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ABSTRACT
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Topological pumping of edge states in the finite lattice with nontrivial

topological phases provides a powerful means for robust excitation trans- = 3 02
fer, requiring extremely slow evolution to follow an adiabatic transfer. % 200 07
Here, we propose fast topological pumping via edge channels to generate g 100 03
large-scale Greenberger—-Horne-Zeilinger (GHZ) states in a topological & 03

superconducting circuit with a sped-up evolution process. The scheme

indicates a conceptual way of designing fast topological pumping related to - 1000 1200

. - . = 800 1000 |
the instantaneous energy spectrum characteristics rather than relying on 2 200 |
L . . 2 600 :
the shortcuts to adiabaticity. Based on fast topological pumping, large-scale £ 600
. . . 2 400
GHZ states show greater robustness against on-site potential defects, the 2 59 200
0 -
fluctuation of couplings and losses of the system in comparison with the 0 =,

o

conventional adiabatic topological pumping. With experimentally feasible
qutrit-resonator coupling strengths and moderate decay rates of qutrits and resonators, fast topological pumping drastically
improves the scalability of GHZ states with a high fidelity. Our work opens up prospects for the realization of large-scale
GHZ states based on fast topological pumping in the superconducting quantum circuit system, which provides potential
applications of topological matters in quantum information processing.

Keywords topological pumping, superconducting ciruit, large-scale, Greenberger-Horne-Zeilinger states

1 Introduction disorder in systems [1, 2]. Topological quantum pumping

serves as a transport phenomenon making use of topological
Topological phenomena, rooted in global geometric properties of a modulated system, including two types:
properties characterized by topological invariants, Thouless pumping via topological bulk bands [3, 4] and
provide natural protection against perturbation and adiabatic pumping via topological edge modes [5-11].
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Thouless pumping is a quantized transport directly
connected to the Chern number [4]. In the adiabatic
pumping, the edge state at one side will be adiabatically
coupled to bulk states and then transferred to the other
side [5-11]. On account of a topological nature, the
transport scheme demonstrates to be robust against the
disorder, exploiting topological pumping greatly
concerned in applications such as quantum state transfer
[8, 12, 13], quantum information processing [14] and
quantum entanglement [15].

A very promising direction towards the realization of
an efficient platform to perform fault-tolerant quantum
computation combines topological states of matter with
superconducting circuits [16-19]. One of the most
appealing properties of topological systems is that they
host edge states, which are robust to different sources of
quantum  decoherence.  Superconducting quantum
circuits with high coherence and straightforward connec-
tivity can be fabricated with well-designed parameters
and be accessible to manufacture tens of qubits with
various types of couplings [20-25], which enables to
implement large-scale quantum simulation [26-30].
Recently, such state-of-the-art techniques enable super-
conducting quantum circuits to be a promising candidate
for investigating topological phenomena theoretically
and experimentally [31-47]. Topical examples include
analogies to topological quantum walks [39], Zak phases
[40], topological phase transitions [41, 42], Chern
numbers [43, 44], topological Uhlmann phase [47] and
topological magnon insulator states [46] realizing in the
phase space of microwave resonators and superconducting
qubit, respectively. Furthermore, the topological robust-
ness of anyonic braiding statistics has also been demon-
strated in the superconducting quantum circuit [45].

So far, many topological states and effects have been
implemented for quantum entanglement, which is
pivotal for quantum communication, quantum information
process and quantum metrology [48-50]. It has demon-
strated the topological protected entangled NOON state
and its transport via edge states in Refs. [51-53]. The
adiabatic topological pumping based on edge channels
offered a topologically protected way to observe the
Hong—Ou—-Mandel interference [54] of a photon pair and
generate spatial entangled states [9]. Additionally, large-
scale Greenberger—Horne—Zeilinger (GHZ) states have
been realized by adiabatic topological pumping via edge
channels in a superconducting quantum system [15].
Nevertheless, the speed of procedures is extremely slow
for a large-scale system, which is intrinsically limited by
adiabatic requirements to avoid nonadiabatic transitions
between the edge channel and the bulk bands. In order
to refrain from the decoherence effects in the system,
several proposals have been proposed to accelerate the
process of quantum state transfer in topologically non-
trivial systems [11-13, 55, 56]. The fast and robust
quantum state transfer can be realized by performing
shortcut-to-adiabaticity techniques [13]. A scheme of

topological pumping based on adiabatic passage has
been proposed by interfacing two dimerized Su—
Schrieffer-Heeger (SSH) chains with different topological
order [11, 56]. In the topological protected quantum
state transfer, optimization techniques have been
controlled to reach high-fidelity values for short evolution
times [12, 55]. However, it is also urgent to improve the
transfer efficiency in adiabatic topological pumping for
generating large-scale entangled states, thereby making
sense to enhance the robustness against decoherence
effects [57-59] and random fluctuations from quantum
system [60-62], and improve the feasibility and scalability
of experimental implementations in quantum information
processing [63-65].

GHZ state is a typical type of maximally entangled
states, which is not only of great interest for fundamental
tests of quantum mechanics [66], but also has applications
in quantum communications [67, 68|, error-correction
protocols [69], quantum metrology [70] and high-precision
spectroscopy [71]. The capability of entangling multiple
particles is central to fundamental tests of quantum
theory and the prerequisite for quantum information
processing. During the past years, theoretical proposals
of GHZ states have been investigated in circuit-QED
system and other physical platform [15, 72-83]. More-
over, experimental realizations of entanglement of three
superconducting qubits [84], and GHZ states with three
superconducting qubits in circuit-QED system [85], five
superconducting qubits via capacitance coupling [86],
ten qubits connecting to a bus resonator in a supercon-
ducting circuit [87] and eighteen qubits in a 20-qubit
superconducting device [25] have been reported.
Furthermore, high-dimensional GHZ state with three
superconducting transmon qutrits has also generated by
the fidelity of 76% + 1% in a superconducting quantum
processor [88]. However, the fidelity of GHZ states is
limited by the ubiquitous noise and device imperfections
based on the superconducting circuit system, indicating
that the effectiveness of theoretical proposals and experi-
mental realizations remains to be solved.

In this paper, we present a scheme of fast topological
pumping via edge channels with respect to a single-exci-
tation quantum state for generating large-scale GHZ
states in a generalized SSH model of superconducting
qutrit-resonator circuit. We analytically derive that such
a generalized SSH model can be expressed as a two-band
structure in momentum space, and its topologically trivial
and nontrivial phases can be characterized by the Zak
phases equal to O and m, respectively. The odd-size
generalized SSH model is always in the topological non-
trivial case, proved by the topologically protected zero-
mode edge state in the energy spectrum. The scheme
indicates a conceptual way of designing fast topological
pumping depending on the instantaneous energy spectrum
characteristics for speeding up the generation of large-
scale GHZ states, which abides by the adiabatic passage.
Furthermore, large-scale GHZ states are robust against
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on-site potential defects, the fluctuation of couplings and
losses of the system which are benefit from the chiral
symmetry and topological property of system. Our work
may facilitate potential applications of optimization
techniques to control topological superconducting circuit
system in quantum information processing, due to the
following advantages and interests. Firstly, this work
focuses on crucial aspects of the energy spectrum to
design topological pumping in order to substantially
speed up the evolution process, which does not rely on
the shortcuts to adiabaticity [89, 90]. Secondly, the
present scheme shows greater robustness and wider scal-
ability for generating large-scale GHZ states than that
in Ref. [15], owing to the fast topological pumping via
edge channels. Finally, our method shows more simplicity
and feasibility in the generalized SSH model confining to
engineer nearest-neighbor couplings in comparison with
introducing next-to-nearest-neighbor interactions in
Ref. [13].

2 Physical model and engineering of
topological pumping

2.1  Generalized SSH model and Zak phase

The schematic of our generalized SSH model is shown in
Fig. 1(a), which describes a one-dimensional coupled
superconducting qutrit-resonator chain and composes of
N qutrits and N resonators, respectively. Each flux
qutirt holds a three-level structure, forming two ground
states |L),|R) and one excited state |e). The frequency of
a single-mode resonator B, is set to match resonantly
with the transition frequency of |L) < |e) (|R) < |e)) of
the two nearest-neighbor qutrits 4, and A, ,;, when n is
odd (even). Between two adjacent cells, the resonator

. . J J J
N—p ... A, »—0p----- ], n—N)--- Ay B
(b)
le) le) le) Eny
| W=—|R) Iy =IR) Ly TER)
A, A, Ay

Fig. 1 (a) The diagrammatic sketch of a topological
superconducting qutrit-resonator chain with the size of 2N.
The chain belongs to an SSH model whose n-th unit cell
contains one flux qutrit A, and one single-mode resonator B,,.
The intra-cell and inter-cell coupling strengths are J; and Jo,
respectively. (b) Schematics of energy level transitions for
qutrits A1, A, (1 <n < N), and Ay. The energy level structure
of a flux qutrit holds two ground states (L) and |R)) and one
excited state (le)). The coupling strengths between the
resonator B, and the qutrit A, (A,41) is Jo=Ji (Jp=Js)
when n is odd, or Jr = J» (Jg = J1) when n is even.

B, is coupled to its front qutrit A, and the behind
qutrit A, ., with alternating coupling strengths J; and Js,
respectively. The interaction of the chain can be
described by the following interaction-picture Hamiltonian
(h=1)

H; = Z (J1|€>n<jn| + J2|3>n+1<]n‘)bn + H.C.,

n

(1)

where j, = L (R) when n is odd (even), and b, the anni-
hilation operator of the resonator B,. Further, the one-
dimensional coupled superconducting qutrit-resonator
chain is analogous to an SSH model, which can be
simplified as

Hy =Y JibuS} + JabnS} 4 + He, )

n

where Sf = |e),(R|(cZ)" and o2 = |L),(R| + |R)n(L|. The
operator (¢%)* works for two different transitions
|L) <> le) and |R) <+ |e) for qutrit A4, depending on the
odevity of n.

For periodic boundary conditions, we can use the
Bloch theorem and rewrite H; as

N N
—5 <n<g,

_ i B
Hy= Y Ul H15(ky)V,, 5 3)

—271n
k=222

with O] = (¢f,, 0f ) = N"V2 307 ek (St b,) and

).

where p(k) = J;/Jo +e %% with k€ [-7/ag,n/ag]. Intro-
ducing the vector of Pauli matrices o = (0,,0,), the
Hamiltonian can be expressed in the form HZ(k) =
—Jag(k) -0 with g(k) = (Re(p), —Im(p)). The eigenvalues
can be obtained by diagonalizing H (&),

%szh(ﬁ%)%@ (4)

rt = £halg(k)| = £lo(k)| = £1/J2 + J3 + cos(kag).
(5)

The corresponding eigenstates are

1 —ig(k)
ug (k) = \ﬁ ( e | ) ,
J1/J2

where the phase ¢(k) is given by cot¢(k) = 51472 + cotkao.
Analyzing Egs. (5) and (6), the eigenenergy spectrum of
the system is divided into two bands, i.e., the negative
eigenenergy band u_(k) and positive eigenenergy band
u4 (k). This model belongs to the BDI class according to
the standard topological classification [91] and possesses
two topological distinct phases for J, < J, and J; > Jy,
where the band gap is closed at the boundaries of the
first Brillouin zone (k = 4+7/ag). The chain is more like a
“conductor” when the system lies in the phase transition
point at J, =Jy. Otherwise, the chain behaves as
an “insulator”. However, there exists a band gap with

(6)
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width 2|J; — Jo| except for the closed points. It is noted
that the trajectory of the vector g(k) for all k¥ enclose or
does mnot enclose the origin and |¢(k)| € [0,2n] or
|p(k)] < 7/2 when J; <Jy or J; > Jo. This topological
behavior of the phase ¢(k) is bound up with the value of
the Zak phase, given by

T/a
Z = i[ / dk[ul (k)opu_ (k)] = %fdk% = %,

(7)

where A¢ is the variation of ¢(k) when k varies across
the full Brillouin zomne. After some algebra, one can
obtain Z=7 and Z =0 for the cases of J; < Jy; and
J1 > Jo, respectively. The winding of the vector g(k)
when k varies across the Brillouin zone is shown in Figs.
2(a) and (b) for two values of J,/J, <1 and J;/J > 1,
respectively. When J;/J, < 1, the loop encloses the origin
and the phase ¢(k) can take an any value. As for
J1/J2 > 1, the curve g(k) does not enclose the origin and
|¢(k)| < w/2 for all k. Thus, topological phenomenon of
the phase ¢(k) is related to the value of Zak phase. The
Zak phase z is 7 times the winding number of the curve
g(k) around the origin and is, therefore, zero if this
curve does not enclose the origin while 7 if it does.
Accordingly,

Z=x when Ji/J3<1,

Z =0 when Jl/J2>1. (8)

The results show that tuning the ratio J;/J; induces a
topological phase transition characterized by the Zak
phase.

2.2 Analaysis of fast topological pumping and edge state

As for even- and odd-sized SSH chains, the characteristics

@ » —r<1] ® o ey
o b .
0sl” 0.5 [P4)
B(k) P(k)
—0) 05 1.0 J/s 05 1.0 1.5 2.0 2I5
-0.5 -0.5
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(© (d)
2 e 2 —
o i T i
)
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5 0] 01
g L=62 L=6l
-1 -1{
) m\‘“ i :H‘Mn -2 m““:‘ J i,
0.5 1.0 15 05 1.0 1.5
A J,

Fig. 2 Two types of trajectories of the vector g(k) with
different topologies when k runs across the Brillouin zone:
(a) Ji/Jo <1 and (b) Ji/J> > 1. The spectrum of the SSH
model versus J;/J> for the even size L = 2N = 62 of chain in
(c) and the odd size L = 2N — 1 =61 in (d).

of energy spectrum versus the varying .J; /J, demonstrate
the different distribution of zero energy mode [92].
Under the open boundary condition for the even-sized
SSH chain, the two phases are distinguished by the presence
and absence of degenerate zero-mode edge states with
topologically nontrivial phase J;/J; < 1 and topologically
trivial phase Jy/J,>1, as shown in Fig. 2(c). As
expected in Fig. 2(d), there is only one topologically
protected zero-mode edge state in the band gap with
regardless to the value of J;/J,. Therefore, the odd-sized
chain is always in the topological nontrivial phase [93].

In this protocol, the size of superconducting qutrit-
resonator chain is restricted to the odd number, the
interaction Hamiltonian of which can be written as
Han-1= YN J1b,S) + Job, ST, | + He.. Accordingly, the
topological protected zero-mode edge state of the odd-
sized chain with a single excitation are exponentially
localized at the boundaries, which can be obtained
analytically (see Appendix A for details)

N n—1
lop) =Y Ao (on)" ' Q) ol |G, (9)
n=1 =1

where o7 = |e)n(R| and |G)p = |RLR---)4, ®|000---)p, _,
denotes a decoupled state of the qutrit-resonator chain
with A4; in |R), By in |0) (zero-photon Fock state), A, in
|L), By in |0), ... and A = —J;/Jo. The system can perform
a topologically protected state transfer on the zero mode
from the left edge to the right edge, corresponding to an
excitation transfer from one side to the other, when
setting initially J;/Jo = 0 while finally J;/J5 = +oo.

It is evident that the above topological protected
transfer process needs to satisfy the adiabatic limit [8,
12, 13]. A sufficient condition for the adiabatic evolution
s AE = |En(t) — Ea()] > | (®)lea®), Where B, En,
lom(t)) and |p,(t)) are the mth and nth instantaneous
eigenenergies and corresponding eigenstates of the
Hamiltonian, and the overdot indicates differentiation
with respect to time. In general, the eigenenergy difference
|Em (t) — E,(t)] between |p,,(¢)) and |¢,(¢)) is very small.
Therefore, for the sake of satisfying the adiabatic limit,
the time evolution of the adiabatic state transfer should
be very slow to make the evolution remain in the zero
mode (edge state) without exciting other eigenstates
(bulk states) due to a trivial AE. The adiabatic limit
condition can be relaxed to realize fast topological
pumping by increasing the eigenenergy difference AE to
form a nontrivial band gap in the Hamiltonian spectrum
or/and decreasing the derivative of the Hamiltonian.

In order to realize fast topological pumping of edge
states by relaxing the adiabatic limit condition, it is
crucial to suitably adjust the coupling strengths. Here
we specify that the couplings are shaped by an exponential
function
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1— e—at/T
Ji="Jo <l_ea> :

_ a—a(T—-t)/T
N =l (10)

1—e @
where T is the total evolution time and « a free parameter
that can be fine-tuned [12]. The forms of J; ; in Eq. (10)
satisfy the state transfer conditions J;/Js|;0=0 and
J1/Ja|t—r = +oo well. To illustrate the crucial character-
istics of topological pumping for coupling strengths and
analyze how the energy spectrum evolves over time, the
functions of coupling strengths and the corresponding
instantaneous energy spectrum versus time are plotted
in the left plane and the right plane of Fig. 3, respec-
tively. We take the size L =2N —1 =61 of the chain as
an example and select three different values of free
parameter o = 1in (a) and (b), a =6 in (¢) and (d), and
a=111n (e) and (f), respectively. In the odd-sized chain,
there is always one zero-mode state
unchanged and is separated from bulk states, shown in
the right plane of Fig. 3. At the beginning, the energy
gap separating the edge state from the bulk states takes
its maximum value. Subsequently, the energy gap
approaches its minimum, occurring at .J; =.J;, and at
the end of evolution time the energy gap regains its
maximum value.

remaining

—_
5
=
K
Il
\!
—
=
-

J, 5 (units of J;)
f=]
W
\
N
Energy (units of J)

—_
o
~
R
Il
(o)}
—_

1

J, > (units of Jy)
(=]
W
Energy (units of J;)

_
o
N
S

Il

J\, (units of J;)

Energy (units of J,) =

0 0.5 I
Time (units of 7)

Time (units of 7)

Fig. 3 Functions J; > and the corresponding instantaneous
energy spectrum as a function of time by setting different
parameters a =1 in (a) and (b), a =6 in (c) and (d), and
a=111n (e) and (f). We choose the total evolution time to
be unity and the size of chain is L = 2N — 1 = 61.

Comparing the functions with different values of free
parameter o employed in the topological chain, we can
notice their qualitative differences. In particular, there is
the most significant eigenenergy difference AE between
the bulk state and the edge state for the smallest value
of a. The functions with a =1 approach the minimum
value of the energy gap with the largest slope, while the
functions with a =11 drive the system more gently in
this region, shown in the left planes of Fig. 3. Depending
on the value of free parameter «, the minimum value of
energy gap can be changed, which is the key point to
avoid nonadiabatic effects and to speed the state trans-
fer. For the odd-sized chain with length [, the eigenmode
energies (besides the zero-energy solution) can be analyt-
ically given by

g = |J1 + Joe'dm|, (11)

where ¢, =2mn/(L+1) with m=1,2,---,[L/2], and we
define that [z] gives the greatest integer that is less than
equal to z [94]. Thus, the energy gap can be analytically
determined by y = 2|gjz /|, which is related to the values
of J; and J,. Note here that, there always exists a time
such that J; = J,. In the fast topological pumping with
exponential couplings, we consider this time to be
t=T/2 in the right plane of Fig. 3. In the infinite
system, J; = J, corresponds to the closing of the energy
gap separating the zero-mode state with the rest of
energy states. Thus, the point in the parameter space
where the coupling strengths J; and J, are equal corre-
sponds to the minimum value of energy gap ymm during
the whole evolution process. The minimum values of
energy gap are analytically obtained by x2:! = 0.0631Jy,
X6 =0.0965J and x5! =0.1009.Jy, which are labeled
with tags in the right plane of Fig. 3.

Based on time-dependent exponential couplings with
different values of the free parameter o, we plot the
state distribution of the zero mode versus evolution time
in Figs. 4(a)—(c). The population of zero-mode state is
defined by P(t) = (pr|p(t)|¢r), where |pg) and p(t) are
the target zero-mode state and the time-dependent
density matrix of the system by solving Liouville equation
p(t) = —i[Han_1, p(t)], and ¢ corresponds to the evolution
instant. Concretely, the dark blue fringes show that
almost no population of zero-mode state is distributed in
the lattice sites. However, the bright yellow fringes indicate
that population about 0.2 of zero-mode state is emerged
in the even lattice sites at the specific evolution
moments. The most bright yellow fringes mean that
near-unity population of zero-mode state appears in the
first and the last lattice sites at the begin and end of
evolution. In Figs. 4(a)—(c), the zero-mode state is localized
at the first site 4; or the last Ag; and the distribution of
left or right edge state with zero mode is equal to unity
when Jyt —+ 0 or Jot — +oo to realize the topological
protected edge state transfer in the odd-sized SSH chain.

Jin-Xuan Han, et al., Front. Phys. 17(6), 62504 (2022)
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Fig. 4 The evolution process of zero-energy mode with
different values of the parameters =1 in (a), =6 in
(b) and a = 11 in (c¢). (d) Numerical scatters of the minimum
energy gap versus values of o with the size of chain
L =2N—-1=61.

To be specific, the value of parameter « is related to the
total evolution time. It is noted that the shortest evolution
time with the size of chain L =2N —1 =61 approaches
to T = 260/Jo under the condition of o= 6. Besides, the
distribution of zero-mode state at odd sites are enlarged
by increasing the value of parameter « in the time scale,
seen from bright fringes in Figs. 4(a)—(c). However, the
population of zero mode increases exponentially on the
odd sites (qutrits) while the zero-mode state exhibits no
populations on the even sites (resonators), indicating the
virtual photon excitation in the resonators. The reason
lies in the interaction property of the system, that is,
the formulation of the Hamiltonian, which determines
that the distribution of zero-mode state of system on
different lattice sites. In the SSH model, according to
Hon_1|¢r) =0, one can calculate the analytic form of the
zero-mode state of the system (see Appendix A), for
which it is exactly one of the most important features of
the SSH model that the zero-mode state only distributes
on odd-size lattice sites while involves no even-size ones.

As shown in Fig. 4(d), by selecting different o and the
corresponding minimum energy gap as numerical
samples, it can be found that the maximization of minimum
energy gap needs a large value of parameter a. A larger
value of parameter « (« € [1,11]) determines J; and J, to
equate at a higher value. As for a > 11, the minimum
energy gap can be maximized and keeps around 0.1Jy
because equating J; and J, at values close to the maximum
value of couplings can be acquired during the transfer.
On the one hand, the minimum energy gap can be actually
used to specify a characteristic timescale. It can be
assumed that the system is close to the adiabatic following
of the zero-mode state, under the condition of the

sufficiently longer transfer time by comparing with this
timescale. On the other hand, the coupling functions are
required with the steeper slope at first and the smaller
slope at the middle time of evolution. In view of the
above two key characteristics of the coupling functions,
the exponential function with the tunable parameter o
seems to be one of the most appropriate to increase the
speed of the transfer protocol.

3 Fast generation of large-scale GHZ
states with great robustness and
scalability

3.1  Fast generation of large-scale GHZ states

We focus on the generation of large-scale GHZ states
among the N qutrits based on the fast topological
pumping via edge states. The implementation of zero-
mode edge state transfer by engineering exponential
coupling functions via the topological protected edge
channel has been shown in Figs. 4(a)—(c). Thus, the left
and right edge states localized in the odd-sized chain at
the beginning and end of evolution time can be
expressed, respectively, as

)z = eLR---m)ay ©[000---0)py ,,

Py =|LRL---€) 4, ®[000---0)5,_,, (12)

where m = R (L) when N is odd (even). Initially, we
suppose that the state of the chain is |¥g) =
(|G)L +|1)1) /v/2 meaning that the first qutrit are
prepared in a superpostion (|R) + |e))/v/2. The evolution
via the protected edge channel takes the form of

|G)r — |G) L,

e — —(=1)"|r)z, (13)

which is irrelevant with the state |G); because of zero-
photon in the resonators that cannot excite the ground-
state qutrits. We specify that logical states 0 and 1 are
carried by the ground levels |L) and |R), respectively, for
the qutrit A, (1<n <N —1). As for the last qutrit Ay,
we set that |e) is employed by the logical state 1 (0)
when N is even (odd). Consequently, a large-scale GHZ
state of N qutrits without regard to the zero-photon
product state of resonators is obtained and reads as

1
ﬁ(llol - 1(0))ay — (=1)M[010- - 0(1)) ay)-
This is exactly an N-body GHZ state according to a
general form of z-qubit GHZ state which can be
expressed as  (jmimamg---my) +e?ninang - ng))/V2
where m; +n; = 1 (mj,nj €0, 1) [95*98]

In the following, we take a =6 as an example and
consider L = 61 to plot the evolution of population based
on the fast topological pumping with exponential

(14)
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couplings and the conventional adiabatic topological
pumping with Gauss couplings [15] for the ideal 31-body
GHZ state |Wigea) = (|G)e1 + |7)61)/v2, the initial state
[Winisal) = (|GYe1 + |1V61)/v2, the left edge state |l)g =
|[eLR--- R)a,, ®|000---0)p,,, the right edge state |r)g =
[LRL---€)a,, ®|000---0)p,, and the decoupled state
|GY61 = |[RLR---)a,, ®|000---0)p,,. As expected in Fig.
5(a), a complete state transfer from the left edge state
[l)61 to the right edge state |r)g; is manifested and the
decoupled state |G)g; remains unchanged, resulting in the
successful creation of a 31-body GHZ state in both fast
topological pumping with exponential couplings and the
conventional adiabatic topological pumping with Gauss
couplings. However, the populations of states |r)g1, |I)61,
|Winitia) and |Wigea) based on the fast topological pumping
with exponential couplings tends to 0.5, 0, 0.25 and
0.999, respectively, only at the end of evolution time. In
respect to the conventional adiabatic topological pump-
ing, the population of those states can also attain relatively
ideal results at ¢ ~ 5000/Jy and keep unchanged until at
the end of evolution time.

In order to verify the generation of the large-scale
GHZ state via fast topological pumping in a short evolution
time, we make a comparison between this protocol and

(a) 1.0 X +\/>m Gauss)
\r}a (Gauss)
0.8 6
—#—|Wigea) (Gauss)
£ 0.6 —— W) (Gauss)
s —e—|G),, (Gauss)
E o 1Dy, (Exp)
g 0.4 6
= 1Py (Exp)
] * ““dem1> (Exp)
0.2]
> Wi (Exp)
0.0- oY 1| © ‘G>M (Exp)
0 2000 4000 6000

Time (units of 1//;)

(b) 1.0

0.8

0.6
S —— Gauss couplings
= 0.4] —s=— Exp couplings

0.24

0.0

2000 3000 4000

T (units of 1/J,)

0 1000

Fig. 5 (a) Population evolution of states |r)e1, )61, |G)e1,
[Vigeat) and |Wiia) based on fast topological pumping with
exponential couplings and the conventional adiabatic topo-
logical pumping with Gauss couplings. (b) Final fidelity of
31-body GHZ state |¥ien) as a function of the total evolution
time T based on fast topological pumping with exponential
couplings and the conventional adiabatic topological pumping
with Gauss couplings. We choose the size of chain as
L =2N —1=61 and set the free parameter a = 6.

the conventional adiabatic topological pumping. The
quantity that determines how faithfully the evolution
has occurred is the fidelity, which can be formulated as
F(t) = (Vigeal|p(t)|Vigeal), Where [P} and p(t) are the
target state and the time-dependent density matrix of
the system by solving Liouville equation p(t)=
—i[Han_1,p], and ¢ corresponds to the evolution instant.
In Fig. 5(b), for each protocol, we plot the final fidelity
F(T) as a function of the total evolution time 7. In the
case of reaching the fidelity of 0.999, it can be found
that the protocol with exponential couplings based on
the fast topological pumping is greatly faster than that
with Gaussian couplings, because of the former occurring
at Tgy &~ 390/Jp as compared to the latter where this
happens at Tgus ~ 4293/Jy. Figure 5 indicates the
successful and fast creation of large-scale GHZ state via
the fast topological pumping in this protocol.

3.2  Effect of different values of «

The implementation of fast topological pumping via
edge channels for generating large-scale GHZ states in
an odd-sized topological chain has been shown above,
which takes the free parameter o« =6 as an example.
Now that the qualitative differences among coupling
functions, energy spectrum and the distribution of the
zero-energy mode for different values of free parameter a
have become apparent in 2.2 here we further examine
some quantitative results for generating large-scale GHZ
states based on the fast topological pumping.

In the following, Figs. 6(a)—(c) show that the final
fidelities of 5, 18 and 31-body GHZ state as functions of
the total evolution time by setting o = 1,6,11,16 and 21,
respectively. Apparently, an N-body GHZ state needs a
longer total evolution time with the increase of N. In the
limit of T — 400, the fidelity of N-body GHZ state
approaches unity for all the o parameters, which indicates
a perfect transfer of excitation along the chain. In Fig.
6(a), there are slight differences among different values
of a for the total evolution time of 5-body GHZ state.
However, it can be noticed that the fidelity curve tends
to oscillate for T'J, € [20, 100], owing to the action of resonant
processes. As for the 18- and 31-body GHZ states in Figs.
6(b) and (c), there are more significant oscillations for
a = 11,16 and 21, respectively.

According to the adiabatic condition, the oscillations
during the evolution are strongly associated with the
energy gap between the zero-mode energy Ey and the
most-closed-to-zero eigenenergy Ey.;. In order to study
the oscillations appearing in the fidelity of 5-, 18- and 31-
body GHZ states, the corresponding instantaneous
energy Ey,; in cases of a =1,6,11,16 and 21 are plotted
in the bottom plane of Fig. 6. As for the small-scale
GHZ state of N =5 in Fig. 6(d), the parameter values
a=6,11,16 and 21 have almost same effects on the
corresponding  instantaneous energy Eyy;. When

Jin-Xuan Han, et al., Front. Phys. 17(6), 62504 (2022)
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Fig. 6 (a—c) Final fidelity of N-body GHZ state as a function
of the total evolution time with different values of the
parameter a by increasing the number of qutrits N =5 in (a),
N =18 in (b) and N =31 in (c). (d—f) The corresponding
instantaneous energy En41 as a function of time with different
values of the parameter « by increasing the number of
qutrits N =5 in (d), N =18 in (e) and N =31 in (f).

t €[0.1,0.9]T, the instantaneous energy FEny; ~0.6Jy is
always closed to the zero-mode energy so that the slight
oscillations appear in the adiabatic evolution process.
However, the instantaneous energy Epyy; ~ 0.4Jy in the
case of the parameter a =1 approaches to zero-mode
energy only at the middle of evolution, closer to zero so
that the resonance process is inhibited inconspicuously
when compared with cases of other a. In Fig. 6(e) for
generating 18-body GHZ state, the instantaneous energy
Eny, indicates similar evolution in cases of o =11,16
and 21 to form the most obvious oscillations in Fig. 6(b).
In respect to the cases of the parameter a =1 and 6,
there is few oscillations during the adiabatic evolution
owing to the greater and greater separation between the
zero-mode energy and the energy Ey.; except for the
middle of evolution in Fig. 6(e). By increasing N in Fig.
6(f), the corresponding instantaneous energy Ey,; of 31-
body GHZ state with different values of o verges on the
zero-mode energy more closely in contrast to 5- and 18-
body GHZ state. When concentrating on the total evolution
time T for different values of a, the decreasing value of
energy gap between the zero-mode energy and the
energy Ey,; indicates longer evolution time to attain

high fidelity ~N-body GHZ states. Nevertheless, the
resonant processes can be properly handled to generate
the large-scale GHZ state with a high efficiency by
tuning the parameter a.

Actually, the above phenomenon can be further
understood by characteristics of coupling functions and
the corresponding energy spectrum in Fig. 3. Smaller
values of the parameter o lead to a less steep slope of
the coupling function, resulting J; and J, equating at a
smaller value. Simultaneously, the topological edge state
at zero energy is separated from bulk states better as
the function of evolution time except for ¢t = T/2. Owing
to a better separation between the edge state and the
bulk states, the resonant processes can be suppressed
effectively. Specially, the minimum value of energy gap
Xmin 18 demanded as large as possible, which makes the
chain evolve adiabatically along the zero-mode edge
state without exciting other eigenstates at ¢=T/2.
Therefore, the parameter o is closely related to two
aspects, a smaller value for suppressing the nonadiabatic
transition between the edge state and bulk states and a
larger value for obtaining a greater ymn,. Typically, a
suitable value of parameter « is the key point to generate
high fidelity of N-body GHZ state based on the fast
topological pumping, which can not only avoid the resonant
processes but also shorten the total evolution time.

In the following, we investigate the fidelity of 5-, 18-,
31- and 44-body GHZ states versus the varying o and
the total evolution time 7 in Figs. 7(a)—(d), respectively.
In Fig. 7(a), the appropriate range of the parameter « is
chosen as «a € [1,6] to generate 5-body GHZ state with
the high fidelity and the short total evolution time. The
0.995 and 0.999 fidelity contour lines exhibit strongly
oscillations for all values of the parameter a and the
total evolution time 7, which is similar to Fig. 6(a). As

(a) = (b)
N=5_ 800
0.9
600
0.7
400 |\
200 03
0 03

Fig. 7 The fidelity of N-body GHZ state versus the varying
a and the total evolution time 7 for (a) N =5, (b) N =18,
(¢) N=31 and (d) N =44. The red and blue solid lines
represent 0.995 and 0.999 fidelity contour lines of N-body
GHZ state, respectively.
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for 18- and 31-body GHZ states in Figs. 7(c) and (d),
respectively, N-body GHZ state with the high fidelity
and the short total evolution time demands the parameter
a € [6,11] approximately. Considering the 0.995 and
0.999 fidelity contour lines of 18-, 31- and 44-body GHZ
states, the oscillations are suppressed substantially
under the range of « € [1,6]. Based on the fast topological
pumping for generation of N-body GHZ state, it is no
wonder that the value of parameter o =6 is a trade-off,
since the chain is driven strongly to increase the speed
but also gently enough to avoid resonant processes.

In order to more intuitively reflect the speed of protocols
for the fast topological pumping and the conventional
adabatic topological pumping, we select different N and
corresponding evolution times of generating GHZ states
with the fidelity of 99.9% as numerical samples to fit the
function of the total evolution time 7T versus N in Fig.
8(a). The fitting functions for Gauss and exponential
couplings are JyT = 6.9419N? 4 2.455N —59.8933 and
JoT = 0.3691N? — 2.06/N + 25.9, respectively. As N incre-
ases, the total evolution time of GHZ state shows a
quadratic trend with N for both the Gauss and exponential
couplings. However, an 80-body GHZ state with 99.9%
fidelity requires the total evolution time Ty, ~ 35.4 us
but Tgass ~ 711 ps by choosing the value of Jy =27 x 10

@  x10*
4]
5 O Numerical: Gauss
=3 — Fitting: Gauss
s 7] *  Numerical: Exp
% — - Fitting: Exp
s 24
2
~
14
0 I S A L e bt e
30 40 50 60 70 80
N
b
® 0 T vy
& L] *";i‘,’.,g . —#+—N =15 (Gauss)
o N =20 (Gauss)

N=15 (Exp)
N =20 (Exp)
+ N=25(Exp)
o N=30(Exp)

o 100 200 300 ——N=25 (Gauss)
- —4 S Tk . —6—N =30 (Gauss)
= o O 2 | o N=10 (Exp)
gn Q+
2 %O 4 * o *
-6 %* -
0

5000
T (units of 1/J;)
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Fig. 8 (a) Fitting functions and numerical scatters
between the number of qutrits and total evolution time with
99.9% fidelity for the conventional adiabatic topological
pumping with Gauss couplings and the fast topological
pumping with exponential couplings. (b) Time evolution of
log,,(1 — F) for generating N-body GHZ states with v ranging
from 10 to 30 at intervals of 5 based on the conventional
adiabatic pumping with Gauss couplings and the fast topological
pumping with exponential couplings, respectively.

MHz [99]. In order to get the information from the
shortest time of generating N-body GHZ states in the
small scale based on the fast topological pumping with
exponential couplings and the conventional adiabatic
pumping with Gauss couplings, we numerically calculate
the fidelity of ideal N-body GHZ states in the small
scale, and plot the time evolution of log,,(1 — F) with N
ranging from 10 to 30 at intervals of 5 in Fig. 8(b). The
numerical results based on the conventional adiabatic
pumping exhibit that a higher fidelity needs a longer
evolution time with increasing N. As for the fast topological
pumping, the evolution time for attaining 0.999 fidelity
of N-body GHZ state has a trivial difference among
different values of N in contrast to the conventional
adiabatic pumping when 10 < N <30 by enlarging the
range of T €10,300]/Jy, owing to the instantaneous
energy spectrum characteristics of small-scale systems
based on the fast topological pumping. It is evident that
the efficiency of evolution based on the fast topological
pumping improves more significantly with a larger N
than the conventional topological pumping.

3.3  Robustness against disorders and losses in the

superconducting qutrit-resonator chain

The one-dimensional superconducting qutrit-resonator
chain may possess not only itself defects and perturbation
but also dissipative processes, which could result in infi-
delities for the perfect generation of N-body GHZ states.
Three dominant aspects of influence are considered here:
(i) unwanted on-site potential defects for qutrits A, and
resonators B,; (ii) inevitable variation in ideal couplings;
(iii) losses of qutrits A, and resonators B, with decay
rates £, and vn, respectively.

In order to study the robustness of the protocol
against the on-site potential defects and the variation of
ideal couplings, the chain can be described by

N N-—1 N-—1 ,
Hy =Y danle)nlel+ Y 0pnbhbat > (J1,le)n(inl
n=1 n=1 n=1

+ Jé,n|e>n+1<jn‘)bn +H.c.,
(15)

where Ji(2),n: Jl(g) —I—rand[—d;m, (5]12]7 (SA(B),n:rand[—dA(B)ﬁm
da(B),n) and rand[—z, z] denotes a random number in the
range of [—z,x]. For convenience, the disorder strengths
of on-site potential defects and couplings are chosen as
da(B)n = 0s,0n =0 as an example. The relation between
the fidelity of 31-body GHZ state and the disorder
§ €[0,0.5] is exhibited in Fig. 9. It is the disorder that is
randomly sampled among 10000 times, and then the
fidelity is taken as an average of the 10000 results
versus the disorder of potential defects for all A-type
lattice sites, B-type lattice sites and coupling strengths,
respectively. The fidelity shows relatively great robustness

Jin-Xuan Han, et al., Front. Phys. 17(6), 62504 (2022)
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Fig. 9 Final fidelity of 31-body GHZ state against the
unexpected coupling strength and the on-site potential defect
for all A-type lattice sites and B-type lattice sites with
disorder 6.

for the disorder of coupling strengths and on-site potential
defects. By magnifying the disorder for coupling
strengths, the fidelity of 31-body GHZ state keeps still
above 99.6%. The yellow-squared and purple-crossed
lines indicate that the on-site potential defects for all B-
type lattice sites and all A-type lattice sites cause the
same degree damage to the fidelity of 31-body GHZ
state, which can retain 91% even if § = 0.5. The robustness
of N-body GHZ state to the disturbance and perturbation
benefits not only from the topological protected edge
channel but also the improvement of evolutionary effi-
ciency, which will show a more obvious superiority even
when increasing N.

Furthermore, we also investigate the relation among
the fidelity of 31-body GHZ state, the total evolution
time 7 and the disorder ¢ for unexpected couplings, on-
site potential defects of A- and B-type lattice sites based
on the fast topological pumping in Figs. 10(a), (c¢) and
(d), respectively. The damage to fidelity caused by
unexpected couplings and on-site potential defects for all
A- and B-type lattice sites with §/Jy € [0.2,0.5] can be
compensated by longer evolution time 7. Specially, we
show 0.995 and 0.999 fidelity contour lines of 31-body
GHZ state in Figs. 10(a), (c) and (d), respectively. The
robustness against the disorder from unexpected
couplings shows a greater result than that from on-site
potential defects due to the topological property, which
is equivalent to Fig. 9. Also, the relation among the
fidelity of 31-body GHZ state, the total evolution time T
and the disorder § for unexpected couplings based on the
conventional adiabatic topological pumping is exhibited
in Fig. 10(b). The conventional adiabatic topological
pumping shows the more robustness against the unexpected
couplings than the fast topological pumping, learning
from the red contour lines in Figs. 10(a) and (b). This
result comes from the fact that the conventional adiabatic
topological pumping needs a longer adiabatic evolution

RESEARCH ARTICLE
(b)6800 e
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Fig. 10 The fidelity of the 31-body GHZ state versus the
varying § and the total evolution time 7 for unexpected
couplings with exponential couplings in (a) and with Gauss
couplings in (b) and for on-site potential defect with A-type
lattice sites in (c) and with B-type lattice sites in (d). The
red (purple) and blue solid lines represent 0.995 (0.997) and
0.999 fidelity contour lines of N-body GHZ state, respec-
tively.

time to offset the damage on the fidelity from the
unexpected couplings than the fast topological pumping,
indicating that the improvement in speed based on the
fast topological pumping is in cost of robustness against
disorder from the unexpected couplings.

The robustness against disorders is benefit from the
topological property of the system, which can trace back
to the chiral symmetry in the system. Concretely, the
system is satisfied with T'Hoy_I'"!' = —Hyy_;, where
I =T1[,(SiS, —blb,) =11, 0. [93, 100]. Meanwhile, this
symmetry indicates that the zero-energy mode can exist
and results in a symmetric energy spectrum with each
positive eigenenergy E accompanied by a negative
eigenenergy —F. From an algebraic point of view, the
Bloch Hamiltonian of the chain H? in Eq. (4) can be
written as a linear combination of the Pauli matrices o,
and ¢, while is irrelevant to o.. Thus, in the presence of
unexpected couplings Jlrﬁ27 the system still obeys the
chiral symmetry. Besides, the robustness against the
disorder from the unexpected couplings also profits from
adiabatic passage of generating large-scale GHZ state
based on fast topological pumping. The reason lies in
that the exponential couplings are related to the adiabatic
evolution time while on-site potential defects for all A-
and B-type lattice sites are constant terms. However,
the presence of on-site potential defects breaks the chiral
symmetry of this system and modifies the energies of the
edge state. For a large disorder, these states cannot be
distinguished from the bulk. Consequently, the evolution
along the zero-mode edge state may be affected gently
from the on-site potential defects for qutrits and
resonators while hardly from the unexpected couplings.

We now take the effects of losses of qutrits and
resonators on the fidelity of GHZ states based on the
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fast topological pumping. The dynamics of the lossy
system affected by the two dominant channels for the
losses of qutrits and resonators, respectively, can be
governed by the non-Hermitian Liouville equation
p=—i(H p—pHT), where H = Hyn 1 —ir, Y0 ' blb,/
2 — i, N fe)n(el/2 [58, 101]. For convenience, we
assume that k, ==k, 7, =7, and Jy/(27r) =10 MHz.
Figure 11 shows the final fidelity versus the resonator
decay rate « and the qutrit decay rate ~, based on the
conventional adiabatic topological pumping with Gauss
couplings and the fast topological pumping with expo-
nential couplings. The upper and lower surfaces indicate
that the qutrit decay brings down the fidelity significantly
as n, increases, while the loss of resonators has slight
effect on the fidelity, owing to the virtual excitation of
photon in the resonator B,. As for the fast protocol with
exponential couplings, the fidelity is improved apparently
in contrast to the lower surface for the conventional
adiabatic topological pumping with Gauss couplings.
When «/(27) = v,/(27) = 3 kHz [102, 103], the fidelity of
31-body GHZ state can reach around 25% and 65.25%
for Gauss and exponential couplings, respectively. The
above results manifest the protocol based on the fast
topological pumping enhances robustness largely against
losses of the resonators and qutrits.

3.4 Scalability of GHZ states

As stated above, our protocol shows a remarkable
improvement against both disorders and losses in the
chain. This robustness is not only related to topological
protection, as well as the enhancement of evolutionary
efficiency, which stems from the short timescales to
enable the fast topological pumping according to the
crucial characteristics of energy spectrum and zero-mode
edge state transfer.

In order to verify more quantitatively the effect of our

0.8

Fidelity
S
N

<
~

100

2
z
(S)
2
~
2 0 0 50 100
-
7,/(21) (kHz)

Fig. 11 Effects of losses on the final fidelity of 31-body
GHZ state for the conventional adiabatic topological pumping
with Gauss couplings and the fast pumping with exponential
couplings. We choose Jy/(27) =10 MHz, the corresponding
total evolution time T&H=3' =106.42 ps and T, ' = 5.04 ps
with a 99.9% fidelity for generating a 31-body GHZ state.

protocol, one more vital direction is the scalability of
GHZ state. In the following, we take into account the
losses of qutrits and resonators with different coupling
strengths Jy/(27) = 1,10 and 50 MHz. For the fixed and
experimentally available decay rates of qutrits and
resonators with ~,/(27) = x/(27) =1 kHz [104-108], the
relation between final fidelities of GHZ states and the
scalability of entanglement N are exhibited in Fig. 12.
The unmarked and marked lines represent the conventional
adaibatic topological pumping with Gauss couplings and
the fast topological pumping with exponential couplings,
respectively. Obviously, the fidelity exhibits decreasing
tendency with increasing N for both two protocols.
However, a greater value of coupling strength J, can be
applied to effectively suppress the trend of decline.
Furthermore, the advantage of our protocol becomes
more pronounced as the scalability of GHZ state is
strengthened for the fast topological pumping with expo-
nential couplings. When Jy/(27) =1 MHz, the fidelity of
30-body GHZ state can stay above 90% for exponential
couplings while just 35% for Gauss couplings. As for the
GHZ state with N =150 and the coupling strength
Jo/(2m) =50 MHz, the fidelity of the fast topological
pumping and the conventional topological pumping can
reach 88% and 50%, respectively. Thus, by inspecting Fig.
12, it is evident that the fast topological pumping
outperforms a lot the conventional adaibatic topological
pumping in terms of the scalability of entanglement N.
Furthermore, we consider the scalability of N-body
GHZ state in a two-dimensional square lattice with the
size of L x L based on the superconducting qutrit-
resonator system in Fig. 13. The fast topological pumping
occurs at the ith line and the (2V — 1)th column of SSH
chain to generate N-body GHZ states, including three

1.0+
0.8
. \ g
- AN
£ \
S 0.61 < Jy/(2m) =1 MHz (Exp)
i N —— Jy/(2m) = 10 MHz (Exp)
~ |—*— J/(2m) =50 MHz (Exp)
J/(2m) = 1 MHz (Gauss)
0.4 — - J/(2mn) = 10 MHz (Gauss)
— J/(2m) = 50 MHz (Gauss)
0.2 T y .

N

Fig. 12 Final fidelities of the GHZ state with the scalability
of entanglement N under the coupling strengths (e.g.,
Jo/(2m) =1 MHz, 10 MHz and 50 MHz) and decay rates of
qutrits and resonators (e.g., v,/(27) = x/(27) = 1 kHz) for the
conventional adiabatic topological pumping with Gauss
couplings and the fast topological pumping with exponential
couplings.

Jin-Xuan Han, et al., Front. Phys. 17(6), 62504 (2022)

62504-11



[ ¢/ FRONTIERS OF PHYSICS

RESEARCH ARTICLE

L ° ’ells
o @ o D
:  Stepl

® 0 o ilb
® ® ® B

Step 2 : :

A

V.l —
©90-00-00-%00
o » e .2
. ° ®  » Step 3
o @ CRY
o ® o a2y VY
Fig. 13 The diagrammatic sketch of two-dimensional

square lattice with the size of L x L in superconducting
qutrit-resonator system. N-body GHZ state is generated by
the 4th line and the (2N — 1)th column of SSH chain, including
three steps: (i) Initialize from the qutrit A; y to Ay n in the
(2N — 1)th column of SSH chain; (ii) The fast topological
pumping from the qutrit A4;; to A4; y in the ith line of SSH
chain; (iii) The fast topological pumping from the qutrit 4; y
to An,n in the (2N — 1)th column of SSH chain.

steps:
Step 1 The (2N — 1)th column of SSH chain is initialized

in the state |Uyz)=(G)nr+|M)nz)/V2, where
|G>N,L = |RLR"'>AN,N ®|000'..>BN—1,N and |M>N,L =
[LRL---LLRLR---m)a, , ®|000---0)p,_, - In particular,

it is supposed that the states of the qutrit A4;_; v and
the qutrit A; v are |L)4, , , and |L)4, ,, respectively. It is
noted that such a special initial state can be represented
by [Wnp) =Wy ,)® V% ), where |Uy ;)= (|RLR:--
RLR)a, , v+ |LRL---LRL) A, , ) ®000---)p, , ,/V2 is
exactly an (i — 1)-body GHZ state that can be attained
by fast topological pumping in 1D SSH chain and
|‘II?VL) =|LRL---m)a4, , ®]000---

)Bin-1-

Step 2 The topological protected zero-mode state
transfer occurs from the qutrit 4,;; to the qutrit 4; y
along the ith line of SSH chain. Initially, we suppose
that the state of the ith line of SSH chain is |I); ;,, whose
evolution process takes form of

Dip — —(=1)r)sz, (16)
where |1); 1 = [eLR---m)a, y ®|000---0)p, y_, and |r);p =
[ILRL---€)a, y ®1]000---0)p, y_,-

Step 3 Owing to the fast topological pumping from
Step 1, the state of the (2N — 1)th column of SSH chain
is | Wyr) = (G)ne+[M)nL)/V2, |M')n,r =
|LRL---LeRLR---m)a, y ®[000---0)p,_, y- Subsequently,
the topological protected channel is established from the

where

qutrit 4; y to the qutrit Ay x in the (2N — 1)th column
of SSH chain, whose evolution process is followed by

|G)n L — |G)n,L,
Mg — —(=DV )z, (17)
where |r)y = |LRL---e)a, y ® |000---0)p; y_,-

Consequently, we specify that logical states 0 and 1
are carried by the ground levels |L) and |R), respectively,
for the qutrit 4; y (1<i< N —1) and the zero-photon
product state of resonators are discarded, which can also
generate N-body GHZ state (14) in two-dimensional
square lattice of superconducting qutrit-resonator
system.

4 Experiment consideration for
superconducting circuit devices

This protocol for generating large-scale GHZ states is
applicable to superconducting circuit devices, which is
benefit from existing circuit-QED technologies. We can
construct a superconducting qutrit-resonator chain to
arrange alternately the LC resonators and the flux
qutrits in one-dimensional space, whose equivalent
circuit of one unit cell is shown in Fig. 14. The flux

T~ mK\

f . Coupler

|
F y ( ba n
0 L oE; (1),,
11

@ "(7.--_

N_AWG FBL Magnetic shield _/
©
1 ‘ & e
tt :amp;
Network }—<__‘
analyzer

Fig. 14 Equivalent circuit of one unit cell in superconducting
qutrit-resonator chain. Circuit elements are used to model
the three-junction flux qutrit A4, the LC resonator B, and
the coupler with the additional Josephson junction and the
coupler capacitor mounted in a dilution refrigerator (with a
temperature 7 ~ mK). The probe microwave signal is sent
from a network analyzer and attenuated in the signal input
line before arriving at the sample, which is placed in a
magnetic shield. The transmitted signal from the sample is
amplified by cryogenic LNA and measured by the network
analyzer. The resonator B, is an LC circuit composed of a
spiral inductor Lg and a capacitor Cp. A flux qutrit A,
consists of a superconducting loop interrupted by three
Josephson junctions. The flux qutrit A4, and the LC
resonator B, are coupled to the coupler by the capacitor C; -
and Cs 4, respectively. The coupling strength can be adjusted
independently via changing the magnetic flux Aw threading
on the loop of coupler, which can add the flux basis line
(FBL) to connect with an AWG by adopting controlled voltage
pulses.
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qutrit A4, consists of a superconducting loop interrupted
by two large Josephson junctions E; = E3 = E; and one
small Josephson junction Ey = anE;. This kind of qutrit
based on three junctions enables a reduction of the loop
size while retaining a large inductance [109, 110]. To
create a double-well potential, 0.6 < as < 0.7 is used to
avoid effects of charge noise. The additional Josephson
junction and the additional coupler capacitor parallel
with the flux qutrit A, and the resonator B,, which acts
as a tunable coupler with one junction E, controlled by
the external flux-bias line (FBL) to modify the coupler
properties [111-113]. The resonator B, is composed by a
spiral inductor Lp and a capacitor Cz in analogy with
LC harmonic oscillator, which has a single mode. In
terms of the capacitor charge @ and the inductor
current J, the Hamiltonian of LC oscillator is written as

2Cs ' 2L’

Hic (18)
where ®p is the flux through the inductor and @ the
charge on the capacitor. Based on the standard quanti-
zation process of an LC circuit [105], the Hamiltonian of
the resonator B, can be further written as
Hic = huwy, bl b, in terms of the creation and annihilation
operators defined by b} =1/./2hw,,(Q/v/Cs —i®5/vLp)
and b, =1//2hwy, (Q/vVCE +1®p/vVLg), Where
1/v/LCj is the oscillator frequency and can be engineered
in a large range of possible values by adjusting the
parameters Lz and Cp.

At the same time, the electric dipole interaction
between the flux qutrit A, and the resonator B, can be
realized by using a tunable coupler without considering
the charge interaction [114]. A more versatile design,
shown in Fig. 14, separates the three-junction flux qutrit
and the resonator by an additional Josephson junction,
while keeping the flux qutrits quantization independent
of an additional flux difference along the segment AW,
which is the source of the coupling. The corresponding
Hamiltonian for the three-junction flux qutrit and the
additional Josephson junction is [111, 115, 116]

Wy, =

P2 P2
Hy = =+ U, 19
1790, T2, T (19)
where M, =2C,;[®q/(2)]? and M, = M,(1+ 2a) can be
considered effective masses, while P, = —ihd/d¢, and
P, = —ih0/0¢,, can be considered effective momenta.

Moreover, ¢, = (é1 + ¢3 + d2)/2 and ¢, = (d1 + 3 — $2)/2
are defined by the phase drops ¢, across the junction
E;, (n=1,2,3). The effective potential of flux qutrit and
the additional Josephson junction is given by U=
Ej [-a2 cos(fi — ¢p) — 2c08(pm/2) cos(¢p/2)] + oa Ej cos(fi+
fa — AU + ¢,), where a4 is the ratio of the added Josephson
junction energy E,; to the larger Josephson junction
energy E; and f, (n=1,2) reduced magnetic flux
through the loop n. When f; # 0.5, a flux qutrit holds a

A-type energy level structure [117, 118]. When introducing
the capacitive terms from the coupler capacitive Ceoypler,
a numerical evaluation of the Hamiltonian for f, =7 in
the qutrit basis reveals that

Hqr~ Z Aplk) (k| +aaE; AV Z ¢y (g, g, f1)om,
k=L,R,e m=L,R

(20)

where Ay the frequency of the energy |k) in the qutrit 4,
and o, = m)ple| + |e)nlm| (m=L,R). c& (a2, a4, f1) is
liner in the field and has a tunable orientation. To be
specific, the explicit expression of the function can be
represented by cl(ag, a4, f1) = sin(f1 + ¢, ), where ¢, =
o1+ @3 and f; = ¢ + ¢3 — P2 — ¢4. The phases ¢, across
the junction E, (n=1,2,3,4) are strongly associated
with the values of ay and a4 [114]. Accordingly, we
restrict to the case in which the line forms a single-mode
resonator B, and the phase slip then becomes approxi-
mately

Oyu(x)Az h
AV = N by, + b,
Po anc( )

_ 270, ¥ (x) Az (b + 1),
g

(21)

where wu(z) is the photon mode eigenfunction in the
resonator, Az the separation between the two qutrit-line
intersections and C the total transmission line capaci-
tance. Assuming a flux gradient |0,¥(z)|=65x%
107°®y um and a qutrit size Az =5 pm, we reach a
coupling Jy =2 x 107*E;, which for a typical junction
with E; =250 GHz implies a 50 MHz coupling. By
substituting quantized magnetic flux and employing the
rotating wave approximation in the qutrit-resonator
chain, the quantized interaction Hamiltonian can be
obtained in Eq. (1).

Notice that the coupling term is strictly independent
of the qutrit Hamiltonian, so it now becomes possible to
switch on and off the interaction. The simplest way to
tune the coupling strength J;, is to apply a control
magnetic flux to this loop dynamically with
¥(x) = [, B(x,t) - dS, by adding the FBL to connect with
an arbitrary waveforms generator (AWG) by adopting
controlled voltage pulses [119], shown in Fig. 14. More-
over, the coupling between the flux qutrit and the
resonator induced by the capacitive energy of junctions
gives a negligible coupling ~ 10~%fw;,, [111]. Tt is an
expedient way to add one additional Josephson junction
indicating that (i) the tunable couplings between the
qutrit and the resonator can switch on and off by the
parameter f; in contrast to no additional Josephson
junction and (ii) the complexity of superconducting
circuits and unexpected higher-order couplings can be
reduced by adding less number of Josephson junctions.

Jin-Xuan Han, et al., Front. Phys. 17(6), 62504 (2022)
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In addition, an appropriate flux difference increasing or
decreasing f; is applied on the flux qutrit A, to unbalance
the populations of the two current states and create a
superposition state of (|R) + |e))/v2 [120]. The resonator
stays in the zero-photon Fock state. Finally, the qutrit-
resonator chain can be prepared in 1/V2(|RLR---
R(L))ay +|eLR -+ R(L))4,) @ [000- - 0) g, _,.

In experiment, the above superconducting circuit
device can be integrated by a metal chip, which is fabricated
on a micron scale and operated in the dilution refrigerator
at millikelvin temperatures [119, 121-123]. These circuits
are driven by currents, voltages and microwave photons
that excite the system from one quantum state to
another in a controllable manner, which can be used to
test fundamental quantum mechanical principles at a
macroscopic scale. As shown in Fig. 14, the probe
microwave signal is continuously sent from a network
analyzer and attenuated in the signal input line before
arriving at the sample, which is placed in a magnetic
shield. The transmitted signal from the sample is amplified
and measured by the network analyzer. Furthermore,
the superconducting quantum computer on the order of
65-qubit has been realized [124]. The 72-site circuit QED
lattice was demonstrated experimentally [30]. Thus,
superconducting circuits possessing advantages of flexi-
bility, scalability and tunability [18, 125, 126], provide
an excellent platform for generating large-scale GHZ
states with a high fidelity.

5 Conclusion

Summing up, we have proposed the scheme of the fast
topological pumping via edge channels with respect to a
single excitation to generate large-scale GHZ states in a
generalized SSH model of a superconducting qutrit-
resonator circuit. We analytically derive that this gener-
alized SSH model can be expressed as a two-band structure
in momentum space, and its topologically trivial and
nontrivial phase can be characterized by Zak phase
equal to 0 and =, respectively. There is a nontrivial band
gap to protect fast topological pumping via edge chan-
nels. The crucial characteristics of exponential couplings
for fast topological pumping are that it suitably adapts
the slope of the coupling functions based on the value of
the instantaneous energy gap, while at the same time it
ensures that the minimum value of the energy gap is as
greater as possible. We study the effect of the disorder
and losses of system for generating large-scale GHZ
states, emphasizing the fact that the robustness of large-
scale GHZ state are increased. Furthermore, the accessible
scalability of entanglement based on the fast topological
pumping outperforms a lot the conventional adiabatic
topological pumping. Last but not least, the multiple
platforms for realization of the fast topological pumping

in experimental setups may mitigate additional
constraints and possibilities for the control with respect
to the other accelerating methods [11-13, 55]. The
scheme provides a fast topological pumping to generate
large-scale GHZ states with high fidelity and robustness,
which is expected to make a substantial contribution to
speeding up adiabatic protocols with the topological
properties of matter in the superconducting -circuit
device.
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Appendix A Derivation of zero-mode edge
state

For the odd-sized superconducting qutrit-resonator chain,
the translational invariance of the system suggests the
following ansatz for an eigenstate of edge state

N n—1 n
log) => A" on)" Q) ot + bl Q) ot ]IG) 1
n=1 1=1 1=1
(A1)

where o7 = |e)n(R| and |G)p = |RLR---)4, ®|000--- )5, _,
denotes a decoupled state of the qutrit-resonator chain
by mapping into the parameter coordinate space with A,
in |R), By in |0) (zero-photon Fock state), A, in |L), By in
|0), ... A is the localized index, v and n being the probability
amplitude of the gap states. The probability amplitude
on site n decays (increases) exponentially with the
distance n when |A| < 1 (|| > 1), corresponding to the left
(right) edge state, after the wave function is normalized.
It is supposed that the eigenenergy of an edge state is E.
Through the eigenvalue equation E|pg) = Hon_1|¢E), One

can obtain
E'Z)\" yol (o)™ 1®O’ + nb! ®al 11G) L
= J1\"| 770 ®al + bl ®O‘ |G)L
+Ja[nA ol (on) 1®a +7)\”+1bT®a G L
(A2)
When ~=0 (5=0), according to Eq. (Al) the

resonators (qutrits) are occupied by the edge state
whose eigenenergy is E = 0. In particular, in order to
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generate large-scale GHZ states of qutrits, we choose
~v=1and p =0 to render the qutrit in each unit cell to
occupy the left (A < 1) and right (A > 1) edge states with
E=0. Then, the edge state wave function can be
derived as

N n—1
lpp) =Y A'ol(on)" " Q) ot 1G)e,
n=1 =1

(A3)

with A = —J; / Ja.
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