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ABSTRACT

© Higher Education Press 2023

Here, we study the controllable optical responses in a two-cavity optome-

chanical system, especially on the perfect optomechanically induced trans-
parency (OMIT) in the model which has never been studied before. The
results show that the perfect OMIT can still occur even with a large
mechanical damping rate, and at the perfect transparency window the
long-lived slow light can be achieved. In addition, we find that the conver-
sion between the perfect OMIT and optomechanically induced absorption
can be easily achieved just by adjusting the driving field strength of the
second cavity. We believe that the results can be used to control optical

transmission in modern optical networks.
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1 Introduction

The interaction between light and matter is an interesting
and important research subject in quantum optics. It is
an important means to understand the microstructure of
matter. Cavity optomechanics [1] can provide such a
research platform where the macroscopic mechanical
resonators and light fields interact with each other.
With the development of nanotechnology, various physical
systems which can exhibit such interaction have been
proposed and investigated, such as Fabry—Perot cavities
[2, 3], whispering-gallery microcavities [4—6], supercon-
ducting circuits [7, 8] and membranes [9-12]. The
optomechanical interaction can strongly affect the
motion of mechanical oscillator and the optical properties
in these systems, and then various interesting quantum
phenomena can be generated, such as ground-state cooling
of mechanical modes [13-20], quantum entanglement
[21-28], squeezing [29], unconventional
photon blockade [30], and optomechanically induced
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transmission and absorption [31-42].

Recently, the researches on optomechanically induced
transparency (OMIT) [43-57] and the associated slow
light in optomechanical systems have attracted much
attentions. A remarkable feature of OMIT is that there
is a deep dip in the absorption curve accompanied with
a steep dispersion behavior at the transparency window.
The steep dispersion behavior can generate a drastic
reduction in the group velocity of light passing through
the system [56]. According to this effect, many schemes
have been proposed to slow or stop light [56-65], which
is very meaningful in the construction of quantum infor-
mation networks. However, the ideal depth of the trans-
parency window cannot be achieved due to the nonzero
mechanical damping rate in the usual OMIT theory [48,
54, 56], which will cause a very limited slow light effect
(usually on the order of milliseconds) [58—60]. Until
recently, the perfect OMIT can be easily achieved using

the mechanism of non-rotating wave approximation [47,
57], and the slow light effect at the perfect transparency

arXiv: 2303.16069
https://doi.org/10.1007/s11467-023-1279-1



mailto:xiaoboyan@126.com
mailto:xiaoboyan@126.com
https://doi.org/10.1007/s11467-023-1279-1

Fe > FRONTIERS OF PHYSICS

RESEARCH ARTICLE

window can be greatly improved [57]. The perfect OMIT
theory above is single-cavity
optomechanics. In fact, there are more abundant and
interesting quantum phenomena in multi-mode optome-

studied in standard

chanical systems, such as quantum entanglement [23-25],
optical nonreciprocity [66, 67] and quantum nonlinearity
(68, 69].
perfect OMIT theory to multi-mode optomechanical
systems.

Here, we theoretically study the optical responses
including perfect OMIT, long-lived slow light and
optomechanically induced absorption in a multi-mode
optomechanical system (comprising two optical modes
and one mechanical mode), see Fig. 1 [25, 68-70]. First,
we give the conditions under which the perfect OMIT
and the window width expression of the
perfect OMIT. As long as the conditions are satisfied,
the perfect OMIT can be achieved even with a large
mechanical damping rate. Secondly, the dispersion curve
becomes very steep at the perfect transparency window
where it can be proofed that the negative dispersion
curve slope is exactly equal to the value of time delay
(slow light) in the model. It means that the long-lived
slow light can be achieved at the perfect transparency
window. Thirdly, the driving strength and dissipation of
the second cavity have a great effect on the optical
response of the system. Especially, the conversion
between perfect OMIT and optomechanically induced
absorption in the model can be easily achieved just by
adjusting the driving field strength of the second cavity,
which can be used as an optical switch in modern optical
networks.

Therefore, it is necessary to generalize the

will occur,

2 Model and equations

We consider an optomechanical system consisting of a
mechanical membrane and two cavities (see Fig. 1). The
mechanical membrane with frequency w,, and mass m is
coupled to the two cavities via radiation pressure effects.
The frequencies of the two cavities are described as w;
and w,, and the annihilation operators of the two cavities
are denoted by a; and a,, respectively. The position and
momentum operators of the mechanical membrane are
represented by 4 and p, respectively. The radiation pressure
effect can be described by h(gaabas — graja;) with the
optomechanical coupling rate g; = w;/L; where L; is the
geometric length of the cavity i. The cavity a;/as is
driven by a strong coupling/driving field with frequency
we/wg and amplitude e./e4. In addition, a weak probe
field with frequency w, and amplitude ¢, is injected into
cavity a;. For simplicity and without loss of generality,
we can set w; =wy=wy and L; = Ly = L. Then, the
Hamiltonian of the system H, is

4> Dy Vi

€y Wy

Fig. 1 Sketch of a two-cavity optomechanical system
consists of a mechanical membrane with frequency w,, interacted
with cavity a: and a» via radiation pressure. The cavity a; is
driven by a coupling field . with frequency w. and a weak
probe field ¢, with frequency w,. The cavity a. is driven by a
driving field ¢4 with frequency wy.

A2

AT A N 1 )
Hs = hwoaJ{Ch + hwoagag + L + —mw?,§?
2m = 2
+ hqgo(d;dZ - dldl) + ih(d{{—;pe_“"p a15 elwp )

+iheo(afe e —ay e ) +ihiey (ade T apett)

(1)

with go = wo/L.

Since in quantum mechanics the unitary transformation
will not change the physics properties of the system, we
can take the unitary transformation U = ei(wediar+twaalaz)t
using the formula H = UH,U" — in0 20", After this trans-
formation, the Hamiltonian H, will turn to H which can
be given by

2
o oF A 1 R
H= hAcaIal + ﬁAdagag + 2pim + §mw31q2
+ hdgo(abas — alar) + ih(ale,e ™ — arese®)

+iheo(al — ay) + iheg(ad — az).
(2)

Here, A /q=wy—w,q is the detuning between cavity
field a,/a, and coupling/driving field, and § = w, — w, is
the detuning between the probe field and coupling field.

In this paper, we deal with the mean response of the
system to the probe field in the presence of the coupling
and driving field, hence we do not include quantum fluc-
tuations. According to the Heisenberg-Langevin equation
and from Eq. (2), we can obtain the motion equations of
mean values of the system operators as follow

(a1) = —[k1 +i(Ac — go(@))](@1) + ec + gpe™ ™,
(a2) = —[ka +i(Ag + g0(d))]{a2) + €a,

(p) = —A“Ym<p> mw?,(q) + hgo((al)(as) — (ab)(as)),
(@ = 2

Here, we have used the usual factorization assumption,
ie., (XV)=(X)(Y) (which holds in the case of single-
photon weak coupling, i.e., go < wy, [71]), and ~,,, x; and
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ko are the damping rates of the mechanical membrane,
cavity a; and a», respectively.

It is very difficult to obtain the exact solution of
Eq. (3) because it is a nonlinear equation. However, in
general the strength of the probe field is much smaller
than that of the coupling field in cavity optomechanics.
Hence, we can solve Eq. (3) by perturbation method. To
this end, we assume that the solution of the mean values
of the operators in Eq. (3) has the following form

(8) = s0 +epe¥tsy +enes_, (4)

where s={q, p, a1, as}. It means that we can safely
ignore the higher order terms of the probe field ¢,.

We are particularly interested in the properties of the
field with frequency w, in the output field of cavity das,
which can be determined by the term a;, in Eq. (4).
The term a;_ denotes the anti-Stokes effect and we don’
t care here. Substituting Eq. (4) in Eq. (3) and ignoring
the higher order terms of ,, we can obtain the important

1
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Fig. 2 Thereal part Refer] (red-solid) vs. frequency detuning
x with parameters w,, =k = ko =10%, yn =1, B =3 x 10*
and B2 = 1250 according to Eq. (9). The blue-dashed line

indicates width TI'omir. The inset shows the OMIT profile in a
large scale.

expression for the term a;, (See Appendix A for detailed
calculations) as

it = B1

()

K1 —i(6 — Ay) + =

—w +idym

2iwy,

Here,

hgglaol? _ hgglazol®

2mwo,

51 = ) ﬁ? ) (6)

2mwo,
and Ay = A, — goqo, A2 = Agq+ goqo, and the expressions
of qo, a10 and as can be found in Appendix A.

Because it is known that the coupling between the
cavity and the resonator is strong at the near-resonant
frequency, in this paper, we consider A; ~ Ay ~ w,, and
§ ~wy. Then we have 62 —w? ~2w,(0 —w,) and
§+AL ~ 6+ Aoy~ 2w, If we set o =6—w,,, Eq. (5) can
be simplified as

1

K1 — iz
o

(7)

a4+ =

Ko —ix Ko —2iwm

1

N172Awm+ B2 B2
Next, based on Eq. (7), we will study the optical
response of the optomechanical system to the probe field,
including the perfect optomechanically induced trans-
parency, light and optomechanically induced
absorption, respectively.

slow

3 Perfect optomechanically induced
transparency

According to input-output relation [48], the quadrature
of the optical component with frequency w, in the
output field can be defined as ey = 2xkya;, [48]. The real
part Re[er] and imaginary part Im[er] represent the

B1 + B2 _ B2
r1—i(0+A1) T r2—i(6—A2) k2—i(6+A2)

[

absorptive and dispersive behavior of the optomechanical
system to the probe field, respectively. We first give the
conditions of perfect OMIT in the model. According to
the conclusions in Ref. [47], the conditions of perfect
OMIT are determined by the pole location of the
subfraction in Eq. (7), i.e.,

h—ix— Bl. + ﬂZ. — 62‘ =0
Ko — 1T Ko — 21w,

(8)

It can be known from Eq. (8) that the perfect OMIT
cannot occur at the resonant frequency x = 0 because in

this case g, = 7”2”2’;?’&7% < 0 which is in contradiction
with the definition in Eq. (6).

We first study the case of large ko, i.e., the cavity
damping rate k, is much larger than the detuning z
where the perfect OMIT appears (ko > |z]), and from

Eq. (8) we can obtain the conditions of perfect OMIT as

. 2K0wWm [YmK2 (K3 + 4w?) — 261 (k1K + 4w?)]
- (k] +4w?,)E — 281k1 (K3 + 4wy, ) ’
KQ(/{% + 4w3n) [251 K1 = Tm (K% + 40)3")] (9)
8w2 (K3 + 4w2,) ’

B =

with € = 8kaw?, + Ym (K3 + 4w2).

The perfect OMIT can be achieved if the conditions in
Eq. (9) are satisfied. In Fig. (2), we plot the real part
Re[er] (red-solid) vs. frequency detuning = with
W =K1 = ks =104 v =1, B =3x10* and B, = 1250
according to Eq. (9). With these parameters, according

Lai-Bin Qian and Xiao-Bo Yan, Front. Phys. 18(5), 52301 (2023)
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Fig. 3 The real part Re[er] vs. frequency detuning x for
large mechanical damping rate v, =10 (red-solid) with
B1 =3 x 10° and B> = 1.25 x 10* according to Eq. (9), and for
4m =100 (blue-dashed) with £ =3 x 10° and B = 1.25 x 10°
according to Eq. (9). The other parameters are same as
Fig. 2.

to Eq. (9), the transparency window will appear at
x ~ —1.25 which is consistent with the numerical result
in Fig. (2). The inset in Fig. (2) shows the OMIT profile
in a large scale, from which it can be seen that the
width of the transparency window is very narrow. From
Eq. (7), we can obtain the expression of the width Topyr
(full width at half maximum) of transparent window,
but it is too lengthy to be reported here. However, if we
take the case of equal cavity damping rate (rk; = Ky = x),
the width Tomr can be given as

\/n{32ﬁ1w3n77 + &[N+ wm (481 — 267m)])%}
2n
n VE{3281w2,n+ k[N —wm (481 — 267 )]} B
2n

Fomir =

(10)

with n = 8kw?, — 261k + ym (K + 4wy, ). With the parameters
above, the width T'oyr ~ 5.998 which shows an excellent
agreement with the numerical result (see the blue-
dashed line) in Fig. 2.

One of the advantages of the perfect OMIT theory is
the perfect transparency window can still appear even
with a large mechanical damping rate ~,,. In Fig. 3, we
plot the real part Re[er] vs. frequency detuning z for
large mechanical damping rate +,, = 10 (red-solid) with
B1 =3 x10°, and 3, = 1.25 x 10* according to Eq. (9), and
for 4,, =100 (blue-dashed) with £ =3x10%, and
B2 = 1.25 x 10° according to Eq. (9). The other parameters
are w,, = Kk, = kg = 10*. It can be clearly seen from Fig. 3
that the perfect OMIT can do occur with large mechanical
damping rate v, as long as the conditions in Eq. (9) are
satisfied. In addition, according to Eq. (10), the width
Tomir = 59.83 (red-solid) and Tomr = 583.79 (blue-dashed),
which are consistent with the results in Fig. 3. In Fig. 4,
we plot the imaginary part Im[er] vs. frequency detuning
x with the same parameters as Fig. 3. It can be seen

—500 0 500 1000

—1000

Fig. 4 The imaginary part Im[er] vs. frequency detuning z
with the same parameters as those in Fig. 3.

from Fig. 4 that the dispersion curve becomes very steep
at the perfect transparency window and the slope is
negative there.

The above discussion is based on the condition that
the cavity damping rate ko is much larger than the
transparent window position z. While if the second
cavity is the microwave cavity, the cavity damping rate
kg can be very small [72, 73]. If x, is very small, the
above calculation would be a little more complicated.
However, we can always obtain the window position z
and driving strength B, through numerical methods
according to Eq. (7). For example, for parameters
ko =10, wy, =104, k1 =4 x 103, ~,, =1 and B; = 10°, we
numerically obtain the window position z ~ —5.55 and
B2 = 5.91. With these parameters, in Fig. 5 we plot the
real part Reler] vs. frequency detuning z, and the inset
in Fig. 5 shows a zoom-in of the transparency window at
x ~ —5.55. It can be clearly seen from Fig. 5 that the
perfect OMIT can still occur with small cavity damping
rate k.

4 Ultraslow light

The time delay (slow light effect) of the probe field with

100 0 100 200

200

Fig. 5 The real part Re[er] vs. frequency detuning =z for
ko =10 with parameters w,, =10% k1 =4x10%, ~,=1,
B1=10° and B, =5.91. The inset shows a zoom-in of the
transparency window at x ~ —5.55.
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Fig. 6 The time delay 7 vs. frequency detuning z for
m =1 (red-solid) with £; =3 x 10* and g, = 1250 (same as
Fig. 2), and for ~,, = 10 (blue-dashed) with 8; =3 x 10° and
B2 =1.25 x 10* (same as Fig. 3). The other parameters are
Wm = K1 = ko = 10%

frequency w, in the output field can be determined by
[54, 56, 59]

L Oarg(er — 1)

i (11)

The positive (negative) value of the time delays represents
slow (fast) light [74] in the system. According to Egs.
(7), (9) and (11), we can obtain the analytic expressions
of time delays 7, but it is too tedious to be reported here.
However, the time delay at the transparent window can
be obtained as

K1[8Kow2, + Ym (K3 + 4w?))] K7 (K3 + 4wy,
T= - .
431 raw?, 2kow? (K% + 4w?,)
(12)

In Fig. 6, we plot the time delay 7 vs. frequency
detuning x for v, =1 (red-solid) with 8; =3 x 10* and
B2 = 1250 (same as Fig. 2), and for ~,, = 10 (blue-dashed)
with 8 =3 x10° and B, =1.25 x 10* (same as Fig. 3).
The other parameters are w,, = ki = ko = 10% (same as
Fig. 2). It can be seen from Fig. 6 that the time delay 7
exactly takes the maximum at the transparency window
where the steepest dispersion appears. In fact, it can be
proofed that the time delay at the transparency window
is exactly equal to the negative dispersion curve slope
there. It means that the steeper the slope of dispersion
curve is, the larger the slow light effect becomes. From
Fig. 6, the maximum delay 7. ~ 0.67 for red-solid line
and 7. ~ 0.067 for blue-dashed line, which are very
consistent with the results according to Eq. (12).

We also study the effect of cavity damping rate
(k1,/2) on the time delay 7. For simplicity, we also take
k1 = ko here. In Fig. 7, we plot the time delay 7 vs.
frequency detuning z for x; = kg =2x10* (red-solid)
with 8, =3 x 10* and 3, = 10* according to Eq. (9), and
for 1 = wy = 8 x 103 (blue-dashed) with 8; =3 x 10* and
B2 = 160 according to Eq. (9). The other parameters are

Fig. 7 The time delay 7 vs. frequency detuning z for
K1 = ko =2 x 10* (red-solid) with g =3 x10* and g, = 10*
according to Eq. (9), and for w1 = k2 = 8 x 10® (blue-dashed)
with 81 =3 x 10* and B> =160 according to Eq. (9). The
other parameters are w,, = 10* and ~,, = 1.

wm = 10* and ~,, = 1. It can be seen from Fig. 7 that the
maximum time delay (at the transparency window) in
the unresolved sideband regime (x; > w,,) will larger
than that in the resolved sideband regime (x; < wp,).
With the the
Tmax = 1.33 in the unresolved sideband regime (see red-
solid). It means that the 7y, ~1.33s (if the units of
physical quantities above are Hertz), which is actually a

parameters, maximum time delay

long-lived slow light. This long-lived slow light may be
used for OMIT-based memories in the future.

5 Optomechanically induced absorption

Compared with Re[er] =0 at the window of the perfect
OMIT, the phenomenon of optomechanically induced
absorption will appear at the near resonance position
z=0 (Re[er] shows a noticeable increase at position
x =0), if some conditions are satisfied. We first do some
qualitative analyses of these conditions. At the position

z =0, we have

2.0

1.0

Re[e/]

0.0

—200 —100 0 100 200

Fig. 8 The real part Re[er] vs. frequency detuning =z for
k2 = 10 (blue-dashed) and k2 = 1 (red-solid) with parameters
K1 =4 x10%, w,, = 10%, v, =1, B1 = 10° and B, = 100.
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Fig. 9 The real part Re[er] vs. frequency detuning =z for
B2 = 5.91 (blue-dashed) and 8, = 10° (red-solid) with parameters
wm =10% kK1 =4 x 103, 4, =1, B1 = 10° and ke = 10. The inset
shows a zoom-in of the transparency window at z ~ —5.55.

2/%1
er(a=0) = B SN CEY
S e Y —
2 K1—2iwm, Ky K2—2iwpy

which means that Re[er] will display a noticeable
increase at z =0 if the ratio By/ks is large enough. In
other words, if ko is small enough or the driving strength
B2 is large enough, the phenomenon of optomechanically
induced absorption at z = 0 can occur.

In Fig. 8, we plot the Re[er] vs. the frequency detuning
x for ky =10 (blue-dashed) and kg =1 (red-solid) with
parameters sy =4 x 103, w,, = 10%, ~,, =1, B, = 10° and
Bo=100. It can be seen from Fig. 8 that the
phenomenon of optomechanically induced absorption at
x = 0 becomes very significant with the decrease of k,. In
addition, according to Eq. (13), we have ep(x = 0) ~ 0.58
for ky =10 and ep(z =0)~1.60 for xy =1, which are
clearly consistent with the numerical results in Fig. 8.

Generally, once a quantum device has been manufac-
tured, its characteristic parameters are fixed. Therefore,
it is not easy to achieve optomechanically induced
absorption by changing the dissipation rate x,. While it
is very convenient to adjust the driving strength 3, in
experiments. In Fig. 9, we plot the Reler] vs. the
frequency detuning z for g, = 10° (red-solid) with param-
eters kg = 10, k1 =4 x 103, w,, = 104, ~,,, = 1, and B; = 10°.
With the parameters, Re[er] = 1.9995 at 2 =0 according
to Eq. (13), which is very much in agreement with the
results in Fig. 9. Hence the optomechanically induced
absorption can be achieved at x =0 with the driving
strength B, = 105 In addition, the absorption curve is
approximately a horizontal line over a very wide
frequency range, see the red-solid line in the inset in Fig.
9. For comparison, we also plot the curve of perfect
OMIT with the same parameters but B, =5.91 (blue-
dashed), the transparency window =z~ —5.55 (see the
blue-dashed line in the inset of Fig. 9). It means that
the conversion between perfect OMIT and optomechani-
cally induced absorption of the probe field can be
achieved simply by adjusting the driving strength p3,.

These results can be used to achieve the optical switch
in modern optical networks.

6 Conclusion

In summary, we have theoretically studied the controllable
optical responses in a two-cavity optomechanical system,
especially on the perfect optomechanically induced
transparency (OMIT), long-lived slow light and optome-
chanically induced absorption in the model. From the
theoretical results, we can draw some conclusions. First,
the perfect OMIT can be still achieved even with a large
mechanical damping rate ~,,, which is difficult to be
realized in the usual OMIT theory. Second, at the trans-
parency window of the perfect OMIT, the long-lived
slow light can be achieved, which can be used for OMIT-
based memories in the future. Third, an optical switch
taking advantage of the conversion between perfect
OMIT and optomechanically induced absorption can be
achieved just by adjusting the driving field strength of
the second cavity. We believe that the results can be
used to control optical transmission in quantum infor-
mation processing.

Appendix A Derivation of a; ;

Substituting Eq. (4) in Eq. (3), just keeping the
constant term and the first order term of ¢,, and then
comparing the coefficients of the terms et and e=*¢ on
both sides of the equation, we can obtain

- h90(|a10|2 - |(120\2)
qo =

o ~leoll) (A1)
m
B hgo(aioal, + ajpai— — axas, — asgaz_)
- (w2, — 07 + 1md) |
(A2)
_ hgo(ajoa1+ + ar0ai_ — adgass — azoas_)
T+ m(w?, — 62 — iv,,0) ’
(A3)
a1 = —° A4
10 — P + IA]_ ) ( )
igoqyao + 1
=, A
T TG - AY) (45)
_ lgog-aio
== k1 +i(6 4+ Ay)’ (A6)
20 — Ko + iAQ’ ( )
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. —igoq+a20 : BQ\a ‘2
Q2+ = —— A (AS) _ 190 10 B
I<L2*1(5*A2) 14 A—igo[(B—C)|a10|2+(D—E)|a20|2] +
—igoq—azp _ [A—igo(=Clawl* + (D — E)|az|*)| B
= J = & - _ _ 2 _ 2
O T 0+ Ay (A9) A~ igo[(B ~ C)laxo]? + (D — E)lax?]
= L . (A21)

with Ay = Ac — gogo and Ay = Ag + gogo-

In order to obtain the expression of a;,, we need to
give the expression of ¢, in Eq. (A2). To this end,
according to Egs. (A3)—(A9) and using the fact ¢* = ¢,

we have
Aqy = ajpaiy + a10a] . — ajpa24 — aza;_,  (Al0)
atoa1y = Bligolawo*qy + afy), (A11)
aroai_ = —Cigolaio[*q+, (A12)
ajpaz+ = —Digolaso|*q+, (A13)
agoa3_ = Eigolago|*q+, (A14)
with
2 2 -
A m(ws,, — 9 1’ym(5), (A15)
hgo
B = ; Al6
_m—i(é—Al)’ ( )
C = .t (A17)
ok —i(6F Ay
D = L Al8
kg —i(6 — Ag)’ (A18)
E= ! (A19)
N K2 —1(6+A2)

From Egs. (A11)-(A14), we can obtain the expression of
atoar+ + ajoal_ — asgasq —agoals_, and then combining

Eq. (A10), the expression of ¢4+ can be obtained as
Baj,

A —igo[(B — C)lao)? + (D — E)|ago[?]
(A20)

q+ =

Substituting Eq. (A20) into Eq. (A5), we obtain a1 as

1 _ igolaio|?
B A—igo(—Claio|?+Dl|az0|?—Elaz0]?)

Substituting Eqs. (A15)-(A19) into Eq. (A21) and

; hgglaiol® hgglaso|”
setting (5, = %ol and B, = SR,

2Mmwm,

Eq. (5) in text for a;,.

we can obtain
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