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We present protocols to generate quantum entanglement on nonlocal
magnons in hybrid systems composed of yttrium iron garnet (YIG) spheres, my

microwave cavities and a superconducting (SC) qubit. In the schemes, the > le),
YIGs are coupled to respective microwave cavities in resonant way, and = g 0
the SC qubit is placed at the center of the cavities, which interacts with the ° "_]_
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cavities simultaneously. By exchanging the virtual photon, the cavities can ),

indirectly interact in the far-detuning regime. Detailed protocols are

R

presented to establish entanglement for two, three and arbitrary N

magnons with reasonable fidelities.
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1 Introduction

Quantum entanglement is one of the most important
features in quantum mechanics. The quantum entangled
states [1-4] are significant ingredients in quantum infor-
mation processing. Over past decades, various theoretical
and experimental proposals have been presented for
processing quantum information by wusing various
systems such as atoms [5-14], spins [15-21], ions [22-29],
photons [5, 30-39], and phonons [40-42]. With the devel-
opment of technologies, the quantum entanglement has
been established not only in microscopic systems, but
also in the macroscopic systems such as superconducting
circuits [43-48] and magnons system [49-55].

Hybrid systems exploit the advantages of different
quantum systems in achieving certain quantum tasks,
such as creating quantum entanglement and carrying
out quantum logic gates. Many works have been
presented so far for quantum information processing in
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the hybrid systems [56-59]. For instance, as an important
quantum technology [60], the hybrid quantum circuits
combine superconducting systems with other physical
systems which can be fabricated on a chip. The super-
conducting (SC) qubit circuits [61, 62], based on the
Josephson junctions, can exhibit quantum behaviors
even at macroscopic scale. Generally, the interaction
between the SC qubits and the environment, e.g.,
systems in strong or even ultrastrong coupling regime
via quantized electromagnetic fields, would result in
short coherence time. Thus many researches on circuit
quantum electrodynamics (QED) [63] have been
presented with respect to the SC qubits, superconducting
coplanar waveguide resonators, LC resonators and so on.
This circuit QED focuses on studies of the light-matter
interaction by using the microwave photons, and has
become a relative independent research field originated
from cavity QED.

The hybrid systems composed of collective spins
(magnons) in ferrimagnetic systems and other systems
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are able to constitute the magnon—photon [64, 65], —
magnon—-phonon [66-68], magnon—photon—phonon [49, ()
50, 69] systems and so on, giving rise to new interesting "o
applications. Ferrimagnetic systems such as yttrium iron m_
garnet (YIG) sphere have attracted considerable attention ® * Cavity 1

in recent years, which provide new platforms for investi-
gating the macroscopic quantum phenomena particularly.
Such systems are able to achieve strong and even ultra-
strong couplings [70] between the magnons and the
microwave photons, as a result of the high density of the
collective spins in YIG and the lower dissipation. The
YIG has the unique dielectric microwave properties with
very lower microwave magnetic loss parameter. Mean-
while, some important works have been presented on
magnon Kerr effect [71, 72], quantum transduction [73],
magnon squeezing [74, 75], magnon Fock state [76] and
entanglement of magnons. For example, in 2018 Li et al.
[49] proposed a system consisted of magnons, microwave
photons and phonons for establishing tripartite entangled
states based on the magnetostrictive interaction and
that the entangled state in magnon—photon—phonon
system is robust. In 2019 Li et al. [50] constructed the
entangled state of two magnon modes in a cavity
magnomechanical system by applying a strong red-
detuned microwave field on a magnon mode to activate
the nonlinear magnetostrictive interaction. In 2021 Kong
et al. [52] used the indirect coherent interaction for
accomplishing two magnons entanglement and squeezing
via virtual photons in the ferromagnetic-superconducting
system.

In this work, we first present a hybrid system
composed of two YIG spheres, two identical microwave
cavities and an SC qubit to establish quantum entangle-
ment on two nonlocal magnons. In this system, two
YIGs are coupled to respective microwave cavities that
cross each other. And an SC qubit is placed at the
center of the crossing of two identical cavities, namely,
the SC qubit interacts with the two cavities simultane-
ously. The magnons in YIGs can be coupled to the
microwave cavities in the resonant way, owing to that
the frequencies of two magnons can be tuned by biased
magnetic fields, respectively. Compared with other
works, the SC qubit is coupled to the two microwave
cavities in the far-detuning regime, meaning that the
two identical cavities indirectly interact with each other
by exchanging virtual photons. Then, we give the effective
Hamiltonian of the subsystem composed of the SC qubit
and two cavities, and present the protocol of entanglement
establishment. In Section 3, we consider the case of
three magnons. In the hybrid system shown in Fig. 3,
the three identical microwave cavities could indirectly
interact via the virtual photons, and each magnon is
resonant with the respective cavity by tuning the
frequency of the magnon. At last, we get the isoprobability
entanglement on three nonlocal magnons. Moreover, the
hybrid system composed of N magnons, N identical

Cavity 2
|

Fig. 1 Schematic of the hybrid system composed of two
yttrium iron garnet spheres coupled to respective microwave
cavities. Two cavities cross each other, and a superconducting
qubit (black spot) is placed at the center of the crossing.

microwave cavities and an SC qubit is derived in Section
4. We summarize in Section 5.

2 Quantum entanglement on two nonlocal
magnons

2.1  Hamiltonian of the hybrid system

We consider a hybrid system, see Fig. 1, in which two
microwave cavities cross each other, two yttrium iron
garnet (YIG) spheres are coupled to the microwave cavi-
ties, respectively. A superconducting (SC) qubit, repre-
sented by black spot in Fig. 1, is placed at the center of
the crossing in order to interact with the two microwave
cavities simultaneously. The YIG spheres are placed at
the antinode of two microwave magnetic fields, respec-
tively, and a static magnetic field is locally biased in
each YIG sphere. In our model, the SC qubit is a two-
level system with ground state |g), and excited state |e),.

The magnetostatic modes in YIG can be excited when
the magnetic component of the microwave cavity field is
perpendicular to the biased magnetic field. We only
consider the Kittel mode [77] in the hybrid system,
namely, the magnon modes can be excited in YIG. The
frequency of the magnon is in the gigahertz range. Thus
the magnon generally interacts with the microwave
photon via the magnetic dipole interaction. The
frequency of the magnon is given by w,, = vH, where H
is the biased magnetic field and ~/(27) =28 GHz/T is
the gyromagnetic ratio.

In recent years, some experiments have already realized
the strong and ultrastrong magnon—magnon coupling
[78-80] as well as the magnon—qubit interaction [81, 82],
which means that in the hybrid system shown in Fig. 1
the magnon is both coupled to the SC qubit and another
magnon. However, we mainly consider that the magnons
which frequencies are tuned by the locally biased static
magnetic fields can be resonant with the cavities. In the
meantime, the two cavities modes interact indirectly in
the far-detuning regime for exchanging photons. The
entanglement of two mnonlocal magnons can be
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constructed by using two cavities and the SC qubit.
Given that there are magnon-magnon and magnon-qubit
interactions, the magnon can be detuned with the qubit
and another magnon in order to neglect their interac-
tions. In the rotating wave approximation the Hamiltonian
of the hybrid system is (7 = 1 hereafter) [83]

H") = Hy + Hin,

1
Hy = wmlmJ{ml + wmzmgmg + §wqoz

+ wala]ich + wazaEaz,
Hine = Ay (almJ{ + aJ{m1) + Ay (a2m; + a£m2)

T A (10" +afo) + A (az0” +afo). (1)

Here, Hj is the free Hamiltonian of the two cavities, two
magnons and the SC qubit. H;, is the interaction Hamil-
tonian among the cavities, magnons and SC qubit. w,,,
and w,,, are the frequencies of the two magnons, which
are tunable under biased magnetic fields, respectively.
wa, and w,, are the frequencies of two cavities, and w, is
the state transition frequency between |g), <+ |e), of the
SC qubit. In the Kittel mode, the collective spins in
YIGs can be expressed by the boson operators. m; (ms)
and m! (m}) are the annihilation and creation operators
of magnon mode 1 (2). a; (az) and al (al) denote the
annihilation and creation operators of cavity mode 1 (2),
respectively. They satisfy commutation relations
[0,07]=1 for O=ai,a2,mi,ma. 0o, =e)gle] —|g)q{g|-
o =1g)q(e| and oF =|e),(g] are the lowing and raising
operators of the SC qubit. A, (},) is the coupling
strength between the SC qubit and the cavity mode 1
(2). A, (Am,) is the coupling between the magnon mode
1 (2) and the cavity mode 1 (2).

As mentioned above, the two microwave cavities are
identical ones with the same frequency w,, = wa., = wa.
Meanwhile, one can assume that A\, =\, =\, In the
interaction picture with respect to et the Hamiltonian
is expressed as

HD =X, aymie®t + N\, agymie®t + Agapo et
+ Agago et 4 Hee.,

(2)

where &) =wp, —we, 02 = W, — Wa, and
Ay = wy — w,. The SC qubit is coupled to the two cavities
simultaneously. Owing to A; = Ay = Ag # 0 and Ay > A,
the two identical microwave cavities indirectly interact
with each other in the far-detuning regime. Therefore,
the effective Hamiltonian of the subsystem composed of
the two microwave cavities and the SC qubit in the far-

detuning regime is given by [84]

Al =wg — wq

Heffzxq [az(aial +abag + alay + aral) + 2\e)q<e|] ,
(3)

where X, = \2/A,.
2.2 Entangled state generation on two nonlocal
magnons

We now give the protocol of quantum entanglement
generation on two nonlocal magnons. Generally, the
magnon can be excited by a drive magnetic field. For
convenience the state of magnon 1 is prepared as 1),
via the magnetic field. The initial state of the hybrid
system s [p)o = |1, [0} 0%, |0)sy|g)y, in which the two
cavities are all in the vacuum state, magnon 2 is in the
state|0),,, and the SC qubit is in state |g), which is unaltered
all the time due to the indirect interaction between the
two cavities.

Step 1: The frequency of magnon 1 is tuned to be
W, =wg, S0 that the cavity 1 could be resonated with it.
Therefore, the magnon 1 and cavity 1 are in a superposed
state after time Ty =/(4)\,,). The local evolution is
1D |00 = 5 (L) [0)ay — [0y [ 1)y ), Which means that the
states of SC qubit, magnon 2 and cavity 2 are
unchanged due to decoupling between the SC and two
cavities, and the magnon 2 is far-detuned with cavity 2.
The state evolves to

1

\/i(‘1>m1|0>a1 - i‘0>m1|1>a1)
® |0>m2 ® |0>a2 ® |g>q'

o)1
(4)

Step 2: The magnons are tuned to far detune with
respective cavities. From Eq. (3), the evolution of
subsystem composed of two microwave cavities and SC
qubit is given by

Ix(t))sub :eint [COS(th)|1>a1 |0>a2 + iSin(th)|0>a1 |1>a2]
® |g>q
(5)

under the condition Ay > A,.

After time T, =7/(2),), the evolution between two
cavities is [1)y[0)e, — —|0) |1)sy, Which indicates that the
photon can be indirectly transmitted between the two
cavities, with the state of SC qubit unchanged. There-
fore, the state after this step changes to

1 .
:ﬁ(‘1>m1|0>“1|0>“2 +10)m,[0)as [1)a,)

@ [0)m, @19)q-

)2
(6)

Step 3 The frequency of magnon 2 is tuned with
Wm, = W, tO resonate with the cavity 2. In the meantime
the cavities are decoupled to the SC qubit and the
magnon 1 is far detuned with the cavity 1. After time
Ts = /(2Am,), the local evolution |0),, |1}, — —i|1)mn,|0), is
attained. The final state is
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1
:ﬁ(|1>m1 |0>m2 + |0>m1 |1>m2>

® 10)a, @ [0)a, @ [9) g,

[
(7)

which is just the single-excitation Bell state on two
nonlocal magnons.

In the whole process, we mainly consider the interactions
between the magnons and the cavities, and between the
cavities and the SC qubit. However, the SC qubit can be
coupled to the magnons. In terms of Ref. [81], the inter-
actions between the magnons and the SC qubit are
described as  Hypi = Agm,1(cTmy + He.)) and Hyy,o =
Aqm,2(0+m2 + HC) where )\qm,l = /\q)‘ml/AO and )\qm,Q =
AgAm, /Ao, while the conditions w, =w,,, and w, = wpn,
are attained. In the meantime, the two magnons are
interacts each other by using the SC qubit. Generally,
the frequencies of two magnon modes are tuned by the
locally biased magnetic fields. Therefore, the magnon
can be detuned with the SC qubit and another magnon
in order to neglect the interactions between the magnons
and the SC qubit.

2.3 Numerical result

We here simulate [85] the fidelity of the Bell state on
two nonlocal magnons by considering the dissipations of
all constituents of the hybrid system. The realistic
evolution of the hybrid system composed of magnons,
microwave cavities and SC qubit is governed by the
master equation

p=—ilHD, p] + ki, D[m1lp + K, Dmalp

+ Kqy D[a1]p + Ka, D]az]p + v4D[o]p. (8)

Here, p is the density operator of the hybrid system, k,,,
and k,,, are the dissipation rates of magnon 1 and 2, k.,
and r,, denote the dissipation rates for the two
microwave cavities 1 and 2, v, is the dissipation rate of
the SC qubit, D[X]p= (2XpX" - XTXp—pXTX)/2 for
X =my,mg,a1,as,0. The fidelity of the entangled state of
two nonlocal magnons is defined by F =3 {¢|p|¢)s.

The related parameters are chosen as w,/(2m) = 7.92
GHz, w,/(27) = 6.98 GHz, \,/(27) = 83.2 MHz, )\, /(27) =
153 MHz, \,,/(27n)=153 MHz [82], &k, /(27) =
Kmy/(2T) = ki /(27) = 1.06  MHz, k4, /(27) = ke, /(27) =
Ka/(27) =1.35 MHz [70], +,/(27) =1.2 MHz [81]. The
fidelity of the entanglement between two nonlocal
magnons can reach 92.9%.

The influences of the imperfect relationship among
parameters is discussed next. Figure 2(a) shows the
fidelity influenced by the coupling strength between the
microwave cavities and the SC qubit. Since X, = A2/ Ao
in Eq. (3), the fidelity is similar to parabola. In
Figs. 2(b)—(d), we give the fidelity varied by the dissipations
of cavities, magnons, and SC qubit. As a result of the
virtual photon, the fidelity is almost unaffected by the
SC qubit, shown in Fig. 2(d).
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Fig. 2 (a) The fidelity of the Bell state of two nonlocal
magnons with respect to the coupling strength ), Since
Xe=A2/Ao in Eq. (3), the fidelity is similar to parabola.
(b—d) The fidelity of the Bell state versus the dissipations of
cavities, magnons, and SC qubit, respectively.

3 Entanglement generation for three
nonlocal magnons
3.1  Entangled state of three nonlocal magnons
Similar to the protocol of entangled state generation for
two nonlocal magnons in two microwave cavities, we
consider the protocol for entanglement of three nonlocal
magnons. As shown in Fig. 3, similar to the hybrid
system composed of two magnons coupled to the respective
microwave cavities and a SC qubit in Fig. 1, there are
three magnons in three YIGs coupled to respective
microwave cavities and a SC qubit placed at the center
of the three identical cavities (wa, = wa, = Way = Wa)-
Each magnon is in biased static magnetic field and is
located at the antinode of the microwave magnetic field.
In the interaction picture, the Hamiltonian of the
hybrid system depicted in Fig. 3 is

I : A
Hé ) =M, aymie®t + Amzagm;e‘ézt
+ A agm};el‘m + Agajo et

+ AgagoTe®2t 4 N azo et + Hee.,

9)

where ),,, is the coupling strength between magnon 3
and microwave cavity 3, a3 and m; are annihilation
operator of the cavity 3 and creation operator of the
magnon 3, respectively. )\, is the coupling between the
SC qubit and three cavities, §3=wy;,, —w,. The
frequency wy,, can be tuned by the biased magnetic field
in microwave cavity 3. Az = w; — wg = Ag.

At the beginning we have the initial state

)= @ [0 © lg)y With 1) =L, [0)as [0}y = 100,
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Fig. 3 Schematic of the hybrid system composed of three
yttrium iron garnet spheres coupled to respective microwave
cavities. A superconducting qubit (black spot) is placed at
the center of the three cavities.

and [1))={0) |0} 0}, =000},
in the magnon 1. The magnon 1 is resonant with the
cavity 1 by tuning the frequency of magnon 1, and the
SC qubit is decoupled to the cavities. After time
Tfs) =7/(2\n, ), the local evolution |1}, [0), — —1i|0)m, |1}y
is attained. The state is evolved to

) =

The SC qubit is coupled to the three identical
microwave cavities at the same time in far-detuning
regime Ag > )\,. Therefore, the effective Hamiltonian of
the subsystem composed of the SC qubit and the three
identical cavities is of the form [84]

The single-excitation is set

—1/000)|100)a|g)s- (10)

eff —)x O'Z(aJ{al + (l£02 + agag) + 3le)qlel

—i—az(ala; +a1a; —i—aga; —i—H.c.)} (11)

The magnons are then all detuned with the cavities. The
local evolution e‘iHi?f)tHOO)a@ of the subsystem is given
by

O =[ @00y, + 2 010), + <3H001>}

@ 1g)q> (12)

where C’ft) = BW’LQ and Cést = Céi) = m% It is easy

to derive that

CEVP + C50 P + G52 P = 1. (13)

Figure 4 shows the probability related to the states

1.0

—lcy

—ICRR =ICP

Al 0.54

0.0
7
320/A,
Fig. 4 Evolution probabilities of the states: P, = \Cﬁ)ﬁ for
100)a|000)n|gly (red), Po =|CSY|? for [010)4|000)n|g)s, Ps = [C)[?
for |001),]000),|g), and P, = P5 (blue).
(3) _ V3 +i 3) —V/3+i
o o) =l = X (14)
2v/3 2V/3
at time 7% =2r/(9),). Correspondingly, the state

evolves to

=L ooy + Y2
& (/000 © o

1010}, + ‘[+1|001> )

2V/3

(15)

Finally, the magnons can be resonated with the
respective cavities under the condition {d;,d2,d3} = 0.
The local evolution and the time are [0),,,[1)., —
—i[1)n, [0)a, and TP = 7/(2A,,) (k= 1,2,3), respectively.
Thus the final state is

) F— CCﬁWlm

®1000)s ® [g)g-

—V3+i
23

1010}t f+1|001> >

2V/3

(16)

In the whole process, the state of the SC qubit is kept
unchanged.

3.2 Numerical result

The entanglement fidelity of three nonlocal magnons is
given here by taking into account the dissipations of
hybrid system. Firstly, the master equation which
governs the realistic evolution of the hybrid system
composed of three magnons, three microwave cavities
and a SC qubit can be expressed as

. . I
PO = —ilH?, PO+ i, Dl ]p® + s, Dlimal o

+ HWSD[m3]p(3) + ﬁalD[aﬂp(?’) + HazD[a2]p(3)

[100),|000)m|g)ey  |010), |000) lg)y and |001), |000>m|g>q. In (3) (3)

+ Ka, Dlas +v,D|o 17
particular, one has |C’ |12 = |C§3’2|2 |C§3t)|2 1, with as Dlaslp taDlele™, (17)
Jiu-Ming Li and Shao-Ming Fei, Front. Phys. 18(4), 41301 (2023) 41301-5
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Fig. 5 (a—c) The fidelity of the entanglement on three nonlocal magnons versus the dissipations of cavities, magnons and

SC qubit.

where p®) is the density operator of realistic evolution of
the hybrid system, &, is the dissipation rate of magnon
3 with &y,,/(27) = kn/(27) = 1.06 MHz [70], &,, denotes
the dissipation rate for the microwave cavities 3
with k., /(27) = ke /(27) = 1.35 MHz [70], D[X]p® =
2Xp® Xt — X1Xp®) — p® XTX)/2 for any X = my, may, mas,
ai,as,a3,0.

The entanglement fidelity for three nonlocal magnons
is defined by F® ={¥ (o3 |y){¥, which can reach 84.9%.
The fidelity with respect to the parameters is shown in
Fig. 5.

4 N magnons situation

In Section 2 and Section 3, the entanglement of two and
three nonlocal magnons have been established. In this
section we consider the case of N magnons. In the
hybrid system shown in Fig. 6, the SC qubit is coupled
to N cavity modes that have the same frequencies w,. A
magnon is coupled to the cavity mode in each cavity.
Each magnon is placed at the antinode of microwave
magnetic field of the respective cavity and biased static
magnetic field.

In the interaction picture the Hamiltonian of whole
system shown in Fig. 6 can be expressed as

P ssscsscsscsssne (]
sy my
. TR,
lea Ty, W 4 A,
a)‘]
o a,
m,
lg),
q’)
o <

Fig. 6 Schematic of the hybrid system composed of N
yttrium iron garnet spheres coupled to respective microwave
cavities. A superconducting qubit is placed at the center of
the N identical microwave cavities.

H](é) = Z {)‘mn (anm] et + H.c.)

n

+ )\q(ana+eiA"t + H.c)l, (18)
where a,, and m! (n=1,2,3,---,N) are the annihilation
operator of the nth cavity mode and the creation operator
of the nth magnon, ), is the coupling between the nth
magnon and the nth cavity mode, ), denotes the
coupling strength between the SC qubit and the nth
cavity mode, 8§, = wm, —wa, wm, is the frequency of the
nth magnon, A,, = Ag = wy — We-

The initial state is prepared as

)Y = [0) @ [N @ |9,
|¢>’E’T]LV) = |1>m1 |O>m2|0>m3 t |0>mN = |100 to 0>ma

)N =10)ay0)as]0)ag * -+ [0)ay = 1000+ 0)q.  (19)

At first, we tune the frequency of magnon 1 under the
condition §; =0. The magnon 1 is resonant with the
cavity 1, which means that the single photon is transmitted
to cavity 1, and the SC qubit is decoupled to all the
cavities. The state evolves to

)Y =

after time TV) = 7/(2A,,)-

Next the magnons are tuned to detune with respective
cavities. The SC qubit is coupled to the N microwave
cavities at the same time in far-detuning regime Aq > A,.
Under the condition A, = A, the effective Hamiltonian
of the subsystem composed of the SC qubit and N
microwave cavities is of the form [84]

o e
HYY =33y |oahan + o el

+3 X

I<n

—i|000 - - - 0),,]100---0)4|g)q (20)

[az(ala; + H.c.)} (21)

Consequently, the evolution of the hybrid system is

given by
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Fig. 7 Evolution probabilities for N=4 (a), N=5 (b), and N=6 (c). f N>5

entanglement does not exist.

)" =|C 1100+ 0) + (010 --0),
+OV[001 -0y + - + C{[000- - - 1),
® (=1)[000 - - - O)m ® [g)g (22)
where
C(N) INth—I—(N— 1)
N )
iNXt
N (N Ny et —1
C( )= CBt):"':C](\/,t): N (23)
In addition, we have the following relation
N N N N
210 Cod P =ICLY 1 + 1051 + |05
oW = (24)

by straightforward calculation.

At last, the SC qubit is decoupled to the cavities, and
the magnons are resonant with the cavities, respectively.
Thus, after the time T") = 7/(2\,,,), the final state is

given by
)Y = — |C1V1100+ -0}, + €5 [010- - 0),
+ OSV[00L - 0 + -+ 4+ CH71000- - 1),
®1000---0)a @g)q-

(25)

In the whole process, the state of SC qubit is unchanged
all the time.

Remark: Concerning the coefficients Eq. (23), the
probabilities with respect to the states |100---0),,]000- -
0)alg)> 1010+ - 0)[000- - - >|g>qa |001 *0)m[000 - 0)algly, ...
900 Ljn]000- - O)lg)y are 5 = (C8DR, oY 2 o,
oV =187, L, P = |C(N)|2 respectlvely, and
pgN) zpéN) =... :pg\],v). If the condition p(N pg\” can

be attained, the isoprobability entanglement can be
obtained. For instance, for N =4, the entangled state of

S1UIA,

621/A,

p™ # pd implies that the isoprobability

the four nonlocal magnons is given by

1
[)5" = = 3| [1000}, —|0100},, 0010}, — 0001,

®10000); @ |g)g-
(26)

However, if N > 5, the isoprobability entanglement does
not exist as a result of pﬁN’ # péN), see illustration in Figs.

7(b) and (c).

5 Summary and discussion

We have presented protocols of establishing entanglement
on magnons in hybrid systems composed of YIGs,
microwave cavities and an SC qubit. By exploiting the
virtual photon, the microwave cavities can indirectly
interact in far-detuning regime, and the frequencies of
magnons can be tuned by the biased magnetic field,
which leads to the resonant interaction between the
magnons and the respective microwave cavities. We
have constructed single-excitation entangled state on
two and three nonlocal magnons, respectively, and the
entanglement for N magnons has been also derived in
term of the protocol for three magnons.

By analyzing the coefficients in Eq. (23), the isoproba-
bility entanglement has been also constructed for cases
N =2, N=3and N =4. In particular, such isoprobability
entanglement no longer exists for N > 5.

In the protocol for the case of two magnons discussed
in Sec. II, we have firstly constructed the superposition
of magnon 1 and microwave cavity 1. Then the photon
could be transmitted |1),[0), — —[0)y|1)p between two
cavities. At last, the single-excitation Bell state is finally
constructed in resonant way. As for N >3, however,

such method is no longer applicable because of
1100 - - 0), - a2\010- - 0) + 3001+ -0 + - - + an]000 - - 1),
namely, p1 )£ 0
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