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ABSTRACT

We propose a method to generate the multi-mode entangled catalysis
squeezed vacuum states (MECSVS) by embedding the cross-Kerr nonlinear
medium into the Mach-Zehnder interferometer. This method realizes the
exchange of quantum states between different modes based on Fredkin 1
gate. In addition, we study the MECSVS as the probe state of multi-arm
optical interferometer to realize multi-phase simultaneous estimation. The
results show that the quantum Cramer-Rao bound (QCRB) of phase esti-
mation can be improved by increasing the number of catalytic photons or
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decreasing the transmissivity of the optical beam splitter using for photon
catalysis. In addition, we also show that even if there is photon loss, the
QCRB of our photon catalysis scheme is lower than that of the ideal entan-
gled squeezed vacuum states (ESVS), which shows that by performing the
photon catalytic operation is more robust against photon loss than that
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without the catalytic operation. The results here can find applications in
quantum metrology for multiparatmeter estimation.

Keywords quantum metrology, squeezing vacuum, quantum catalysis,
multi-parameter estimation

1 Introduction evolution of probe states, and the readout of the evolved

states. In quantum  metrology, the quantum
Quantum metrology is one of the most important Cramer-Rao bound (QCRB) is usually used to quantify
research fields in quantum information science which the estimation precision offered by quantum metrology,
can provide significant quantum advantages over its which gives the lower limit of the estimation precision
classical counterpart. A fundamental task in quantum that can be achieved using any possible detection methods
metrology is to improve the estimation precision of [1-5]. For this purpose, prior works are focused on the
parameters to be measured through quantum resources estimation of a single parameter with superior quantum
allowing by the basic principles of quantum mechanics. resources [6-20]. For instance, by adopting nonclassical
Generally speaking, the typical quantum metrology or entangled states, such as single (two)-mode squeezed
includes three steps: the preparation of probe states, the vacuum state (S(T)SVS) [11-13] and NOON state [14],
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the estimation precision can overcome the so-called stan-
dard quantum limit (SQL) scaling as 1/v/N with N
being the mean photon number of the probe state, and
in certain cases, the precision can even approach to the
renowned Heisenberg limit (HL) with a scaling 1/N. If
we can perform certain non-Gaussian operations such as
photon addition, subtraction and catalysis on the
squeezing states, we may further enhance the precision
of the metrology [15-20].

In the realistic scenarios, such as biological system
measurement [21-23], the optical imaging and the sensor
network [24-28], multiparameter quantum metrology is
indispensable and thus has received a lot of increasing
interest in recent years [29-43], as the number of parameters
affecting a physical process is usually more than one.
For instance, Humphreys et al. [29] treated the phase
imaging problem regarded as a multiparameter estimation
process, and showed the advantages of the multiparameter
simultaneous estimation using the multi-mode NOON
state, when comparing with the independent estimation
scheme. The advantages remain even if there are photon
losses, as studied by Yue et al. [30]. Apart from the
photon losses, Ho et al. [31] estimated three components
of an external magnetic field using the entangled Green-
berger—-Horne—Zeilinger state including the dephasing
noise and showed that its sensitivity can beat the SQL.
Besides, Yao et al. [32] investigated the multiple phase
estimation problem for a natural parametrization of
arbitrary pure states under the white noise. In order to
further develop the quantum enhanced multiparameter
simultaneous estimation, Hong et al. [33] proposed a
method to generate the multi-mode NOON state, and
they experimentally demonstrated that the QCRB can
be saturated using the multi-mode NOON state. In addition
to the NOON state, entangled coherent state is also
widely used in the field of quantum metrology. To
compare the performance of the entangled coherent state
[44, 45] can be better with that of the multi-mode
NOON state, Liu et al. [34] proposed a theoretical
scheme of quantum enhanced multiparameter metrology
with generalized entangled coherent state and showed
that the entangled coherent state can indeed give better
precision than that of the multi-mode NOON state.
After that, Zhang et al. [43] investigated the quantum
multiparameter estimation with generalized balanced
multimode NOON-like states, including the entangled
squeezed vacuum state (ESVS), the entangled squeezed
coherent state, the entangled coherent state, and the
NOON state. Comparing with other multimode NOON-
like states, they found that the ESVS has the lowest
QCRB if the mean photon number is the same. However,
how to prepare the multimode ESVS has not yet been
studied before. In addition, the maximum average
photon number of the squeezing vacuum state achievable
currently is still limited (about 15 dB for single mode
squeezed vacuum [46] and 10.7 dB for two-mode
squeezed vacuum [47]). A natural question is that can

we improve the multiparameter estimation further under
the same average photon number by performing certain
non-Gaussian operation on the ESVS?

In this paper, we propose a scheme to generate the
multimode ESVS or the entangled superposition of the
photon-catalysis squeezed vacuum state which may find
applications in the quantum information and quantum
metrology. Due to the fact that the multi-photon catalysis
operation [48, 49] can improve the fidelity in quantum
teleportation [50, 51], extend the transmission distance
in continuous variable quantum key distribution [52, 53],
and enhance the sensitivity of phase estimation for a
single-phase estimation [19] and undo the noise effect of
the channel [54], we also propose a scheme to improve
the multiparameter estimation precision by using the
MECSVS. Our results clearly show that the multi-
photon catalytic operation can further improve the
precision of phase estimation compared with the result
with ordinary ESVS as the probe state under the same
average photon number. Moreover, the usage of multi-
photon catalysis in the multiparameter quantum metrology
is also more robust against the photon losses which can
find applications in the practical scenarios.

The paper is organized as follows. In Section 2, we
propose a scheme to generate the MECSVS. In Sections
3 and 4, we evaluate the QCRB of multiparameter esti-
mation with the symmetric MECSVS under ideal and
photon-loss cases, respectively. In Section 5, we study
the QCRB when the anti-symmetric MECSVS is used.
Finally, we summarize the results.

2 The generation of the MECSVS

In this section, we propose a scheme to generate the
MECSVS which is the probe quantum state used for the
quantum multiparameter estimation. The schematic
diagram is shown in Fig. 1 in which three steps are
included. In the first step, we perform the n-photon
catalysis (orange box) on the input SSVS [¢). In the n-
photon catalysis, an n-photon Fock state |n) in an ancillary
mode @ is injected into one port of a beam splitter with
atransmissivity T,and then is detected at the corresponding
output of mode @. In the meantime, the input squeezed
state |¢) is injected into the other port a of the beam
splitter. If n photons are detected at the output port a,
the so called n-photon catalysis is performed and the
output state of port a is given by |¢’) which is the single-
mode n-photon catalyzed squeezed state. This multi-
photon catalyzed process can be regarded as an effective
operator [50], i.e.,

O = (n|B(T)|n)

I ACE L {exp [u(T)atal }
- nl O 1—7

, (1)

7=0
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Fig. 1 Generation of the d-mode MECSVS using quantum-optical Fredkin gate. The orange box is the multi-photon catalysis
process, in which an n-photon Fock state is inputted into auxiliary mode of beam splitter, conditional measuring n photons
at one output. The dashed box is the entanglement generator, which creates two-mode entangled catalysis squeezed vacuum
state by using the single-mode multi-photon catalysis squeezed vacuum state and vacuum state. Applying the entanglement
generator z times with each input of the following generator aligning with one of the output modes of the previous generator

creates a d-mode MECSVS.

where B (T) = (@ a-aah)arccos VT and the parameter

(1) = In VI - 1/VT.

1—7

(2)

Considering that the input state of a-mode is a Gaussian
SSVS  [¢) = Vsechr 325°, (— L tanhr)' /(2D)1/11[21) as  the
input state [55], the corresponding single-mode multi-
photon catalysis squeezed vacuum state is thus given by

N i A
‘& > - \/NO |£>a
1 T2 on -
= \/NMW[B(T);CZ(TH%%} :0, (3)
with  B(r) =1/(1 —7)Veoshr,  ¢(r) = [~4e?() tanh r]l

-/ (20)!/1! and N is the success probability given by

T a2n 1
— * e k 2
N = 7(71!)2 737’”87*”N (1,7%) [1 - (r, T )] ,
T=7*=0
(4)
with
1
N ) =
) = T = ) cohr
S (1, 7*) = 2T tanh? ) (5)

where 7* is the complex conjugate of 7. In particular,
from Eq. (3), when 7 = 1, the single-mode multi-photon

catalysis squeezed vacuum state is reduced to the SSVS,
as expected. Although the photon catalysis operation is
probabilistic [56], it can be heralded and we choose to
perform the quantum metrology only when the
MECSVS is successfully generated.

After generating the single-mode multi-photon catalysis
squeezed vacuum state as shown in Eq. (3), we next
produce a two-mode multi-photon catalysis squeezed
vacuum state using step 2 as shown in Fig. 1. For this
purpose, we propose to employ that quantum-optical
Fredkin gate which consists of two Mach—Zehnder inter-
ferometers mediated by a cross-Kerr medium. To be
more specific, the single-mode multi-photon catalysis
squeezed vacuum states and a vacuum state |0) are
respectively injected into a cross-Kerr medium based
Mach—Zehnder interferometer (MZI-2) from modes a and
b. Simultaneously, a vacuum state [0), and a single
photon state |1), are used as inputs of the MZI-1. We
assume that the four beam splitters J§j (j=1,2,3,4) are
chosen as 50:50, ie., B, —em(W'vrw)/4 and By =
eim(atorab’)/a ith B, =Bl and B, = B|. After passing
through the beams splitters B; and Bs, the photons in
mode @ and mode u pass through the corss-Kerr medium
at the same time and the effective operator is given by
[57, 58]

(6)

where  is the nonlinear Kerr coupling coefficient and ¢
is the interaction time. For our purpose here, we choose
xt = m. Unfortunately, the cross-Kerr nonlinearity in the

ﬁk = exp (ixtaTauTu) ,

Huan Zhang, et al., Front. Phys. 18(4), 42304 (2023)

42304-3



Fe > FRONTIERS OF PHYSICS

RESEARCH ARTICLE

natural medium is usually very small and yt is usually
much less than 7. However, enhancement of the cross-
Kerr nonlinearity is not impossible. In the past few
decades, a number of methods have been proposed to
achieve giant Kerr nonlinearity. For example, giant Kerr-
nonlinearity such that y > 27 x 1019 Hz can be achieved
in an atomic ensemble by the electromagnetic induced
transparency (EIT) and the slow light effect [59-63].
Besides, in Ref. [64], the author showed that by
constructing a one-dimensional nonlinear photonic crystal
from alternating layers of Kerr medium and linear
dielectric medium, the phase of the wave function of the
incident photons can be rotated by n phase. In addition,
by measurement-induced quantum operations, Costanzo
et al. [65] demonstrated an experimental implementation
of a strong Kerr nonlinearity where a n phase shift is
realized. Therefore, = phase shift by the Kerr-type inter-
action is possible.

It is clearly seen that if the w-mode is vacuum, no
phase shift for the b mode. However, if the u-mode has 1
photon, there is a phase shift for the b mode. Due to the
phase shift, the b-mode may enter the upper path or
lower path after passing through B,. This is the basic
principle for generating the entangled state in this setup.
The combination of the operation Ur = ByUyB3 is actually
the quantum-optical Fredkin gate which is given by

ij _ ei%u*u(aTa-l—bTb)e%ufu(abT—a‘\b) (7)

This quantum gate can effectively entangle the two
photon modes.

To be more specific, when |¢/) and |0) are injected into
the MZI-2 (|0), and |1), are injected into the MZI-1), the
unnormalized output state can be expressed as

P N

=5 1010}, |6€"), +1€), 10),) 1), 10),
FE(=10), [T, +1€),100) 00, 1) (®)

Here, the state |¢™'¢’), describes the state similar to Eq.
(3) but the coefficient ¢;(7) is multiplied by a phase
factor ¢™'. To remove this additional phase shift, we
place a quarter wave plate in the output route of b mode.
When 2/ photons pass through this quarter wave plate,
an additional =l phase shift is accumulated which
exactly cancels out the previous phase factor. Two single
photon detectors D; and D, are placed in the output
routes of v and v modes. According to Eq. (8), the
output state depends on the detection results of v and v
modes. Finally, the output state is given by

[Bhap = ——CE10), 1€, +1€, 10),), o)
VR

where N, is a normalization factor. The symmetric (anti-
symmetric) state is obtained when a single photon is

detected in D; (D,) and no photon is detected in Dy (Dy).
It is clearly seen that the two-mode ECSVS is generated.
Both the symmetric and the antisymmetric ECSVSs can
be used for improving the precision of the metrology. In
the following, we mainly consider the symmetric case
and disscuss the antisymmetric case in Section 5.

After preparing the two-mode ECSVS state, we use it
as inputs of two MZIs and repeat the procedures as
those in step 2. By repeating these procedures for a
number of time, we can in principle generate the
MECSVS. If all the detection results of the auxiliar
qubits are one photon in the mode u and zero photon in
the mode v, the output state is then given by

d
w) — Jlﬁz_:o 006 10) 102 10); .. [€"); - 10}, (10)

where N = (d+1) (1 +d (0] 5’)|2> is the normalized coeffi-
cient, which can be calculated as

——— (d+ 1) (7,7")

(11)

We note that N> d+1 because |(0] ¢)|*> > 0. Therefore,
the average photon number of the symmetric superposition
of the MECSVS 7 = (d + 1)(¢'|a’al¢’)/N is usually smaller
than the average photon number of the single mode
catalysis squeezed vacuum state (¢'|afal¢’). When ¢ is
the squeezed vacuum, we can see that the average
photon number of the symmetric superposition of ESVS
is usually smaller than that of the single-mode SVS, i.e.,
sini®7. The quantum state shown in Eq. (10) is a
symmetric MECSVS which is a highly entangled state.
In particular, when 7 =1, the MECSVS is reduced to
the multi-mode ESVS, as expected. In the following, we
shall use the MECSVS as the inputs of a multi-arm
interferometer in order to effectively improve the precision
of multiparameter estimations of multiple optical phases
at the same time with and without photon losses.

X {[1 —S(n )]+ d}

T=7*=0

3 The QCRB of multiparameter estimation
without photon losses

In this section, we investigate the QCRB of multiple
independent phases estimation simultaneously by a
multi-arm interferometer with inputting the MECSVS
shown in Eq. (10) under the ideal case. The schematic
diagram of d parameters estimation is shown in Fig. 2
where the mode 0 is the reference beam and the modes
from 1 to d are the parametric beams. The d estimated
parameters are assumed to be mutually independent
linear phases and their transformations through the
multi-arm interferometer can be represented by a
unitary operator [29, 43|
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Mode 0 Fik = A((U|N; N |©) — (U|N;|0) (W] N, | ). (14)
" Mode 1 A i As a result, the QFI matrix reads as [68]
> /\ =
9 Mode 2 0 % L5200 1 AT N2 T
2 2 . Fy = 4 (€ |N?I€)T — 4 (€ |NIE)T, (15)

s N N2
Mode d /g\ . . . -
AL > where [ represents the identity matrix and | denotes the

Fig. 2 Schematic of multiparameter estimation with d
phase shifts under an ideal case.

d
Uy = exp iZHj : Nj , (12)
j=1

where 6; and ]VJ- = a;a]— represent the phase shift and the
photon number operator for the jth mode, respectively.
Since all the phases are independent to each other, the
photon number operators Kfj for different j; are
commutable. When the input MECSVS |¥) goes through
the interferometer, the output state can be expressed as
|Wout) = Ug |¥). According to the definition of QCRB, the
estimation precision of @ is inversely proportional to the
quantum Fisher inforamtion (QFT) of the output state
|Wout), 1.€.,
42 2
’AH‘ > ‘A@’ = Te[F; Y,

QCRB (13)

where |Af)? is the total variance as a figure of merit for
the multiparameter estimation [34], Tr[] represents the
trace operation and F, ' is the inverse of the d x d QFI
matrix. Given an arbitrary pure state, it is possible to
saturate the QCRB if Im(y|L; Ly |y = 0 is satisfied for all
j,k and 6, in which Ly, is the symmetric logarithmic
derivative given by L;u = 2(10;0) Yout)(Yout| + [Vour)
(0(6) Yout|) With |86y Wout) = 05| Your)/Dj(i) 05y (66, 67].
For our scheme, based on Egs. (10) and (12), the
elements of the QFI matrix are given by

matrix with the elements I;, =1 for all j and k. From
Egs. (13) and (15), we can finally obtain the expression
of the QCRB for our scheme [34], i.e.,

—~ d ~ 1
AQ 2 - = N + —_—= B ].6
|A0GcrE He e ( k_d/N) (16)
where k = (¢/|N?|¢")/(¢/| N|¢)? with
A2 e\ r %" *
<€ |N |§ > _(n')Q oo *nN(TvT )
S(r,m)[S(r,7") +2]
X 5/2 |T—T*—O7
[ _%(7-77—*)]
e T a2n .
(€'INE) W&_n&_*n (m,7%)
W ST 37 lr=re=0 (17)

Note that |A§\éCRB is positive definite according to Eq.
(16). Especially, when 7 =1, one can obtain
(¢|N2|¢’) = sinh® r + 2sinh®rcosh®r and  (¢/|N|¢') = sinh® 7,
which is consistent with the result of the d+ 1 modes
ESVS case, as expected [43]. When T # 1, the QCRB
can be different from that of the ESVS case.

To elaborate the advantages of the MECSVS as
inputs of the multi-arm interferometer, we plot the
|A§\2QCRB as a function of the mean photon number for
several different catalytic photon numbers n € {1,2,3},
as shown in Fig. 3 where d =5 and T =0.7,0.8,0.9. As a
comparison, the black solid line corresponds to the result
using the multi-mode ESVS case. It is clearly seen that
the QCRBs in the case using MECSVS as inputs are

(a) 4.0 — - (b) 4.0 - () 40 — -
ii 1-photon catalysis 2-photon catalysis ‘\ 3-photon catalysis
30{ 3.0 30{
: : 20|
& 20 B 2.0 & 20
(o4 <o o
1.04 1.04 1.0
0.0 . . : ‘ 0.0 . . i A — 0.0 e e
00 04 08 1.2 1.6 20 00 04 08 1.2 1.6 20 00 04 08 1.2 1.6 20

Mean photon number

Mean photon number

Mean photon number

Fig. 3 The QCRB as a function of mean photon number for the ESVS (black) and the MECSVSs with T'=0.9 (blue),
T =0.8 (red), and T = 0.7 (green). (a) The case of single-photon catalytic, (b) the case of two-photon catalytic, (c) the case

of three-photon catalytic.
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obviously lower than those using the normal ESVS for
all three catalytic photon numbers (i.e., n=1,2 or 3)
especially when the average photon number is small.
This indicates that by catalyzing the SSVS before
inputting into the interferometer we can significantly
improve the phase detection precision. The QCRB is the
lowest when T = 0.9 comparing with 7'=0.7 and 7' = 0.8
for all three catalytic photon numbers. We also note
that the mean photon number of the MECSVS increases
with the squeezing parameter r but is saturated when r
is large enough (see Fig. 4). The maximum reachable
mean photon number increases when T or the catalysis
photon number increases. In Fig. 3 we mainly show the
improvement of precision in the range of low photon
number. This may find applications in the situation
where the disturbance to the system needs to be minimized
when the phases are measured. Despite that we mainly
show the improvement in the low photon number range,
the improvement when the photon number is relatively
large can also be achieved if the transmissivity 7 or the
number of photon catalysis increase (see Fig. 4) or the
antisymmetric state is used for the metrology (see Fig. 8
in Section 5).

4 The QCRB of the multiparameter
estimation with photon losses

Under the realistic environment, photon losses and
phase diffusions are usually unadvoidable, which can
affect the ultimate precision limit of the optical interfer-
ometry. Here we focus on studying the QCRB of multi-
parameter estimation with photon losses, as shown in
Fig. 5. To describe the influences of noise environment
on the phase probing system S, additional degrees of
freedom should be introduced, i.e., the environment
denoted as F. Here we assume that the environment is
in the vacuum state which is a reasonable assumption
for the optical regime. In such circumstance, the initial
state of the system and the environment are separable
and can be written as |¥).|0),. The evolution of the
whole combined system is unitary and can be denoted as

—_
]

~
e

USTE (). Thus, the final state before the measurement
can be expressed as [69]

U () s, =USE (0) | W) 5 10)

“Y i

)W) k) g

(18)

where US+E (9) =
environment vacuum state |0)
second identity, |k)

G RRUP L (0.3 P (0) and the

=10}, 10) 5,10 - In the
= |ko) g, k1) g, ---|ka) g, aTe orthonormal
states of the environment, and I, (§) =
I, (6) ® Ik, (61)....®11y, (8,) is the tensor product of all
Kraus operator Tl () [70, 71], each of which is defined
as

e, (00) =, (KT (01)10) (19)

From Eq. (18), we can then calculate the QFI matrix
of the whole system including the noisy environment
and the QFI matrix elements is given by

F (0,1 ()5 = 4((E) — TOHTW)), (20)
where (-) standing for (¥| - |¥) and
. I (6) -
oo — 2173191 I, (6;), (21)
ki
) dTt] ,(00) dIly, (67) .
1 ) X a1 =0 (22)

F(Z)F(J),l £ 4.

As an example of the noise environment, the photon
loss can be simulated using an optical beam splitter with
a transmissivity 7, (7, =1 corresponds to lossless case,
and 7 =0 corresponds to complete photon loss). From
Egs. (19), (21) and (22), we can obtain T'® = ;;N; and
A N2 +uN, when [=j (and 7 ZFOFG) when
1#37), with j=1-01+g)(1-mn) and v =(1+
e)?n (1 —mn;). As shown in Fig. 5, if such photon losses
exist in the each mode of the multi-arm interferometer,
a series of Kraus operators in each mode is given by [30]

P
=2

~
[o)}

1-photon catalysis

Mean photon number
Now A
Mean photon number
Now A

©) 6

2-photon catalysis 3-photon catalysis

Mean photon number
oW A

Squeezed parameter (7)

Fig. 4 The mean photon number as a function of mean photon number for the MECSVSs with T' = 0.9 (blue),

Squeezed parameter (r)

3 4 5 3 4 5

Squeezed parameter (7)

T = 0.8 (red),

and T = 0.7 (green). (a) the case of single-photon catalytic, (b) the case of two-photon catalytic, (c) the case of three-photon
catalytic. The corresponding mean photon number of the SSMS is also plotted (see black line).
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Mode 0 analytical expression of the QCRB with MECSVS as
Mode 1 inputs of the multi-arm interferometer under the photon
» ; ‘ , 1§ losses [30]
Z Mode 2 : ' : §
QO > ~2 ~
&3] ) i ] — -1
= ’ Lossy channel| g ‘AQ‘QCRB - I%E’:X Tr[,L (9’ Hk)]’ (27)
Mode d ! ‘ :
! ; where
RPN d—1 1
Fig. 5 Schematic of multiparameter estimation with d Tre[F (0, k)] (28)

phase shifts under the photon losses.

. L N N,

Hk, (0[) — (1 knl) elel(le€lkl)anla;€l7 (23)
1

where ¢, is an arbitrary real number. ; need to be optimized

to make the lower bound f(6,1I) as tight as possible.

According to Egs. (20) and (23), the lower bound for the

optimal precision of multiparameter estimation is given

by [72, 73]

cov (0) > L

“ 6.0 (24)

Based on Eq. (24), let us take the MECSVS as the
input of multi-arm interferometer. In this case, all (off-)
diagonal elements of f (,1I;) are the same, denoted as
Fa (Fo). For simplicity, here we can make a reasonable
assumption that n, =7 and ¢ =¢ since all modes are
symmetric for the probe state and then we can obtain

Fa =43 (ANE) + (), (25)
Fo =4[ ((NiN;) — (N)(N)))], (26)

where (AN2) = (N2) — (N))? and (N,N;) =0, (N))(N;) =
(N))? for the MECSVS. Then we can calculate the

(2) 10.0 .
\ 7n=0.9
“ Solid: without loss
8.0 \ Dash: with loss
@ 6.0
Q
ey
4.0 1
2.04
OO T T T T -
0.0 0.4 0.8 1.2 1.6 2.0

Mean photon number

= _l’_ .
Fa—Fo Fa+(d-=1)F,

In Fig. 6(a), we compare the QCRBs of the ideal
(solid lines) and the photon-loss (dashed lines) cases
with different input states (i.e., the ESVS and the single-
photon catalyzed state) where the strength of the
photon loss is chosen to be n =0.9. We can see that with
photon loss, the QCRBs increase for both inputs.
However, we can see that the QCRB of using the single-
photon catalyzed state is still lower than that using the
ESVS case which indicates that the single-photon
catalyzed state still has better performance than the
ESVS case under the photon losses. We also find that
when the mean photon number is less than 0.32, the
QCRB for the MECSVS with n =1 with photon losses
can be still lower than that for the multi-mode ESVS
without photon losses. In addition, we also consider the
QCRB with the input MECSVS for several different
catalytic photon numbers n € {1,2,3}, as shown in Fig.
6(b) where n =0.9. It is found that, the QCRBs for all
the three catalysis photon numbers are about the same
with photon losses and all of them perform better than
that with the ESVS input.

We also investigate the QCRB for different strength
of the photon loss which are shown in Fig. 7 where we
set T'=0.9. From the three subfigures, we can see that
with the decrease of 7 € {1,0.98,0.96,0.94,0.92,0.90}, the
QCRB for the MECSVS increases, meaning that the

(b) 4.0 :
{ —ESVS
I S 1-photon catalysis
b — — 2-photon catalysis
304 § 3-photon catalysis
Y 0.55
» g
5 201
o
1.0
n=0.9
0.0 T T T T
0.0 0.4 0.8 1.2 1.6 2.0

Mean photon number

Fig. 6 In the presence of photon losses, the phase uncertainty |A§\éCRB as a function of the mean photon number.
(a) Comparison of the ideal case and the loss case for the ESVS and the single-photon catalysis operation. (b) Comparison
of the phase uncertainty |[Af|%cxp With the number of the photon catalysis n = 1,2, and 3, and the ESVS (black dashed line)

for 10% photon loss (n = 0.9).
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Fig. 7 The QCRB as the function of the mean photon number in the presence of photon losses. The dot line represents the
ideal ESVS, the dotdash line represents the single-photon catalytic ESVS, and the colored line represents the QCRB corresponding
to different dissipation factors. (a) The case of single-photon catalysis, (b) the case of two-photon catalysis, (c) the case of

three-photon catalysis.

precision of multiparameter estimation decreases with
the increase of photon-loss intensity. More interestingly,
wih the increase of n = 1,2, 3, the usage of the MECSVS
with respect to the QCRB canbe superior to that of the
multi-mode ESVS at a certain range of the mean photon
number. To be more specific, for n=0.94 (green line),
when the mean photon number is less than 0.72,0.90 and
0.95, the QCRB for the MECSVS of n=1,2,3 with
photon losses can be lower than that for the multi-mode
ESVS without photon losses, and such a phenomenon is
also true when 7 = 0.96 and 0.98. Thus, the results above
clearly show that using the MECSVS can improve the
phase estimation precision over the ESVS in both the
noisy and noisy-free cases.

5 The QCRB of the other multi-mode
entangled states

In Section 2, we show that if the measurement results
for D; and D, detectors are zero and one photon, respec-
tively, antisymmetric instead of symmetric superposition
of vacuum and ESVS is obtained. In this section, we
show that this antisymmetric state can be also used for
improving the phase estimation precision. As an exam-
ple, we assume that all the D, and D, detectors detect
zero and one photon, respectively. In this case, the
output state for the 6 modes example (i.e., d = 5) can be
calculated as
1

\/§(|§>o 0)110)210)510)4 [0)5
—10)0 &)
=10} 10}
+10)0 10),
— 10} 10)4
+ 10} 10)4

@) =

0)30)310)410)
€)210)310)410)5
0)21€)310)410)

0)210)31€)410)
0)210)310)41€)

5
05

£)s);

where N = (d+ 1)(1— |(0] £)|?) is the normalization coef-

4
4

(29)

ficient. Different from the symmetric MECSVS, the
normalization factor of the antisymmetric MECSVS
N < d+1 and therefore, the average photon number of
the antisymmetric MECSVS can be larger than that of
the single-mode CSVS. When ¢’ is the squeezed vacuum,
we can see that the average photon number of the anti-
symmetric superposition of ESVS can be larger than
that of the single-mode SVS, i.e., sinh?r. Based on Eq.
(29), we can calculate the QCRB of multiparameter esti-
mations with and without photon losses.

In order to more see whether this entangled state [Eq.
(29)] can be also used to improve the precision of multiphase
estimation or not, we plot the QCRB as a function of
the mean photon number for given T = 0.9 and different
catalysis photon number n = 1,2,3 in the ideal case [see
Fig. 8(a)] and in the case with photon losses with 5 = 0.9
[see Fig. 8(b)]. For comparison, the QCRBs of ESVS as
input state with and without photon losses are also
shown in the figures. From Fig. 8(a), we can see that,
for the entangled state given in Eq. (29), single-photon
catalysis and two-photon catalysis have obvious advan-
tages in improving the precision of multiphase estima-
tion. However, when the number of catalytic photons
n >3, the QCRB of the catalytic entangled states does
not surpass that of the ESVS when the mean photon
number is large (i.e, larger than 4.13 in this example).
From Fig. 8(b), we can see that the QCRB in the case
of single-photon catalysis is still lower than that in the
ESVS case with photon losses. Hence, using the
MECSVS in the antisymmetric case can also improve
the phase estimation precision over using the ESVS.

6 Success probability

In this section, we discuss the success probability of our
scheme. As known to us, the photon catalysis operation
is probabilistic. The success probability depends on the
transmissivity of the beam splitter and the number of
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Fig. 8 The QCRB as a function of the mean photon number (a) for given T = 0.9 and different catalysis photon number
n =1,2,3 in ideal case and (b) for given T = 0.9 and 5 = 0.9 with photon losses.

photon catalysis which is given by Eq. (4). The higher
the transmissivity, the higher the success probability.
Fortunately, in our scheme the photon-catalysis is only
performed once in the step one shown in Fig. 1 and we
find that the improvement of precision is the best when
the transmissivity is around 0.9. For this transmissivity,
the success probability of the photon catalysis is very
high. For example, the success probability is about
70%-90% for the single-photon catalysis, 60%-80% for
the two-photon catalysis, and 50%—70% for the three-
photon catalysis when the squeezing parameter is in the
range between 0 to 1 (Fig. 9).

On the other hand, the quantum-optical Fredkin gate
used for the step 2 shown in Fig. 1 is also probabilistic
and different measurement results yield different output
states. For example, when the photon detector D,
detects a photon, the output state is the symmetric
state |¥)ap = (10)a€)s + |€7)4]0)s) /v N, while it is the anti-
symumetric state [)u = (=[0)4]¢")s + |€')a[0))/VA7 when a
single photon is detected in D,. Despite the different
outcomes, both of them can be applied to enhance the
sensitivity of the phase measurement. For example, the
improvement of phase estimation precision using the
symmetric state is shown in Sections 3 and 4 and the

1.0
2
:_—6
<
S
2
a
2 0.4
§ —— 1-photon catalysis
“ 0.21 — — -2-photon catalysis
3-photon catalysis
0.0 & . . - : .
0.0 0.2 0.4 0.6 0.8 1.0

Squeezed parameter (r)

Fig. 9 The success probability of the photon catalysis
process as a function of squeezed parameter r for three different
number of photon catalysis. The transmissivity 7' = 0.9.

improvement of phase estimation precision using the
antisymmetric state is discussed in Section 5.

7 Conclusion

In this paper, we first propose a scheme to prepare the
ESVS and MECSVS. Then we show that using
MECSVS as input of a multi-arm optical interferometer,
we can improve the QCRB of the multi-phase measurement
over that using the corresponding usual ESVS in both
cases with and without photon losses. We also compared
the performance of the single-, two-, and three-photon
catalysis states. The results shown that in both cases
with and without photon losses for the symmetric
MECSVS, the three-photon catalysis entangled state
have better performance than the other two, which indi-
cates that multi-photon catalysis has more resilient to
the environment noises in this case. Additionally, for the
antisymmetric MECSVS, it turns out that the single-
photon catalyzed entangled state gives the best QCRB,
which implies that the MECSVS with antisymmetric
case can be also used to improve the phase estimation
precision. Our results can find applications in the quantum
metrology for multiparameter estimation.
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Appendix A: Derivation of the two-mode
ECSVS [Eg. (9)]

Assume that the initial input state is the single-mode
multi-photon catalysis squeezed vacuum state |¢'), [see
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Eq. (3)] in the « mode and the vacuum state |0), in the b Finally, substituting J, = 1 (afa + b7b) into Eq. (A4) and
mode. The output state of the step 2 shown in Fig. 1 is using e*'*bte=*"% = bter, we can get
given by

v =B 2 5y
AAAAA = B, = B(r
¥) = BaBaliBs By I€),,10),10), 1), VANl o7
1 ~ =~ . i .
= 5Bl [€),10), (11, [0), +i10),1),) 3y gl;,emlb”l 0), 10, 1), 10),
L 0 503 e ) e o B
= —=Bo— -0 (7 c (7 1 B o
Van ol o\ 2 AN T g ()
ixulu ixulu. : > a7
X oG 2 o) 0),(12), 100,410}, 1),)] 3L ), o) 01, 11,
=0 =0 ( )' 7=0
= 2 n T
Since |n) = a'"/v/n!|0), Eq. (A1) can be rewritten V2N nl ot
= BT O )55 4D s () 0, 2, 1), 0,
= N 2 nl o o (2l)' =0 7=0
= +iAT"/26”B()
. 250 (7T
2 t20) [0}, ([1),,10), +i[0), 11),) |r=o- VN ot o
(A2) ZCz )120)4 10), 10),, [1),, (A5)
7=0
B i the  formul xuluwli |y = eixdi|]
.yf using ¢ .orm1.1 as e | >f. x| Z\“’ In the path of mode b, we place a quarter waveplate to
eixw'uli |0y |0> with i=0,2, e*2ate™ /2 =qafcosd— . .
. compensate the 7l phase shift and the output state is
bisin 2 and v’ |0) [0), = |0), |0),, We can obtain
[} 1 5 .
) = 1 T”/2 o TS e (1) ) = EBQ(I% €5 11),,10), +11€),10), 10),, 1)) -
|
V2N n! orn — /@) (AG)
. 21
- ghxuludo (aT cos——bJr sin %) Then, after the transformations of the second beam
splitter B2 of MZI-1, Eq. (6) becomes
+10)q 10), (1), [0}, +1[0),, [1),,) 1
. 19) =5 1100 € + 1€, 103 1), 10},
b g T s a() H (=100, 160, + 1€),100,) 00, 11, (A7)
v I orn !
2N war = (2! From Eq. (A7), we can see that if a single photon is
detected in the u mode or in the » mode, we can obtain
+10), 10), 10),, 1), (A3 )
7=0 V) gt = ——= (E10), 16, + 1€, 10)3) (A8)
Taking x = « yields V Ny
1~ T2 on o (7)o which is the two-mode ECSVS [Eq. (9)].
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