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ABSTRACT

Because quantum critical systems are very sensitive to the variation of
parameters around the quantum phase transition (QPT), quantum critical-
ity has been presented as an efficient resource for metrology. In this paper, R

we address the issue whether the divergent feature of the inverted variance
One-photon
@ relaxation

is realizable in the presence of noise when approaching the QPT. Taking
the quantum Rabi model (QRM) as an example, we obtain the analytical

Two-photon
relaxation

result for the inverted variance with single-photon relaxation. We show Vi &5 Vi NN

. . . . . E A
that the inverted variance may be convergent in time due to the noise. N N\ N N\
Since the precision of the metrology is very sensitive to the noise, as a 30 EpETINERNT
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remedy, we propose squeezing the initial state to improve the precision 25
under decoherence. In addition, we also investigate the criticality-based
metrology under the influence of the two-photon relaxation. Strikingly,
although the maximum inverted variance still manifests a power-law 5
dependence on the energy gap, the exponent is positive and depends on
the dimensionless coupling strength. This observation implies that the
criticality may not enhance but weaken the precision in the presence of
two-photon relaxation, due to the non-linearity introduced by the two-
photon relaxation.
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1 Introduction QPT systems have been proposed, which can be classified
into two types [4, 5]. One of them focuses on the critical

Quantum criticality has been shown to provide significant behaviors of the QPT at equilibrium, and utilizes the

advantages for quantum sensing and metrology [1-11].
In quantum phase transition (QPT), a small variation in
the order parameter may cause a huge change in the
system’s properties when approaching the quantum critical
point [12-14]. Thus, quantum criticality can be viewed
as a valuable resource to acquire an ultrahigh-precision
estimation. In the last few years, criticality-based quantum
metrological schemes have gained increasing attention
among both theoretical and experimental researchers.
Many criticality-based quantum metrology protocols in
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ground state of the Hamiltonian near the critical point.
Unfortunately, it is very inefficient to prepare the
ground-state around the critical point by the state-of-art
technology. The other focuses on the dynamical behav-
iors, which evolve under a Hamiltonian close to the critical
point. It is quite similar to the interferometric paradigm
in the typical quantum metrology. Previous work [3] has
revealed that both two kinds of approaches yield the
same scaling for a broad class of quantum many-body

systems. Recently, a dynamic framework for criticality-
—
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based quantum metrology, which preliminarily focuses
on the dynamical approach, has been proposed [2, 15,
16]. The fundamental idea as well as the details of
experimental implementation using quantum Rabi model
(QRM) have been illustrated. The QRM is one of the
most fundamental models describing quantum light-
matter interactions [17]. Ultrastrong light-matter inter-
actions may give rise to a superradiant QPT in the
QRM [5, 18-27]. The thermodynamic limit can be
achieved when the reduced Rabi frequency approaches
infinity in some quantum systems with criticality, such
as the Dicke model, the Lipkin—Meshkov—Glick model
and the QRM [5].

On the other hand, any quantum system inevitably
suffers from the interaction with the surrounding envi-
ronment and thus forms an open quantum system [28].
Quantum metrology makes use of quantum techniques
such as entanglement and squeezing to improve
measurement accuracy [29-33]. It has been known over
two decades that the quantum metrology with the maxi-
mum-entangled states shows no advantage over the clas-
sical counterpart when the decoherence is present [29].
Interestingly, when placed in a non-Markovian environ-
ment, the entangled probes indeed manifest their superi-
ority by the quantum Zeno effect [30, 34-38], and
recently it was experimentally demonstrated by an exact
and efficient quantum simulation approach [39-45].

In this work, inspired by the above discoveries, we
analyze the achievable precision in the QRM when
considering the thermal relaxation. The upper bound on
the achievable precision of the metrology will be dramat-
ically reduced owing to the noise. This result indicates
that the dissipation poses severe limitations and thus
hinders the metrological advantages in this framework.
Furthermore, we find that the inverted variance may
converge in time no matter as a result of the noise. We
further explore optimization of initial state and find that
the precision can be improved by a squeezing operation
on the initial state. On the other hand, recently two-
photon relaxation has been experimentally realized [46].
It was theoretically shown that the two-photon relaxation
preserves the Z, symmetry of the QRM. The initial
states with even—odd parity manifest qualitatively
distinct transient and steady state behaviors, which is
present both at ultrastrong and weak couplings [47]. It is
interesting to consider the two-photon relaxation’s
impact, which has never been considered on the critical-
ity-based quantum metrology in the QRM. Motivated
by these observations, we theoretically investigate the
quantum dynamics of the metrology in the presence of
two-photon relaxation.

This paper is organized as follows. In Section 2, we
outline some basic concepts in the quantum metrology
based on the criticality and introduce the QRM with
noise. In Section 3, we analyze the results by the semi-
classical equation of motion and discuss the effects of
various physical parameters on the measurement preci-

sion. In Section 4, we investigate the effects of the two-
photon relaxation on the metrology. The main conclusions
of this paper are drawn in Section 5.

2 Model

In this paper, we consider the QRM for criticality-based
quantum metrology, which consists of a two-level system
coupled to a single cavity mode. It is the most simplified
version of the Dicke model [48]. The Hamiltonian of the
QRM is

Hygavi = wa'a + %o—z — Ma+ aoy, (1)
where w is the frequency of the bosonic field, o' and a
are the creation and annihilation operators of the field,
wp is the transition frequency of the two-level atom, o,
(a = z,y,2) are the Pauli operators of the atom, X is the
coupling strength. Let g = 2\/,/wwy be the dimensionless
coupling constant. When the ratio of two transition
frequencies diverges, i.e., n = wy/w — oo, the energy gap
closes and there exhibits a second-order normal-to-super-
radiant QPT at the critical point g =1 [18]. In the limit
of 1 — oo, through the Schrieffer—Wolff transformation
Unp = explgy/n~(a + aM) (o —0_)/2] [49], we can obtain
an effective low-energy normal-phase Hamiltonian in the
spin-down subspace as [2]

Hap = w[P? + (1 — g) X% /2, (2)
where X = (a+af)/v2 and P=i(af —a)/v2 are the
quadrature operators. Let Hy =wP?/2 and H, = wX?/2.
In the limit of 5 — oo, the transition frequency of the
atom is much larger than the frequency of the bosonic
field. Thus, the QRM is in the large detuning regime. In
this case, there is no transition between the spin states
of the atom and the coupling between the atom and the
field exerts an effective potential on the bosonic field.
Owing to the divergence of A-1 at the critical point the
quantum Fisher information (QFI) for the estimation of
the parameter g around the critical point can be
expressed as [2]

2
in(\/Bywt) — /A
F, ~ 164 [sin(v/Agwt) . e Var(P?)

AH

wy, 3)

where A, =4(1-—g¢% characterizes the energy gap,
Var(P?) |y = (Y| P?¢) — (¢|Ply)? is the variance of the
momentum in the state |). In experiments, the precision
of measurement is characterized by the inverted variance
as Fy,=x2/(AX)? with xy =0,(X) and (AX)?=(X?)—
(X)2. Here, (X) is the expectation of X. Assume an
initial state [(0)) =) ® [¢), With the spin in the spin-
down state ||) and the bosonic field state |[¢), =
(|0) +i|1))/v2, after the Schrieffer-Wolff transformation.
The inverted variance will achieve its local maxima
Fy(r) = X2/(AX)?|s=7 = 85°W?A%7? at 7 =2mm/(\/Aw)
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with m € Z. Notice that the inverted variance diverges in
the long-time limit. The QFI at the same time is
Fo(7) ~ 16g°w? A 272 Var(P?) . The local maximum of
the inverted variance Fy(r) is of the same order of the
QFIL Fy (7).

3 Single-photon relaxation

First of all, we consider the QRM with the single-photon
relaxation. The inverted variance can be obtained solving
the Lindblad-form master equation numerically by using
QuTip [50, 51]. In the 5 — oo limit, all the corrections
which have an order higher than 7~!/2 become zero.
Thus, we have

Ul aUy ~ (4)
where we have dropped the terms higher than n~1/2
Upon the projection onto the spin-down subspace, we
obtain the effective master equation p= —i[Hy, p]+
YaDla] + vnDla'], where D[a] = apa® —altap/2 — pata/2, ~,
is the decay rate, , is the heating rate [52]. Applying a
semiclassical equation of motion for the open QRM [53,
54], we have

Th

20X = 222000 1 wo(P)

d Yo — Yh Agw

TPy = =2e = py - Se ),

d a

X = =0 = WX + (@) + 1T

d o 2, Agw Ya +Vn

SAP?) = —(ya = )PP - 222Gy + LT,

d A

(6 = —(ra = m)(G) +20(P?) - ZL2(X?), ()
where (-) = Tr(-p,) With p, being the density matrix of the

bosonic field and G = XP + PX. In general, v, = x(7 + 1)
and «;, = kn describe the coupling of the field to a thermal
reservoir at temperature 7 with mean number

_ 1

"= T 1 ©
of thermal photons, kp the Boltzmann constant, s the
decay rate at zero temperature [52]. By solving Eq. (5),
the inverted variance Fy(¢) is analytically given as

by A2 A,)A%0)
"7 B0 + 52 =00

w2+n2

(7)
where the three time-dependent factors are respectively

| sin ( \/7 wt)
) cos ( \/7 wt)

A(t) = [Agwt(X(0)) 4+ 4(P(

— 2/ A wt(P(0)

a b ¥
@ 14 (b) 30 — a=8.11,b=-1999
=10.18,5=-1.999
124 251 — Z=13,42;b=—1 997
= - a=1855b=-1999
= 104 S 204, —Z=29,427b=71998
= 8 Ty %
= 6 g
S o
2_
|
0_
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Kl
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Fig. 1 The effect of the noise strength x on the precision
of the criticality-enhanced metrology. (a) The inverted variance
of the QRM in the vicinity of the critical point, e.g., g = 0.96,
when coupling with a thermal reservoir at zero temperature,
for 100x/w =1, 2, 3, 4, 5. They correspond to the blue solid,
orange dashed, green dash-dotted, red dotted, purple solid
line, respectively. (b) The maximum of the inverted variance
as a function of the noise parameter x. From the bottom to
the top, the five curves correspond to g = 0.94, 0.95, 0.96,
0.97, 0.98, respectively. The dots are obtained from the
master equation, while the curves are calculated by the
numerical fitting.

B(t) = 2A,4[1 + cos(\/Agwt)] Var(X?) 40
+ 8[1 — cos(y/Agwt)|Var(P?)(0y)

+ 8/ Ay sin(y/Aywt)Re[Cov(X, P)],

O(t) = Ay (Ayw? + 4w? + 267 (e — 1) — (4 — A,)

x {K2[1—cos(y/Aywt)]++/Aywr sin(/Awt) }

(10)

9)

Here, (X(0)) and (P(0)) are the expectation values of the
position and momentum operators over the initial state
of the bosonic field |(0)), Cov(X,P) = (1)(0)|X Pl (0))—
{(1(0)| X |¥(0)){»(0)| P|(0)). When the noise is absent, i.e.,
k=0, it can be proven that the local maximum of the
inverted variance at the evolution time 7 = 2mmr/(\/Ayw)
is equal to 160%2A;22(P(0))2/ (AX(0)° [2].
quadratically with 7, and shows a divergent feature
when approaching the critical point, ie., Fy(r)
A;?’ — 00.

At zero temperature, the average photon number 7
equals zero. In this case, we assume the same initial
state (|0) +il1))/v2 as Ref. [4]. Figure 1 shows the
inverted variance of the QRM close to the critical point
when coupling with a thermal reservoir at zero tempera-
ture. As shown in Fig. 1(a), the dynamics of F,(¢) manifest
abundant phenomena. At first, the envelope increases
along with the increase of the time. Then, after passing
the maximum, it decreases and converges due to the
noise. It is in sharp contrast to the prediction when the
noise is absent. Furthermore, we also investigate the
maximum values of F,(¢) for different «’s in Fig. 1(b).
As shown by the numerical fitting, the dependence of
the maximum inverted variance Fy(¢)|msx On £ can be

It scales
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Fig. 2 The effect of the energy gap A, on the precision of
the criticality-enhanced metrology. (a) The inverted variance
F, of the QRM when approaching the critical point, e.g.
g = 0.94,0.95,0.96,0.97,0.98, with the noise parameter x = 0.05w.
It is plotted against the rescaled time \/Ajwt/(27) to highlight
the behavior that in the representation of the rescaled time
F,’s oscillate with the same frequency for different g¢’s.
(b) The maximum of F, vs. A, for 100s/w =1, 2, 3, 4, 5,
which correspond to the curves from the top to the bottom.
The dots are obtained from the master equation, while the
curves are calculated by the numerical fitting.

well described by ax’. For different ¢’s, although o’s are
distinct, all b’s are non-exceptionally equal to 2.

In Fig. 2(a), we plot the time dependence of F,(t) near
the critical point for different ¢’s. Notice that the time is
rescaled by A w/(27), which is approximately the oscillating
frequency of Fy(t) for small k < w. Similarly as in Fig.
1(a), we can see that F,(t) gradually increase from their
initial values Fy(0) = 0 to the maximum values. Then,
Fy(t) begins to decrease and eventually vanishes in the
long-time limit. By theoretically obtaining F,(¢) under
different x’s, we plot the relation of the maximum of
F,(t) with respect to A, in Fig. 2(b). We can see that
Fy(t) decays as A, increases for a given x. It indicates
that the noise hinders the metrological advantages in
this framework. Again, we numerically fit the maximum
of Fy(t) as a function of Ay, i.e., aAl. Despite of different
a’s, all curves consistently decays with a nearly-identical
b~ —1.18 > —2, which is the noise-free case. This implies
that in the noisy QRM, the inverted variance still
diverges when approaching the critical point, i.e.,
Ay — 0. In other words, by the scaling behavior, we
theoretically prove that the criticality-based metrology
is robust in the presence of single-photon relaxation.

We now investigate the influence of average photon
number. As it can be seen from Fig. 3(a), the time-
rescaled Fy(t)’s for different ¢’s reach their local maxima
at the same period while maximum values of Fy(t) decay
as 7 increases. Again, we plot the maximum Fy(¢) vs the
temperature T'in Fig. 3(b). It is shown that the maximum
F,(t) drops dramatically as 7T rises. This observation
reminds us that although the criticality-based metrology
seems immune to the noise, the precision is very sensitive
to the temperature. Hereafter, we will propose some
method to relieve this disadvantage.

Fig. 3 The effect of the temperature 7 on the precision of
the criticality-enhanced metrology. (a) The inverted variance
of the QRM close to the critical point, at g=0.96, with
n=1,2 3,4,5 and x/w=0.05. (b) The maximum inverted
variance vs. the temperature 7. The balck dotted line is
numerically fitted by a(kpT/w)® with a = 2648 and b = —0.953.

According to Eq. (7), the measurement accuracy
highly depends on the initial state. This observation
inspires us to perform a squeezing operation, defined by
a squeezing operator S(€) = exp[(£*a? — &at?)/2], on the
initial bosonic field state, where ¢ is the squeezing
parameter. As seen in Fig. 4, the maximum of Fy(¢) is
significantly increased as ¢ is enlarged. Lines in Fig. 4(b)
are numerically fitted by aexp(b¢). We further explore
the effects of squeezing parameter. We first consider the
thermal reservoir at the zero temperature and plot the
maxima of F, vs the squeezing parameter ¢ in Fig. 5(a).
The numerically-fitted results are similar to Fig. 1(b),
with all b’s non-exceptionally equal to 2, although a
increases along with ¢. This implies that the squeezing
operation does not change the scaling behavior. Then,
we take the temperature into account. We plot the relation
between the maximum of ¥, and ¢ at different temperatures
in Fig. 5(b). We can also observe that the maximum of
Fy(t) increases as ¢ increases. Although this gain can not
completely offset the influence of decoherence, it offers
an alternative way to improve the precision under deco-
herence.

@ 3.0 (b) 80 — a=138% +05, b =2.008

a=3475¢+ 04, b=2.008

25 e

V&) 20 g —— a=5.609¢ + 03, b =2.006

215 % 40
= L0 204 .
0.5 .
0.0 ; g ; - i 0+ - e il "
0 100 200 300 400 00 05 1.0 15 20
wt/(2m) &

Fig. 4 Improving the precision by performing a squeezing
operation on the initial state. (a) F,(t) versus time ¢, with
different squeezing parameter ¢, when g = 0.96 and x/w = 0.05.
(b) The maximum of F, at different ¢’s with 100x/w =
1,2 3 4, 5.
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Fig. 5 The effects of the squeezing parameter ¢. (a) At
zero temperature, the maxima of F, vs. k when g =0.96 and
£=0, 04, 0.8, 1.2, 1.6, 2, which correspond to the curves from
the bottom to the top. (b) The maximum of F, at different
&'s for kgT/w=0,1, 2, 3, 4,5, which correspond to the
curves from the top to the bottom. The dots are obtained
from the master equation, while the curves are calculated by
the numerical fitting.

4 Two-photon relaxation

In the above investigations, we explore the quantum
metrology in the presence of single-photon relaxation.
However, the quantum dynamics of the QRM with
single-photon and two-photon relaxation are totally
different [47]. Inspired by this discovery, we study the
quantum metrology in the QRM with two-photon relax-
ation, which can be described by the effective master
equation p = —i[Hyp, p| + 7o D[a?] + v, D[at?] [47].

In Fig. 6(a), we investigate the dynamics of the
inverted variance for different ¢g’s under the influence of
the two-photon relaxation. In contrast to the case with
the single-photon relaxation, the quantum dynamics for
different ¢’s does not oscillate with the same frequency
for the rescaled time. In addition, as ¢ increases, the
time to achieve the maximum becomes shorter and
shorter. Moreover, we plot the maximum inverted variance
as a function of A, in Fig. 6(b). Interestingly, the behavior
is quite different from that for the single-photon relaxation
in Fig. 1(b). The maximum inverted variance increases
monotonically as A, is enlarged. We again numerically
fit the data with the function az® and thus obtain
a=9.03 x 103 and b= 0.661 for x = 0.0lw. As k increases,
both @ and b reduce dramatically. In other words, when
we strengthen the noise, the inverted variance becomes
smaller and shows weaker dependence on A,. This
remarkable difference can be well described by the
Schrodinger equation with a non-Hermitian Hamiltonian
Hy [55, 56], in the case of weak relaxation. When there
is only single-photon relaxation, the non-Hermitian
Hamiltonian H,y is the original Hamiltonian H,, which
can be diagonalized by a linear combination of a and af,
plus —i(y,afa + ynaa®)/2. Although the Hamiltonian H,
is non-Hermitian, the energy spectrum is still equally-
spaced, which is fundamentally required by the critical-
ity-based metrology [2]. However, for the case with two-
photon relaxation, the non-Hermitian Hamiltonian H,, is

Fig. 6 The effects of the two-photon relaxation. (a) The
inverted variance F, of the QRM when approaching the critical
point, e.g., g = 0.94,0.95,0.96, 0.97, 0.98, with the noise parameter
& = 0.05w. It is plotted against the rescaled time /1 — g%wt/x.
(b) The maximum of F, at different g¢’s with 100x/w =
1, 2, 3, 4, 5. The dots are obtained from the master equation,
while the curves are calculated by the numerical fitting.

the original Hamiltonian H,, plus —i(y,a™2a? + y,a%af?)/2.
Due to the non-linearity introduced by the two-photon
relaxation, the energy spectrum is not equally-spaced
and thus breaks down the underlying physical mechanism
of the criticality-based metrology.

5 Conclusion

We have investigated the impact of decoherence on the
criticality-based quantum metrology in the QRM, showing
that the achieved precision still diverges when approaching
the criticality. In particular, we consider the single-
photon relaxation described by the Lindblad-form
master equation. By the semiclassical equation of motion,
we obtain the analytical solution for the precision char-
acterized by the maximum inverted variance. We have
shown that the precision is very sensitive to the temper-
ature. As a remedy, we propose to improve the precision
by performing the squeezing operation on the initial
state. Furthermore, we also investigate the performance
of the metrology in the presence of two-photon relax-
ation. In contrast to the single-photon relaxation, the
inverted variance do not oscillate against the rescaled
time at the same frequency for different ¢'s. More strik-
ingly, the maximum inverted variance shows a
completely-different tendency when closing to the quantum
phase transition.
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