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ABSTRACT
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Entanglement, quantum steering and Bell nonlocality can be used to
describe the distinct quantum correlations of quantum systems. Because of

their different characteristics and application fields, how to divide them
quantitatively and accurately becomes particularly important. Based on
the sufficient and necessary criterion for quantum steering of an arbitrary
two-qubit T-state, we derive the inequality relations between quantum
steering and entanglement as well as between quantum steering and Bell o0 o
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nonlocality for the T-state. Additionally, we have verified those relations

experimentally.
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1 Introduction

The famous Einstein—Podolsky—Rosen (EPR) paradox
was first introduced in Ref. [1], which indicated that
there are some conflicts between quantum mechanics
and local realism. In order to answer the EPR paradox,
Schrédinger introduced the notion of entanglement [2].
Since then, entanglement has received extensive attentions
[3]. From the perspective of mathematics, an entangled
state refers to it cannot be represented by a probabilistic
mixture of product states. With the development of the
entanglement theory, some researches about entanglement
measures have been proposed, such as entanglement of
formation [4], relative entropy of entanglement [5],
concurrence [4], and negativity [6]. As its miraculous
feature, entanglement has been used to accomplish
quantum computers [7], quantum teleportation [8], cryp-
tographic communications [9], and quantum error
correction [10].
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With the deepening of research, quantum steering
[11, 12] and Bell nonlocality [13, 14] were revealed,
which are the stronger quantum correlations than entan-
glement. The relevant investigations have ushered in an
epoch of relentless exploration for quantum correlations
and other issues [15-42]. Quantum steering and Bell
nonlocality are the crucial resources for accomplishing
quantum information tasks in practice. For quantum
steering, the most striking feature is the asymmetry [15].
This characteristic plays a vital role in the one-sided
device-independent quantum key distribution task
[16-18]. Besides, by virtue of Bell nonlocality, quantum
information tasks, such as the device-independent quantum
key distribution [19], communication complexity [20],
and genuine random number generation [21], can be
realized.

According to the hierarchy of quantum correlations
(mainly including entanglement, quantum steering and
Bell nonlocality), the steerable states form a strict
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subset of entangled states, and also form a strict superset
of Bell nonlocal states [12]. Quintino et al. [22] proved
that entanglement, quantum steering and Bell nonlocality
are genuinely different based on general measurements.
On one hand, the sufficient criteria of quantum steering
based on entanglement have been constructed [23-25].
For instance, the constraint relation between steerability
and concurrence indicates that quantum steering can be
detected via calculating the concurrence and purity [23];
the mapping criterion between quantum steering and
entanglement shows that quantum steering of a two-
qubit state can be detected by detecting entanglement of
the newly constructed state [24, 25]. On the other hand,
the detection of Bell nonlocality can be achieved by
calculating entanglement [26-30]. Verstraete et al. [26]
was the first to investigate the regions of possible
extremal Bell inequality violations for a given value of
the concurrence. Later, the constraint relations between
Bell nonlocality and entanglement (mainly including
entanglement of formation, relative entropy of entangle-
ment, concurrence and negativity) were studied in Refs.
[27-30].

At present,
(SNC) of quantum steering has been given in the form
of critical radius [38, 39]. This SNC criterion is analytic
and numerically computable in the case of two-qubit T-
states. And it can detect all steerable states from two-
qubit T-states, which cannot be achieved by other sufficient
criteria. However, the research on the relation between

the sufficient and necessary criterion

the SNC of quantum steering and other quantum corre-
lations (entanglement and Bell nonlocality) is still lack-
ing. Based on this SNC, we make an investigation on
the relations between quantum steering and entanglement
as well as between quantum steering and Bell nonlocality
for two-qubit T-states. The main conclusions are listed
as follows: the upper and lower boundaries of quantum
steering can be exactly denoted as the monotone functions
of entanglement; the upper and lower boundaries of Bell
nonlocality are also the monotone functions of quantum
steering. These two conclusions quantify the hierarchical
relation among these quantum correlations. In other
words, the lower boundaries of quantum steering and
Bell nonlocality can be used to detect quantum steering
and Bell nonlocality respectively; the upper boundaries
of quantum steering and Bell nonlocality reveal that the
steerable states form a strict subset of entangled states,
and also form a strict superset of Bell nonlocal states.
Meanwhile, we verify these relations by the experiments.
The results from experiment fit the theoretical prediction
Therefore, study quantitatively
describes the internal relation among these quantum
correlations and is helpful to find all steerable states
from two-qubit T-states.

pretty  well. our

2 Theoretical preparation

In general, a two-qubit state p can be described by a
density matrix, which is a positive (semi-definite) unit-
trace operator over H, ® Hg, where H, and Hp are 2-
dimensional (2D) Hilbert spaces. If we use the Pauli
matrices {0;}?_, (with oy = 1) as the basis of the Hilbert
space Hy (Hp), the state g can be written as

3
1
= 4 Z 0ij0i ® 0},

4,7=0

(1)

where ©;; = Tr[o(c; ® 0;)] denote the elements of the
matrix ©. The matrix © is usually rewritten as the
Bloch tensor form

(%)
a T

where a and b are Alice’s and Bob’s Bloch vectors, and
T is the correlation matrix of the state p. In order to
conveniently represent the correlation matrix 7' of a two-
qubit state g, we use the notation T (p). Specially, when
both a and b are zero vectors (a =b=0), the state is
called as a two-qubit T-state. And we use p to denote a
general two-qubit T-state in this paper.

(2)

2.1

Measure of entanglement

Concurrence is usually used as a measure for entanglement
of two-qubit states. For an arbitrary pure state |¢), its
concurrence can be defined as [4]

E(|9)) = [(Wl),

where [1))= (05 ® 03)|y))* represents the spin-flipped state
of |¢). Here oy is the Pauli-y matrice, and |¢)* is the
complex conjugate state of |1). For an arbitrary two-
qubit state o, its spin-flipped state § can be given by
0= (02 ®02)0*(02 ® 02). Considering its decomposition
0=>3", Pnltn){¥n|, the concurrence is defined by the
convex-roof as follows [10, 40]:

an (ton))-

The minimization is taken over all possible decompositions
o into pure states. An analytic solution of concurrence
can be calculated by [4]

E (0) = max {O, 2 Amax <\/§> —Tr <\/§)} ,

where Apa (X) is the maximum eigenvalue of the matrix
X. Specially, for an arbitrary two-qubit T-state p, we
have p = p. Therefore, its concurrence can be given by

E(p) = max {0, 2Amax (p) — 1}. (6)

(3)

min

FE (o) =
( {pnv‘ n

(4)

()
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2.2 Measure of quantum steering

In general, the maximum violation degree of the steering
inequality is used to quantify the steerablity of a quantum
state. However, the violations of the steering inequalities
with finite measurement can only be considered as sufficient
conditions for quantum steering. Nguyen et al. [38, 39]
presented the SNC of quantum steering for two-qubit T-
states. For an arbitrary two-qubit T-state p, the critical
radius R (p) can be reduced to

R(p) = 2Ny (p) [det [T ()], (7)

where = [[dS (v) || T~ and | X|| =

Tr(XXT) is the norm of the matrix X. Here the
integration runs over the surface of the unit sphere.
Considering the unit vector v can be written as v =
( sinfcosp sinfsing cosd )T, we have dS (v) = sin0dfde.
This SNC indicates that a two-quibt T-state p can be
steerable if and only if the state p meets the condition
R(p) <1. It has been proved in Ref. [41] that this
condition R(p)<1 is equivalent to the condition
[1 S @) T (p) w]| > 2.

In our recent work [42], we have also put forward the
SNC of quantum steering for two-qubit T-states p by
calculating the maximum violation F (p) of EPR steering
inequality with infinite projection measurements and
constructing a local hidden state model. And the maximum
violation F (p) can be denoted as

— 4 [ s @Ir el

This SNC indicates that a two-quibt T-state p can be
steerable if and only if the state p meets the relation
F (p) > 1/2. Therefore, the maximum violation degree of
EPR steering inequality with infinite projection
measurements can be used to quantify the steering of a
two-qubit T-state, i.e., EPR steering F (p) can be char-
acterized as

max {F (p) — 1/2,0}
Fiax — 1/2 ’

(o)l

(8)

Fp) = (9)
where F,x = max,F (p). Both entanglement and Bell
nonlocality are known to satisfy convexity and local
unitary transformation invariance. Likewise, quantum
steering has these two properties [42].

Property 1 If a two-qubit T-state p can be written as
an ensemble p = > p,p; which is made up of T-states p;
with the probability p;, then the EPR steering F(p)
conforms to the following relation:

< szf (pz)

Property 2 Given a two-qubit T-state p, we consider a
family of states p’ which are formed by the local unitary
transformation applied to the original state p, i.e.,

(10)

P =({Ua®Up)p(Ur® UB)T7 where U, and Ug are the
unitary transformations on Alice’s and Bob’s sides,
respectively. For these states, we have

F (') =F(p)- (11)

2.3 Measure of Bell nonlocality

Violation of Bell inequality in quantum mechanics tells
us that quantum correlations are quite different from
classical correlations. In the case of two-qubit states,
Clauser—-Horne-Shimony—Holt (CHSH) inequality is a
well-known Bell inequality and has the important property
that an arbitrary two-qubit pure state violates the
CHSH inequality if and only if it is entangled [43].
Considering the Hilbert space Hap = Ha ® Hp, the Bell-
operator associated with the CHSH inequality can be
given by

B = MAI ® (MBI +MBz) +MA2 ® (MB1 - MBz)v

(12)

where My,, Ma, and Mg, Mp, are the projection
measurements on sides A and B, respectively. For a
general two-qubit state p, the CHSH inequality can be
expressed as

|Tr (oB)| < 2. (13)

In terms of the Horodecki’s theorem [43], the maximum
expected value of the Bell-operator has the following
form

{MAMMIAI;?J\);BPMBQ} ITr (0B)| =2/ G (0), (14)
where G (o) = Tr [T (0) T (0)] — Amin [T" (0) T (0)], and

Amin [TT (0) T (0)] is the minimum eigenvalue of the
symmetric matrix T7T(9)T (¢). Obviously, the CHSH
inequality holds when the state p meets the relation
G (0) < 1. In other words, the state ¢ is Bell nonlocal if
and only if G () > 1. Thus, Bell nonlocality G (o) can be
characterized as

G (o) = \/max{07 G (o) — 1}’

15
Gmax -1 ( )

where Guax = max,G (o).

3 Experimental preparation

In this section, we briefly introduce our experimental
setup which is used to provide some quantum states to
investigate our relations below. A linear optical setup is
selected as it has a mature technology to prepare and
control quantum states. One can encode state |0) (or |1))
into the horizontal (vertical) polarization of the photon.

Xiao-Gang Fan, et al., Front. Phys. 18(1), 11301 (2023)
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Figure 1 is a diagrammatic sketch of our experimental
setup. It can be divided into three main parts: (a) source
stage, (b) unbalanced Mach—Zehnder device(UMZ) stage,
and (c) tomography stage. In our experiment, (a) source
stage is made of an optical maser (OM), three half-wave
plates (HWPs), a polarizing beam splitter (PBS), a
beam splitter (BS), four mirrors, two type-I g-barium
borate crystals (BBOs) and a reflecting prism (RP).
First, a beam of polarized light (130 mW, 405 nm),
which is emitted by an OM, will be modulated by a
HWP which is designed to change the portion between
|H) and |V). Then the PBS can divide the pumped beam
into two directions, the transmitted light along with its
original direction is state |H) while the reflected light is
state |[V). The sequential two HWPs will convert state
|H) to |D) and state V) to |A), where |D) = % (|H)Y +|V))
and [4) = 75 (|H) —|V)). The states |D) and [4) are
gathered by a BS. So we reach the states p(p)=
p|DY(D| + (1 — p)|A)(A]. Such states pass through two
type-I 3-BBO crystals (6.0 mm x 6.0 mm x 0.5 mm) with
its optic axis cut at 29.2° will take place a process of
spontaneous parametric down-conversion [44], then
become  to  p(p) = plY ") (¥ + (1 —p) [ )(¥7| where
[pE) = % (|[HH) +£|VV)), the parameter p is controlled by

the first HWP. By the source stage, a set of two-qubit
entangled states are generated. (b) Unbalanced
Mach—Zehnder device (UMZ) stage is made of two BSs,
two attenuators (ATTs), two mirrors and a HWP. It is
designed to prepare our desired states. The generated
photons passing through the BBOs split into two direc-
tions: A and B. Photon in A side keeps its status while
photon in B side will be divided into two parts: bl and
b2. There is an ATT in every part aim into adjust the
portion between those two parts. Importantly, the UMZ

Coincidence

(a)

Fig. 1 A diagrammatic sketch of experimental setup:
(a) source stage, (b) unbalanced Mach—Zehnder device stage
and (c) tomography stage. OM is short for optical maser,
HWP for half-wave plate, PBS for polarizing beam splitter,
BS for beam splitter, BBO for type-I g-barium borate crystal,
RP for reflecting prism, ATT for attenuator, QWP for quarter
wave plater, IF for 3-nm interference filter and SPD for
single photon detector.

module [45] are used in B side to generate states |pF).
Therefore, we obtain the states

p(p, @) =p (¢ | ) (WH |+ (1 —q) |eT)(eT])

+(1=p) (g )W [+ A=) | MeT]),
(16)

where |o*) = Z- (|[HV) £|VH)) are Bell states, the
parameter q is controlled by the two ATTs. (c) Tomography
stage is made of two quarter-wave plates (QWPs), two
HWPs, two interference filter (IFs), two PBSs, four
single photon detectors (SPDs) and a coincidence. The
combination of HWPs, QWPs and PBSs can realize a
set of measurements so that we can complete a tomography
process. In this work, the states we prepare are a set of
typical two-qubit T-states, the rest of the experiment is
continued with those typical states.

4 Relations among quantum correlations

The hierarchy of quantum correlations indicates that the
steerable states form a strict subset of entangled states,
and also form a strict superset of Bell-nonlocal states.
However, the hierarchy does not quantify their differences
in these quantum correlations. Therefore, it is an important
task to investigate the relation between entanglement
and quantum steering, as well as the relation between
quantum steering and Bell nonlocality. Before we do
that, we consider two special types of two-qubit T-states
as examples, with the aim at clarifying that the relation
between these three quantum correlations depends on
the structure of the quantum states.
Ezample I : Werner state. This state can be described
as
1

W) =al )|+ (1—a) s el

595 (17)

where the parameter o represents the probability of |¢T).
For the Werner state W(a), its EPR steering can be
represented by the concurrence, ie., F[W(a)]=
2 max {4E[W (a)] — 1,0}, and its Bell nonlocality can be
represented by the EPR steering, GW(a)] =
\/;max{o,fz [W(a)] + 2F[W(a)] —1}. Obviously, the
Werner state is steerable if and only if its concurrence
exceeds 1/4; the Werner state is Bell nonlocal if and only
if its EPR steering exceeds /2 — 1.

Ezxample Il : Maximally nonlocal mized state. This
state can be generally written as

1
MNM (e) = ;Le

where 0<e < 1. Clearly the concurrence is equal to
the Bell nonlocality for the state MNM(e), i.e.,
E[MNM (e)] = G [MNM (e)] = e. And the EPR steering can

be denoted as F[MNM (e)] = \/1{7111”7 v1=c® Therefore,

ie.,

l—e, ., _
5 [

[ )Wt + (18)

)
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this state has EPR steering if and only if it is entanged;
this state possess Bell nonlocality iff it is steerable. This
shows that the three quantum correlations are equivalent
for the state MNM (e).

The results of examples I and II clarify that the relation
among these three quantum correlations depends on the
structure of the quantum states. In order to get a more
general relation, we will investigate the relation between
concurrence and EPR steering, and the relation between
EPR steering and Bell nonlocality for any two-qubit T-
states in two subsections.

4.1  Inequality relation between concurrence and EPR
steering

An arbitrary two-qubit T-state p has a decomposition in
which each pure state has the same entanglememt [30],
Le., p =32 pilvs) (Wil Here, E(|¢);)) = E (p) for each pure
state |1p;). According to Ref. [40], the spin-flipped state
can be denoted as j= 3. p;|thi) (). For the two-qubit T-
state p, we have p = 5. It indicates that the T-state has
a Special decomposition, i.e.,

szw“

where ¢; = 1 <|¢i)<¢i| + |'(/~)i><'¢~]i|> denotes a 2-rank T-state.

p= p+p (19)

According to Egs. (3) and (6), we obtain an invariability
that concurrence of the T-state 1; is equal to concurrence
of the pure state |¢;), i.e., E (¢;) = E (|¢;)). Obviously, for
each state v, we have E (¢;) = E(p). And the eigenvalue
of the matrix /TT (;) T (v;) can be given by A (¥;)=
diag {1, E (¢;), E(:)} = diag{1, E(p), E(p)}. Therefore,
these states {i;}, have the same EPR steering.
And the EPR steering can be reduced to F(v;)=

E (p) ln HVIZEA0) for each state ;. Based on the
V1-E2(p E(p)

Convex1ty of EPR steering as shown in Eq. (10), the
EPR steering F(p) for the T-state p conforms to the
relation F (p) < F (¢;). Therefore, EPR steering is upper
bounded by

E? (p)
1-E*(p)

1++/1—FE2%(p)

E(p)

Eq. (20) reveals that the EPR steering possesses the
upper boundary, which means that it may have a lower
boundary. In order to seek its lower boundary, we
consider three equally entangled Bell diagonal states,
ie.,

F(p) < (20)

1
=y (Iy4c101 ® 01 — 202 ® 02 + 303 ® 03) ,
1
p2= 1 (]l4—|—0201 ® o1 — €302 Q02 + 103X 03)
1
p3= 1 (ly4c301 ® 01 — 102 @ 02 + c203 ® 03), (21)

>0 and ¢ +cy+c3 > 1. Obviously,
these states have the same EPR steering, i.e.,
F(p1) = F(p2) = F (p3). In fact, the Werner state W (a)
can be produced by equal probability mixing of these
three states pi, po and ps, ie., W(a) = (p1 + p2 + p3) /3,
where the probability a = (¢; + ¢z + ¢3) /3. It is not difficult
to find that the entanglement values of these states are
the same, ie., FE(p1)=FE(p2)=E(p3)=E[W(a)]=
(3 — 1) /2. Based on the convexity of EPR steering as
shown in Eq. (10), the EPR steering conforms to the
relation F (p1) > F [W (a)] = max {2« — 1 0} Obviously, for
the three Bell diagonal states {p;}’_,, the relation
between the concurrence and EPR steering can be
denoted as F(p;) > max{4E (p;) —1,0}. Since both
entanglement and EPR steering are not affected by local
unitary operations, Therefore, for any two-qubit T-state
p, EPR steering is lower bounded by

where c¢; > cp >

Flp) > %max {4 (p) — 1,0} . (22)
The upper boundary, corresponding to Eq. (20),
reveals that the steerable states form a strict subset of
entangled states; and the lower boundary of EPR steer-
ing, corresponding to Eq. (22), can be used to detect
quantum steering. The upper and lower boundaries of
EPR steering make up of the inequality relation between
concurrence and EPR steering. If we only know the
amount of concurrence of a given state, it is difficult to
quantity the EPR steering. By using the inequality relation
between the concurrence and EPR steering, we can
obtain the upper and lower boundaries of the EPR steering
and the class of states that can achieve the upper and
lower boundaries. In the following, we verify the inequality
relation by the experiments and numerical methods.

From experimental perspective, we prepare 30
quantum states to investigate Eqgs. (22) and (20).
We select parameters {p|0,0.05,0.1,0.15,0.2} and

{4]0,0.1,0.2,0.3,0.4,0.5}, combine with Eq. (16), we can
obtain 30 different two-qubit T-states. To illustrate the
accuracy of our experiment, the fidelities of the prepared

states are calculated by F = Tr\/,/p(p, @)p\/p (p,q), where

p is the desired state and p(p,q) is the prepared state
from the experiment, and we show them in Table 1.

The error bar is given by the Poisson distribution of
the optical maser. In our experiment, we achieve a high
average fidelity F = 0.998240.0008. This high fidelity
guarantees the reliability of our experiment. By our
experimental datum, we calculate their concurrence and
steering and plot their relation in Fig. 2 with green dots.
The blue line is the lower bound which indicated from
Eq. (22) and the red line is the upper bound which indicated
from Eq. (20). These green dots verify the relation
between entanglement and EPR steering like we
predicted in Egs. (22) and (20). As we showed, all the
experimental states are complying with Egs. (22) and
(20).

Xiao-Gang Fan, et al., Front. Phys. 18(1), 11301 (2023)
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Table 1 The fidelities of experimental prepared states.
p=0 0.9976 + 0.0005 0.9979 4+ 0.0018 0.9984 4+ 0.0014
p=0.05 0.9970 4+ 0.0001 0.9970 4+ 0.0010 0.9993 £ 0.0005
p=20.1 0.9971 £+ 0.0002 0.9969 + 0.0021 0.9996 4+ 0.0002
p=0.15 0.9970 4+ 0.0001 0.9994 4+ 0.0003 0.9990 4+ 0.0003
p=0.2 0.9966 4+ 0.0002 0.9986 + 0.0007 0.9994 4+ 0.0003
q =0.3 q=04 q=0.5
D= 0.9986 + 0.0013 0.9992 + 0.0007 0.9988 £+ 0.0008
p=0.05 0.9976 4+ 0.0009 0.9968 + 0.0026 0.9988 4+ 0.0008
p=0.1 0.9987 4+ 0.0004 0.9953 +0.0017 0.9986 4+ 0.0006
p=0.15 0.9987 + 0.0004 0.9987 + 0.0006 0.9990 £ 0.0004
p=0.2 0.9980 % 0.0005 0.9990 4+ 0.0003 0.9993 4+ 0.0002
1.0 equally entangled Bell diagonal states, and the corre-
sponding probabilities can be given by
0.8
2
& (c1 —c2)” + (c1 — e3)® + (1 —¢1) (201 — 3 — ¢3)
5 0.6 b1 = D) 5
2 (c1 — CQ) + (co — 63) +(c1 — 63)
2
E 0.4 (Cl - CQ) —+ (CQ — 03) ( 2) (202 —C1 — 63)
P2 = D) 3
0.2 (c1 —c2)” + (e2 — 03) + (c1 — C3)
2
0.0 | ome= A ps = (Cl — 63) + (CQ — Cg) ( 3) (203 —C1 — 63)
X 3 =
0.0 02 0.4 0.6 08 1.0 (c1 — c2)® + (c2 — ¢3)° + (c1 — ¢3)°
Concurrence

Fig. 2 EPR steering F (p) versus concurrence E (p) for two-
qubit T-states p. The upper bound (red solid line) can be
achieved by the 2-rank T-states. And the lower bound (blue
solid line) can be achieved by the Werner states. EPR steering
F(p) along the Y axis, and concurrence E (p) along the X
axis for 5x10* randomly generated two-qubit T-states,
where we show them with gray dots, by using a specific
Mathematica package. The green dots are obtained by the
experimental process with a set of Bell-diagonal states.

In order to verify that more states also satisfy this
inequality relation, we investigate lots of randomly
generated two-qubit T-states, which are plotted in Fig. 2
with gray dots. The result (as shown in Fig. 2) shows
that the lower and upper boundaries of EPR steering
can be achieved by the Werner state W (a) and the 2-

rank T-state ¢ =1 <|¢><¢| + |1[;>(1m), respectively. This
shows that the upper and lower boundaries of the EPR
steering are correct.

4.2 Inequality relation between EPR steering and Bell

nonlocality

As before, we start investigating the relation between
EPR steering and Bell nonlocality for any two-qubit T-
states, and write the upper and lower boundaries of Bell
nonlocality as certain functions of EPR steering.

To obtain the upper boundary of Bell nonlocality, we
firstly consider a 2-rank T-state 6= 2?21 pipi, Where
these states pi, p; and ps, as shown in Eq. (21), are

(23)

Obviously, these states p;, p, and p; have the same

entanglement, i.e., E(p)=FE (p2) = E(p3) = 5(c1 + co+

c3 —1). Thus, the EPR steering can be denoted as

F(6) = E*(p) 1 MHVI-E2(00) Tt g pot difficult to find
1—E2(p;) E(p:)

that the EPR steering of these states are the same, i.e.,
F(p1) = F(p2) = F(p3).- In addition, these states p1, p2
and ps have the same Bell nonlocality. And the Bell
nonlocality can be reduced to G(p1) =G (p2) =G (p3) =
/max {0,c? +c3 —1}. Based on the convexity of EPR
steering as shown in Eq. (10), the 2-rank T-state ¢
conforms to the relation F (p;) > F (6). For all two-qubit
states p, entanglement as the upper bound for Bell
nonlocality [30], i.e., G(o) < E(g). Thus, the relation
between EPR steering and Bell nonlocality can be
92(“) In Hm for these Bell

—G2(pi)
diagonal states p. Slnce both Bell nonlocahty and EPR

steering are not affected by local unitary operations, Bell
nonlocality of any T-state p is upper bounded by

denoted as F(p;) >

G(p) < fTVIF ()], (24)
Where f&U () denotes the inverse function of f(z)=
1 LEVI=e?
\/ﬁ @

To obtain the lower boundary of Bell nonlocality, we
consider the Bell diagonal state p, as shown in Eq. (21).
Obviously, the state p2 has a decomposition which is
composed of three equally entangled Werner states, i.e.,
po = Zf’zl p;W;. Here, these Werner states can be
expressed as
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1 1.0
W, = Z[Il4—|-a(—<71 ® 01+ 02 ® 02 + 03 @ 03)],
0.8
1 =
W2:Z[I[4—|—a(01®0'1—0'2®0'2+0'3®0'3)]7 %06
8 .
1 =
W3:Z[ﬂ4+a(01®01+02®02—03®‘73)]7 50-4
A
where o = ¢; + ¢ — 3. And the corresponding probabilities 00l
can be given by p; =2 (c1 —c3), p2 =5 (c1+c2) and 0.0 02 0.4 0.6 0.8 1.0
p3 = 5= (c2 —c3), respectively. Obviously, these states ERE. steenng

have the same EPR steering, ie., F(Wi)=F(Wq)=
F (W3) = max {0,2c — 1}. Based on the convexity of EPR
steering as shown in Eq. (10), the Bell diagonal state
p2 conforms to the relation F(ps) < F(Wy)=
max {0,2 (c; + co —c3) — 1}. Besides, the Bell nonlocality
can be reduced to G (p2) = /max {0, c? + c3 — 1}. Therefore,
for Bell diagonal state py, the relation between EPR
steering and Bell nonlocality can be denoted as
F(p2) < /2[1+G?%(p2)] — 1, equivalently G(p2) =
\/% max {0, F2 (p2) + 2F (p2) — 1}. Since both Bell nonlocal-
ity and EPR steering are not affected by local unitary

operations, Bell nonlocality of any T-state p is lower
bounded by

G() > S0, 72 () 1 2F (o) -1y (20

The upper boundary, corresponding to Eq. (24),
reveals that the steerable states form a strict superset of
Bell nonlocal states; and the lower boundary of Bell
nonlocality, corresponding to Eq. (26), can be used to
detect Bell nonlocality.

From experimental perspective, we also prepare 30
quantum states to investigate Egs. (26) and (24).
We select parameters {p|0,0.05,0.1,0.15,0.2} and
{¢|0,0.1,0.2,0.3,0.4,0.5} like we did before, combine with
Eq. (16), we can obtain 30 different two-qubit T-states.
Then, we calculate their steering and Bell nonlocality
and plot their relation in Fig. 3 with green dots. The
blue line is the lower bound which indicated from Eq.
(26) and the red line is the upper bound which indicated
from Eq. (24). These green dots verify the relation
between EPR steering and Bell nonlocality like we
predicted in Egs. (26) and (24). As we showed, all the
experimental states are complying with Eq. (26) and
Eq. (24).

In order to show the more general situation of T-
states comprehensively, we investigate lots of randomly
generated two-qubit T-states, with gray dots in Fig. 3,
to obtain the relation between EPR steering and Bell
nonlocality. The result (as shown in Fig. 3) shows that
the lower and upper boundaries of Bell nonlocality can
be also achieved by the Werner state and the 2-rank T-
state, respectively. This shows that the upper and lower
boundaries of the Bell nonlocality are correct.

Fig. 3 Bell nonlocality G (p) versus EPR steering F(p) for
two-qubit T-states p. The upper bound (red solid line) can
be achieved by the 2-rank T-states. The lower bound (blue
solid line) can be achieved by the Werner states. Bell nonlocality
G (p) along the Y axis, and EPR steering F (p) along the X
axis for 5x 10" randomly generated two-qubit T-states,
where we show them with gray dots, by using a specific
Mathematica package. The green dots are obtained by the
experimental process with a set of Bell-diagonal states.

5 Conclusion

In this paper, we have derived the inequality relations
between entanglement and quantum steering as well as
between quantum steering and Bell nonlocality for two-
qubit T-states. We use some T-states to test these relations
with a set of Bell-diagonal states experimentally. The
inequality relations show that the upper and lower
boundaries of quantum steering can be exactly expressed
as the monotone functions of entanglement, and that the
upper and lower boundaries of Bell nonlocality can be
also represented by the monotone functions of quantum
steering. One of the more interesting findings is that the
upper and lower boundaries can be achieved by the 2-
rank T-states and the Werner states, respectively. These
results indicate that these quantum correlations are
equivalent if and only if the rank of a two-qubit T-state
is not greater than 2. Specifically, the lower boundaries,
corresponding to Eqgs. (22) and (26), can be used to
detect quantum steering and Bell nonlocality, respec-
tively. And the upper boundaries, corresponding to Egs.
(20) and (24), reveal that the steerable states form a
strict subset of entangled states, and also form a strict
superset of Bell nonlocal states. Our researches may be
helpful to make more accurate use of these quantum
correlations in future quantum information tasks.
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