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ABSTRACT

How to improve charging processes and suppress self-discharging
processes has always been one of the key issues to achieve quantum batteries
with high performance. Although a quantum battery is inevitably influ-
enced by composite environments, this situation is still little understood,
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particularly regarding the influence of the memory effect of the composite
environments and the coupling between composite environments. In this
work, we investigate the effects of the composite environments, composed
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of two identical parts each containing a single cavity mode decaying to a
reservoir, on the charging and self-discharging processes of a quantum
battery. We show that increasing the two-mode coupling can effectively
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enhance the charging performance (i.e., the stored energy, the charging
power, ergotropy) and restrain the self-discharging process (i.e., suppressing

the process of dissipating the energy). However, different from the effect of two-mode coupling, we reveal that the memory
effect of the reservoir in this composite environment is unfavorable to the charging process of the quantum battery, which
is in sharp contrast to previous studies where the memory effect can significantly improve the charging performance of a
quantum battery. Our results may benefit to the realization of quantum batteries with high performance under the actual
complex environmental noise.

Keywords quantum battery, quantum device

1 Introduction question is whether quantum resources can be beneficial

to the energy field for efficient storage of energy. To

With the development of quantum technology, the
utilization of quantum resources such as coherence and
entanglement may enable future technical devices to
have excellent performance. A prime example is in quantum
computing [1, 2] where quantum resources can be used
to achieve efficient manipulation and processing of infor-
mation [3—10] compared to classical computing. A natural
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solve this problem, a quantum battery, i.e., a quantum
system that receives or supplies energy [11-23], has
attracted widespread attention from researchers.
Previous work has demonstrated the positive contri-
bution of quantum resources in improving the performance
of quantum batteries, such as work extraction [24-27],
charging power and stored energy [28-32]. Recently,
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many other methods have been proposed to realize the
efficient charging process of the quantum batteries
[33—48]. For example, the high performance of a quantum
battery can be achieved by using the two-photon charging
process [44], the harmonic drive [45], and the adiabatic
shortcut technology [46]. The above research focuses on
how to improve the charging process of closed quantum
batteries. However, in a practice scenario, the quantum
battery inevitably interacts with the environment
[49-53]. Therefore, it is necessary to consider how to
improve the charging performance of quantum batteries
under the influence of the environment.

Recently, many schemes to enhance the stored energy
and charging power of open quantum batteries have
been introduced [54-74]. For instance, when considering
the quantum battery and charger in a non-Markovian
environment, an efficient charging process can occur [70].
By manipulating the coupling strength between the
quantum battery—charger system and the environment,
the optimal storage process of the battery can be realized
[71]. Furthermore, the best charging process of the quantum
battery can be achieved by using the coherent driving
field [72]. Then, to obtain the high performance of quantum
batteries, in addition to considering the charging process
of quantum batteries, one should also focus on how to
suppress the self-discharging process [74-76] of the quan-
tum battery to achieve a stable energy storage process of
quantum batteries. Currently, researchers have utilized
many technologies [77-79], such as quantum measurement
on Zeno protection [77], stimulated Raman adiabatic
channel technology [78] and the Floquet engineering
with two bound states in the quasienergy spectrum [79]
to obtain the quantum battery with long-term energy
storage.

In the above research on the charging or the self-
discharging process of quantum batteries, one usually
considers the quantum battery in a single environment.
However, in actual scenarios, the quantum system
implementing quantum batteries may face complexly
coupled environments [80-82]. For instance, for a nitro-
gen-vacancy (NV) center in bulk diamond, the shallow
NV color center is affected by multiple coupled electron
spin impurities [80]. In the coupled cavity array system,
the dynamic behavior of a quantum system is closely
related to its surrounding array of coupled cavities [81].
Moreover, in real scenarios, environments with memory
effects also appear. In an all-optical experiment, the
memory environment can be got by the polarization
degree of freedom of photons coupled to the frequency
degree of freedom representing the environment [82].
The memory effect of the environment can be also
manipulated for the NV center in diamond by adjusting
the spin-spin coupling between bath spins, and the
surface-modified phonons coupled to the NV spin [80].
Despite this, it is currently unclear about the role of
couplings between complex environmental parts and the
memory effect of the complex environment on the charging
and also about self-discharging processes of quantum
batteries. Understanding how these environmental

parameters influence the performance of an open quantum
battery would provide insightful developments for
manipulating a quantum battery in possible technological
applications.

Therefore, this aspect deserves careful investigation,
possibly starting from a paradigmatic model where it
can simply emerge and be understood. Here, we choose a
model which complies with the above requirements,
namely, a quantum battery (a qubit) interacting at the
same time with two coupled composite environments,
each containing a single-mode cavity decaying to a reser-
voir. The composite environment we choose in this
paper is a non-Markovian environment. Compared with
the Markovian environment model, our environment is
more conducive to improving the energy storage capacity
of quantum batteries and inhibiting the self-discharge
process of quantum batteries. Then using the previous
circuit quantum electrodynamics technique [83] and
analog all-optical set-up [84], the model can be realized
experimentally. In stark contrast to previous studies
that the stronger memory effect of a single reservoir
environment could lead to the stronger charging perfor-
mance of a quantum battery [70, 74], we show that the
memory effect of the reservoir can be detrimental to the
charging process of the quantum battery. Using the
pseudomode theory, we explain this phenomenon from
the fact that the energy of the quantum battery will
flow into the environment earlier as the environmental
memory effect increases. Furthermore, the influence of
the coupling strength between the environmental parts
on the charging and the self-discharging process of the
quantum battery is also considered. We show that the
charging performance and the ability to keep energy in a
quantum battery for long times after charging can be
enhanced by increasing the two-mode coupling.

This paper is organized as follows. In Section 2 we
introduce the model of the quantum battery. Section 3
and Section 4 discusses the influence of the memory
effect of the environment and the coupling between the
environmental parts on the charging process and the self-
discharging process of the quantum battery, respectively.
The conclusions drawn from the present study are given
in Section 5.

2 Physical model and approach

Our total system consists of a quantum battery B (i.e., a
qubit) that interacts with two environments (E; and FE,),
and a quantum charger C (i.e., a qubit). Each environment
E, (n=1,2) can be modeled as a bosonic mode m,, and a
zero temperature bosonic reservoir R,. The bosonic
mode m, is coupled to the quantum battery with
strength x and decays to a zero temperature bosonic
reservoir R, as shown in Fig. 1. It is worth mentioning
that both our model and the model in Ref. [56] take the
cavity field and reservoir as the environment of a quantum
battery. The difference is, in our model, there is an
interaction between environment E; and environment Es.
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Fig. 1 Schematic diagram of a quantum battery interacting
with two environments, E, (n = 1 and n = 2), each represented
by a single-mode cavity m,, decaying to a reservoir environment
R,. The coupling strength between the quantum battery and
the charger is , while the coupling strength between the
quantum battery and the two coupled single-mode cavities is
k. The two cavity modes mi and ms are coupled with
strength ~.

The interaction between the two environments relies on
the coupling ~ between the two boson modes, which
instead plays the role of a control parameter for the
performance of the quantum battery. Then the coupling
strength of the quantum battery with the charger is Q.
The Hamiltonian of the total system is described as
follows

H=Hy+ f(t)H;, (1)

where Hj is the total free Hamiltonian and H; describes
the interactions between the subsystems in the overall
system. The total free Hamiltonian in Eq. (1) can be
written as

2
Hy=H¢ + Hp + Z(Hmn + Hg,) = woolog

n=1

2 2

+wooop + Z woa, a, + Z Z W kb b ks
n=1 n=1 k

(2)

where o (07) (j = B, C) is the Pauli raising and lowering
operators for jth qubits, af (a,) denotes the creation
(annihilation) operators for nth modes and b/, (bnx)
refers to the creation (annihilation) operator of the kth
field mode of the reservoir R,. Then the interaction
Hamiltonian H; in Eq. (1) can be given by

2
Hy = Hpc + Hupymy + Y (Hpm,, + Hn, g,

n=1

=0 (Ugag + O'E«O'E) + v (ala;' + agaf)

2 2
+ Yk (ohan+o5at) + 303 gun (anbs
n=1

n=1 k
+a/7—tbn,k) ) (3)

where the first term is the quantum charger—battery
interaction Hamiltonian, the second term is mode-mode
interaction Hamiltonian, the third term is the quantum
battery-mode interaction Hamiltonian, and the last term
is mode-reservoir interaction Hamiltonian. In the inter-
action picture, the Hamiltonian of the total system can
be written as Hp,, = Q(clog +og0fh) + Ei:l k(ohan +
opat) + Nawaf + asal) + Yn_y oy gunl(anby e tert 4
atb, reBnat) where A, ;= wp x — wo-

Then f(t) in Eq. (1) is a dimensionless function that
equals 1 for ¢ € [0,7) and O elsewhere, which is used to
switch interactions on or off, and 7 represents the charg-
ing/self-discharging time of the protocol. In the charging
protocol of the quantum battery, we consider that for
t <0, the quantum battery and the charger are isolated
and do not interact with the environment. At the time
t =0, by switching on the interaction Hamiltonian Hj,
the charger C is attached to the quantum battery B and
the quantum battery B begins to interact with mode m,,,
and mode m, with reservoir R,. Since [Hy, H] # 0, the
final energy of a quantum battery is related not only to
the charger, but also to the thermodynamic work from
the on/off interaction at switching times [69, 70]. Then
in the time window [0,7), a part of the energy of the
quantum charger flows into the quantum battery as well
as a portion of the energy of the quantum battery moves
into the environment. Ultimately, at the end of the
charging process, that is, at time 7 when f(¢) returns to
zero, we isolate the quantum battery system again and
turn off the interaction. Given the infinite degree of freedom
of the environment, we focus on the charging and self-
discharging process of the quantum battery under the
influence of the composite environment without
discussing the amount of thermodynamic work cost [70].
For the self-discharging protocol, according to Ref. [75],
by considering a quantum battery disconnected from a
charger (i.e., 2 =0), the dissipation of energy from the
quantum battery to the surrounding environment is
studied.

To study the charging and self-discharging process of
a quantum battery in composite environments, the physical
quantities that characterize the performance of the
quantum battery should be introduced. In the following,
we will describe the performance characterization of a
quantum battery charging/self-discharging process in
detail.

2.1  Performance characterization of a quantum battery

charging process

First, during the charging process, we are interested in
characterizing how efficiently energy of the charger can
be transferred into the quantum battery. To this end,
we consider the stored energy of the quantum battery at
the end of the charging process and the corresponding
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mean power (stored energy over the charging time) [29],
ie.,

Ep(r) =tr[Hppp(T)]

Pp(r) = Ep(1)/, (5)

where pp(7) =tra(pap(r)) is the reduced state of the
quantum battery. Then, to quantify the maximal
amount of energy that can be extracted from the quantum
battery at the end of the charging process under the
cyclic unitary operations, the ergotropy [85] is defined as

WB(’T) ztr(pB(T)HB)—mintr (UpB(T)UTHB), (6)

—tr[Hppp(0)], (4)

where the minimization is performed over all possible
unitaries. The term mintr (Upp(r)UTHp) corresponds to
the EY)(r) =te(Hpo,,) of Hp
computed on the passive state o,, [86-90], where no
amount of work can be extracted from the quantum
battery in a cyclic unitary process. By introducing the
passive state, Eq. (6) can be written as

Wp(r) =t (pp()Hp) —tr (0, Hp) . (7)

A detailed derivation process for the ergotropy can be
found in Appendix A. Then to better evaluate the
charging performance of the quantum battery, the maxi-
mum stored energy FE.. and the maximum ergotropy
Wax can be given by

Epax = max [Ep(T)], Whax = max (Wg(T)]. (8)

expectation value

Larger Ep.x and Wy, are needed to stimulate the optimal
the charging process of the quantum battery.

2.2 Performance characterization of a quantum battery
self-discharging process

A good quantum battery should not only have good
charging performance but also the strong ability to
suppress the self-discharging process. To size up this
ability, by considering the self-discharging condition (i.e.,
Q =0), the minimum stored energy E;, and the minimum
ergotropy Wpi, can be introduced by

Enin = mTin [Ep(T)], Wiin = mTin [Wg(T)]. (9)

In the self-discharging process of a quantum battery,
larger E., and W,;, indicates more energy able to be
maintained in the battery despite environmental effects.

Then with the above definition, we focus on improving
the charging performance and suppressing the self-
discharging process by controlling environmental param-
eters in our model (i.e., the coupling strength between
the environmental parts and the memory effect of the
complex environment).

3 The charging process of a quantum
battery

We first investigate the role of the memory effect of the
reservoir environment and the coupling strength «
between the environmental parts in the charging process
of a quantum battery. To do so, we need to analyze the
dynamical evolution process of the quantum battery.

We assume the initial state of the whole system is
|(I>(O)> = (CI(O)‘10>CB + h(0)|01>CB) &® ‘00>m1m2‘W>Rle’
where [0)r, =[], |0x)r,. The total excitation in the total
system is limited to one. Since the excitation number
operator N =Y. pofo; + 3 afai+ 3 Y, b bk
is a conserved quantum number, the total excitation
number of the total system remains unchanged during
evolution. Therefore, we can write a general total state
vector in basis spanned by a single excitation subspace
as

|@(t)) =(c1(t)|10)c + h(t)|01)cB) @ [00)m,m, |00) R, R,
+ ¢2(1)[00)cB[10) 1y m,[00) R, R,
+¢3(1)100)cB[01) 1y 00) R, R,

+ ¢1,%(1)]00) B[00y o | 1) 7, [0) R,

+ 2,6(t)]00) 8100 1, my [0) 7, | 1i) o
(10)

where [1y), =1[0---1;---0), means that there is one
excitation in the kth mode of the reservoir R,. According
to the Schrodinger equation, we can obtain the following
set of differential equations:

é1(t) = —iQh(H)

h(t) = —iQey (t) — ikea(t) — ires(t),

éo(t) = —irh(t) — ives(t) —igr e Arkler 1 (t),

é3(t) = —ikh(t) — iyea(t) — iga e A2k ey (1),
é1(t) = —igr gt r ey (t),
o k(t) = —igo xe 2 tes(t). (11)

Integrating the last two differential equations and
bringing them back, we can get ¢o(t) = —irh(t) — iyes(t)—
fot >k |g17k\2 e_iAl’k(t_t/)CQ () dt', c3(t) = —ikh(t) —iyea(t) —
fot Sy lge, k|2 ’iA”(t’t/)c;; (t)dt’.  The term 3, |gnil’

eiwo—wn ) (t=t) g recognized as the correlation function
F(t—t) of the reservoir R,. We now consider that a
reservoir R, has the form of Lorentzian spectrum
density J(w) = 'A%/ {27r [(w —wo)® + )\2} } [51-53]. The
corresponding  correlation function is F(t—t)=
Thexp(—A|t—1t), where 1/) represents the memory time
[51-53] and T refers to the cavity mode-reservoir
coupling strength. The above differential equations for
é1(t), h(t), éa(t), é3(t) can be solved numerically. By tracing
other degrees of freedom of the total system, the reduced
density matrix of the quantum battery B can be
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Fig. 2 (a, b) The stored energy Ez(r) and the average
charging power Pg(7) of the quantum battery as a function
of the dimensionless quantity Qr for different values of the
parameter )\/Q. Other parameters are chosen as (a), (b)
c1(0)=1, h(0)=0, v/Q=1, /=05, I'/Q=1. The stored
energy Ep(r) and the average charging power Pg(r) of a
quantum battery are in the unit of wo.

obtained, i.e., pZ (t) = |h(t)]*, pZ,(t) = 1 — |h(t)[*.
According to Egs. (4), (5), and (6), the stored energy

Egp(r), the average charging power Pp(r) and the
extractable work Wp(7) are given respectively by,
Ep(7) = wo [h(7)|", (12)
2
Pp(7) = wo [h(T)[" /T, (13)

W(r) =wo (2|n(r)F = 1) © (In()* = 1/2),  (14)

where O (x — z¢) is the Heaviside function, which satisfies
O(x—mz9)=0 for =z <m, O(x—m0)=1/2 for z ==, and
O (x —x9) = 1 for x > xo.

Then the influence of parameter )/, representing the
memory effect of the reservoir, and the coupling
strength ~+/Q between the two modes on the charging
process of the quantum battery can be discussed.

Figure 2 shows the time evolution of the stored energy
and the average charging power for various values of the

parameter \ (smaller )\ implies longer memory time of

Fig. 3 (a, b) The stored energy Ep(r) and the average
charging power Pg(r) of the quantum battery as a function
of the dimensionless quantity Qr for different values of the
coupling strength ~v/Q between the two modes. Other param-
eters are chosen as (a), (b) ci1(0)=1, h(0)=0, x/Q=0.5,
A/Q=0.1, I'/Q =1. The stored energy Ep(r) and the average
charging power Pg(7) of a quantum battery are in the unit of
wo -

the reservoir). In contrast to previous quantum batteries
charging in a simple reservoir environment [74], we are
surprised to find that the decrease of the memory time
(i.e., increase of A) of the reservoir environment would
be beneficial to the improvement of the energy storage
and the average charging power (see the inset of Figs.
2(a) and (b) for a more evident demonstration). In fact,
because the charging process is determined by both the
reservoir R,, and the cavity m,, the memory effect of the
reservoir alone is not sufficient to affect the charging
performance. Besides, the evolution of the stored energy
Ep(r) and the average charging power Pgp(r) under
different coupling strength ~/Q are plotted in Fig. 3. As
shown, both the stored energy and the average charging
power can be enhanced by increasing the coupling
strength between the two modes. Then as far as
extractable work is concerned, according to Eqs. (12)
and (14), A/Q and ~/Q have similar effects on the stored
energy and extractable work. Therefore, when the quantum
battery is charged in a composite environment, both the
weaker environmental memory effect and the larger

Kai Xu, et al., Front. Phys. 18(3), 31301 (2023)
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Fig. 4 Maximum stored energy FEn. of the quantum
battery as a function of the parameter A\/Q and the coupling
strength ~v/Q between the cavity mode m; and the cavity
mode mo. Other parameters are: ¢;(0) =1, h(0) =0, I'/Q =1,
k/Q = 0.5. Maximum stored energy FEm. of a quantum battery
is in the unit of wy.

coupling strength between the environments should be
requested to stimulate the optimal performance of the
quantum battery.

To further investigate the influence of the memory
effect of the reservoir environment and the coupling
between the two modes on the charging process of the
quantum battery, the dependence of the maximum
stored energy Fn., on \/Q and v/Q has been drawn in
Fig. 4. Indeed, E,. decreases slightly with the decrease
of \/Q. However, as the coupling strength v/Q between
the two-mode increases, the maximum stored energy of
the quantum battery increases significantly. This means
that, when considering the initial separation state of
quantum battery and charger, shorter memory time and
larger coupling strength between the environmental
parts are required to achieve the maximum stored
energy. Then, it is worth emphasizing that the effects of
A/Q and «/Q on the quantum battery charging process
do not depend on the initial state of the quantum
battery and the charger (i.e., separated or entangled),
which is discussed in detail in Appendix B.

Now, one might still be surprised that the memory
effects of the reservoir environment and the coupling
between the two modes have a negative and positive
effect on the charging performance of the quantum
battery. To explain the longer memory time (i.e.,
smaller \/Q) of reservoir R, and the smaller coupling
strength between the two modes is not conducive to the
charging process, we introduce the pseudomode theory
[91-94] and the energy flow between subsystems. The
pseudomode of the reservoir R, is an auxiliary variable
introduced based on the position of the pole of the reser-
voir’s spectral distribution. The coherent interaction
between the system and the reservoir can be expressed
by the interaction between the system and the pseudo-

mode, which dissipates to the Markovian reservoir. The
memory effect of the reservoir is contained in the interaction
between the system and the pseudomode. Then one can
derive a corresponding Lindblad master equation by
treating the system of interest plus the pseudomodes as
an extended system. For the currently considered quantum
charger C, quantum battery B, cavity fields m, and
reservoir R, with Lorentzian spectrum (each reservoir
R, has a pseudomode), the master equation for this
extended system (i.e., quantum charger C, quantum
battery B, cavity fields m,, and pseudomodes I,,) satisfies

5(6) = =i [H. o] = 3 T [iup®)

where H} =woof05+woofo5+5 0y woart an+> 0 wolit bt
Qolop+ocoh)+ 31k (Thantopal)+y (a3 +azaf) +
S22 x(anlf +ail,), with I+ (1) being the creation
(annihilation) operator of the nth pseudomode whose
coupling constant with m,, is y=./A[/2, and T, =2\
[91, 92] denotes the decay rate of the nth pseudomode.
Then we define h(t), ci(t), cu(t)(n=2,3), and c,(t)
(m = 4,5) as the probability amplitudes of the quantum
battery, charger, two bosonic modes, and two pseudomodes
in their respective excited states, respectively. According
to Eq. (15), the differential equations satisfied by these
probability amplitudes can be written as ¢é(t) =
—iwgey () —iQA(t), h(t) = —iwoh(t) — iQc; (t) —ikea(t) — ikes(t)
Co(t) = —iwpea(t) —ikh(t) — iyes(t) —ixea(t), és(t) = —iwocs(t) —
ikh(t) — iyea(t) — ixes(t), éa(t) = (—iwg — Iy /2)ea(t) — ixea(t)
é5(t) = (—iwg — I'y/2)es(t) —ixes(t). The above differential
equations can be solved by using standard Laplace
transformations combined with numerical simulations.

Then to witness the energy flow between the quantum
battery and the subsystems, the witness M(r) can be
defined as

+ T Jea(m)[* + Ty les (7).
(16)

M(r) = M

If the population of all subsystems other than the
battery drops and this decline cannot compensate for its
dissipation to the Markovian reservoir, M(r) <0 would
occur. This means that the energy is flowing from the
subsystems to the quantum battery. Conversely, when
M(7) > 0, the energy of the quantum battery is dissipated
to the subsystems, resulting in a poor charging process.
To clarify the influence of the memory effect of the
and the coupling strength
between the two modes on the charging performance, we
plot the change of the witness M(7) as a function of Qr
for different \/Q and 4/ in Figs. 5(a) and (b). In each
case, the M(r) will change sign (i.e. from negative to
positive) which means the transition of the direction of

reservoir environment

31301-6

Kai Xu, et al., Front. Phys. 18(3), 31301 (2023)



RESEARCH ARTICLE

FRONTIERS OF PHYSICS f P

(@)

M)

Fig. 5 (a)Thewitness M (r)asa function of the dimensionless
quantity Qr for different values of A\/Q. (b) The witness
M(7) as a function of the dimensionless quantity Qr for
different values of v/Q. Other parameters are: (a) ¢1(0) = 1,
h(0)=0, v/Q=T/Q=1, x/Q=05; (b) ei1(0)=1, h(0)=0,
A/Q=01,T/Q=1, k/Q=05.

energy flow (i.e., from towards the battery to outwards
the battery). As shown, the small \/Q or the small ~/Q
will result in the earlier transition moment which indices
a shorter time of energy flow from the subsystem
towards the battery. This shorter time of energy flow
towards the battery is supposed to be the main reason
why the memory effect or the small coupling strength
between the two modes is unfavorable for the charging
process.

4 The self-discharging process of a
quantum battery

Besides charging performance, the ability to store energy
for a long time after charging should also be considered
to achieve excellent performance of a quantum battery.
In reality, due to the influence of the environment, the
self-discharging process, during which the energy of the
quantum battery is dissipated into the environment, is
detrimental but inevitable. Therefore, it is essential to
consider how to suppress the self-discharging process of
a quantum battery and preserve the energy for a long
time. In this section, we study how to utilize the
memory effect of the reservoir environment and adjust

the coupling strength between the composite environments
to suppress the self-discharging process of the quantum
battery.

The system in this self-discharging process can be
modeled by taking the limit Q — 0 in Fig. 1 and setting
the quantum battery at state |e)z, the cavity modes and
the reservoir in vacuum state (i.e., |00}, m,|00)r, z,). The
evolution state of this system at any moment is

(1)) = ui(t)|e) B100)m,m,]00) R, r,
+u2(t)19) B10)m1m,00) , R,
+u3(t)|9) B01) 1 m100) , R,

+ u1,k(t)]9) B100) 1, ms [1k) Ry [0) R,
+ u2,1(t)19) Bl00) 1y, [0) R, 1) o

(17)

where |0)r, and |1y)r, are defined in the same way as Eq.
(10). Then, by taking the same steps as done in solving
the charging process of the quantum battery, the
reduced density matrix of the quantum battery can be
obtained, ie., p(t) = [ur(B)2le)(els+ [1 — lui (D[] | ) (gle-
Combining Eqgs. (12) and (14), the stored energy and the
ergotropy can be written as

Ep(1) = wo lus (7)]?, (18)

Wi (r) = wo (2 fun (7)) — 1) 0 <|u1(7')|2 - 1/2) . (19)

In the following, we can use the minimum stored
energy Eni, and the minimum extractable work Wy, (i-e.,
Eq. (9)) to study the condition needed for a quantum
battery to store energy for a long time in composite
environments.

The effects of the memory effect of the reservoir envi-
ronment and the coupling strength between the two
coupled single-mode cavities on the minimum stored
energy En, and the minimum extractable work W, are
discussed. In Fig. 6, we show that the minimum stored
energy En, can be retained at a higher value as the
memory time of the reservoir environment and the
coupling strength between the two modes increase. This
means that a longer reservoir environment memory time
and greater coupling strength ~/T' between the environ-
ments will effectively inhibit the self-discharging process
of the quantum battery, thus realizing the purpose
preserving energy for a long time. As for the ergotropy
of the quantum battery, the variation of the minimum
extractable work Wy, with \/T" and ~/T is shown in Fig.
7. Similar to the case of the minimum stored energy, the
larger the memory time of the reservoir environment
and the coupling v/T' of the two modes are requested to
enhance the minimum extractable work of the quantum
battery. Therefore, different from obtaining the optimal
quantum battery charging process, the longer reservoir
memory time and larger two-mode coupling are needed
to suppress this self-discharging process.

Kai Xu, et al., Front. Phys. 18(3), 31301 (2023)
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Fig. 6 Minimum stored energy FE., of the quantum
battery as a function of the parameter \/I' and the coupling
strength ~/I' between the cavity mode m; and the cavity
mode mso. Other parameters are: x/I' = 0.5. Minimum stored
energy Emi, of a quantum battery is in unit of wo.

0.0 0.6 1.2
AT

To clearly explain why long memory time and large
two-mode coupling strength are beneficial to restrain the
self-discharging process of a quantum battery, we plot
the witness M(7) as a function of the dimensionless
quantity I'r for different values of A\/I" or v/I" by considering
the self-discharging condition (i.e., 2 =0) in Eq. (16). As
shown in Figs. 8(a) and (b), by fixing the value of \/T
or «/I', the witness M(r) will change from a positive
value to a negative value with the increase of I'r, which
means an information backflow from the cavity modes
to the quantum battery at a certain transition time.
And it is worth noting that the small \/T or the large
~/T will result in the earlier transition moment, which
implies the earlier time of energy flow from cavity modes
towards the battery. The earlier energy flow from the

'»0,8400

-0.5600

-0.2800

l0.0000
1.8

Fig. 7 Minimum ergotropy W, of the quantum battery as
a function of the parameter )\/I' and the coupling strength
~/T between the cavity mode m: and the cavity mode mso.
Other parameters are: x/I' = 0.5. Minimum ergotropy W of
a quantum battery is in unit of wy.

AT

M(z)

I't

(b)

I't

Fig. 8 (a) Thewitness M (7)asafunction of the dimensionless
quantity I'r for different values of \/T" in the self-discharging
process. (b) The witness M (7) as a function of the dimensionless
quantity I'r for different values of v/I" in the self-discharging
process. Other parameters are: (a) ~/I'=1, &/I'=0.5;
(b) /T =0.1, k/T =0.5.

cavity modes to the battery is considered to be the main
reason why the memory effect of the reservoir or the
coupling strength between two modes is conducive to
resisting the self-discharging process.

5 Conclusion

In this paper, we have discussed the influences of the
memory effect of the reservoir and the coupling between
two parts of multiple environments on the charging and
the self-discharging process of a quantum battery. In
particular, we have considered the charging and the self-
discharging process of the quantum battery in two
composite environments, each containing a single-mode
cavity decaying to a reservoir. For the charging process
of the quantum battery, we have shown that increasing
two-mode coupling can improve the charging performance
(i.e., the stored energy, the average power, and the
ergotropy) of the quantum battery. Different from two-
mode coupling, we have demonstrated that the memory
effect of the reservoir environment is not conducive to
the charging process of the quantum battery, which is in
sharp contrast to the previous studies where the memory
effect of the reservoir environment can greatly improve
the charging performance of quantum battery [74]. Using
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pseudomodes theory, we have revealed that this uncon-
ventional behavior is due to the earlier the quantum
battery dissipates energy into the environment as
memory time increases. Moreover, we have also studied
the self-discharging process of the quantum battery in
composite environments. We show that increasing the
memory effect of the reservoir environment and the
coupling strength of the two-mode coupling can effectively
suppress the self-discharging process of the quantum
battery, thus realizing the long-term storage of energy of
the quantum battery in the composite environment.

Our findings evidence that when the environment is
composite the underlying physical mechanisms may be
counterintuitive. We note that the coupling between the
two modes has the same effect on the charging process
and resisting the self-discharging process of the quantum
battery, which is different from the memory effect of the
reservoir. Thus, environmental coupling is revealed as an
effective tool to improve the performance of the open
quantum battery. It is worth noting that our system has
the advantage of making the effects of the memory effect
of the reservoir and the coupling between the environmental
parts on the performance of a quantum battery emerges
in a clear way and, at the same time, of being simple
enough to find feasibility within the current experimental
technologies, for instance, in circuit QED [83] or in
simulating all-optical setups [84]. Our results may help
for realizing the optimal charging and long-term stable
energy storage of the quantum battery in composite
environments.
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Appendix A: The ergotropy functional

Let pp be the density matrix of a system characterized
by the Hamiltonian Hp, denoted by their spectral
decomposition

p(g) = Zrn |7ﬂn><7nn| 7HB = Zen |6n><en‘ )

where {|r,)}, and {|e,)}, represent the eigenvectors of p
and H, respectively, and and
eo <ep <---<e, are the associated eigenvalues, which
have been properly ordered. The passive counterpart of
pp is defined as the following density matrix:

Opp = Zrn len){en] .

Accordingly, the ergotropy of the state pp can be
conveniently expressed as

WB(T) = tr(pB(T)HB) 7tr(O'pBHB) .

(A1)

TQZTL 2 2Ty
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Fig. B1 (a—d) The stored energy Eg(r) and the average
charging power Pg(r) of the quantum battery as a function
of the dimensionless quantity Qr for different values of the
parameter \/Q. Other parameters are chosen as (a), (b)
c1(0) =v/3/2, h(0) =1/2, v/Q=1, k/Q=05, T/Q=1; (c), (d)
c1(0) = v14/4, h(0) =+/2/4, k/Q=10.5, v/Q=1, T/Q=1. The
stored energy Egp(7) and the average charging power Pg(7) of
a quantum battery are in unit of wp.

Appendix B: Charging performance of a
quantum battery when the system is in
initially entangled states

In this section, we consider the effects of the memory
effect of the reservoir environment and the coupling
between the environments on the charging performance
of the quantum battery when the system composed of
the quantum battery and the charger is in different
initial states. We assume that the system is initially in
state  |®(0)) = c1(0)[10)cp + h(0)|01)cp, Wwhere |c1(0)*+
|h(0)]2 = 1. Since we consider the charging process of the
quantum charger to the quantum battery, the initial
internal energy of the quantum charger is greater than
the initial internal energy of the quantum battery (i.e.,
le1(0)]? > |h(0)]?). For convenience, we first choose two
different initial entangled states (c;(0) =+/3/2 or
c1(0) =v/14/4) in Fig. Bl to study the effect of the
memory effect of the reservoir environment on the
charging performance of the quantum battery. According
to the charging process of the quantum battery (that is,
the third part of this paper) and Egs. (12) and (13), the
stored energy Ep(7) = wo|h(r)* and the average charging
power Pp(71) = wo|h(7)|?/7 of the quantum battery can be
obtained. In the following, for the different initial states,
we can analyze the influence of the memory effect of the
reservoir environment on the charging performance of
the quantum battery. As shown in Figs. Bl(a)—(d), we
show that both the stored energy and the average power
increase with the increase of the parameter \/Q for
different initial entangled states. This means that, for
different initial entangled states, the increase in the
memory time (i.e., 1/A) of the reservoir environment is
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Fig. B2 Maximum stored energy FEu. of the quantum
battery as a function of v/Q and c;(0). Other parameters are:
A/Q=0.1,T/Q=1, /Q=0.5. Maximum stored energy FEpa of
the quantum battery is in the unit of wy.

not conducive to the charging process of the quantum
battery.

Furthermore, for the different initial entangled states,
the influence of the coupling of the environmental part
on the charging process of the quantum battery is also
discussed. The variation of maximum stored energy with
the coupling v/Q of the two-mode and the weight c¢;(0)
of the state |10)¢cp is described in Fig. B2. The purple
area in Fig. B2 indicates that the quantum battery has
no energy storage capacity (i.e., Enx < 0). However, the
maximum energy storage of the quantum battery can be
stimulated and then increases with the increase of «/.
This means that the optimal charging process of a quantum
battery under different initial entangled states of the
system can be achieved by utilizing environmental
coupling. The above results are consistent with those in
our paper. Therefore, the results in this paper should
also be applicable to the system in other initial entangled
states.
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