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ABSTRACT

The  Bell  nonlocality  is  closely  related  to  the  foundations  of  quantum
physics and has significant applications to security questions in quantum
key distributions. In recent years, the sharing ability of the Bell nonlocality
has been extensively studied.  The nonlocality of  quantum network states
is  more complex.  We first  discuss the sharing ability of  the simplest  bilo-
cality  under  unilateral  or  bilateral  POVM  measurements,  and  show  that
the nonlocality sharing ability of network quantum states under unilateral
measurements is similar to the Bell nonlocality sharing ability, but different
under bilateral measurements. For the star network scenarios, we present
for the first time comprehensive results on the nonlocality sharing proper-
ties of quantum network states, for which the quantum nonlocality of the
network quantum states has a stronger sharing ability than the Bell nonlo-
cality.

Keywords  Bell nonlocality, quantum network, nonlocality sharing,
POVM measurements

 1   Introduction

Raised by Einstein et al. [1] in discussions on the incom-
pleteness  of  quantum mechanics  in  1935,  quantum Bell
nonlocality  [2]  has  been  extensively  studied  and  played
significant  roles  in  a  variety  of  quantum  tasks  [3].
Recent studies have shown that quantum nonlocality is
also a unique quantum resource for some device-indepen-
dent  quantum  tasks  such  as  the  key  distribution  [4],
random  expansion  [5],  random  amplification  [6]  and  in
the related experiments [7–9].

In 2015 the authors in Ref. [10] studied the fundamental
limits  on  the  shareability  of  the  Bell  nonlocality  with
many independent observers [11, 12], by asking whether

a  single  pair  of  entangled  qubits  could  generate  a  long
sequence  of  nonlocal  correlations  under  sequential
measurements on one of the qubits. This phenomenon is
known  as  the  sharing  ability  of  quantum  nonlocality.
The problem is that, given an initial bipartite nonlocally
correlated  quantum  state  shared  by  Alice  and  Bob,  if
the nonlocal correlation can be kept under (local) unilateral
or bilateral measurements by Alice or/and Bob. A state
is  said  to  be  of  stronger  nonlocal  sharing  ability  if  the
nonlocal  correlation  can  be  kept  under  more  local
measurements. Since then a series of theoretical [13–24]
and  experimental  [25–27]  results  on  Bell’s  nonlocality
sharing  have  been  obtained.  In  Ref.  [14]  with  equal
sharpness two-outcome measurements the authors show
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that at most two Bobs can share the Bell nonlocality of
a  maximally  entangled state  with a  single  Alice.  It  has
been shown that at most two Bobs can share the nonlocality
with a single Alice by using the local realist inequalities
with  three  and  four  dichotomic  measurements  per
observer [15]. More recently, by an elegant measurement
strategy, the authors in Ref. [21] show that, contrary to
the  previous  expectations  [10, 13],  there  is  no  limit  on
the  number  of  independent  Bobs  to  have  an  expected
violation of the CHSH inequality with one Alice. A class
of  initial  two-qubit  states,  including  all  pure  two-qubit
entangled  states,  has  been  presented  which  are  capable
of achieving CHSH inequality violations under unlimited
local measurements. This fact has recently been illustrated
for  the  case  of  higher  dimensional  bipartite  pure  states
[22]. However, most of the studies mentioned above are
focused  on  the  case  of  one-sided  (unilateral)  sequential
measurements  (See Fig.  1).  Recently,  Cheng  et  al.
[28, 29] explored the Bell nonlocality sharing in bilateral
sequential measurements (see Fig. 2), in which a pair of
entangled  states  is  distributed  to  multiple  Alices  and
Bobs.  It  is  shown  that  when  the  observers  A  and  B
each  select  their  Positive-Operator-Valued-Measure
(POVM) with equal probabilities, the nonlocality sharing
between Alice –Bob  and Alice –Bob  is impossible.

With the development of quantum technology, quantum
systems of medium scale have attracted much attention
[30–34], such as quantum computation with noisy inter-
mediate-scale  quantum  processors  [35, 36].  The

researches  on  such  quantum  systems  have  spawned
another  kind  of  nonlocality  that  may  be  stronger  than
the Bell nonlocality – the quantum network nonlocality
[37–48].  In  Ref.  [44]  it  was  proved  that  any  connected
network  consisting  of  entangled  pure  states  can  exhibit
genuine  many-body  quantum  Bell  nonlocality.  In  Ref.
[40]  the  authors  presented  an  inequality  to  certify  the
nonlocality  of  a  star-shaped  quantum  network.  In  Ref.
[46]  the  problem  of  nonlocal  correlation  in  tree  tensor
networks has been studied in detail. It was shown in Ref.
[48]  that  in  a  large  class  of  networks  with  no  inputs,
suitably  chosen  quantum  color  matching  strategies  can
lead to non-local correlations that cannot be produced in
classical ways.

ρAB ρBC

|ψ⟩⟨ψ| |ψ⟩ = 1√
2
(|00⟩+ |11⟩)

2 2

Recently,  the  nonlocality  sharing  problem  has  been
mainly studied for the Bell nonlocality. It would be also
of  significance to investigate the nonlocality sharing for
quantum networks. In Ref. [49] the authors investigated
network  nonlocality  sharing  in  the  extended  bilocal
scenario via bilateral weak measurements.  Interestingly,
when the both states  and  are two-qubit maximally
entangled  pure  state, ,  where ,
by bilateral weak measurements the network nonlocality
sharing  can  be  revealed  from  the  multiple  violation  of
the Branciard–Rosset–Gisin–Pironio (BRGP) inequalities
[39] of any Alice –Bob–Charlie , which has no counterpart
in the case of Bell nonlocality sharing scenario.

In  this  paper,  first  we  study  the  nonlocality  sharing
ability  of  bilocality  quantum networks  under  unilateral
and bilateral average measurements. Moreover, based on
bilocality methodologies, we investigate comprehensively
the problem of nonlocality sharing ability of star quantum
networks under unilateral and bilateral average measure-
ments.  Our  results  incorporate  the  results  of  Ref.  [49]
and  greatly  generalize  the  range  of  quantum  network
states.

 2   One basic fact — nonlocal of bilocality
scenario

S1 S2

x

y z

We first recall the simplest quantum network — bilocality
scenario  (see Fig.  3)  which  is  given  by  three  observers
Alice,  Bob  and  Charlie,  two  sources  and ,  each
source sends a bipaitite quantum state [37, 50]. Consider
that  Alice  receives  measurement  setting  (or  input) ,
while  Bob  gets  input ,  and  Charlie .  Upon  receiving
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Fig. 1  Shareability  of  Bell  nonlocality  under  unilateral
measurements.  Without  losing  generality,  in  this  schematic
diagram,  we  choose  Bob to  make  a  series  of  measurements,
after  measurements, we finally observe whether there is
quantum nonlocality of  (the quantum state composed of
Bob  and Alice).
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Fig. 2  Shareability  of  Bell  nonlocality  under  bilateral
measurement. Alice  and Bob  share an initial quantum state
with  Bell  nonlocality  via  a  quantum resource  distributor  S.
They both perform measurements on their own side and send
the particles to Alice  and Bob , respectively. One identifies
the nonlocality sharing between Alice  and Bob  and so on.

 
S1

ρAB S2

ρBC

Fig. 3  The  bilocality  scenario.  Resource  distributes
entangled state  to Alice and Bob; resource  distributes
entangled state  to Bob and Charlie.
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their  inputs,  each  party  provides  a  measurement  result
(an output), denoted by  for Alice,  for Bob and  for
Charlie. In this context, the observed statistics is said to
be 2-local when

p(a, b, c|x, y, z)

=

∫
dλdµq1(λ)q2(µ)p(a|x, λ)p(b|y, λ, µ)p(c|z, µ), (1)

λ µ S1

S2

q1(λ) q2(µ)

where  and  are hidden variables related to sources 
and , independent shared random variables distributed
according to the densities  and , respectively.

a, b, c, x, y, z = 0, 1

The set of 2-local correlations is non-convex. In order
to efficiently characterize the 2-local set, non-linear Bell
inequalities are required. In Refs. [37, 39], first kind non-
linear inequalities that allow one to efficiently capture 2-
local  correlations  were  derived.  They  are  better  than
linear  inequalities.  Consider  that  each  party  measures
two  possible  dichotomic  observables  ( ).
It  follows  that  any  bilocal  hidden  variable  (BLHV)
model  described  by  Eq.  (1)  must  fulfill  the  bilocality
inequality:

Sbiloc ≡
√
|I|+

√
|J | ≤ 2, (2)

I ≡ ⟨(A0 +A1)B0(C0 + C1)⟩ J ≡ ⟨(A0 −A1)B1(C0−
C1)⟩ ⟨AxByCz⟩ =

∑
a,b,c=0,1(−1)a+b+cp(a, b, c|x, y, z) ⟨O⟩ =

Tr(Oρ) O

ρ I J

A0

A1 B0 B1 C0 C1

[−1, 1]

where , 
, , 

 denotes the mean value of the observable  with
respect  to  the  measured state .  Here,  and  are  the
expected values  given by the  union observables  and

 (  and ,  and )  associated  with  Alice  (Bob,
Charlie) which are all Hermitian operators with spectrum
in .  The  violation  of  this  inequality  implies  the
network nonlocality of the state.

In Refs. [50, 51], the authors considered the following
two-qubit state shared by Alice and Bob,

ρAB =
1

4

I4 + rσ ⊗ I2 + sI2 ⊗ σ +
∑
i,j

tAB
ij σi ⊗ σj

 ,

σ = (σx, σy, σz)

r s

tAB
i,j

i, j ∈ x, y, z tAB

Im m×m

ρBC

Sbiloc

where  are  the  standard  Pauli  matrices.
Here the vectors  and  represent the Bloch vectors of
Alice’s and Bob’s reduced states, respectively. While ,

, are the entries of the correlation matrix 
[52],  stands for the  identity matrix. The state

 shared  by  Bob  and  Charlie  can  be  expressed  in  a
similar  way.  Then the maximal  value of  is  shown
to be

Smax
biloc = 2

√
δ1η1 + δ2η2, (3)

δ1 δ2 δ1 ≥ δ2
RAB =

√
tAB†tAB η1 η2

η1 ≥ η2
RBC =

√
tBC†tBC

ρAB

Smax
AB = 2

√
δ21 + δ22 = 2∥δ∥ δ = (δ1, δ2)

T T
ρBC

where  and  ( ) are the two largest eigenvalues
of  the  matrix .  Similarly,  and 
( )  are  the  two  largest  eigenvalues  of  the  matrix

.  Moreover,  according  to  the  Horodecki
criterion [53], the maximal CHSH value for  is given
by ,  where  with 
denoting  the  transpose.  Similarly,  for  one  has

Smax
BC = 2

√
η21 + η22 = 2∥η∥.  Then  it  follows  from  Eq.  (3)

that

Smax
biloc = 2

√
δ · η ≤ 2

√
∥δ∥∥η∥ ≤

√
Smax
AB Smax

BC . (4)

In  the  following,  we  will  use  (2),  (3)  and  (4)  to  judge
whether  a  quantum  state  in  bilocality  scenario  is  still
nonlocal after unilateral or bilateral measurements.

 3   Nonlocality sharing under unilateral
measurement in bilocality scenario

1

ρAB ρ
(1)
AB

k x(k) Y Ax B

1

x(1) = x A(1) = a

1

2

We first introduce the nonlocality sharing under unilateral
measurement.  To  begin  with,  Alice  (Alice )  shares  an
arbitrary entangled bipartite  state  ( )  with Bob.
Alice  proceeds  by  choosing  a  uniformly  random  input,
performing the corresponding measurement and recording
the  outcome.  Denote  the  binary  input  and  output  of
Alice  (Bob)  by  ( )  and  ( ),  respectively.
Suppose  Alice  performs  the  measurement  according  to

 with the outcome . With equal probabilities
over the inputs and outputs of Alice , the post-measure-
ment unnormalized state shared between Alice  and Bob
is given by

ρ
(2)
AB =

1

2
Σa,x

(√
A

(1)
a|x ⊗ I2

)
ρ
(1)
AB

(√
A

(1)
a|x ⊗ I2

)
,

Aa|x
a (1)

x I2 2× 2

ρ
(k)
AB

(k) k = 1, 2, · · · , n

ρ
(n)
AB

where  is  the  positive  operator-valued  measure
(POVM)  with  respect  to  the  outcome  of  Alice ’s
measurement for input ,  is the  identity matrix.
Repeating  this  process,  one  gets  the  state  shared
between Alice  and Bob for . This process
is  called  unilateral  measurement,  see  the  schematic
diagram  shown  in Fig.  4.  Our  main  goal  is  to  judge
whether  the  quantum  network  state  composed  of 

 

ρAB ⊗ ρBC

ρ
(n)
AB ⊗ ρBC

Fig. 4  Nonlocality  sharing  under  unilateral  measurement
in bilocality scenario. Here, we choose Alice’s side for a series
of  measurements.  In  this  network  structure  and  selective
measurements,  the  initial  state  is  and  the  final
state is .

RESEARCH ARTICLE FRONTIERS OF PHYSICS

Tinggui Zhang, et al., Front. Phys. 18(3), 31302 (2023)   31302-3

 



ρBCand  has network nonlocality.

{E, I − E} E = 1
2 (I2 + γσr⃗) r⃗ ∈ R3 ∥r∥ = 1

σr⃗ = r1σx + r2σy + r3σz γ ∈ [0, 1]

k = 1, 2, · · · , n k

We employ the  POVMs with measurement  operators
,  where ,  with ,

,  is  the  sharpness  of  the
measurement.  For  each ,  Alice ’s  POVMs
are given by

A0|0 =
1

2
[I2 + cos θσz], (5)

Ak
0|1 =

1

2
[I2 + γk sin θσx] (6)

θ ∈ (0, π4 ] k = 1, 2, · · · , nfor  some , .  Bob’s  POVMs  are
given by

B0|0 =
1

2
[I2 + (cos θσz + sin θσx)], (7)

B0|1 =
1

2
[I2 + (cos θσz − sin θσx)]. (8)

ρ
(n)
AB

After Alice’s side makes a finite number of sequential
POVMs  measurements,  we  get  the  state  and  the
following conclusion.

ρAB

ρBC

|ψ⟩ = 1√
2
(|00⟩+ |11⟩) n ∈ N

ρ
(n)
AB ρBC

ρ
(n)
AB

n n− 1

Theorem 1. If  is  an arbitrary entangled two-qubit
pure  state  and  is  the  maximally  entangled  state

,  then  for  each ,  the  quantum
network  state  composed  of  and  has  network
nonlocality,  where  stands  for  the  state  between
Alice  (after  consecutive  measurement  by  Alice)
and Bob.

ρ
(n)
AB ρBC

k

Ak
x = Ak

0|x −Ak
1|x

By = B0|y −B1|y x, y = 0, 1

ρ
(n)
AB ρAB

(n)

Proof. In order to prove that the quantum network state
composed of  and  has network nonlocality, it is
only  necessary  to  prove  that  they  violate  the  bilocality
inequality Eq. (2). With respect to the Alice ’s POVMs,
let  us  define  the  expectation  operators 
and  for .  Following the idea of
the proof in Ref.  [21],  it  is  easy to infer that there is a
strong recursive relationship between  and .  The
CHSH  value  associated  with  state  shared  between
Alice  and Bob can be similarly written as

InCHSH

= 22−n

γn√δ2 sin θ +√δ1 cos θ n−1∏
j=1

(
1 +

√
1− γ2j

) .

δ1 = 1

γk θ ρ
(n)
AB

S
(n)max
AB = 2

√
(δ

(n)
1 )2 + (δ

(n)
2 )2 > 2

For any pure state, its corresponding correlation matrix
in  Bloch  representation  has  the  maximum  eigenvalue

. According to the conclusion of Ref. [21], the Bell
nonlocality can be shared under unilateral measurements.
This  means  that  there  are  and ,  which  makes 
violate  the  CHSH  inequality.  Hence,  according  to  the
Horodecki criterion [53], .

η1 η2On  the  other  hand,  the  corresponding  and  for

ρBC 1

S
(n)max
biloc =

2

√
δ
(n)
1 + δ

(n)
2 |δ(n)1 | ≤ 1 |δ(n)2 | ≤ 1√

δ
(n)
1 + δ

(n)
2 ≥

√
(δ

(n)
1 )2 + (δ

(n)
2 )2 S

(n)max
biloc > 2

the maximally entangled pure state  are both  [52].
Therefore,  Eq.  (3)  can  be  written  as 

.  Since  and ,  we  have

.  That  is, ,
which completes the proof.　　　　　　　　　　　　□

ρAB δ1 = 1 δ2 > 0

ρAB

We note that for an entangled two-qubit mixed state
 with  and , according to the conclusion of

Ref. [21], the Bell nonlocality of  also can be shared
under unilateral measurements. Therefore, similar to the
proof of Theorem 1, we get

ρAB

δ1 = 1 δ2 > 0 ρBC

|ψ⟩ = 1√
2
(|00⟩+ |11⟩) n ∈ N

ρ
(n)
AB ρBC

ρ
(n)
AB

n n− 1

Theorem  2. If  is  an  entangled  two-qubit  mixed
state  with  and ,  and  is  the  maximally
entangled state , then for each ,
the quantum network state composed of  and  has
network  nonlocality,  where  stands  for  the  state
between Alice  (after  consecutive measurement by
Alice) and Bob.

 4   Nonlocal sharing under bilateral
measurement of bilocality scenario

1

ρBC ρ
(1)
BC

l z(l) Y Cz B

1

z(1) = z C(1) = c

1

2

Furthermore,  we  also  allow  Charlie  to  be  able  to
measure  his  party.  To  begin  with,  Bob  and  Charlie
(Charlie )  share  an  arbitrary  entangled  bipartite  state

 ( ).  Charlie  proceeds  by  choosing  a  uniformly
random input, performing the corresponding measurement
and recording the outcome. Denote the binary input and
output of Charlie  (Bob) by  ( ) and  ( ), respec-
tively.  Suppose  Charlie  performs  the  measurement
according to  with the outcome . Averaged
over  the  inputs  and  outputs  of  Charlie ,  the  post-
measurement  unnormalized  state  shared  between  Bob
and Charlie  is given by

ρ
(2)
BC =

1

2
Σc,z

(√
I2 ⊗ C

(1)
c|z

)
ρ
(1)
BC

(
I2 ⊗

√
C

(1)
c|z

)
,

Cc|z Aa|x

ρ
(l)
BC

(l)

where  is of the form of . Repeating this process,
one  gets  the  state  shared  between  Bob  and
Charlie .

Let

C0|0 =
1

2
(I2 + cos θσz), (9)

Cl
0|1 =

1

2
(I2 + γl sin θσx) (10)

θ ∈ (0, π4 ] l = 1, 2, · · · ,m
Cz = C0|z − C1|z By = B0|y −B1|y

z, y = 0, 1

(l)

for some , . Defining the expectation
operators  and  for

,  we  have  the  CHSH value  of  the  state  shared
between Bob and Charlie ,
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I lCHSH

= 22−l

γl√η2 sin θ +√
η1 cos θ

l−1∏
j=1

(
1 +

√
1− γ2j

) .
ρ
(n)
AB ρ

(m)
BC

Concerning  the  question  whether  the  quantum
network  state  composed  and  (see Fig.  5)  has
quantum  network  nonlocality,  we  have  the  following
conclusion.

ρAB = ρBC

n ∈ N
ρ
(n)
AB ρ

(n)
BC

ρ
(n)
AB n

n− 1 ρ
(n)
BC

n n− 1

Theorem  3. If  is  an  entangled  two-qubit
pure  state,  then  for  each ,  the  quantum  network
state composed of  and  has network nonlocality,
where  stands  for  the  state  between  Alice  (after

 consecutive  measurement  by  Alice)  and  Bob, 
stands  for  the  state  between  Charlie  (after  
consecutive measurement by Charlie) and Bob.

ρAB

ρ
(n)
AB

S
(n)max
AB = 2

√
(δ

(n)
1 )2 + (δ

(n)
2 )2 > 2

Proof. To  prove  the  theorem  one  needs  to  prove  that
the  bilocality  inequality  Eq.  (2)  is  violated.  Since  the
Bell nonlocality can be shared for the quantum state 
under  unilateral  measurements,  would  violate  the
CHSH inequality.  According  to  the  Horodecki  criterion
[53], .

ρAB ρBC

S
(m)max
BC = 2

√
(δ

(m)
1 )2 + (δ

(m)
2 )2 > 2

m ∈ N

S
(n,m)max
biloc = 2

√
δ
(n)
1 δ

(m)
1 + δ

(n)
2 δ

(m)
1

On the  other  hand,  similar  to ,  for  the  state 
we  also  have  for  any

.  Therefore,  Eq.  (3)  now  can  be  written  as
.

n = m S
(n,n)max
biloc = 2

√
(δ

(n)
1 )2 + (δ

(n)
2 )2 > 2

S
(n,n)max
biloc > 2

When , . That is,
, which completes the proof.　　　　　　□

n = m

n ̸= m S
(n,m)max
biloc > 2

Remark  1:  When ,  we  can  easily  get  that  the
quantum  network  nonlocality  is  sharable.  This
phenomenon does not exist in Bell’s nonlocality sharing
[28].  If ,  the  inequality  implies  that

Smax
biloc 2

n m

the quantity  in (3) is greater than . It should be
noted that generally the equality cannot be attained in
the  inequality  (4).  Therefore,  it  is  difficult  to  judge
whether  Alice –Bob–Charlie  can  share  network  non-
locality from the violation of the inequality (2).

S1 S2

ρAB = ρBC = |ψ⟩⟨ψ|
1 1 2 2

n n

n ∈ N

Remark  2:  In  Ref.  [49]  the  sources  and  send
pairs  of  particles  in  the  maximally  entangled  state,

. Then the network nonlocality sharing
between  Alice –Bob–Charlie  and  Alice –Bob–Charlie
can be observed.  Here,  by incorporating this  conclusion
into Theorem 3, we see that the state does not need to
be  maximally  entangled,  and  the  network  nonlocality
sharing  between  Alice –Bob–Charlie  can  be  obtained
for any .

Similarly, we can easily come to the following conclu-
sion.

ρAB = ρBC

δ1 = 1 δ2 > 0 n ∈ N
ρ
(n)
AB ρ

(n)
BC

Theorem  4. If  is  any  entangled  two-qubit
mixed  state  with  and ,  then  for  each 
the quantum network state composed of  and  has
network nonlocality.

 5   Nonlocality sharing in the star network
scenario

n

n

A1, A2, · · · , An

n = 2

The -partite star network [40] is the natural extension
of the bilocality scenario, which is composed of n sources
sharing  a  quantum  state  between  one  of  the  nodes

 and a central  node Bob (see Fig.  6).  The
bilocality  scenario  corresponds  to  the  particular  case  of

.
The  classical  description  of  the  correlations  in  this

scenario  is  characterized  by  the  probability  decomposi-
tion,
p({ai}ni=1, b|{xi}ni=1, y)

=

∫ ( n∏
i=1

dλip(λi)p(ai|xi, λi)
)
p (b|y, {λi}ni=1) . (11)

 

ρAB ⊗ ρBC

ρ
(n)
AB ⊗ ρ

(m)
BC

Fig. 5  Nonlocal  sharing  under  bilateral  measurement  of
bilocality  Scenario.  Here,  we choose  Alice  and Charlie  for  a
series of measurements. In this case of network topology and
selective measurements, the initial state is  and the
final state is .

 

Si

ρAiB Ai i = 1, 2, · · · , n

Fig. 6  The star network scenario. Here, we choose Bob as
the  intermediate  node,  and  the  source  distributes  the
quantum state  to  and Bob, .
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nAs shown in Ref. [19] the following -locality inequality
holds,

Nstar = |I|1/n + |J |1/n ≤ 1, (12)

where

I =
1

2n

∑
x1,··· ,xn

⟨A1
x1
A2

x2
· · ·An

xn
B0⟩,

J =
1

2n

∑
x1,··· ,xn

(−1)
∑

i xi⟨A1
x1
A2

x2
· · ·An

xn
B1⟩,

⟨A1
x1
A2

x2
· · ·An

xn
By⟩

=
∑

a1,··· ,an,b

(−1)b+
∑

i aip({ai}ni=1, b|{xi}ni=1, y).

ρA1B ⊗ ρA2B ⊗ · · · ⊗ ρAnB

Nstar

According  to  Ref.  [51],  with  respect  to  the  generic
quantum  state ,  the  maximal
value of  is given by

Nstar =

√√√√( n∏
i=1

tAi
1

)1/n

+

(
n∏

i=1

tAi
2

)1/n

, (13)

tAi
1 tAi

2

tAiB†tAiB tAi
1 ≥ tAi

2

where  and  are the two largest (positive) eigenvalues
of the matrix  with .

 6   Nonlocality sharing under unilateral
measurements in star network quantum
states

ρ
(k)
AB k =

1, 2, · · · ,m
ρ ≡ ρ

(m)
AB ⊗ ρA2B ⊗ · · · ⊗ ρAnB

The schematic diagram of this situation is shown in Fig.
7,  where  Alice  makes  sequential  POVM  measurements
as described in Section A in the bilocality scenario, and
one  gets  the  sequential  quantum  states , 

. We need to verify the network nonlocality of
the quantum network state .

ρAB

δ1 = 1 δ2 > 0

ρA2B = · · · = ρAnB = |ψ⟩⟨ψ| n,m ∈ N
ρ ≡ ρ

(m)
AB ⊗ ρA2B ⊗ · · · ⊗ ρAnB

Theorem  5. If  is  an  entangled  pure  state  or  an
entangled  mixed  state  with  and ,  and

,  then  for  each  the
quantum  network  state  has
network nonlocality.

ρAB

δ1 = 1 δ2 > 0

ρ
(m)
AB

S
(m)max
AB = 2

√
(δ

(m)
1 )2 + (δ

(m)
2 )2 > 2

ρA2B , · · · , ρAnB

ρ = ρ
(m)
AB ⊗ ρA2B ⊗ · · · ⊗ ρAnB

Nstar =

√
(δ

(m)
1 )2 + (δ

(m)
2 )2 =

S
(m)max
AB

2 > 1

ρ

Proof. If  is an entangled pure state or an entangled
mixed  state  with  and ,  by  the  bi-locality
case  we  have  that  violates  the  CHSH  inequality.
Then  according  to  the  Horodecki  criterion,  we  have

.  On  the  other  hand,
 are  all  maximally  entangled  pure  states.

Therefore,  for  the  quantum  network  state
, Eq. (13) can be expressed as

.  Moreover,  the
inequality  (12)  is  violated,  and  the  quantum  network
state  has network nonlocality.　　　　　　　　　　　□

 7   Nonlocality sharing under multilateral
measurements in star network quantum
states

ρ
(k)
A1B

ρ
(l)
A2B

k = 1, 2, · · · ,m l = 1, 2, · · · , t

A schematic diagram of this situation is shown in Fig. 8.
Alice and Charlie make sequential POVM measurements
as described in Section B in bilocality scenario.  We get
the  sequential  quantum  states  and ,

,  and so on. Our problem is to
identify the network nonlocality of the quantum network
state

 

ρAB ⊗ ρA2B ⊗ · · ·
⊗ρAnB ρ

(m)
AB ⊗ ρA2B ⊗ · · · ⊗ ρAnB

Fig. 7  Nonlocal  sharing  under  unilateral  measurements  of
star network quantum states. Here, we choose Alice’s side for
a  series  of  measurements.  In  this  network  structure  and
selective  measurements,  the  initial  state  is 

 and the final state is .

 

A1(Alice), A2(Charlie), · · · , Ap

ρA1B ⊗ ρA2B ⊗ · · · ⊗ ρAnB

ρ
(m)
A1B

⊗ ρ
(l)
A2B

⊗ · · · ⊗ ρ
(s)
ApB

⊗ · · · ⊗ ρAnB

Fig. 8  Nonlocality sharing under multilateral measurements
of  star  network  quantum  states.  Here,  we  choose

 for a series of measurements. In
this  network  structure  and  selective  measurements,  the
initial  state  is  and the  final  state  is

.
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ρ ≡ ρ
(m)
A1B

⊗ ρ
(l)
A2B

⊗ · · · ⊗ ρ
(s)
ApB

⊗ ρAp+1B ⊗ · · · ⊗ ρAnB .

From  the  analysis  on  the  bilocality  situation  above
and  the  inequality  (12)  and  (13)  of  the  nonlocality  for
the  star  quantum  network,  it  is  not  difficult  to  obtain
the following conclusion.

ρA1B = ρA2B = · · · = ρApB

δ1 = 1

δ2 > 0 p = 2, 3, · · · , n ρAp+1B = · · · = ρAnB = |ψ⟩⟨ψ|
m, l, · · · , s ∈ N

ρ ≡ ρ
(m)
A1B

⊗ ρ
(l)
A2B

⊗ · · · ⊗ ρ
(s)
ApB

⊗ ρAp+1B ⊗ · · · ⊗ ρAnB

Theorem 6. If  is an entangled
pure  state  or  an  entangled  mixed  state  with  and

, for , and ,
then  for  each  the  quantum  network  state

 has
network nonlocality.

 8   Conclusions and discussion

Quantum nonlocality is a distinctive feature of quantum
mechanics.  The  nonlocal  characteristics  of  quantum
networks are more complicated due to their non-convex-
ity,  nonlinearity,  etc.  The  research  on  the  nonlocality
sharing ability of quantum networks has important theo-
retical significance for developments of such as quantum
repeaters.  Since  nonlocality  is  an  important  quantum
resource, starting from a nonlocally correlated quantum
state, it would be quite desirable to be able to maintain
the  nonlocality  under  sequential  measurements.  In  the
bilocality  case,  we  have  shown  that  under  unilateral
measurements, the nonlocality can be shared under any
times  of  sequential  measurements.  With  the  same
measurements  and  the  same  times  of  measurements  on
both sides of Alices and Charlies, it is possible for arbitrarily
many  Alices  and  Charlies  to  share  the  locality  with  a
single Bob by using a pure or mixed entangled state. We
have  also  investigated  the  shareability  of  star  network
nonlocality. It has been shown that from our measurement
schemes  the  nonlocality  of  the  star  network  quantum
states  can  be  shared  under  unilateral  or  multilateral
measurements.

Our  results  may  also  highlight  researches  on  sharing
general  multipartite  quantum  nonlocalities  [54]  and
other quantum correlations such as quantum steerability
[55],  entanglement  [56, 57]  and  coherence  [58, 59].  Our
approach  may  also  suggest  the  related  applications  in
randomness generation [60],  quantum teleportation [61],
random  access  codes  [62],  quantum  key  distribution
[63–65],  quantum  digital  signatures  [66]  and  quantum
communication  [67].  It  would  be  also  interesting  to
explore the nonlocality sharing ability of high-dimensional
[22, 23] or multipartite quantum network states in other
network  scenarios.  Moreover,  we  have  constructed  the
dichotomic  POVM  measurement  operators  in  terms  of
the  Pauli  operators.  As  the  Pauli  operators  are  easily
implemented  in  experiments,  the  POVM  operators  we
constructed  may  have  potential  advantages  in  some
specific experimental implementations [25–27].

 Note added  While completing this manuscript, we became aware of
Refs. [68–70] studied the same topic and got similar results. However,
we  all  used  different  methods.  Compared  with  our  strict  theoretical
proofs, Ref. [68] used symmetric and anti-symmetric methods, Ref. [69]
mainly used weak measurement theory, Ref. [70] focused on experimental
simulation.
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