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ABSTRACT

Kelvin–Helmholtz  (KH)  instability  is  a  fundamental  fluid  instability  that
widely exists in nature and engineering. To better understand the dynamic
process of the KH instability, the influence of the tangential velocity on the
compressible KH instability is investigated by using the discrete Boltzmann
method  based  on  the  nonequilibrium  statistical  physics.  Both  hydrody-
namic  and  thermodynamic  nonequilibrium  (TNE)  effects  are  probed  and
analyzed.  It  is  found  that,  on  the  whole,  the  global  density  gradients,  the
TNE  strength  and  area  firstly  increase  and  decrease  afterwards.  Both  the
global density gradient and heat flux intensity in the vertical direction are
almost  constant  in  the  initial  stage  before  a  vortex forms.  Moreover,  with
the  increase  of  the  tangential  velocity,  the  KH  instability  evolves  faster,
hence the global density gradients, the TNE strength and area increase in
the initial stage and achieve their peak earlier, and their maxima are higher
for  a  larger  tangential  velocity.  Physically,  there  are  several  competitive
mechanisms in the evolution of the KH instability. (i) The physical gradients
increase and the TNE effects are strengthened as the interface is elongated.
The local physical gradients decrease and the local TNE intensity is weakened on account of the dissipation and/or diffu-
sion. (ii) The global heat flux intensity is promoted when the physical gradients increase. As the contact area expands, the
heat  exchange  is  enhanced  and  the  global  heat  flux  intensity  increases.  (iii)  The  global  TNE  intensity  reduces  with  the
decreasing of physical gradients and increase with the increasing of TNE area. (iv) The nonequilibrium area increases as the
fluid interface is elongated and is widened because of the dissipation and/or diffusion.

Keywords  Kelvin–Helmholtz instability, thermodynamic nonequilibrium effect, viscous stress, discrete Boltzmann
method

 I   Introduction

Kelvin–Helmholtz (KH) instability is a typical interface
instability  phenomenon  caused  by  the  difference  of
tangential  velocities  between  two  fluids  [1, 2].  It  is

widespread  in  nature  and  engineering  field,  such  as
waves  on  a  windblown  ocean  [3],  inertial  confinement
fusion  (ICF)  [4],  graphene  [5],  interaction  of  earth’s
magnetosphere  with  solar  wind  [6],  combustion  [7, 8],
deep-water  propulsion  [9],  and  hypersonic  vehicle
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[10, 11]. Especially, the KH instability plays an important
role  in  the  multishock  implosion  scheme  for  the  direct
drive capsule of ICF, because it promotes the growth of
a  turbulent  mixing layer  between the  ablator  and solid
deuterium-tritium nuclear fuel [12]. Besides, the effect of
the KH instability on the mixing of fuel and oxidant is
of  great  importance  in  the  combustor  and  propulsion
systems  [7–11].  Recently,  the  KH  instability  has  been
studied widely with theoretical [4, 13], experimental [14]
and numerical approaches [15–18]. Abundant achievements
have  been  obtained  by  a  series  of  research  works  on
compressibility [18], linear growth rate [19], density ratio
[20],  surface  tension  [21],  inclination  angles  [22],  etc.
Although many scholars have made great success in rele-
vant fields, there are still many open issues to be further
studied.

One  basic  problem  is  the  influence  of  the  tangential
velocity upon the KH instability, which has been exten-
sively  studied  from  different  points  of  view.  In  2003,
Ebihara et al. [23] simulated the interface growth caused
by  the  velocity  difference  in  horizontal  stratified  two-
phase  fluid  through  the  lattice  Boltzmann  method
(LBM). In 2011, Gan et al. [24] expounded the velocity
and density gradient effects in the KH instability by the
LBM and  concluded  that  the  linear  growth  rate  of  the
KH  instability  decreases  (increases)  as  the  width  of
velocity (density) transition layer increases. In 2015, Lee
et al. [20] studied the KH instability of multi-component
fluids  and  found  that  the  amplitude  of  interface
increases  with  the  increasing  initial  horizontal  velocity
difference.  In  2018,  Li et  al. [25]  applied  dissipative
particle  dynamics  to  explain  the  influences  of  velocity
difference  on  the  KH  instability,  and  found  that  the
larger  the  initial  horizontal  velocity  difference  is,  the
faster  the  interface  rolls  up.  In  the  same  year,  Shang
et  al. [26]  conducted  numerical  simulations  of  the  KH
instability  in  two-dimensional  immiscible  and  incom-
pressible  fluid  with  the  front  tracking  method,  and
found that  the  initial  horizontal  velocity  difference  and
interface  roll-up  have  a  consistent  trend.  In  2020,
Hoshoudy et  al. [27]  discussed  the  KH stability  of  two
compressible  fluids  flowing  in  porous  media,  and
obtained  that  the  KH instability  behavior  tends  to  the
Rayleigh–Taylor  (RT)  instability  behavior  when  the
initial velocity difference between two fluids is small. In
the  same  year,  Budiana et  al. [28]  investigated  the
effects  of  interface  thickness,  density  ratio  and  velocity
difference on the KH instability by the radial basis function
method  and  the  domain  decomposition  method.
Although  aforementioned  achievements  deepen  the
understanding of the tangential velocity of the KH insta-
bility, it is not clear how the tangential velocity affects
the  dynamic  evolution  process  of  the  thermodynamic
nonequilibrium  (TNE),  due  to  the  limit  of  traditional
macroscopic methods [29].

In  fact,  the  recent  developed  discrete  Boltzmann

m

model (DBM) has the capability of measuring the TNE
in various physical systems, such as combustion [30–32],
multi-phase  flows  [33],  multi-scale  compressible  flows
[34],  RT  instability  [35–39],  Richtmyer–Meshkov  insta-
bility  [40, 41],  and  KH  instability  [19, 42–47].  As  a
mesoscopic methodology, the DBM can be considered as
a  variant  of  the  standard  LBM [48–52].  Generally,  the
LBM is served as a numerical scheme for solving various
partial  differential  equations.  In  contrast,  the  DBM  is
proposed as a coarse-grained physical  model,  which not
only  describes  the  evolution  of  macroscopic  physical
quantities (e.g.,  density,  velocity and temperature),  but
also  contains  detailed  nonequilibrium  information
[16, 53–55].  In  2019,  Lin et  al. [43]  studied  the  KH
instability  in  the  dynamic  nonequilibrium  process
through a two-component DBM and analysed the effects
of the relaxation time, Atwood number and the peak of
the nonequilibrium state. At the same time, Zhang et al.
[42]  defined  the -order  nonequilibrium  strength  and
analyzed  the  nonequilibrium  characteristics  near  the
interface  in  the  development  of  the  KH  instability.  In
the  same  year,  Gan et  al. [19]  utilized  the  DBM  to
investigate  the  effects  of  viscosity  and  heat  conduction
on  the  KH  instability.  It  is  found  that  the  viscosity
stabilizes  the KH instability and enhances the nonequi-
librium  intensity,  and  the  heat  conduction  firstly
suppresses and then promotes the growth [19].  In 2020,
Chen et  al. [45]  explored the coupled Rayleigh–Taylor–
Kelvin–Helmholtz  (RTKH)  instability  system  with  the
aid  of  multiple-relaxation-time  DBM and  measured  the
physical mechanism of the initial stage of the system. In
2020, Zhang et al. [44] presented an ellipsoidal statistical
Bhatnagar–Gross–Krook (BGK) DBM for two-component
compressible flows, and investigated the Prandtl number
effects  on  the  KH  instability.  In  2021,  Lin et  al. [46]
investigated  the  nonequilibrium  behavior  of  the
compressible KH instability with the multiple-relaxation-
time DBM, and concluded that the heat conduction and
the temperature have few influences on the development
of the KH instability. In 2022, Chen et al. [47] gave six
typical  perturbation  interfaces  and  compared  their
differences on the RT, KH and coupled RTKH instabilities
in  fluids,  and  found  that  some  initial  interface  shapes
have significant effects on the RT instability and play a
weak role in the KH instability.

In  this  work,  the  DBM  is  employed  to  study  the
effects of the tangential velocity on the compressible KH
instability, focusing on the hydrodynamic and thermody-
namic  nonequilibrium  effects.  The  rest  is  organized  as
follows: the construction of the DBM is briefly introduced
in  Section  2.  This  model  is  validated  by  three  classical
examples  in  Section  3.  Numerical  simulations  of  the
compressible KH instability are carried out in Section 4.
Section 5 gives conclusions.
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 2   Discrete Boltzmann model

The BGK discrete Boltzmann equation takes the form:

∂fi
∂t

+ vi ·
∂fi
∂r

= −1

τ
(fi − fi

eq), (1)

fi = f(r,vi, t)

fi
eq

t τ r

vi i

where  denotes  the  discrete  single-particle
distribution function,  the discrete equilibrium distri-
bution function,  the time,  the relaxation time,  the
space coordinate,  the discrete velocity,  the index of
discrete  velocities.  In  the  work,  the  discrete  velocity
model D2V16 is applied, and the mathematical expressions
are as follows:

vi =



va

[
cos

(i− 1)π

2
, sin

(i− 1)π

2

]
, i = 1, · · · , 4,

vb

[
cos

(2i− 1)π

4
, sin

(2i− 1)π

4

]
, i = 5, · · · , 8,

vc

[
cos

(i− 9)π

2
, sin

(i− 9)π

2

]
, i = 9, · · · , 12,

vd

[
cos

(2i− 9)π

4
, sin

(2i− 9)π

4

]
, i = 13, · · · , 16.

(2)

ηi
ηi = η0

i = 5 6 7 8 ηi = 0

The sketch of D2V16 is shown in Fig. 1. Moreover, the
parameter  is  used  to  describe  the  rotational  and/or
vibrational  internal  energies  of  the  fluid  system. 
when , , , , otherwise .

fi
eq

Via the Chapman–Enskog analysis, it is demonstrated
that the compressible Navier–Stokes (NS) equations can
be  recovered  from  Eq.  (1)  in  the  continuum  limit,  see
Eqs.  (19)–(21).  To  this  end,  should  satisfy  the
following matrix equation

f̂eq = C · feq, (3)

f̂eq ≡ [f̂k
eq
] feq ≡ [fi

eq] C ≡ [cki] f̂k
eq

k

feq cki C

vi

ηi

where , , ;  is  the -th
kinetic moment of ;  is the element of the matrix ,
which is determined by the discrete velocity  and the
parameter . Then, the discrete equilibrium distribution

fi
eqfunction  can be calculated as

feq = C−1 · f̂eq, (4)

Cwhen the matrix  is invertible.

fi
eq

fi

fi fi
eq

In  fact,  Eq.  (3)  is  equivalent  to  the  seven  moment
relations  in  Eqs.  (22)–(28).  The  first  three  moments  in
Eqs.  (22)–(24)  describe  conservative  moments  of  mass,
momentum and energy, respectively.  In the three equa-
tions,  the  discrete  equilibrium distribution  function 
can be replaced by the discrete distribution function .
However,  for  the  last  four  kinetic  moments,  there  may
be deviations when  replaces . Actually, these devi-
ations  can  be  used  to  describe  the  TNE  effects.
Consequently,  the  nonequilibrium  manifestations  are
defined as below:

∆m,n = Mm,n(fi)−Mm,n(f
eq
i ), (5)

m n m

n

where  “ , ”  represents  that  the  -order  tensor  is
reduced to the -order tensor. In a similar way, another
set  of  nonequilibrium  manifestations  are  introduced  as
well:

∆∗
m,n = M∗

m,n(fi)−M∗
m,n(f

eq
i ), (6)

v∗
i = vi − u Mm,n ∆m,n

M∗
m,n ∆∗

m,n Mm,n ∆m,n

u

M∗
m,n ∆∗

m,n

∆∗
2

∆∗
3,1 ∆∗

3

∆∗
4,2

where .  The  difference  between  ( )
and  ( )  is  that  ( )  contains  the
macroscopic  velocity  and  the  information  about  the
thermal  motion  of  micro  particles,  while  ( )
only  describes  the  thermal  motion  of  micro  particles.
Note that those definitions have specific physical mean-
ings.  denotes the non-organized momentum flux and
is related to viscosity, ,  represent the non-organized
energy flux and are related to heat flux, and  stands
for the flux of non-organized energy flux.

In order to depict the global TNE of the fluid system
at  length,  several  types  of  TNE  quantities  are  defined
here:

| ∆∗
2 |=

√
| ∆∗

2xx |2 + | ∆∗
2xy |2 + | ∆∗

2yy |2, (7)

| ∆∗
3,1 |=

√
| ∆∗

3,1x |2 + | ∆∗
3,1y |2, (8)

| ∆∗
3 |=

√
|∆∗

3xxx |2+ |∆∗
3xxy |2+ |∆∗

3xyy |2+ |∆∗
3yyy |2,

(9)

| ∆∗
4,2 |=

√
| ∆∗

4,2xx |2 + | ∆∗
4,2xy |2 + | ∆∗

4,2yy |2. (10)

The total TNE quantity is given via above definitions,
which  characterizes  the  extent  of  deviation  from  the
system equilibrium state:

| ∆∗ |=
√
| ∆∗

2 |2 + | ∆∗
3,1 |2 + | ∆∗

3 |2 + | ∆∗
4,2 |2.

(11)
 

Fig. 1  Sketch of D2V16 discrete velocity model.
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The  following  kinds  of  the  global  average  TNE
strength  are  obtained  by  averaging  the  sum  of  TNE
strength:

D =
1

LxLy

∫ Lx

0

∫ Ly

0

| ∆∗ | dxdy= 1

Nx×Ny

∑
i,j

| ∆∗ |,

(12)

D2=
1

LxLy

∫ Lx

0

∫ Ly

0

| ∆∗
2 | dxdy= 1

Nx×Ny

∑
i,j

|∆∗
2 |,

(13)

D3,1 =
1

LxLy

∫ Lx

0

∫ Ly

0

| ∆∗
3,1 | dxdy

=
1

Nx ×Ny

∑
i,j

| ∆∗
3,1 |, (14)

i = 1, 2, · · · , Nx j = 1, 2, · · · , Ny Nx = Lx/∆x Ny =

Ly/∆y Lx Ly ∆x

∆y

where, , , , 
,  and  signify  the  boundary  length,  and

 mean the space step.

 3   Validation

In this section, three typical cases, i.e., the sound wave,
thermal Couette flow and Sod shock tube, are utilized to
verify the DBM.

 3.1   Sound Wave

ρ = 1.0 u = 0.0

x0 = 0.2

Nx ×Ny = 2000× 1 ∆x = ∆y = 1.0× 10−3

∆t = 1.0× 10−4

τ = 7.0× 10−5

x y

Firstly,  let  us  prove  that  the  sound  wave  can  be
captured by this model. To this end, the following initial
configuration  is  considered.  In  a  uniform  field  with
density  and velocity , a small perturbation
is  initially  imposed on the location  to  facilitate
the  propagation  of  the  sound  wave.  The  grid  is

,  the  space  step ,
the  time  step ,  the  relaxation  time

. In addition, the outflow (periodic) boundary
conditions are employed in the  ( ) direction.

T = 3.0

5.0 γ = 1.4

T = 3.0

γ = 1.4 2.0

x = x0 + vst vs =
√
γT

Figure  2(a)  displays  the  position  of  the  sound  wave
over time, under two different temperatures  and

,  and  a  fixed  specific  heat  ratio . Figure  2(b)
shows  the  position  of  the  sound  wave,  with  a  fixed
temperature ,  and  two  different  specific  heat
ratios  and .  It  is  clear  in Figs.  2(a)  and  (b)
that  all  simulation  results  coincide  with  the  theoretical
results  where  the  sound  speed  is .
Therefore,  the  DBM  can  capture  the  sound  wave  well
under various temperatures and specific heat ratios.

 3.2   Thermal Couette flow

In this subsection, the thermal Couette flow is simulated

H = 0.4

ρ = 1.0 u = 0.0

T = 1.0

T = 1.0 u0 = 0.8

T = 1.0

Nx ×Ny = 1× 200

∆x = ∆y = 2.0× 10−3 ∆t = 1.0× 10−5

τ = 1.0× 10−3

x

y

to demonstrate that the DBM is suitable for compressible
flows with flexible specific heat ratios. The physical field
is  between  two  infinite  parallel  plates.  The  distance
between the two plates  is .  Initially,  the density
is , the flow velocity is , and the temperature
is .  The  upper  plate,  with  a  fixed  temperature

, moves at a constant speed of . The lower
plate  keeps  still  with  a  fixed  temperature .  The
simulation  grid  is ,  the  space  step

,  the  time  step ,  and
the relaxation time . Moreover, the periodic
boundary conditions are applied in the  direction, and
the  nonequilibrium  extrapolation  method  is  adopted  in
the  direction.

y

When  the  thermal  system  reaches  the  stead  state,
there is theoretical solutions of the temperature in the 
direction as follows,

T = T0 +
u2
0

2cp

y

H

(
1− y

H

)
, (15)

cp = γ/(γ − 1)with .  The theoretical  solution of  the hori-
zontal velocity reads

ux=
y

H
u0+

2

π
u0

∞∑
j=1

[
(−1)j

j
exp

(
−j2π2 µt

ρH2

)
sin

(
jπy

H

)]
,

(16)

µ = τρTwhere  represents the dynamic viscosity.

γ = 7/5 9/7 11/9

γ = 7/5 t = 0.0 1.0 4.0 8.0

20.0 60.0

Figure  3 plots  profiles  of  the  temperatures  and  hori-
zontal velocities in the thermal Couette flow. Figure 3(a)
shows  the  temperatures  with , ,  and ,
respectively. Figure  3(b)  displays  the  horizontal  veloci-
ties, with , at time instances , , , ,

,  and ,  respectively.  The  symbols  denote  the
DBM  results,  and  the  solid  lines  represent  theoretical
solutions. It is clear that the numerical results agree well
with  the  analytic  solutions.  Consequently,  the  DBM
could  describe  the  thermal  flows  with  the  effects  of
viscous shear.

 3.3   Sod shock tube

Then  the  Sod  shock  tube  problem  is  simulated  in  this

 
Fig. 2  The  position  of  the  sound  wave  versus  time:
(a) under different temperatures; (b) under different specific
heat  ratios.  The  symbols  represent  the  simulation  results,
and the solid lines denote theoretical solutions.
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part. The initial configuration is{
(ρ, T, u, v)|L = (1.0, 1.0, 0.0, 0.0), x ≤ 0,

(ρ, T, u, v)|R = (0.125, 0.8, 0.0, 0.0), x > 0.
(17)

L R

Nx ×Ny = 2000× 1 ∆x =

∆y = 1.0× 10−3 ∆t = 1.0× 10−5

τ = 1.0× 10−5

x y

Here, the subscripts “ ” and “ ” represent the left and
right sides of the initial discontinuity, respectively. The
grid  mesh  is ,  the  space  step 

,  the time step ,  the relax-
ation time . The supersonic inflow (periodic)
boundary conditions are applied in the  ( ) direction.

t = 0.2

Figures 4(a)–(d) delineate profiles of the density, pres-
sure,  horizontal  velocity  and  temperature  in  the  Sod
shock tube at a time instant . The symbols denote
the  simulation  results  of  the  DBM.  The  solid  lines  are
for the Riemann analytic solutions. It can be found that
there  are  three  interfaces  in  the  evolution  of  the  Sod
shock tube. The leftmost interface is a rarefaction wave-

front  that  covers  a  wide  space;  The  middle  interface
separates two media with different densities and temper-
atures;  The  rightmost  interface  is  a  shock  wavefront
where the physical gradients are sharp. Obviously, there
is  nice  agreement  between  the  simulation  results  and
Riemann  analytic  solutions.  It  is  confirmed  that  the
DBM could capture the rarefaction wave, material inter-
face, and shock wave simultaneously.

 4   Numerical simulations

As  shown  in Fig.  5,  the  initial  configuration  of  the
compressible KH instability takes the form:

ρ(y) =
ρL + ρU

2
− ρL − ρU

2
tanh

(y − 0.5Ly

Dρ

)
,

ux(y) =
uL + uU

2
− uL − uU

2
tanh

(y − 0.5Ly

Du

)
,

P = P
L
= P

U
,

(18)

ρU = 2.0 ρL = 5.0

uU = −u0 uL = u0

Du = 0.008 Dρ = 0.008

tanh

Lx × Ly = 0.2× 0.2 ∆x = ∆y = 2.0× 10−5

∆t = 1.0× 10−5 P = 2.5

τ = 4.0× 10−5

γ = 7/5

y uy = A0 sin(kx) exp(−k | y − 0.5Ly |)
A0 = 0.02 k = 2π/Lx

x y

where  ( )  is  the  fluid  density  on  the
upper  (lower)  side  of  the  interface,  ( )
the  tangential  velocity  in  the  upper  (lower)  fluid,

 ( )  the  width  of  velocity  (density)
transition  layer,  the  hyperbolic  tangent  function
that  smoothes  the  interface.  The  simulation  area  is

,  the  space  step ,
the  time  step ,  the  pressure ,  the
relaxation  time ,  the  specific  heat  ratio

.  An  initial  velocity  perturbation  is  imposed  in
the  direction: ,  where

 denotes the perturbation amplitude, 
the  wave  number.  Moreover,  the  periodic  (outflow)
boundary conditions are adopted in the  ( ) direction.
The grid convergence test is firstly performed to obtain
the reliable simulations in Appendix B.

 

γ = 7/5 9/7 11/9

γ = 7/5

t = 0.0

1.0 4.0 8.0 20.0 60.0

Fig. 3  (a) Temperature  profiles  of  the  thermal  Couette
flow. The squares, circles, and triangles represent simulation
results with , , and , respectively. (b) Horizontal
velocity  profiles  of  the  thermal  Couette  flow  with .
The  squares,  circles,  upper  triangles,  lower  triangles  and
diamonds  denote  simulation  results  at  time  instants ,

, , , , and , respectively. The solid lines represent
theoretical solutions.

 
Fig. 4  Profiles of (a) the density, (b) pressure, (c) horizontal
velocity  and (d) temperature  in  the  Sod  shock  tube.  The
symbols indicate the DBM results, and the solid lines stand
for the Riemann solutions.

 
Fig. 5  The  initial  configuration  of  the  compressible  KH
instability.
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 4.1   Hydrodynamic nonequilibrium effects

u0 = 0.25

t = 0.5

t = 1.0

t = 1.5

t = 2.0

To  better  understand  the  evolution  of  the  KH  system
intuitively, Fig.  6 illustrates  the  density  and  velocity
fields  at  six  different  time instants,  with the  tangential
velocity .  Obviously,  the  perturbed  interface
begins  to  distort,  and  the  transition  layer  widens  and
bends significantly at , due to the diffusion, dissi-
pation  and  viscous  shear.  Subsequently,  at ,  the
system continues to develop, and a small vortex structure
becomes apparent near the interface. At , a larger
regular  KH  vortex  is  observed.  Afterwards,  a  more
complex vortex appears at . At the later stage, the
mixing of the upper and lower fluids deepens, the vortex
structure  gradually  disappears.  These  findings  are
consistent with previous studies [19, 43].

∫∫
Eidxdy =

∫∫
1
2 (D + n)ρTdxdy∫∫

Ekdxdy =
∫∫

1
2ρu

2dxdy∫∫
Edxdy =

∫∫
Eidxdy +

∫∫
Ekdxdy

Moreover, the energy budget is an important issue in
the  evolution  of  the  KH  instability  [56–59].  In  theory,
the kinetic  energy is  converted into the internal  energy
due  to  the  effect  of  viscous  shear  as  the  interface
morphology becomes more and more complicated. Here,
the  energies  of  the  KH  instability  are  studied.  Let  us
introduce  the  following  definitions:  the  whole  internal
energy ,  the  whole  kinetic
energy ,  and  the  total  energy

,  where  the  integral
conducted  over  the  whole  computational  region.  In
Fig. 7, the lines with squares, circles and upper triangles
indicate  the  internal,  kinetic  and  total  energies,

∫∫
Eidxdy∫∫
Ekdxdy∫∫
Edxdy

respectively.  It  can  be  found  that  the  internal  energy
 increases  gradually,  the  kinetic  energy
 decreases simultaneously, and the total energy

 has slight changes.  That is  to say,  the kinetic
energy  changes  into  the  internal  energy  in  the  KH
process.

u0 u0

x |∇xρ| u0

|∇xρ| =
∫ Lx

0

∫ Ly

0
|∇xρ|dxdy/(LxLy)

|∇xρ| u0

u0 = 0.55 t = 1.0

u0 |∇xρ|
u0 = 0.25 |∇xρ|

t = 1.7

y

In  order  to  study  the  hydrodynamic  nonequilibrium
effects of the compressible KH instability, ten groups of
the  tangential  velocity  are  selected,  where  ranges
from 0.10 to 0.55,  with an interval  of  0.05. Figure 8(a)
shows the evolution of the global average density gradient
in the  direction  with different values of , where

.  It  can  be  seen  that
 increases with the growing of  before the leftmost

peak  (of )  at  about .  Moreover,  for  each
,  increases  and  then  decreases  as  time  goes  on.

Taking  as  an  example,  firstly  increases
before ,  and  then  decreases.  Physically,  there  are
two competitive mechanisms in the evolution of the KH
instability. On the one hand, under the influence of the
shear  velocity,  the  perturbation  amplitude  increases  in
the  direction, the fluid interface is distorted and gradually
elongated,  which  enhances  the  physical  gradients.  On
the  other  hand,  due  to  the  dissipation  and/or  diffusion
effects,  the  transition  layer  becomes  wider  and  small
fluid structures disappear, which suppresses the physical
gradients.  In  the  rising  (descending)  stage,  the  former
(latter) mechanism plays a leading role.

|∇xρ|maxIn Fig.  8(b),  (defined  as  the  maximum  of

 
u0 = 0.25 t = 0.0 0.5 1.0 1.5 2.0 6.0Fig. 6  Density and velocity fields in the case of  at times , , , , , and , respectively.
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|∇xρ| t(|∇xρ|max)

|∇xρ| u0

|∇xρ|max = −19.78 exp(−5.94u0) + 27.87

t(|∇xρ|max) = 5.26 exp(−8.43u0) + 1.03 |∇xρ|max

t(|∇xρ|max)

u0

),  (defined  as  the  time  corresponding
to  the  peak  of ),  and  show  the  following
relationships: ,  and

 . Obviously, 
increases exponentially while  decreases expo-
nentially, with the increasing of . Furthermore, it can

|∇xρ|max t(|∇xρ|max)

|∇xρ|max = 27.01 exp(−0.35t(|∇xρ|max)) + 8.39

|∇xρ|max t(|∇xρ|max)

u0

x

|∇xρ|max

be found that  is  also  a  function of ,
namely, ,  and

 declines  exponentially  as  increases.
In  fact,  for  a  larger ,  the  system  evolves  rapidly,  it
takes  less  time  to  reach  the  peak  value,  the  density
structure  in  the  direction  is  more  complex,  and

 becomes larger [20, 25, 26].

y |∇yρ|
u0 |∇yρ| =

∫ Lx

0

∫ Ly

0
|∇yρ|dxdy/

(LxLy) y

|∇yρ|
|∇yρ|

u0 u0 = 0.25

|∇yρ|
t = 0.0 t = 0.5

y

|∇yρ| t = 0.5

t = 1.8 |∇yρ|

Figure  9(a)  plots  the  evolution  of  the  global  average
density  gradient  in  the  direction  under  different
tangential  velocities ,  where 

.  The  global  average  density  gradient  in  the 
direction  keeps  constant  initially,  then  increases,
and  decreases  afterwards.  And  grows  with  the
increase of  before the leftmost peak. Taking 
as  an example,  it  can be found that  almost  keeps
constant  from  to .  At  the  beginning,  the
upper  and  lower  density  near  the  system  interface  is
quite  different.  And  the  interface  twists  slightly,  the
density  declines  monotonously  along  the  direction,
hence  is  almost  constant.  Then,  from  to

,  increases rapidly and forms a peak around

 
Fig. 7  Evolution of the whole energies in the KH process.
The lines with squares, circles and upper triangles are for the
internal, kinetic and total energies, respectively.

 
x |∇xρ| u0

|∇xρ|max |∇xρ| t(|∇xρ|max)

|∇xρ| u0 |∇xρ|max = −19.78 exp(−5.94u0) + 27.87

t(|∇xρ|max) = 5.26 exp(−8.43u0) + 1.03

Fig. 8  (a) Evolution of the global average density gradient in the  direction  under different tangential velocities .
(b) The relationship among  (defined as the maximum of ),  (defined as the time corresponding to the
peak of ) and , where the symbols indicate the DBM results, the blue solid line ,
and the red solid line .

 
y |∇yρ| u0

|∇yρ|max t(|∇yρ|max) u0

|∇yρ|max = −42.67 exp(−4.34u0) + 58.49 t(|∇yρ|max) = 5.61 exp(−8.26u0) + 1.08

Fig. 9  (a) Evolution of the global average density gradient in the  direction  under different tangential velocities .
(b) The  relationship  among ,  and ,  where  the  symbols  indicate  the  DBM results,  the  blue  solid  line

, and the red solid line .
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t = 1.8

y

|∇yρ|

.  In  this  process,  the  fluid  interface  is  extended
vertically,  a  regular  vortex  forms  gradually,  and  the
density no longer changes monotonously in the  direc-
tion. In addition, compared with Fig. 5, it can be found
that  increases  rapidly  when  a  vortex  structure
emerges. Finally, the physical gradients become smooth,
the fluid interface gets blurred, and the vortex gradually
disappears, as the fluid mixing deepens.

|∇yρ|max

t(|∇yρ|max) u0

|∇yρ|max = −42.67 exp(−4.34u0) + 58.49 t(|∇yρ|max) =

5.61 exp(−8.26u0) + 1.08 |∇yρ|max

t(|∇yρ|max) u0

|∇yρ|max = 58.59 exp
(−0.56t(|∇yρ|max)) + 22.93

t(|∇yρ|max) |∇yρ|max

u0

Furthermore,  the  relationships  among ,
 and  are  shown in Fig.  9 (b).  Specifically,

,  and 
.  ascents  exponentially

and  descents  exponentially  as  becomes
large.  Additionally,  the  formula 

 can  also  be  obtained.  Clearly,
the  larger ,  the  smaller ,  in  an  expo-
nential  declining  trend.  Physically,  the  larger  is,  the
faster  the  system  develops,  the  more  complex  the
density changes, the larger the peak value becomes, and
the less time it takes to reach the peak value.

|∇ρ| u0

Figure  10(a)  delineates  the  evolution  of  the  global
average  density  gradient  under  different  values,

|∇ρ| =
∫ Lx

0

∫ Ly

0
|∇ρ|dxdy/(LxLy)

|∇ρ|
|∇xρ| |∇yρ|

|∇ρ|max t(|∇ρ|max)

u0 |∇ρ|max=−48.35 exp(−4.55u0)+

68.03 t(|∇ρ|max) = 5.27 exp(−7.94u0) + 1.05

u0 |∇ρ|max

t(|∇ρ|max)

|∇ρ| t(|∇ρ|max)

|∇ρ|max = 65.96 exp(−0.52t(|∇ρ|max)) + 26.36

where .  In  fact,  the
tendency  of  can  be  obtained  from  the  analysis  of

 and  in Figs.  8(a)  and 9(a).  Similarly, Fig.
10(b)  shows  the  relationship  among , 
and . It can be seen that 

 and .  With  the
increase of ,  increases by an exponential func-
tion,  while  decreases  exponentially.  Besides,

 declines  exponentially  as  grows,  i.e.,
.  The  physical

mechanisms  are  similar  to  those  in Fig.  8(b)  and Fig.
9(b).

|∇ρ|
u0 t = 0.1

|∇ρ| u0 |∇ρ|(t = 0.1) = 15.29 + 0.12u0+

0.56u2
0 |∇ρ|

u0

u0

t = 0.5

|∇ρ|(t = 0.5) = 16.13− 8.93u0 + 25.50u2
0

|∇ρ|

Figure  11(a)  shows  the  simulation  results  and  fitting
curves  of  at  three  different  times,  with  various
tangential velocities . At the time , the relation
between  and  reads 

.  It  can  be  found  that  increases  slightly  with
the  increasing  of  at  the  early  stage.  For  different
values of , the systems evolve slowly, and the interface
has  few  changes  initially.  At  a  later  time ,  the
relation  is .  Clearly,
the differences between  become apparent. Physically,

 
|∇ρ| u0

|∇ρ|max t(|∇ρ|max) u0 |∇ρ|max = −48.35 exp
(−4.55u0) + 68.03 t(|∇ρ|max) = 5.27 exp(−7.94u0) + 1.05

Fig. 10  (a) Evolution of the global average density gradient  under different tangential velocities . (b) The relationship
among ,  and ,  where  the  symbols  indicate  the  DBM  results,  the  blue  solid  line 

, and the red solid line .

 
|∇ρ| u0

|∇ρ|(t = 0.1) = 15.29 + 0.12u0 + 0.56u2
0 |∇ρ|(t = 0.5) = 16.13− 8.93u0 + 25.50u2

0 |∇ρ|(t = 0.8) = (0.23− 1.12u0 + 4.66u2
0 − 3.59u3

0)×
102 t(|∇ρ|) |∇ρ| u0

t(|∇ρ| = 20) = 2.60 exp(−7.96u0) + 0.51 t(|∇ρ| = 25) = 3.65 exp(−8.94u0) + 0.61 t(|∇ρ| = 35) = 6.34 exp(−10.71u0) + 0.77

Fig. 11  (a) The simulation results and fitting functions of  with various tangential velocities  at three different times:
, ,  and 

. (b) The  relationship  between  (the  time  corresponding  to )  and  at  three  different  values:
, , and .
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u0

u0 t = 0.8

|∇ρ|(t = 0.8) = (0.23− 1.12u0 + 4.66u2
0 − 3.59u3

0)× 102

u0

u0

with  the  action  of  the  shear,  the  fluid  interface  with  a
larger  has twisted earlier, while the one with smaller

 has  no  obvious  change.  At ,  it  can  be  found
that .
For  the  system  with  a  larger ,  a  vortex  forms
distinctly  and  the  density  changes  with  a  strongly
nonlinear  trend.  However,  for  a  smaller ,  the  fluid
interface starts to curl or still has no significant change.

t(|∇ρ|)
|∇ρ| u0

t(|∇ρ| = 20) =

2.60 exp(−7.96u0) + 0.51 u0

t(|∇ρ| = 20) t(|∇ρ| =
25) = 3.65 exp(−8.94u0) + 0.61 t(|∇ρ| = 35) = 6.34 exp
(−10.71u0) + 0.77 t(|∇ρ| = 25)

t(|∇ρ| = 35) t(|∇ρ| = 20)

u0

|∇ρ|

|∇ρ|

Figure 11(b) displays the relation between  (the
time corresponding to ) and tangential velocity  at
three  different  values.  From  the  formula 

, it can be found that the larger ,
the  smaller .  Via  the  formulae 

 and 
,  the  development  trend  of 

and  is similar to that of . It indicates
that the larger  becomes, the more rapidly the system
evolves,  and  the  less  time  for  to  reach  the  same
value  takes.  Moreover,  the  interface  structure  has
complicated, and  is large as time goes on.

 4.2   Thermodynamic nonequilibrium effects

D2

D2

u0

u0 = 0.25 D2

t = 0.0 0.5

t = 0.5 1.5 D2

t = 1.5

t > 1.5

D2

D2max t(D2max)

u0 D2max = (−0.04+

2.45u0)× 10−3 t(D2max) = 3.41 exp(−6.87u0) + 0.85

D2max t(D2max)

Next,  the  TNE  behaviors  in  the  KH  instability  are
discussed  and  analyzed. Figure  12(a)  illustrates  the
global  average  viscous  stress  tensor  strength  versus
time.  In  general,  rises  first  and  then  declines  over
time,  and  increases  with  the  increasing  of .  Particu-
larly, taking  as an example,  increases slowly
from  to .  During  this  stage,  as  the  viscous
shear takes effect, the fluid interface gradually curls up.
Then, from  to ,  grows rapidly, the peak is
observed  around  and  a  regular  vortex  emerges.
When , on account of the dissipation and/or diffu-
sion, the KH vortex vanishes gradually and  declines.
Figure  12(b)  shows  the  relationship  of , 
and .  The  specific  expressions  are 

 and .
 increases linearly and  decreases exponen-

u0

D2max = [7.45 exp(−2.13t(D2max))+

0.21]× 10−3 D2

t(D2max) u0

tially as  increases [60, 61]. Furthermore, it is easy to
obtain  the  formula 

. That is,  decreases exponentially with the
increasing  of .  Physically,  the  larger  is,  the
stronger the shear force is, and the faster two fluids mix.

u0 D2

D2

u0 t = 0.2 0.5 0.8

D2(t = 0.2) = (0.02+

1.00u0)× 10−3 D2(t = 0.5) = (0.01 + 0.93u0 + 1.02u2
0)× 10−3

D2(t = 0.8) = (0.09− 0.42u0 + 9.09u2
0 − 8.17u3

0)× 10−3

u0

D2

u0

D2 u0

To understand the relationship between  and  in
the  early  stage, Fig.  13 plots  the  relations  between 
and  at three various times , , and , respec-
tively.  Details  are  as  follows: 

, ,
and .
Specifically,  the  larger  is,  the  greater  the  viscous
shear becomes, the faster the system evolves, the earlier
the vortex forms, and the larger  is.  Additionally, in
the initial stage, the system evolves almost linearly with
the increasing of . And the system evolves nonlinearly
afterwards,  hence  there  is  a  nonlinear  relation  between

 and  as time goes on.

D3,1x D3,1y D3,1 u0 D3,1x

D3,1x u0

x

D3,1x

x

D3,1x

D3,1x

Figure 14 describes the evolution of the TNE quantities
,  and . From Fig. 14(a), for any , 

rises  first  then  declines  over  time.  Furthermore,  before
the leftmost peak,  increases with the growing of .
At  the  beginning,  there  is  little  temperature  change  in
the  direction,  hence  the  corresponding  temperature
gradients are almost zero, and  develops from zero.
Afterwards,  due  to  the  viscous  shear,  the  interface  is
elongated and twists gradually and the temperature field
in  the  direction  starts  to  get  complicated.  Therefore,

 rises  rapidly.  In  the  later  stage,  although  the
contact  area  of  two  fluids  increases  continuously,  the
vortex and small structures are dissipated gradually due
to  the  diffusion  and  heat  conduction,  and  consequently

 reduces.
D3,1y

D3,1x D3,1y

D3,1y

t = 0.5

D3,1y

u0

Figure 14(b) illustrates the evolution of . Similar
to  in Fig.  14(a),  there  is  a  peak  of  in  each
case.  For  all  cases,  keeps  constant  in  the  early
stage  (roughly  before ),  then  increases,  and
decreases  later.  And  increases  with  the  increasing
of  roughly  before  the  leftmost  peak.  In  fact,  in  the

 
D2 u0

D2max t(D2max) u0

D2max = (−0.04 + 2.45u0)× 10−3 t(D2max) = 3.41 exp(−6.87u0) + 0.85

Fig. 12  (a) Evolution  of  the  global  average  viscous  stress  tensor  strength  under  different  tangential  velocities .
(b) The  relationship  among ,  and ,  where  the  symbols  indicate  the  DBM  results,  the  blue  solid  line

, and the red solid line .
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D3,1y

y

D3,1y

y

D3,1y

initial  phase,  there  is  a  temperature  difference  between
the two fluids, hence there is heat conduction across the
interface  and  the  value  of  is  nonzero.  Meanwhile,
the temperature varies monotonously in the  direction,
so  keeps  constant.  Then,  the  fluid  structure
becomes  more  and more  complicated,  the  physical  field
in the  direction changes no longer monotonously, and
the  heat  exchange  is  enhanced,  hence  increases

D3,1y

obviously.  In the later stage,  the interface gets blurred,
the  physical  gradients  become  smooth,  and 
decreases.

D3,1 D3,1y

D3,1

D3,1x D3,1y

D3,1max t(D3,1max) u0

D3,1max = [−0.82 exp(−5.05u0) + 1.10]× 10−2

t(D3,1max) = 5.30 exp(−8.03u0) + 1.05

D3,1max = [1.10 exp
(−0.45t(D3,1max)) + 0.37]× 10−2

u0

u0

From Fig. 14(c), it can be found that the evolutionary
trend of  is similar to that of . That is because
the  physical  mechanism  of  can  be  acquired  from
that  of  and  and  dominated  by  the
second  component.  Through  the  fitting  method,  the
relationship  among ,  and  can  be
expressed  as 
and ,  as  seen  in Fig.
14(d).  Furthermore,  the  formula 

 can  be  derived  as  well.
Physically,  the  fluid  mixing  deepens,  the  temperature
gradients  and  the  heat  exchange  are  enhanced,  in  the
system with a large . Additionally, the rapid evolution
of the system and the large fluid contact area are caused
by the large .

D3,1

u0 t = 0.1 0.5 0.8

t = 0.1 0.8

D3,1

D3,1(t =

0.1)=(26.40−0.09u0+0.44u2
0)× 10−4 D3,1(t = 0.5) = (2.70−

0.63u0 + 1.73u2
0)× 10−3 D3,1(t = 0.8) = (0.04− 1.59u0+

Figure 15(a) plots the relationships between  and
 at three time instants , , and , respectively.

Physically, as the fluid system evolves from  to ,
the  temperature  field  becomes  more  complex,  and 
increases.  Especially,  the  fitting  functions  are 

, 
,  and 

 

D2

u0 D2(t = 0.2) =

(0.02 + 1.00u0)× 10−3 D2(t = 0.5) = (0.01 + 0.93u0 + 1.02u2
0)×

10−3 D2(t = 0.8) = (0.09− 0.42u0 + 9.09u2
0 − 8.17u3

0)× 10−3

Fig. 13  The simulation results and fitting functions of the
global average viscous stress tensor strength  with various
tangential velocities  at three different times: 

, 
, and .

 
x D3,1x y D3,1y

D3,1 u0 D3,1max t(D3,1max) u0

D3,1max = [−0.82 exp(−5.05u0) + 1.10]× 10−2 t(D3,1max) =

5.30 exp(−8.03u0) + 1.05

Fig. 14  Evolution of the global average heat flux strength: (a) in the  direction , (b) in the  direction  and
(c) ,  with different tangential  velocities . (d) The relationship among ,  and ,  where the symbols
indicate  the  DBM results,  the  blue  solid  line ,  and  the  red  solid  line 

.
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6.29u2
0 − 4.61u3

0)× 10−2

t = 0.1 D3,1

u0 t = 0.8 u0

,  respectively.  In  addition,  at  an
early time ,  increases slightly with the growing
of .  In  the  later  period ,  the  influence  of  is
obvious.

u0 t(D3,1) D3,1

D3,1 = 35 45 55

t(D3,1 =

0.0035) = 3.02 exp(−8.78u0) + 0.59 t(D3,1=0.0045)=4.33 exp
(−9.70u0) + 0.70 t(D3,1 = 0.0055) = 5.84 exp(−10.53u0)+

0.78 t(D3,1 = 0.0035)

u0

t(D3,1 = 0.0045) t(D3,1 = 0.0055)

t(D3,1 = 0.0035) D3,1

u0

Figure  15(b)  shows  the  relation  between  the  velocity
 and the time  when  reaches a given value.

Here three different cases , , and  are under
consideration.  The  following  fitting  formulae 

, 
, and 

 can  be  obtained.  It  is  obvious  that 
declines  exponentially  when  increases  in  each  case.
The  tendencies  of ,  and

 are similar to each other. The larger 
is, the more thoroughly the upper and lower fluids mix,
and the more time it takes. In addition, the larger  is,
the more significantly the temperature gradients increase,
the faster the heat exchange becomes, and the less time
it requires to reach the same value.

D D

To  have  a  deeper  understanding  of  nonequilibrium
effects  in  the  KH  instability,  the  global  average  TNE
strength  is discussed next. As plotted in Fig. 16(a), 
ascents  first  and  descents  later,  and  increases  with  the

u0

D

D

Dmax t(Dmax) u0

Dmax = [−4.53 exp(−3.06u0) + 5.40]× 10−2

t(Dmax) = 4.81 exp(−7.30u0) + 0.99

Dmax = [6.52 exp(−0.74t(Dmax)) + 1.52]× 10−2

Dmax

t(Dmax) u0

Dmax t(Dmax)

increasing  of  before  the  leftmost  peak.  Physically,
there  are  two  competitive  physical  mechanisms  that
affect  the  TNE  effects  during  the  KH  process.  On  the
one hand, the material interface between the two fluids
is elongated and widened as the fluid structures become
complicated,  which  promotes  the  development  of  the
nonequilibrium region. On the one hand, in the evolution
of  the  KH  instability,  the  physical  gradients  are
smoothed  by  the  dissipation  and/or  diffusion,  which
weakens the local TNE strength. In the early stage, the
former  physical  mechanism  plays  a  major  role,  which
leads to the rapid increase of . On the contrary, in the
later  period,  gradually  decreases  due to the decrease
of  the local  TNE effect. Figure 16(b) presents  the rela-
tionship  among ,  and ,  as  expressed  in
formulae  and

.  And  the  formula
 is  obtained

by combining  above  two formulae.  declines  expo-
nentially as  increases. In fact, for a large , the
viscous  shear  is  promoted,  the  macroscopic  physical
gradients  are  enhanced,  and  the  nonequilibrium  region
increases.  Therefore,  increases  and 

 
D3,1

u0 D3,1(t = 0.1) = (26.40− 0.09u0 + 0.44u2
0)× 10−4 D3,1(t = 0.5) = (2.70− 0.63u0 + 1.73u2

0)× 10−3

D3,1(t = 0.8) = (0.04− 1.59u0 + 6.29u2
0 − 4.61u3

0)× 10−2 t(D3,1) u0

t(D3,1 = 0.0035) = 3.02 exp(−8.78u0) + 0.59 t(D3,1 = 0.0045) = 4.33 exp(−9.70u0) + 0.70 t(D3,1 = 0.0055) = 5.84 exp(−10.53u0)+

0.78

Fig. 15  (a) The simulation results and fitting functions of the global average heat flux strength  with various tangential
velocities  at three different times: , ,
and . (b) The relationship between  and  at three different values:

, ,  and 
.

 
D u0

Dmax t(Dmax) u0 Dmax = [−4.53 exp(−3.06u0)+

5.40]× 10−2 t(Dmax) = 4.81 exp(−7.30u0) + 0.99

Fig. 16  (a) Evolution of the global average TNE strength  under different tangential velocities . (b) The relationship
among ,  and ,  where the symbols  indicate the DBM results,  the blue solid line 

, and the red solid line .

RESEARCH ARTICLE FRONTIERS OF PHYSICS

Yaofeng Li, et al., Front. Phys. 17(6), 63500 (2022)   63500-11

 



u0decreases when  increases.
D u0

D u0

t = 0.2 0.5

0.8

D(t = 0.2) = (0.83 + 1.32u0)× 10−2 D(t = 0.5) =

(0.83 + 1.12u0 + 1.66u2
0)× 10−2 D(t = 0.8) = (0.12−

0.51u0 + 3.07u2
0 − 2.51u3

0)× 10−1

u0

The relationship between  and  at three different
times  are  shown  in Fig.  17.  Obviously,  and  are
linear, quadratic, and cubic functions for ,  and

, respectively. To be specific, the relationships are as
follows: , 

,  and 
.  Physically,  at  the  three

times,  the larger  becomes,  the more complicated the
fluid  interface  changes,  the  larger  the  nonequilibrium

area  becomes,  the  more  rapidly  the  physical  gradients
increase, and hence the stronger the TNE grows.

Sr

Sr

Sr

t = 0.02

t = 0.5

t = 1.0 t = 2.0

t > 6.0

To  further  analyze  the  evolution  of  the  global  TNE,
the proportion of the nonequilibrium region  is intro-
duced [38], where  is equal to the ratio of the nonequi-
librium  area  to  the  total  area  of  the  physical  system.
The  nonequilibrium  area  is  where  the  nonequilibrium
intensity is greater than a given threshold. In the simu-
lation,  the  is  carried  out  at  the  threshold  0.06.  To
have  an  intuitive  understanding,  the  contours  of  the
nonequilibrium region in the evolution of the KH instability
are shown in Fig. 18. It can be found that, at an early
time  instant ,  the  nonequilibrium  strength  near
the  interface  is  relatively  large,  because  the  physical
gradients  between  two  fluids  are  quite  sharp  and  the
local TNE effects are directly associated with the physical
gradients. As the system evolves (for example, at a time
instant ),  the  interface  between  the  two  fluids  is
extended  vertically,  and  the  transition  layer  widens
gradually.  Later  (from  to ),  the  interface
twists  significantly,  and  a  vortex  and  small  structures
emerge.  Finally  ( ),  as  two  fluids  mix  sufficiently,
the  vortex  and small  structures  are  dissipated,  and the
physical gradients get smooth gradually.

Sr t

u0

Figure 19(a) illustrates the proportion of the nonequi-
librium region  versus the time . Similarly, ten cases
are under consideration with different tangential velocities

.  It  is  clear  that  the  nonequilibrium  region  increases

 

D

u0 D(t = 0.2) = (0.83+

1.32u0)× 10−2 D(t = 0.5) = (0.83 + 1.12u0 + 1.66u2
0)× 10−2

D(t = 0.8) = (0.12− 0.51u0 + 3.07u2
0 − 2.51u3

0)× 10−1

Fig. 17  The simulation results and fitting functions of the
global  average  TNE  strength  with  various  tangential
velocities  at  three  different  times: 

, ,  and
.

 
u0 = 0.25 t = 0.02 0.5 1.0 1.5 2.0 6.0Fig. 18  Contours of the nonequilibrium strength in the case of  at times , , , , , and , respec-

tively.
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u0

Sr

Sr

and then decreases with time, and it increases with the
growing  of  before  the  leftmost  peak.  Physically,  on
the  one  hand,  as  the  fluid  interface  is  elongated  in  the
KH process, the nonequilibrium region increases simulta-
neously. Meanwhile, due to the dissipation and/or diffusion
effects,  the interface is  widened and the nonequilibrium
region  becomes  wide.  On  the  other  hand,  because  the
local  physical  gradients  decrease,  the  nonequilibrium
effects  weaken.  When  the  nonequilibrium  intensity  is
less than the given threshold, this point does not belong
to the nonequilibrium area any longer.  The former two
physical mechanisms promote the increasing of , while
the latter leads to the decreasing of .

Srmax t(Srmax) u0 Srmax = [−2.76 exp
(−6.07u0) + 3.66]× 10−1 t(Srmax) = 5.18 exp(−8.09u0)+

1.08

Srmax = 0.42− 0.06t(Srmax) Srmax

t(Srmax)

u0

Srmax t(Srmax)

In addition, as displayed in Fig. 19(b), the relationship
among ,  and  are 

 and 
,  respectively.  It  can  be  found  that  the  formula

 is  derived,  and 
decreases linearly with the increasing of . In fact,
the larger  is, the deeper and faster two fluids mix, the
greater  the  nonequilibrium  strength  becomes.  Conse-
quently, the larger , and the smaller .

Sr

u0

Sr(t = 0.2) = [−0.38 exp(−4.54u0) + 1.06]× 10−1 Sr(t =

0.5) = (0.76 + 1.11u0)× 10−1 Sr(t = 0.8) = [3.43 exp
(−3.17u0) + 3.56]× 10−2

Sr u0

t = 0.2 0.5 0.8

Sr u0

t = 0.2

u0

Sr

Figure  20 describes  the  relationship  between  and
 at  three  different  times.  The  fitting  formulae

are , 
,  and 

, respectively. It can be found that
the  relationship  between  and  are  negative  expo-
nential,  linear  and  positive  exponential  at  the  time
instants , , and , respectively. To be specific,

 changes  little  with  the  increasing  of  at  the  time
.  At  this  moment,  the  system evolution  is  in  the

initial stage and the nonequilibrium strength is relatively
weak in each case. As time goes by,  has a significant
effect  on  the  fluid  system,  and  hence  the  differences  of

 are large as well.

θ = 0.04

To have a better understanding of the TNE effects in
the evolution of  the KH instability, Fig.  21 depicts  the
proportion of the nonequilibrium region versus the time
with  various  thresholds  of  the  TNE  strength ,

0.05 0.06 0.07

u0 = 0.25

, , and , respectively. The tangential velocity
is  chosen as .  Clearly,  the simulation results  in
Fig.  21 are  in  line  with  those  in Fig.  18.  For  all  cases,

 
Sr u0

Srmax t(Srmax) u0

Srmax = [−2.76 exp(−6.07u0) + 3.66]× 10−1 t(Srmax) = 5.18 exp(−8.09u0) + 1.08

Fig. 19  (a) Evolution of the proportion of the nonequilibrium region  under different tangential velocities . (b) The
relationship  among ,  and ,  where  the  symbols  indicate  the  DBM  results,  the  blue  solid  line

, and the red solid line .

 

Sr

u0 Sr(t = 0.2) =

[−0.38 exp(−4.54u0) + 1.06]× 10−1 Sr(t = 0.5) = (0.76 + 1.11u0)×
10−1 Sr(t = 0.8) = [3.43 exp(−3.17u0) + 3.56]× 10−2

Fig. 20  The simulation results and fitting functions of the
proportion  of  the  nonequilibrium  region  with  various
tangential velocities  at three different times: 

, 
, and .

 
Sr

t θ

u0 = 0.25

θ = 0.04 0.05 0.06

0.07

Fig. 21  The  proportion  of  the  nonequilibrium  region 
versus  the  time ,  with  four  different  threshold  values  in
the case of . The black line, red line, green line, and
blue  line  correspond  to  threshold  values , , ,
and , respectively.
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the  nonequilibrium  areas  increase  firstly  and  decrease
afterwards,  and  hence  there  is  a  high  peak.  With  the
increasing of the threshold, the TNE region declines.

 5   Conclusions

|∇ρ| |∇xρ|
|∇yρ| |∇ρ| |∇xρ|

|∇yρ|

In this  paper,  the impacts of  the tangential  velocity on
the  hydrodynamic  and  thermodynamic  nonequilibrium
effects  are  investigated  during  the  compressible  KH
process  by  using  the  DBM.  Ten  cases  with  different
tangential velocities are simulated and analyzed in detail.
Firstly,  the  global  average  density  gradients , ,
and  are  discussed.  On  the  whole,  and 
increase  and  then  decrease  with  time,  and  keeps
constant  firstly,  then increases,  and decreases  later.  All
these density gradients increase as the tangential velocity
increases in the early period. With the increasing of the
tangential velocity, the system evolves more rapidly and
becomes  more  complicated.  Physically,  there  are  two
competitive mechanisms in the KH process. On the one
hand,  under  the  influence  of  the  shear  velocity,  the
perturbation  amplitude  increases,  the  fluid  interface  is
distorted  and  gradually  elongated,  which  enhances  the
physical gradients. On the other hand, due to the dissi-
pation  and/or  diffusion  effects,  the  transition  layer
becomes  wider  and  small  fluid  structures  disappear,
which  suppresses  the  physical  gradients.  In  the  early
(later)  stage,  the  former  (latter)  mechanism  plays  a
leading role.

D2

u0 D2

u0

D3,1 D3,1x

D3,1y

D

u0

Sr

u0

Next,  the  detailed  TNE  effects  are  measured  and
analyzed  in  the  KH  process.  (i)  The  global  average
viscous  stress  tensor  strength  firstly  increases  and
then  decreases,  and  it  becomes  stronger  for  a  larger
tangential  velocity .  The  maximum of  is  a  linear
function of , which is consistent with the theory[60, 61].
(ii) The global average heat flux strength  and 
increase  and  then  decrease  with  time,  and  keeps
constant firstly, then increases, and decreases afterwards.
All global average heat fluxes increase with the increasing
of the tangential velocity in the early period. On the one
hand, the local heat exchange reduces when the physical
gradients decrease. On the other hand, the whole area of
heat  flux  increases  as  the  contact  interface  becomes
large.  (iii)  The  global  average  TNE  strength  firstly
increases and decreases afterwards, and it increases with
the increasing tangential velocity  in the early period.
Physically, the decreasing physical gradients weaken the
TNE  strength,  while  the  increasing  of  nonequilibrium
region enhances the TNE intensity. (iv) The proportion
of  the  nonequilibrium  region  increases  firstly  and
then declines, and it is larger for a higher  in the early
stage. Physically, the nonequilibrium region increases as
the fluid interface is elongated due to the viscous shear

Sr

Sr

and  is  widened  by  the  dissipation  and/or  diffusion.
Meanwhile,  the  TNE  effects  weaken  because  the  local
physical  gradients  decrease.  The  former  two  physical
mechanisms  promote  the  increasing  of ,  while  the
latter leads to the decreasing of . These results enrich
our  perception  in  the  compressible  KH  instability,  and
provide  another  perspective  for  further  exploration  of
physical mechanisms in fluid dynamics.
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 Appendix A

The  recovered  compressible  NS  equations  take  the
following form:

∂ρ

∂t
+∇ · (ρu) = 0, (19)

∂

∂t
(ρu) +∇ · (ρuu+ pI + P ) = 0, (20)

∂

∂t

[
ρ
(
e+

|u|2

2

)]
+∇·

[
ρu

(
e+T+

|u|2

2

)
+J+P ·u

]
=0,

(21)

e = (D + n)T/2

D n

κ = (D + n+

2)µ/2 P =

−µ[∇u+ (∇u)T − 2
D+n (∇ · u)I] J =

−κ∇T

where  the internal energy per unit mass,
 the space dimension,  the number of extra degrees of

freedom  other  than  translational  freedom, 
 the  coefficient  of  thermal  conductivity, 

 the  viscous  stress, 
 the heat flux.

feq
iSeven kinetic moment formulae about  are:

Meq
0 :

∑
i

feq
i = ρ, (22)

Meq
1 :

∑
i

feq
i vi = ρu, (23)

Meq
2,0 :

∑
i

feq
i (vi · vi + ηi

2) = ρ[(D + n)T + u · u],

(24)

Meq
2 :

∑
i

feq
i vivi = ρ(TI + u · u), (25)

Meq
3,1 :

∑
i

feq
i (vi · vi + ηi

2)vi =ρu[(D + n+ 2)T

+ u · u], (26)
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Meq
3 :

∑
i

feq
i vivivi =ρ[T (uαeβeχδβχ + uβeαeχδαχ

+ uχeαeβδαβ) + uuu],

(27)

Meq
4,2 :

∑
i

feq
i (vi · vi+ηi

2)vivi=ρT [(D+n+2)T+u·u]

eαeβδαβ + ρuu[(D + n+ 4)T + u · u],
(28)

eα α

δαβ α β χ x y

where  represents  the  unit  vector  in  the  direction,
 the Kronecker function, , ,  =  or .

 Appendix B

D

Nx ×Ny = 200× 200 400× 400 600× 600 800× 800

1000× 1000 ∆t = 1.0× 10−5

τ = 4.0× 10−5

γ = 7/5

800× 800 1000× 1000

Nx ×Ny = 1000× 1000

∆x(= ∆y) = 2.0× 10−5

In  this  section,  a  grid  convergence  test  is  performed to
establish an optimal grid. Figure B1 displays the profiles
of  in  the  KH  process  under  five  different  grids

, , , ,  and
, respectively. The time step is ,

the relaxation time , the specific heat ratio
. As shown in the legend, the lines with different

symbols represent the simulation results in the five cases.
It is found that, for each case, the global TNE strength
increases  firstly  and  then  decreases.  And the  numerical
differences  between  the  adjacent  cases  reduce  with  the
increasing of mesh grid. That is to say, numerical errors
become smaller for a high resolution. To be specific, the
results  of  grids  and  are quite  close
to each other. Considering the numerical error and reso-
lution,  the  grid  is  chosen,  namely
the space step , in this paper.
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Fig. B1  Grid  convergence  test  of  simulations  of  the  KH
instability:  the  global  average  TNE  intensity  versus  the
time , with five different mesh grids. The lines with squares,
circles,  diamonds,  upper  and  lower  triangles  correspond  to
mesh grids , , , ,
and , respectively.
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