’ q’
3 5N —/ ! 3 7 — /!
O = i(bQ)V—A > eq@d)v-a, O10 = i(baQB)V—A > eq (@sqh)v-a, (18)
q’ q’
f p—
and e, is the charge of the ¢’ quark. O =—2 Z(bql)s-s-P(qIQ)S—P
The even operators O,_;y can be rearranged to a color ‘i/ B
singlet form by the Fierz transformation = —2[(b¢")(@q) + (0v°¢)(Tq)
— (b¢")(@7°q) — (0v°d")(@7°q)]- (22)

(10"2)(Y50i4) = Zcij (¥107¢4) (¥50,¢2), (19)

where C;; are the Fierz coefficients that are presented in
Table 1. In this way, we have

Oz =(bq)v-a(@q)v-a4,
O1=> (b¢)v-a@q)v-a,
q/
Os=—2Y (b¢)s+p(@q)s-p,

q

3 _
Og=—2) §(bql)S+P(§/Q)S—P,
q/

Ot =3 20 )v—acq @a)v—a. (20)

7
In the above equations, (g1g2)via = @1vu(1+75)q2 and
(162)s+p = @1 (1 £ 75)q2-

Here we take B — Pi(q.q')P:(qd'q) (gs is the spectator
quark), as an example, to demonstrate the calculation of
the penguin contribution, with P, representing a charged
pseudoscalar meson. The contribution of O, therein is
proportional to ay and the contribution of O,y is propor-
tional to 3eyajp. The coefficient a; is related to the

2
Wilson one:

Ci+1
for aedd, a; = ¢; + N
Ci—1
for aeven, a; = ¢; + N (21)

The operator Og can be further written as

Table 1 The Fierz coefficients appearing in Eq. (19).

Parity conservation leads to

(Pl(@"+°b)|B) =0, (23)

(P[(@17"q2)|0) =0,

while equations of motion read (with m;, being the
masses of quarks ¢; »)

_ —1i _
(Q1’75(J2) = mau(QWHVB(D)?
—i

(T192) = Ou(@17"a2), (24)

my — Mo
and thus only the third term of Eq. (22) survives. Then
according to Eq. (24),

—i

(PEIB) =

(P|(@~°q)|0) = ——— (ig") (P2| (bv*+°¢")|0), (25)

(—ig.) (P ](00"q')| B),

and the product is given by

(P1l(bq")| B)(P2|(@"°)|0)

2
mP2

- (mg +mg ) (my —myr)

x (P1](07"q")| B) (P2l (07" q)0)

= m%2 X
(mg +mg ) (my —mg)~ 0T

(26)

Therefore, the contribution of Og is proportional to
%%. And similarly, the contribution of Og
is proportional to geq,%. In Table 2 we
summarize the total penguin contributions in various
processes. In our convention, the second meson (M)

corresponds to the one generated from vacuum; and in

i\j s 1% T A P

v -1 3 -3 1

A -1 -1 0 1 1
64301-4
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the lower half of this table, M, is flavor neutral. The
values of Wilson coefficients at the scale yu =m; used in
our calculation are ¢; =1.105, co = —0.228, c3 = 0.013,

= —0.029, cs = 0.009, cg = —0.033, c7/a = 0.005,
cg/a = 0.060, co/av = —1.283, c19/a = 0.266 [21], where a is
the fine structure constant.

From Table 2 one can easily read out the amplitude
for a given decay process. However, some decay amplitudes
contain more than one class. We take Bt — 7ty as an
example. In this decay either n or m can be produced
from vacuum. For the case when 5 is produced from
vacuum, the decay amplitude can be written as follows:

¢ =u,q=d, ey = 3 A = i;/g{VJqudag —ViVialas — as + ag — a7 } X+ nt
¢ =d, q=d, €q’ =—§ Ay = ?/g{— b Vid [ag—ag,—;ag—i—;a?—&—%—;am

gt (e
¢ =sq=d ey = —é © Az = i;/;j{ VisVialas — as — %(ag —az)] }XB+_>7T+),75 ,

mt|(bd)v—alBT
Tl(bd)y—al BT

(nl(@u)v-al0) =
(n|(5s)v-al0) =

XB+*>7T+,7]1L = < >
)

XB+~>7T+’7]:: = <

(m
(m

Fld)y—alBT) 1

F(bd)v—alB*) f; - (27)

The definition of r, is given later in Eq. (33). For the case when = is produced from vacuum, the decay amplitude

reads
2
qd =u,q=d, g =3
Gr . " Zmi
Ay = W{Vubvudal — Vi Via [114 + a0 + (110 + 100) (2 — 72) (as + 118)] }XB+*>T],7T+ )

Xp+ oyt = (m(@d)v—a]0) (n] (bu)v | B) .

(28)

Table 2 The penguin contributions to the B meson two-body decays. The meson after the comma, Ms, denotes the one
produced from vaccum. When M, is the flavor neutral meson, the odd coefficients a; also contribute. They are compiled in
the lower half of the table, in addition to the even a; part. For completeness, we also list the channels involving axial vector

mesons.

Decay channel eq = +% ey = 7%

B— P, P, (14+G,10+M%(a6+a8) a4—%a10+$%mrw(aﬁféas)
B— PV a4 + aio as — Laxo

B—V,P a4+ aio — —(Tqu+7IL(12/7;Z(27’;Lb+7YLqr) (ae + as) as — a1 — gt (s g %T;L(iLb+7,L -5 (as — tas)
B—=VV aq + aio a4——a10

B—AP a4+a10+(mq+m2,r;lﬁ(a6+a8) a4—*a10+MW(a6—%as)
B— P A as + aio ay — %aw

B—=V,A as + aio as — 2aio

B— AV a4 + aio ayg — %alo

B — P, P} a3 —as + ag — az as —as — L(ag — ar)

B— PV° az +as + ag + ar as + as — (ao + ar)
B—V,pP° as —as + a9 — ar a3—a5—%(a9—a7)
B—V,V° as +as +ag + ar a3 +as — (a9 + ar)

B— A, P° as — as + ag — ar as — as — (ag — ar)

B— P, A° a3 —as +ag — ay a37a57%(a97a7)
B—V,A° az —as + ag — az as —as — (as — ar)

B — A, V° as + as +ag + ar as + as — (ao + ar)

Shuo-Ying Yu, et al., Front. Phys. 18(6), 64301 (2023) 64301-5
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The total amplitude for B+ — 7ty is then given by the
sum of these amplitudes

A(B—)?T+17):A1+A2+A3+A4. (29)

4 The input

In our consideration we use the following quark composi-
tions of the light mesons

Kt =us, K'=ds, K~ =s7,

0/ 0 uti — dd
T =—,
(p") 7
_ dd+uu+ ss _ dd+uu—2s5

Mo \/g y 18 \/6 ’
n=mngcosd —nysinfd, n' =ngsin® + nycosh,

m(p") = ud,

(30)

with ¢ = —15.4°, which corresponds to the mixing angle
¢ = 39.3° [22]. Note that such value of ¢ was previously
used in Refs. [23, 24]. This value of ¢ agrees with the
CLEO measurement 42°42.8° [25] and also with the
recent BESIIT measurement 40.1° +2.1° £ 0.7° [26]. Refer-
ence [22] presents a nice analysis of the n—’ mixing both
from the theoretical and phenomenological standpoint,
where in the former only the masses of pseudoscalar
mesons are involved as inputs and in the latter the
experimental measurements of branching fractions are
used. The relation between the decay constants fion and
f;m in the singlet-octet mixing scheme and the ones f,

and f, in the quark flavor basis ¢ = %(uﬂ +dd) and ss

is given by
fu= \}ﬁfq cosé, [ =—fusing,
[ = —fysing,  f5 = fucoso, (31)

VR

with f,/fr = 1.07, fs/fr = 1.34. The values of the decay
constants used in our calculations [27-33] are as follows
(in MeV)

fr=130.2, fx =155.6, fg~ =217,
=18 fr=-112, fi =63, f;, =137,
fp+ =212.7, fpo =211.6, fp,k = 249.9,
fo =205, f, =187, f,=215. (32)
Calculating the matrix elements of the scalar and
pseudoscalar currents, one needs to use the equations of
motion, Eq. (24). When 5() is generated from vacuum,

the hadron matrix element is treated differently due to
the SU(3) breaking [34, 35]:

N M), g w
(n[57°5|0) = i 2;'71 ( n" fn«))v

(nOarul0y = (n]dy°d|0) = r, ¢, (0 [57°5]0),

L V2R
T2 f3

1 .
cosf) + —sinf

V2
cosf —/2sinf

cosf — +/2sinf
1
cosf + —sinf

V2

with fo/fr =117 and fs/f, =1.26. The axial-vector
anomaly effect has been incorporated into this equation

1R
o
INCTER

; (33)

in order to ensure the correct behavior in the chiral limit.
By using Eq. (2.12) and Eq. (2.18) from Ref. [22], we
have

(Ol uln) = \}5 5 iu fqcos 9,

(Ofsy%sln) = i~ 1 in g (39
Considering the fact that in the chiral limit

27:3; _ 277”L%2(Tr;m3r7 (35)

we arrive at Eq. (33). Note also that in the limit of
fo = fs, Eq. (33) reproduces Eq. (19) of Ref. [36].

The running quark masses at the scale p =m; have
the following values [37]

my, =1.86, myg = 4.22, m, = 901, m, = 80, m; = 4200,
(36)

in units of MeV. For the CKM matrix we use the
Wolfenstein parameterization

/\2
1- o A AN3(p —in)
2
\ 1- % AN2 » (37)
AN (1 —p—in) —AN? 1

with central values X =0.2265, A =0.790, p =0.141 and
7 = 0.357 taken from PDG [38].

We employ the form factor values from Refs. [2, 3]
calculated in RQM, which have been well tested in the
semileptonic decays. These form factors are in agreement
with lattice determination, and the resulting observables
(not only the branching fractions but also the forward-
backward asymmetries, polarizations of the leptons or
the vector mesons), agree with lattice and experimental
results. As the function of momentum transfer squared,
the relevant form factors are expressed by

o f+(¢*), V(g®), Ao(q?):

64301-6
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F(0
Flg) = ——— O ()
(1—q) 1—alq+az<q>
M2 M? M?

e folg?), A1(q?), Aax(q?)

F(0
Flg?) = SO (39)

2
q q
tmoapte (M%)

For the ¢ — s transition, M = Mp. =2.112 GeV for the
form factors f, (¢%), V(¢?), and M = Mp_=1.968 GeV for
the form factor Ag(¢?). For the c¢—d transition,
M = Mp- =2.010 GeV for the form factors f,(¢?), V(¢?),
and M = Mp = 1.870 GeV for the form factor Ay(q?). For
the b — ¢ transition, M = Mp- = 6.332 GeV for the form
factors f,(¢?), V(¢?), and M = Mp_ = 6.227 GeV for the
form factor Ag(¢?). For the b—u transition,
M = Mg+ =5.325 GeV for the form factors f,(¢?),V(¢?),
and M = Mg =5.280 GeV for the form factor Ay(¢?). The
mass M; is always taken as the pole mass between the
active quarks: M, = Mp- for ¢ — s transition, M; = Mp-
for ¢—d transition, M; = Mp. for b— ¢ transition,
M, = Mp- for b—u transition. For convenience, we
compile these mass parameters for the charm meson
decays in Table 3 while for the bottom meson case one
refers to Table I in Ref. [3]. The values of F(0), o1, o9
are easily found in Refs. [2, 3].

5 Results and discussion

5.1  Branching fractions

The decay branching fractions can be calculated by the
equation

B=rPap,

40
8mm?2 (40)

where for the two-body nonleptonic decays, 7 and m are
the lifetime and mass of the parent particle, respectively,
|p| is the magnitude of the three-momentum of the final
mesons in the rest frame of the decaying heavy meson,
and expressions for the amplitudes A are given in
Appendices A and B. The involved expressions for X are
given in Egs. (12)—(15) for PP, PV, VP, and VV modes,
respectively. For VV modes, the helicities H,, H_ and

Hj are involved. The results for the branching fractions
are shown in Tables 4 and 5 for charm and bottom
meson decays, respectively.

For charm meson decays, both N =3 (the number of
colors in reality) and the limit N — oo are considered in
Table 4. As mentioned above, the case of N — oo
compensates the nonfactorizable effects to some extent
and is expected to improve the theoretical predictions
empirically. We confirm this point, e.g., for the channels
Dt » 7%t D - KtK-, DY — K—pt the results for
N — oo are altered by a factor of about 2 compared to
the ones for N =3, improving the agreement with the
experimental values. For the channels DT — 774,
D® = qn, D, -+ KTK° and D, — K79 the effect is even
more pronounced, the results are changed by one or two
orders of magnitude compared to the ones for N =3
bringing them closer to the measured values. In Ref. [39],
a more elaborate phenomenological analysis is performed,
where the annihilation and exchange contributions as
well as the resonant final-state interaction (FSI) are
considered. As a result, the branching fractions for
D— KK and D— nr as a long-standing puzzle get
correctly treated in Ref. [39] compared to the experimental
values. We find in our simple treatment that only the
value for the Dt — 7%7F channel agrees with the experi-
mental value within 2 standard deviation while for the
D° — 7=+, 7%° ones the branching fractions differ from
experiments by a factor of 2-3. This is in line with the
observation of Ref. [39] showing the importance of the
nonfactorizable effects.

Here we discuss the rule of N — oo in more detail. The
phenomenon that this rule greatly improves predictions
for branching fractions of the nonleptonic two-body D
decays was realized by the community in 1980s, as
shown in Refs. [14-16]. In Ref. [16], Buras et al. made a
more complete analysis of charm decays, where the effec-
tiveness of N — oo is clearly demonstrated compared to
the case of N = 3, and also the result of the 1/N expansion
is phrased much better in terms of simple diagrammatical
rules. But we stress that this rule is purely empirical. As
mentioned in Ref. [14], it is not clear whether this rule is
just a coincidence or has a deeper meaning. Note that
the generalization of the N — oo to the B decays will
lead to predictions in contradiction with experiment.
Also, the 1/N suppression varies in different channels
and is rather of a dynamical origin.

In cases where the rule of N — oo works well, we can

Table 3 Masses in parameterizations of the weak decay form factors of D and D, cf. Egs. (38) and (39).

Quark transition Decay M (GeV) M (GeV)
f+(@*), V() Ao(q?)
c— S D— K 2.112 2.112 1.968
D, — 77(’)7 &
c—d D = w,m,p,n") 2.010 2.010 1.870
D, — K,¢
Shuo-Ying Yu, et al., Front. Phys. 18(6), 64301 (2023) 64301-7
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understand what happens for the factorizable and QCD [16]. In the usual procedure, the 1/N term in Eq.

nonfactorizable contributions in the spirit of the large N

(21), being part of the factorizable term, is kept while

Table 4 Branching fractions of charm meson decays compared to experimental values in PDG [38]. The results for N =3
and N = oo are shown with N being the number of colors. We also list the results corresponding to “With FSI” in Ref. [39].

Decay channel N=3 N — o0 Ref. [39] PDG [38]
DY = 7%t 2.30 x 10732 1.30 x 1073 (8.89 +4.51) x 107 (1.247 £0.033) x 1073
DT — 0K 1.89 x 1074 2.52 x 1074 (3.07 £ 1.02) x 1074 (2.0840.21) x 107*
Dt =Kt 2.25 x 1074 3.01 x 107* (0.98 +0.26) x 1074 (1.25+£0.16) x 1074
Dt - 'Kt 9.03 x 107° 1.21 x 1074 (1.40 £ 0.39) x 1074 (1.85+£0.2) x 1074
Dt = pnt 2.26 x 1073 3.10 x 107 (4.7240.21) x 1073 (3.77 £0.09) x 1073
DT = p/nt 1.77 x 1073 3.66 x 1073 (6.76 4+ 2.19) x 1073 (4.974+0.19) x 1073
Dt — 7t p° 1.43 x 1073 2.43 x 10~* - (83+1.5)x 107*
DT —7te 6.93 x 107° 2.23 x 107° - (5.7£0.14) x 1073
Dt = 1w 1.16 x 1073 1.91 x 1074 - (2.840.6) x 1074
Dt = KTp° 1.23 x 1074 1.65 x 1074 - (1.9+0.5) x 107*
DT = ¢pt 8.52 x 107° 2.74 x 1073 - <1.5x107?
D° —» Kot 4.07 x 1072 5.44 x 1072 (3.70 £ 1.33) x 1072 (3.950 + 0.031) x 1072
D 5t 2.14 x 1073 2.86 x 1073 (1.44 4+ 0.027) x 1073 (1.455 £ 0.024) x 1073
D° — 7070 7.3x10°° 2.35 x 10™% (1.1440.56) x 1073 (8.26 +0.25) x 10~*
D® - KKt 2.97 x 1073 3.96 x 1073 (4.06 £0.77) x 1073 (4.08 +0.06) x 1073
D® — 6.46 x 107° 2.07 x 1073 (1.27 £ 0.27) x 1073 (2.11£0.19) x 1073
D - Kt 1.47 x 1074 1.97 x 1074 (1.77 £ 0.88) x 107* (1.50 £ 0.07) x 1074
D° = nr® 2.65 x 107° 8.50 x 107° (1.47 £ 0.90) x 1073 (6.30 £ 0.6) x 10~*
D —n'n® 6.75 x 107° 2.17 x 1074 (2.174£0.65) x 107° (9.2£0.19) x 107*
D% — 1.55 x 107° 4.98 x 107° (9.53 £1.83) x 10~* (1.01£0.19) x 1072
D® — 7% 1.12 x 1078 3.60 x 107° - (1.17 £0.35) x 1074
D° = nw 2.79 x 107° 8.95 x 107* - (1.98 £0.18) x 1073
DO — 79p° 1.91 x 1075 6.12 x 107* - (3.86 £0.23) x 1073
D° — 7 pt 4.45 x 1078 5.95 x 1073 - (1.01 £0.04) x 1072
D° - % 1.35 x 1077 4.34 x 1074 - (1.17 4 0.04) x 1072
DY = p 7t 1.51 x 1073 2.02 x 1073 - (5.1540.25) x 1073
D° — ¢ 1.20 x 107° 3.87 x 107* - (1.8+0.5) x 107*
D® — K= p* 7.94 x 1072 1.06 x 1071 - (1.13 £ 0.07) x 107+
D® — nK*° 3.07 x 107* 9.86 x 1073 - -
D® — ' K*° 2.41 x 107¢ 7.72 x 107° - <1.0x1073
D° — p%p° 2.16 x 107° 6.90 x 107* - (1.85+£0.13) x 1073
D° — ¢w 1.46 x 107° 4.68 x 107* - <21x1073
Dy — KTK° 4.89 x 10* 1.57 x 1072 - (2.95 £ 0.14) x 1072
Ds — nrt 219 x 1072 2.92 x 1072 (2.26 £ 0.82) x 1072 (1.68 £0.10) x 1072
D, — Kt7° 0.83 x 10~° 3.16 x 107* (8.17 £ 4.64) x 1074 (6.21£2.1) x 107
Ds = 'zt 1.96 x 1072 2.62 x 1072 (2.64 £ 0.78) x 1072 (3.9440.25) x 1072
D, — nK™* 1.76 x 1073 3.97 x 1073 (1.50 £ 0.75) x 1073 (1.72 £0.34) x 1073
Dy - K™ 9.76 x 107* 2.99 x 107* (7.074+0.49) x 1074 (1.740.5) x 1073
Ds — np* 4.64 x 1072 6.20 x 1072 - (8.940.8) x 1072
Ds —n'p*t 2.09 x 1072 2.79 x 1072 - (5.841.5) x 1072
D, — K*w 2.36 x 1077 7.59 x 104 - (8.7+2.5) x 107"
Dy — K*p° 2.83 x 1075 9.09 x 10~ - (25+0.4) x107°
D, — ¢nt 2.79 x 1072 3.73 x 1072 - (4.540.4) x 1072
Dy — ¢p*t 9.92 x 1072 1.33 x 107 - (84753) x 1072
64301-8 Shuo-Ying Yu, et al., Front. Phys. 18(6), 64301 (2023)
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Table 5 Branching fractions of bottom meson decays. The results for N =23 and N = oo (with N being the number of
colors) are shown compared to experimental values in PDG [38]. We also show the results of Refs. [40, 47] for part of channels
for which our theoretical values for N = 3 deviate experimental ones by larger or around factor of 4.

Decay channel N=2 N=3 N =00 Others PDG [38]

BT =ty 5.80 x 107° 5.06 x 107° 3.79 x 107° - (4.02 £0.27) x 107°
BY o aty 471 x 1070 419 x 1076 3.32x 107° - (2.74+0.9) x 107°
Bt — wrt 5.84 x 107° 4.28 x 1076 1.92 x 1076 - (6.9+0.5) x 107°
Bt = pTy 1.20 x 107° 1.11 x 107° 9.31 x 107° - (7.0+2.9) x 107°
Bt — pty/ 1.02 x 107° 9.58 x 107° 8.43 x 107° - (9.7+£2.2) x 107°
BY - 7T K° 3.36 x 107° 3.94 x 107° 5.23 x 107° 1.89 x 1077 [40] (237 +0.08) x 107°
Bt = ptK° 3.35 x 1077 3.03x 1077 245 x 1077 2.4 x 1077 [40] (7.3519) x 107°
Bt — 7%zt 4.24 x 107° 3.35 x 107¢ 1.89 x 1076 - (5.5 +0.4) x 107°
Bt > atp° 5.78 x 1070 4.06 x 107° 1.55 x 1076 - (83+1.2) x107°
Bt = %% 8.77 x 10~° 7.61 x 107° 5.53 x 107° - (1.09 £0.14) x 107°
Bt —»ntg 2.52 x 1071 2.44 x 107° 5.52 x 1078 - (324 1.5)x 1078
Bt = ptp° 1.28 x 107 1.01 x 107° 6.67 x 10~° - (24+0.19) x 107°
B* 5 ptw 1.10 x 1077 9.64 x 1076 7.10 x 1076 - (1.59£0.21) x 107°
B » D xt 3.86 x 1072 417 x 1073 4.80 x 1073 - (2.52 £0.13) x 107°
B - DK™ 2.97 x 107* 3.20 x 107* 3.69 x 107* - (1.86 £0.2) x 107*
B’ " K* 3.10 x 107° 3.37x107° 3.93 x 107° 1.56 x 107° [40] (1.96 +0.05) x 107°
B » nxt 4.54 x 107° 4.90 x 107 5.65 x 107° - (5.1240.19) x 1076
B® — n%x° 2.62x 1077 7.00 x 1078 1.48 x 1077 9 x 107" [40] (1.59+0.26) x 107°
B® — 7y 1.02 x 1077 9.60 x 10~° 1.33 x 1077 - (41+£1.7) x 1077
B — 7%’ 7.57 x 1078 4.48 x 1078 7.41 % 1078 7 x 1078 [40] (1.240.6) x 107°
B = 6.80 x 1077 2.69 x 1077 5.13 x 1077 - <1.0x107°

B — o'y 3.58 x 1077 8.50 x 1078 2.14 x 1077 - <1.7x107¢

B® - D* ot 4.93 x 1073 5.32 x 1072 6.13 x 1072 - (2.7440.13) x 1072
B - D~ pt+ 9.31 x 1073 1.00 x 1072 1.16 x 1072 - (7.6 +1.2) x 107°
BY — 7%p° 8.09 x 1077 1.51 x 1077 4.00 x 1077 3 x 1078 [40] (20£0.5) x 107°
B° — % 1.72 x 1078 3.96 x 107° 1.39 x 1078 - <5x107"

BY & p K+ 7.56 x 1077 8.56 x 10~7 1.08 x 1079 1.16 x 10~° [40] (7.0£0.9) x 107°
B - K* 1.10 x 107° 1.17 x 107° 1.30 x 107° 6.84 x 107° [40] (7.540.4) x 107°
B® — p~nt 4.77 x 107° 5.15 x 107° 5.94 x 107° 8.06 x 107° [40] (230 +£0.223) x 107°
B® - D"K** 5.58 x 107* 6.01 x 107* 6.93 x 107* - (4.540.7) x 1074
B - DK™ 3.73 x 107* 4.02 x 1074 4.64 x 1074 - (2.12 £0.15) x 107*
B® — 4.91 x 1077 1.54 x 1077 3.32x 1077 - <1.2x10°¢

B = np° 1.38 x 1077 2.65 x 1078 6.99 x 1078 - <1.5x107¢

BY — o/ p° 1.49 x 1077 2.87 x 1078 7.35 x 1078 - <13x107¢

B — nw 8.79 x 1077 1.68 x 1077 4.32x 1077 - (9.4759) x 1077
B® > qw 7.01 x 1077 1.30 x 107 3.55 x 10°7 - (1.0755) x 107°
BY = ptr™ 1.10 x 107° 1.19 x 107° 1.37 x 107° - (2.30£0.223) x 107°
B® = ptp- 1.34 x 1075 1.45 x 107° 1.67 x 107° - (2.77+0.19) x 107°
B® — p°p° 7.25 x 1077 1.81 x 1077 3.63 x 1078 5 x 1078 [40] (9.6 +1.5) x 1077
B® = ww 3.27x 1077 6.85 x 1078 1.56 x 10~° 7 x 1078 [40] (1.2£0.4) x 107°
B° — wp® 711 x 1078 2.62 x 1078 2.71 x 1078 - <1.6x107¢

B° — D*"p* 1.34 x 1072 1.45 x 1072 1.67 x 1072 - (6.8+0.9) x 107°
B° » D*K** 8.34 x 107* 8.99 x 107* 1.04 x 1073 - (3.34£0.6) x 1074
Bs — Dyn* 3.56 x 107° 3.84 x 107° 4.43 x 1073 - (3.00£0.23) x 1072
B, —» D; K™ 2.75 x 1074 2.96 x 1074 3.41 x 1074 - (2.27 £ 0.19) x 104
By —» Kot 7.96 x 107° 8.59 x 107° 9.91 x 107° - (5.8+0.7) x 107°
Bs - K~K™ 5.47 x 107° 5.94 x 107° 6.95 x 107° 1.09 x 107° [47] (2.66 +0.22) x 107°
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Table 5 (continued)

Decay channel N=2 N=3 N =00 Others PDG [38]

B, — Dy p* 8.60 x 1073 9.27 x 1073 1.07 x 1072 - (6.94+1.4) x 1073

By, — D nt 2.94 x 1073 3.17 x 1073 3.66 x 1072 - (2.0+£0.5) x 1073

Bs —» Di" K™t 2.22 x 107* 2.39 x 107* 2.76 x 107* - (1.33+£0.35) x 107*

B, — Dy K** 5.16 x 10™* 5.56 x 107 6.41 x 107* - -

B, — K"t 7.67 x 107° 8.27 x 10~° 9.54 x 107° - (29£1.1) x107°

By —» K*"K* 1.20 x 107° 1.35 x 107° 1.70 x 107° 7.5 x 1077 [47] (1.9£0.5) x 107°

B, —» K~ K**t 1.86 x 1076 1.97 x 1079 2.20 x 107° 3.77 x 107° [47] (1.940.5) x 107°

B, — D;”K** 5.48 x 1074 5.90 x 1074 6.81 x 1074 - (1.33 4 0.35) x 10™*

B, — D p*t 8.64 x 1072 9.31 x107° 1.07 x 1072 - (9.6 +2.1) x 1073

the nonfactorizable term is not considered since there is
no reliable way to calculate it. In such a situation the
leading and nonleading 1/N contributions mix up. The
nonfactorizable one, e.g., the final state interaction effect,
is nonleading in the 1/N expansion. By dropping the
1/N term in Eq. (21), one will work in a self-consistent
expansion of 1/N. Or we can say that the 1/N term in
factorizable part is almost compensated by the
(unknown) nonfactorizable one. There is an explicit
calculation to demonstrate this point [17], where the
author shows that the soft gluon exchange mechanism (a
type of nonfactorizable contribution) tends to cancel the
1/N term in the factorized amplitude by using the light
cone sum rule. In a more physical picture, we can say
that the quarks belonging to different color singlet
currents do not easily form a meson and thus the 1/N
term is highly suppressed.

The results for the B decays are shown in Table 5.
The theoretical predictions should be better consistent
with the experimental data than in the D meson case.
Indeed, the factorization assumption works better for
the heavier B meson since the final mesons carry larger
momenta. And for some decay channels, such as
Bt = ptp) and B, — D* p*, the results for N =3
perfectly match the experimental values within 1.5¢
uncertainty. We have calculated branching fractions for
the three sets of color number N. Those results constitute
a range of branching fractions varying with the choices
of N, which may be understood as an error estimate in
some sense. However, there is an exception, for the
penguin governed decay BT — 7T¢ the result for Ny =2
deviates from the one for N =3 by two orders of magni-
tude. We should compare our results to the ones given
in Ref. [40] since we work in the same framework,
considering the tree-level as well as penguin contribu-
tions. However, in Ref. [40] a different set of Wilson
coefficients (known as the generalized factorization) is
used. Besides, we employ the form factor values
predicted by our relativistic quark model, as a more
advanced tool from today's perspective compared to
their BSW ones. Our results for N =3 are of similar
magnitude with Ref. [40] under the same condition

NST(LL) = N™(LR) = 3. For most of channels, our ranges
of branching fractions formed by N =2, 3, 00 are close to
the corresponding experimental values within 2o uncer-
tainty. But there are a few channels where results differ
from experimental ones by larger or around factor of 5.
Then we also compare with the predictions of Refs. [40,
47], and find such deviations also happens in their
results. In general, for the color-suppressed decay channels
(involving a, terms), such as B°— 7%0, BO - 70p0
B — ww and BY = p%°, the predicted branching fractions
are lower than the experiment values. One of the
reasons is due to the smallness of ay, but more impor-
tantly, the strong FSI effects should play an essential
role, as has been explicitly demonstrated in Ref. [40] in
detail. In fact, as we know, the interaction between
pseudoscalar octet, e.g., the = — KK system, is very
strong, for which some of our recent investigations can
be found in Refs. [48-52]. That is, the B — 77 decay will
receive large contributions from the intermediate states
KK and nn etc. On another hand, it has been found in
Ref. [53] that the spacelike penguin contributions may
be sizable in B — PP decays, where the authors showed
that such corrections to the branching fraction for
B — 7 may be more than 100%. However, in Ref. [54]
the authors assume that such contributions in
B — PV,VV decays are not as severe as in B — PP.
Reference [40] provides a careful examination but those
effects of FSI and spacelike penguins can not be reliably
determined yet. So conservatively speaking, the branching
fraction can be trusted by its order of magnitude.

In this paragraph we give a few comments on comparison
of our results with the ones in Ref. [40] by Cheng et al.
In this reference many sets of numbers for the branching
fraction values are calculated, and these numbers constitute
an interval. Such an interval may contain the experimental
value, which is very encouraging. But in some cases
their ranges span two orders of magnitude. For example,
for the B — ww decay it reads 7 x 1078 — 2 x 1075, and for
the B — p%° 5x1078 —2.57 x 1076, Their preferred
values correspond to NSf(LL) =2 and NSf(LR) =5. For
the same value for the color number, the differences
between results of Ref. [40] and ours mainly come from
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the different inputs. Especially, in Ref. [40] complex-
valued numbers for the set of the Wilson coefficients are
used while we use the real-valued ones from Buchalla et
al. in Ref. [21]. Our main goal is not to reproduce the
experimental values exactly or to match them well. We
want to test the factorization hypothesis by using our
most recent form factor values calculated from an
advanced relativistic quark model. To get a more quan-
titative calculation, the nonfactorizable contribution
should be included anyway.

As is known and also mentioned earlier, the nonfac-
torizable effects may dominate in a specific decay, and
there is currently no method to calculate them before-
hand. However, in literature there are important works
dedicated to the analysis of such nonfactorizable effects
by confronting with experimental data. One typical
example is the factorization-assisted topological (FAT)
approach [41-44] which combines the naive factorization
hypothesis and the topological diagram approach [45, 46].
In these papers the authors identify the possible sources
of nonfactorizable contributions and then parameterize
them, in order to fit to the existing experimental data.
It is found that with the inclusion of the factorization,
FAT generally works better than the topological
diagram approach, with less parameters and better y?2
per degree of freedom. Specifically, in Ref. [41] for the
analysis of D — PP decays, the authors assign a nonfac-
torizable term (magnitude and phase) to each of the
color-suppressed, W-exchange and W-annihilation ampli-
tudes, and the Glauber phase is additionally associated
to a pion (which is important to resolve the 7*7~ and
K+ K- branching fraction puzzles). Then 12 parameters
are used to fit 28 D — PP branching fractions and good
results are achieved. For the D — PV decays [42], two
more parameters are involved compared to the D — PP
ones, with 33 experimental numbers of branching fractions
in total. Once the parameters are determined, the
authors predict the CP asymmetries for D decays. The
results in Ref. [43] are very impressive. The 4 universal
parameters are associated to the color-suppressed ampli-
tude and the W-exchange amplitude, i.e., parameterizing
their sizes and phases, which are used to describe the 31
decay branching fractions induced by the b — ¢ transition
in the B — D*M decays with M denoting a light pseu-
doscalar or a vector meson. If available in experiment,
the predicted values are consistent with them. Then
other 120 decay branching fractions are predicted. The
similar analysis of the charmless two-body non-leptonic
B decays B — PP,PV is done in Ref. [44]. In brief, the
nonfactorizable contributions require a fine analysis
which is essential for a quantitative prediction of the
branching fractions, and it is worth working in this
direction in the future.

Here we stress again that we use the most recent form
factor values. This is one of our important motivations
and improvements. It is known that the form factors,

which encode the underlying dynamics, play a significant
role in calculations of the nonleptonic decays, as also
noted in Ref. [55]. In the earlier works [40, 47, 55], the
authors use the form factor values from the sum rule
calculations, which are more appropriate for the small
values of the momentum-transfer to leptons, or use the
older predictions from the BSW model [40]. In our case,
the RQM includes all sources of relativistic effects, and
the form factors are obtained in the whole kinematically
allowed region without any extrapolations. Transitions
like B— D and B — D* are also considered without
using the heavy quark limit.

Moreover, we have calculated as many channels as
possible. Previous papers studied only some of them
(although the more advanced tools in a formal perspective
were used). For example, in Ref. [56] only two decay
modes are discussed. In Ref. [55] the B — PP, PV channels
are calculated, but not the B — VV case. We have
performed a complete calculation of the By, D, decay
to pp, PV and VV. In this way, we could show how the
form factors influence the results from a holistic point of
view based on such framework. So our calculations
should be, at least, a useful complement and an important
update for the previous ones.

5.2 A note on the conventions for the definitions of form

factors and decay constants

In some references [57, 58], the following quark composi-
tions for the octet mesons are used

(41)

which are different from Eq. (30) for the K~ 79 p% n—,
p~ cases. Then the definitions of the decay constants as
well as the corresponding transition form factors will
change by an overall sign. Any physical result is not
affected.

We have also checked different conventions on definitions
of the form factors and decay constants, which differ by
factors of (—1) and/or i. Note that this detail may influence
the calculation if using an inappropriate/incosistent
convention. In the factorization scheme we are treating
the product of (M, |J#|B)(Ma|J,|0), and surely an overall
sign does not matter. However, for e.g., the channel
B —mp has the subprocess (x|J#|B)(p|J,|0) and
(p|J#|B)(~m|J,|0) and thus their interference occurs. Note
also the convention difference €923 = —1 and €123 = 41,
where the former is used in Refs. [56, 59] and the latter
is used in Refs. [4, 60]. We have checked that the final
results in Refs. [35, 40, 54-56] agree with each other just
up to an overall factor of (—i),i or —1, which have no
influence for branching fraction of a two-body decay. As
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a result, the vector decay constant should be defined by
(V(e,q)|Vu|0) = —ifymye, in Ref. [4]%. Then the amplitude
for B9 — 790 follows:

_ G . N
A(B° — 7% :72 —if,mpe -pﬂFl(m/%)
—ifampe” ~p,rA0(m72T) ) (42)

It is also important to mention that all authors use real
and positive form-factor and decay-constant values.

6 Conclusions

Based on the form factors computed in the relativistic
quark model, we calculate the branching fraction of 100
nonleptonic decay channels of charm and bottom mesons.
We provide the detailed derivation for the decay amplitudes
and branching fractions. The numerical results are
shown in the Section 5.

For the nonleptonic decay process of the D mesons,
we consider only the tree-level contributions and use the
number of colors N =3 and N — oo for demonstration.
Taking the value of N different from 3 is a way to
parametrize the nonfactorizable effects. And indeed we
find that the limit N — oo works much better than other
numbers of N generally. Some typical examples are
Dt = 7%+, D° 5 K-K*, D=y, D°— K-pt, and
D, — Ktw.

For the nonleptonic decay process of the bottom
mesons, we consider both the tree-level and penguin
contributions. The results for branching fractions are in
agreement with the experimental data for most of decay
channels. However, for some decays, e.g.,
Bt = 7tK% ptK° and B°® — 7%/, 7n%°, p~ K+ our results
are too small, and as it has been demonstrated in Ref.
[40], the final-state interaction effects play an indispensable
role to get the quantitatively correct values.
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Appendix A: Decay amplitudes of the
charm mesons

Here we list the amplitudes for the charm meson decays.
The definition of X is given in Section 2.

) By taking the Hermitian conjugate, one finds (P(q)|Gy*~°¢'|0) =
—ifpg" is equivalent to (0|7v*7°q|P(q)) = —ifpq" and (0|V,|
V(e q)) = —ifvmve, is equivalent to (V (e, q)|V,|0) =ifvmyej.
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