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ABSTRACT

PT

Uncertainty relation lies at  the heart  of  quantum physics,  which is  one of
the fundamental characteristics of quantum mechanics. With the advent of
quantum information theory,  entropic uncertainty relation was proposed,
which plays  an important  and irreplaceable  role  in  quantum information
science.  In  this  work,  we  attempt  to  observe  dynamics  of  entropic  uncer-
tainty  in  the  presence  of  quantum  memory  under  two  different  types  of
Lee–Yang  dephasing  channels.  It  is  interesting  to  find  that  the  dephasing
channels have a negative effect on decreasing the uncertainty and the anal-
ogous partition function is anti-correlated with the uncertainty. In addition,
we  here  propose  an  effective  strategy  to  manipulate  the  uncertainty  of
interest  of  the  subsystem  by  performing  a  parity-time  symmetric  ( -

PT
symmetric) operation. It is worth noting that the uncertainty of measurement will be reduced to a certain extent by properly
modulating  the -symmetric  operations  under  the  considered  channels.  In  this  sense,  we  argue  that  our  explorations
offer  insight  into  dynamics  of  entropic  uncertainty  in  typical  Lee–Yang  dephasing  channels,  and  might  be  beneficial  to
quantum measurement estimation in practical quantum systems.

PTKeywords  entropic uncertainty relation, quantum correlation, -symmetric operation

 1   Introduction

R̂ Ŝ

∆R̂ ·∆Ŝ≥|⟨[R̂, Ŝ]⟩|/2 ∆R̂=

√
⟨R̂2⟩−⟨R̂⟩

2

⟨[R̂, Ŝ]⟩ [R̂, Ŝ]

In  1927,  Heisenberg  [1]  first  proposed  the  uncertainty
relation through the analysis of the hypothetical experi-
ment,  which  showed  that  one  could  not  accurately
predict the measurement results of two arbitrary incom-
patible observables simultaneously, revealing the inherent
difference  between  quantum mechanics  and  its  classical
counterpart.  For  any  two  noncommutative  observables
(  and ),  Kennard  and  Robertson  [2, 3]  subsequently
generalized  and  obtained  a  new  uncertainty  inequality

, where the variance ,
and  is  the  average  of  the  commutator .
While, this formula is not the best for quantifying uncer-

tainty. One easily sees that the lower bound of Robert-
son’s relation will lead to a trivial outcome (valued-zero)
when the system is prepared in one of the eigenstates as
to  the  two  observables  [4].  In  other  words,  there  is  a
drawback  that  the  lower  bound  on  this  inequality
depends  on  the  state  of  the  system.  Afterwards,
Białynicki-Birula  and  Mycielski  [5]  pioneeringly
proposed  novel  entropy-based  Heisenberg  uncertainty
relation  for  position  and  momenta,  and  Deutsch
presented  the  entropic  uncertainty  relation  (EUR)  for
two  arbitrary  incompatible  observables,  which  is  given
by [6]

H(R̂) +H(Ŝ) ≥ 2log2

(
2

1 +
√
c

)
, (1)
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H(R̂) = −
∑

i pi log pi pi = ⟨Φi|ρ|Φi⟩
c = maxij{|⟨Φi|ψj⟩|2} R̂

Ŝ |Φi⟩ |ψj⟩ R̂

Ŝ

where  with ,  and
 denotes  the  maximal  overlap  for 

and , where  and  represent the eigenstates of 
and ,  respectively.  According  to  the  conjecture  from
Kraus  [7],  Maassen  and  Uffink  [4]  came  up  with  a
simpler result

H(R̂) +H(Ŝ) ≥ log2
1

c
. (2)

In  practice,  there  is  another  scenario  that  the
measured particle is  correlated with another.  Thus, one
raises a fundamental question: whether some new impli-
cations and uncertainty relation exist in this case. With
this in consideration, Renes et al. [8] and Berta et al. [9]
have proposed and demonstrated the so-called quantum-
memory-assisted EUR (QMA-EUR) [10], expressing by

H(R̂|B) +H(Ŝ|B) ≥ H(A|B) + log2
1

c
, (3)

H(Λ|B) = H(ρΛB)−H(ρB) Λ ∈ (R̂, Ŝ)

H(ρ) = −Tr(ρ log ρ)

where  with  denotes
the  von  Neumann  conditional  entropy  [11],  and

.  The post-measurement state is  given
by

ρR̂B =
∑
i

(|ψi⟩A⟨ψi| ⊗ IB)ρAB(|ψi⟩A⟨ψi| ⊗ IB),

(4)

IB
B

R̂ Ŝ

A B

A B

A

R̂ Ŝ

A

B

where  is the identity operator in the Hilbert space of
particle . This relation can be interpreted by the cele-
brated uncertainty game. There are two legitimate players
(Alice  and  Bob)  who  agree  on  implementing  two
measurements,  and  in advance. Bob prepares a pair
of  entanglements  consisting  of  and ,  and  then  he
transmits  to Alice and keeps  as a quantum memory.
Alice makes a measurement on  by choosing one of the
observables  and  after receiving the particle. In final,
Bob  is  capable  of  predicting  Alice’s  measurement
outcome with a minimal uncertainty after Alice informs
Bob of her measurement’s choices. Remarkably, one can
accurately  predict  the  measured  outcomes  when  and

 are maximally entangled. Afterwards, QMA-EUR has
been extended to a new form [12–14], and to date some
other optimal results have been derived [15–40].

During  observing  the  statistical  theory  of  state  and
phase  transition  equations,  Lee  and  Yang  proved  that
the  partition  functions  of  thermal  systems  have  zero
roots  on  the  complex  plane  of  fugacity  or  a  magnetic
field,  called  Lee–Yang  zeros.  They  provided  an  insight
into the thermodynamic properties of Ising iron magnets
at any temperature as well  as  at any non-zero external
fugacity  or  magnetic  field  [42, 43].  As  a  cornerstone  of
statistical  mechanics,  they  revealed  that  under  very
ordinary  conditions,  all  Lee–Yang  zeros  of  a  general
Ising  iron  magnet  lie  on  the  unit  circle  of  the  complex
plane, in what is known as the unit circle theorem. Upon

the  theorem,  in  the  thermodynamic  limit,  Lee–Yang
zeros  form  a  continuous  ring  in  the  complex  plane.
Beyond  the  critical  temperature,  the  continuum  ring
breaks and there is a gap around the positive real axis,
which  is  the  exclusion  zone  for  the  partition  function
root,  in  other  words,  the  free  energy  is  analytical  and
there is no phase transition. Besides, as the temperature
decreases,  the  gap  gradually  shrinks,  and  the  two  edge
points approach the real axis at the critical temperature
[42].  Later  on,  Fisher  [44]  proposed  the  concept  of
Lee–Yang edge singularity where the two edge points [45]
of the broken ring are singular. Wei and Liu [46] found
that  the  relationship  between  Lee–Yang  zeros  and  zero
in probe spin coherence coupled to a many-body system
is  bijective  [47, 48].  Moreover,  the  coherent  quenching
and  birth  occurring  at  the  critical  time  correspond  to
the  Lee–Yang  singularity  in  the  thermodynamic  limit
when the temperature exceeds the critical point.

PT

Through  the  Lee–Yang  zeros  point,  we  can  obtain
various  thermodynamic  properties  of  the  system,  which
is of great significance for examining the phase transition
of  many-body  systems.  In  addition,  QMA-EUR  has
received much attention because of its critical potential
applications  in  the  context  of  quantum  information
processing [41], however, a quantum system is susceptible
to  its  surrounding  environments  in  the  real  world,  and
then  inevitably  results  in  decoherence  effects  [49].  Till
now, one had proposed two different types of Lee–Yang
dephasing channels where the partition functions vanish
at  Lee–Yang  zeros,  studied  the  spin  squeezing  and  the
concurrence [50]. Nevertheless, there are few investigations
on  QMA-EUR  in  Lee–Yang  dephasing  channels.  With
this  in  mind,  we  focus  on  how  the  dephasing  channels
including  the  analogous  partition  function  affect  the
measured  uncertainty  in  reality.  In  this  work,  we  find
that  the  dephasing  channels  have  a  negative  effect  on
the uncertainty, and the analogous partition function is
anti-correlated  with  the  uncertainty.  Besides,  we  put
forward  a  working  methodology  to  manipulate  the
magnitude  of  the  uncertainty  by  means  of  the -
symmetric operations.

PT

The  outline  of  this  paper  is  structured  as  follows.  In
Section  2,  we  introduce  the  Lee–Yang  zeros  and  two
types of Lee–Yang dephasing channels. In Section 3, we
explore the dynamics of the uncertainty under Lee–Yang
dephasing  channels.  Using  the -symmetric  operation
to reduce the entropic uncertainty in Section 4. Finally,
we  summarize  our  paper  with  a  brief  conclusion  in
Section 5.

 2   Lee–Yang zeros and two types of
Lee–Yang dephasing channels

h

Given a general Ising model with ferromagnetic interactions
under a magnetic field . The Hamiltonian [46] is
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H0(h) = −
∑
i,j

Jijsisj − h
∑
j

sj , (5)

sj = ±1 Jij ≥ 0

Nb T

N z ≡ exp(−2βh)

where the spins  and the interactions . The
partition  function of  spins  at  temperature  can be
written as an -th order polynomial of  as

Z(β, h) = Tr[e−βH ] = eβNbh

Nb∑
n=0

fnz
n, (6)

β = 1/T

fn

n −1

Nb

z zn ≡ exp(iϕn)
n = 1, 2, ..., Nb

zn
Nb β 1/T

where  is  the  inverse  temperature  (Boltzmann
and Planck constants are chosen as unity) and  is the
partition  function  with  zero  magnetic  fields  under  the
condition  that  spins  are  in  the  state  of .  One  can
calculate its partition function if one wants to understand
the physical properties of an exotic system. The  zeros
of the partition function, which lie in the complex plane
of ,  form a  unit  circle,  can  be  written  as 
with .  As  a  matter  of  fact  that  the
Lee–Yang zeros ( ) only depend on the particle number
( )  and  the  temperature  (  or ).  If  the  Lee–Yang
zeros  are  determined,  the  partition  function  can  be
expressed as

Z(β, h) = f0eβNbh

Nb∏
n=1

(z − zn). (7)

According  to  Ref.  [50],  we  know  that  two  different
types  of  Lee–Yang  channels  and  probe(s)-bath  system
whose  ferromagnetic  Ising  bath  is  under  zero  field
constitutes a typical Lee–Yang dephasing channel.  Now
we  will  explain  them briefly,  for  two  different  types  of
Lee–Yang dephasing channels in Fig.  1,  one is  that the
probe is  only coupled to its  own bath,  the other one is

N

N 1/2

|1⟩ |0⟩

the dephasing channel has  probes collectively coupled
to  one  bath.  Next,  one  can  apply  spin  squeezing  to
dephasing channels, via the advantage of spin squeezing.
In order to utilize exchange symmetry, by choosing the
one-axis  twisted  state  with  an  ensemble  of  spin-
probes of the ground state  and excited state  as

|ψ (0)⟩ = e−iθJ2
x/2|1⟩⊗N ≡ e−iθJ2

x/2|1⟩, (8)

N

H = χJ2
x χ θ = 2χt

z

where  is the number of the total qubits, the Hamiltonian
is ,  is the coupling constant and  is the
twist angle. By setting the mean spin of the initial state
along  the  direction,  the  two-qubit  reduced  density
matrix becomes [51]

ρAB (0) =

 δ+ 0 0 γ∗

0 µ τ 0
0 τ µ 0
γ 0 0 δ−

 , (9)

{|11⟩, |00⟩, |01⟩, |10⟩}in the basis , where

δ± = (1± 2⟨σ̂1z⟩+ ⟨σ̂1zσ̂2z⟩)/4,

µ = (1− ⟨σ̂1zσ̂2z⟩)/4,

τ = ⟨σ̂1+σ̂2−⟩,

γ = ⟨σ̂1−σ̂2−⟩

(10)

⟨σ̂z⟩ = −cosN−1
(
θ
2

)
, ⟨σ̂1zσ̂2z⟩ =

(
1 + cosN−2θ

)
/2,

⟨σ̂1+σ̂2−⟩ = 1
8

(
1− cosN−2θ

)
, ⟨σ̂1−σ̂2−⟩ = − 1

8

(
1− cosN−2θ

)
− i

2 sin
(
θ
2

)
cosN−2

(
θ
2

)
with  

 
. Then,  we  choose  the  standard one-

axis twisted state as the initial state under the dephasing
channels where the probes are only coupled to their own
baths. As a result, the total Hamiltonian can be written
as

HI =
N∑
l=1

(H0,l ⊗ I2×2 + ηH1,l ⊗ σ̂l,z), (11)

and the unitary matrix can be obtained as

UI =e−iHIt =
N∏
l=1

Ul

=
N∏
l=1

e−iH0,lt e−iησ̂l,zH1,lt, (12)

H0,l H1,l

Nb

where  and  denote  the  Hamiltonian  of  the l-th
environment and the l-th random field, respectively. The
probe spin lying in the bath is coupled to all the  bath
spins equally. Besides, it is known that the evolution of
any  finite  number  of  particles  is  governed  only  by  the
local  Hamiltonian  of  the  particles  and  their  baths,  we
hence  attain  the  time  evolution  density  matrix  of  the
system

ρ (t) = U [ρE (0)⊗ ρAB (0)]U†, (13)

ρE(0)by  employing  the  unitary  transformation,  where 

 
Fig. 1  Two different dephasing channels under a probe(s)-
bath  system. (a) N dephasing  channels  where  probes  are
only respectively coupled to their own bath. (b) The dephasing
channel  where N probes  are  coupled  to  one  bath  together.
The red circles mark probes and the blue circles mark bath
spins.
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ρAB(0)and  are  the  initial  density  matrices  of  the  envi-
ronment  and  the  spin,  respectively.  Thus,  we  have  the
system’s final state as

ρIAB(t) =


δ+ 0 0 P 2

+γ
∗

0 µ P+P−τ 0
0 P+P−τ µ 0

P 2
−γ 0 0 δ−

 ,

(14)

where

P± =
Z(β, h± 2iηt/β)

Z(β, h)

=
e2iNbηt

∏Nb

n=1 (e
−2β(h±2iηt/β) − zn)∏Nb

n=1 (e−2βh − zn)
(15)

h = 0

is  the  analogous  partition  function.  If  we  consider  the
probe coupled to a ferromagnetic Ising bath under zero
field ( ), one can verify that the analogous partition
function is with form of

P (ix) =
eiβNbx

∏Nb

n=1 (e
−2iβx − eiϕn)∏Nb

n=1 (1− eiϕn)
, (16)

x = ±2ηt/β P ∗(ix) =
P (ix) = P (−ix)
where  the  real  number ,  implying 

 is hold. Therefore, we have

ρIAB(t) =


δ+ 0 0 P 2γ∗

0 µ P 2τ 0

0 P 2τ µ 0

P 2γ 0 0 δ−

 (17)

{|11⟩, |00⟩, |01⟩, |10⟩}in the basis of  [52]. Furthermore, the
three Kraus operators can be given by

M0 =
√
P 2I,

M1 =
√
1− P 2 |0⟩⟨0| ,

M2 =
√
1− P 2 |1⟩⟨1| ,

(18)

Iwhere  is the identity operator.

N Nb

Next, we introduce the other dephasing channel where
 probes are coupled to one  spins together. In such

scenarios, the total Hamiltonian is written as

HII = H0 ⊗ I2N×2N + ηH1 ⊗
N∑
l=1

σ̂l,z, (19)

and the unitary matrix is

UII = e−iHIIt = e−iH0te
−iη

N∑
j=l

σ̂l,zH1t

.
(20)

By  choosing  the  one-axis  twisted  state  as  the  initial
state, we have the evolution of the reduced initial state
as

ρIIAB(t) =

 δ+ 0 0 P ′γ∗

0 µ τ 0
o τ µ 0

P ′γ 0 0 δ−

 . (21)

h = 0

P ′ = P (±4iηt/β)
Here  we  consider  the  system  under  zero  field  ( ),
where . In such a dephasing channel, the
Kraus operators can be derived as

M0 =
√
1− P ′|00⟩⟨00|,

M1 =
√
1− P ′|11⟩⟨11|,

M2 =
√
P ′(|00⟩⟨00|+ |11⟩⟨11|),

M3 = |01⟩⟨01|+ |10⟩⟨10|.

(22)

 3   The dynamics of the uncertainty under
Lee–Yang dephasing channels

σ̂x σ̂z

To expose  the  dynamical  characteristic  of  the  measure-
ments uncertainty of interest in the current scenario, we
herein utilize a pair of Pauli operators  and  as the
incompatibility. Hence, associated with the final state in
Eq. (14),  the post-measurement states can be described
as

ρσ̂xB(t) =
δ+ + µ

2
(|00⟩⟨00|+ |10⟩⟨10|)

+
δ− + µ

2
(|01⟩⟨01|+ |11⟩⟨11|)

+
1

2
(P 2τ + P 2γ∗) (|00⟩⟨11|+ |10⟩⟨01|)

+
1

2
(P 2γ + P 2τ) (|01⟩⟨10|+ |11⟩⟨00|) (23)

and

ρσ̂zB(t) =δ+ |00⟩⟨00|+ µ |01⟩⟨01|
+ µ |10⟩⟨10|+ δ− |11⟩⟨11| . (24)

H(ρ) =

−
∑

i λilog2λi λσ̂x
1 =λσ̂x

2 = 1
8

(
2−

√
1+P 4

)
λσ̂x
3 =λσ̂x

4 =
1
8

(
2 +

√
1 + P 4

)
λσ̂z
1 = 5

8 , λ
σ̂z
2 = λσ̂z

3 = λσ̂z
4 = 1

8 N

θ = π/2

Consequently, one can easily obtain the states’ eigenvalues
and  give  rise  to  the  von  Neumann  entropies 

 with , 
 and  when  =

3 and .
zn

Nb β 1/T

1D Nb = 10

(β = 0)

zn = −1

Because the Lee–Yang zeros  ( )  only depend on the
particle  number  ( )  and  the  temperature  (  or ).
We  choose  the  Ising  model  with  at  infinite
temperature  in order that all the Lee–Yang zeros
have degenerated at .

P 2

It  is  worth noting that  we focus  on investigating the
dynamics  of  uncertainty  in  the  quantum  dephasing
channel where probes are coupled to their own baths. In
Fig. 2, we draw the entropic uncertainty as a function of
the  dephasing  channel  strength .  It  can  be  clearly
found that the uncertainty decreases with the increase of
strength,  and its  dynamic shows a monotonic  behavior.
In addition, we also show the evolution of the systemic
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P 2

H
{∏ B

i }
(ρA|B)

quantum  correlation,  quantified  by  quantum  discord
(QD) [53, 54], one can see that the variation of the QD
is almost opposite to the variation of the EUR, however,
when  is close to 0.4, the variation of the EUR is not
fully opposite  to the QD of  the system. To explain the
relationship  between  EUR  and  QD,  we  resort  to  the
conditional  entropy  of  the  system  as .  In
general, the QD of a bipartite composite system can be
written as

Q(ρAB) = I (A : B)− C (ρAB) , (25)

I (A : B)

A B

where  the  mutual  information  represents  the
overall  correlation for  and ,  which can be  obtained
as

I(A : B) = H(ρA) +H(ρB)−H(ρAB), (26)

C (ρAB)

A B

and  indicates the classical correlation related to
 and , which can be described as

C (ρAB) = max
{∏B

i }

[
H (ρA)−H{∏ B

i }(ρA|B)
]
. (27)

Combining Eqs. (3), (26) and (27), we have

UR = −Q(ρAB) +H{
∏

B
i }(ρA|B) + log

1

c
, (28)

c

Q(ρAB)

H{
∏

B
i }(ρA|B )

H{
∏

B
i }(ρA|B )

where  is  an  overlap,  and  here  it  is  a  constant.  upon
the result (28), we offer the reason that the uncertainty
is  not  fully  anti-correlated  with  the  QD  as:  (i)  the
dynamics  of  the  bound are  determined by two primary
elements,  i.e.,  the  quantum  correlation  and  the
conditional  entropy ;  (ii)  there  is  natural
competition between QD of the system and the conditional
entropy .

Besides,  we  show  the  relationship  between  the
Lee–Yang zeros and the entropic uncertainty relations of

t

the probes coupled to their own bath, as shown in Fig. 3.
Notably, the analogous partition function is anti-correlated
with  the  uncertainty,  which  corresponds  to  the  result
obtained  before.  Besides,  in  order  to  reveal  how  the
environment affects the dynamics of the uncertainty, we
also take the measurement uncertainty as a function of
evolution  time  in Fig.  3.  Following  the  figure,  the
uncertainty has a periodic dynamical  behavior,  and the
uncertainty  is  always  no  lower  than  the  initial  value.
Besides, the uncertainty will saturate into a fixed maximum
in a fixed long-time limit.

θ

π/4 π/2 N

Next, let us turn to the effect of the twisted angle on
the  uncertainty  of  interest.  As  plotted  in Fig.  4,  the
uncertainty increases with the increasing twisted angle 
from  to  in Fig. 4(a). Similarly, the larger  can
induce the greater uncertainty, as indicated in Fig. 4(b).

N

H{
∏

B
i }(ρA|B )

As  mentioned  above,  we  have  explored  the  dynamic
relationship  of  the  uncertainty  under  the  first  type  of
Lee–Yang dephasing channel.  Next, we will  continue to
exploit the dynamics of the uncertainty under the other
type of Lee–Yang dephasing channel where  probes are
coupled to one bath together. It is found that, with the
increase  of  dephasing  channel  strength,  the  uncertainty
presents monotonicity and gradually decreases, as shown
in Fig.  5.  Also,  the  changing  trend  of  QD  is  not  fully
anti-correlated  with  uncertainty.  This  is  because  the
magnitude of uncertainty’s bound is determined by both
QD  and  the  conditional  entropy ,  which
exhibit  the  natural  competition  while  quantifying  the
uncertainty.

P ′

P ′ t

θ

Notably,  we  find  that  the  uncertainty  is  inversely
correlated with the  class  partition function .  Numeri-
cally, we plot the dynamics of the uncertainty, its bound
and  as  a  function of  time  in Fig.  6.  Following the
figure,  the  uncertainty will  inflate  and tend to  a  stable
value, and the partition function will decrease and saturate
into zero with the increasing time. In Fig. 7, it is easy to
know  that  the  quantum  correlation  decreases  and  the
uncertainty  increase  when  the  twisted  angle  and  the

 

A

B N θ = π/2

A B

Fig. 2  QMA  entropic  uncertainty,  the  lower  bounds  and
quantum  discord  (QD)  as  a  function  of  the  dephasing
strength in the case of qubit  passing through the dephasing
channel  where  probes  are  coupled  to  their  own  baths,  and
keep  as  a  quantum  memory.  =  3  and .  Here,
LHS denotes the left-hand side of Eq. (3), RHS denotes the
right-hand  side  of  the  inequality,  QD  represents  quantum
discord of  and .

 

P 2

Fig. 3  The  relationship  between  the  Lee–Yang  zeros,  the
entropic  uncertainty  and  the  lower  bounds  of  the  probes
coupled  to  their  own  baths,  LHS  for  the  red  line,  RHS  for
the black line and the analogous partition function  for the
blue line.
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Nprobes number  are increased. In conclusion, it is clear
to know that the dynamic characteristics of the uncertainty
under the two dephasing channels are almost identical.

PT
 4   Manipulating the entropic uncertainty

by using the  -symmetric operation

PT

Generally,  quantum  systems  inevitably  interact  with
their  surrounding  environment,  resulting  in  quantum
decoherence  or  quantum  dissipation  effects.  Therefore,
how to suppress the decoherence effect is of great signifi-
cance  in  practical  quantum  information  processing  and
communication.  Pourkarimi et  al. [55]  found  that  the
entropic  uncertainty  decreases  in  specific  channels  such
as  phase-flip  (PF)  and  amplitude  damping  (AD)  chan-
nels. Herein, it is different from the work by Pourkarimi
et  al. [55],  we  would  like  to  introduce  an  efficient
method – parity–time-symmetric ( -symmetric) opera-

tions – which  can  be  utilized  for  reducing  the  entropic
uncertainty.

PT
et al.

P
T PT

The known -symmetric Hamiltonian was proposed
by Bender   [56, 57]. There is something supposed to
be further explained,  is the parity reflection operator
and  is the time reversal operator. The -symmetric
Hamiltonian for a particle can be expressed as [58]

H = s

(
i sinα 1

1 −i sinα

)
, (29)

α ∈ (−π/2, π/2)
s

H

where  angle  denotes  the  non-Hermiticity
of the Hamiltonian and  is a general scaling constant of
the  matrix.  The  time-evolution  operator  for  is  given
by

U (t) =e−iHt

=
1

cosα

(
cos (t′ − α) −i sin t′

−i sin t′ cos (t′ + α)

)
, (30)

t′ = ∆Et/2 ∆E = E+ − E− E±

H E± = ±s cosα
where , ,  are the eigenvalues
of , and . In the following, we will elaborate

 
t (β = 0) A

N

θ = π/2 θ = π/4 N N N

θ = π/2 η = 0.01

Fig. 4  Entropic  uncertainty  with  the  change  of  under  the  infinite  temperature  in  the  case  of  qubit  passing
through the dephasing channel where probes are coupled to their own baths. (a) The number of the probes  = 3 and the
twist angle  for the red line,  for the black line. (b)  = 3 for the red line,  = 5 for the blue line,  = 10 for
the black line under . The probes-bath coupling constant is .

 

A

N

B

N θ = π/2

A

B

Fig. 5  Entropic uncertainty, the lower bounds and QD as
a  function of  the  dephasing  strength in  the  case  of  qubit 
passing  through  the  dephasing  channel  where  probes  are
coupled  to  one  bath  together,  and  keep  as  a  quantum
memory.  =  3  and .  Here,  LHS  denotes  the  left-
hand side of Eq. (3), while RHS denotes the right-hand side
of  the  inequality.  QD represents  quantum discord  of  and

.

 

P ′

Fig. 6  The  relationship  between  the  Lee–Yang  zeros,
entropic  uncertainty  and  the  lower  bounds  of  the  probes
coupled to own bath together, LHS for the red line, RHS for
the black line and the analogous partition function  for the
blue line.
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PT
on how to manipulate the uncertainty in the two kinds
of dephasing channels by virtue of -symmetric opera-
tions.

PT 4.1   Reduction of entropic uncertainty by a local -
symmetric operation under dephasing channels
where probes are coupled to their own baths

A

B

A

PT

Considering qubit  goes through the dephasing channel
and keeping  as a quantum memory. Then, after qubit

 goes  through  the  dephasing  channel  we  perform  a
local -symmetric operation on it. By using the time-
evolution  operator  in  Eq.  (30),  the  final  state  of  the
system can be given as

ρt
′ =

[U (t)⊗ I] ρt[U (t)⊗ IB ]
†

Tr
[
(U (t)⊗ IB) ρt(U (t)⊗ IB)

†
] . (31)

Without  loss  of  generality,  we  also  resort  to  the  Pauli
operators for measurements to evaluate the performance
of the QMA entropic uncertainty. As a result, the post-
measurement state of the system can be given as

ρσ̂xB =
∑
i

(|σ̂xi⟩⟨σ̂xi| ⊗ IB)ρt (|σ̂xi⟩⟨σ̂xi| ⊗ IB) ,

ρσ̂zB =
∑
j

(|σ̂zj⟩⟨σ̂zj | ⊗ IB)ρt (|σ̂zj⟩⟨σ̂zj | ⊗ IB) ,

(32)

A {|σ̂xi⟩}
{|σ̂zj⟩}

σ̂x σ̂z

after making the operation on qubit , where  and
 are  the  eigenstates  of  a  pair  of  incompatible

observables  and .

PT
PT

N

N

PT
PT

PT

In Fig. 8, we plot the dynamics of the QMA entropic
uncertainty  under  the -symmetric  operation,  one
could reveal that how powerful the -symmetric oper-
ation  reduces  the  uncertainty.  We  first  consider  the
different parameters  in Fig. 8(a). It is shown that the
uncertainty  changes  periodically  with  the  increase  of
interaction time, especially, the reduction degree reaches
the  maximum in  a  certain  time.  It  can  be  clearly  seen
that  the  smaller  can  induce  the  reduction  of  the
uncertainty  magnitude  under -symmetric  operation.
In  order  to  further  attain  the  influence  of  the -
symmetric operation on uncertainty, we draw the uncer-
tainty as a function of time with -symmetric operation
and without the operation respectively in Fig. 8(b), and
we find that at a certain time interval,  the uncertainty

 
t (β = 0) A

N θ = π/2

θ = π/4 N N N θ = π/2

η = 0.01

Fig. 7  Entropic  uncertainty  with  the  change  of  under  the  infinite  temperature  in  the  case  of  qubit  passing
through  the  dephasing  channel  where  probes  are  coupled  to  one  bath  together. (a)  =  3  and  for  the  red  line,

 for the black line. (b)  = 3 for the red line,  = 5 for the blue line,  = 10 for the black line under . The
probes-bath coupling constant is .

 
PT t

N N N α = π
4

θ = π/2

Fig. 8  QMA entropic uncertainty under the local -symmetric operation with the change of  where probes are coupled
to their own baths,  = 3 for the red line,  = 5 for the blue line,  = 10 for the black line. All plotted with  and

.
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PT
decreases  with  the  operation  time.  In  this  sense,  we
believe that the -symmetric operation can effectively
reduce the entropy uncertainty by modulating the oper-
ation time, which is virtually required in practical quantum
information processing.

PT 4.2   Reduction of entropic uncertainty by a local -
symmetric operation under dephasing channels
where the probes are coupled to one bath collectively

A

B

PT
A

P = 0

N

N = 3

PT

PT

P = 0

PT

Technically, we here consider that qubit  is affected by
the dephasing channel and keeping qubit  as a quantum
memory.  And  the  local -symmetric  operation  is
performed on particle .  In  order  to  gain  the  influence
of  the  operation  on  uncertainty,  we  plot  the  change  of
entropic uncertainty with time in Fig. 9 when  and

 is different. It is clear that at a certain time interval,
the uncertainty decreases with the operation time. In (a)
when ,  the  uncertainty  decreases  most  obviously.
While (b) shows the cases with or without -symmetric
operation  for  comparison.  According  to  the  numeric
result, one can conjecture that the -symmetric operation
is able to effectively reduce the entropic uncertainty in a
specific time period. With this in consideration, appropriate
control of interaction time is crucial to reduce the uncer-
tainty  in  reality.  In  addition,  the  final  state  under  this
channel is the same as that under the first channel when

. By comparison, one can find that the intensity of
dephasing  channel  plays  a  positive  role  in  reducing  the
entropic uncertainty under the -symmetric operation.

 5   Conclusion

To conclude,  we have investigated the measured uncer-
tainty  when  the  subsystem  to  be  measured  passes
through  two  different  types  of  Lee–Yang  dephasing
channels respectively, one is that the probes are coupled
to their  own bath and the other  is  that  the probes  are
coupled to one bath together. It turns out that the two
different types of Lee–Yang dephasing channels can give

PT

rise  to  a  negative  impact  on  the  entropic  uncertainty,
and  the  magnitude  of  uncertainty  is  related  to  the
number  of  the  probes  and  the  twist  angle.  Then,  we
have  put  forward  a  working  method  to  manipulate  the
amount  of  the  measured  uncertainty,  and  to  a  certain
extent,  the uncertainty of  measurement can be reduced
by  properly  modulating  the -symmetry  operations
under both channels. Besides, we render a physical inter-
pretation concerning those phenomena of the uncertainty
dynamics:  the  evolution  of  the  measured  uncertainty  is
not  only  dependent  on  the  QD  of  the  system,  but  the
conditional  von  Neumann  entropy  of  the  measured
subsystem.  More  importantly,  the  analogous  partition
function  is  anti-correlated  with  the  uncertainty.  We
believe  our  exploration  would  be  beneficial  to  insight
into  the  uncertainty  dynamics  under  decoherence,  and
be  of  basic  importance  in  measurement-based  quantum
information processing.
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