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ABSTRACT

We study the ground-state phases, the stability phase diagram and collapse 200 00 703

dynamics of Bose-Einstein condensates (BECs) with tunable spin-orbit ALY g I

(SO) coupling in the two-dimensional harmonic potential by variational 107 f? 2501

analysis and numerical simulation. Here we propose the theory that the &  of b : A2 :
collapse stability and collapse dynamics of BECs in the external trapping 100 % 01

potential can be manipulated by the periodic driving of Raman coupling Collapse kozi;\%‘ Collapse

(RC), which can be realized experimentally. Through the high-frequency 2005 ; 200 %00 ; 200

approximation, an effective time-independent Floquet Hamiltonian with

1000 1000

two-body interaction in the harmonic potential is obtained, which results k=20

. . . . . 5004 500

in a tunable SO coupling and a new effective two-body interaction that can I 11
be manipulated by the periodic driving strength. Using the variational & o7 7 01

method, the phase transition boundary and collapse boundary of the 500 &\% 5004

system are obtained analytically, where the phase transition between the

Collapse Collapse
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and spin-polarized phase with non-zero momentum (plane wave phase) g g

can be manipulated by the external driving and sensitive to the strong external trapping potential. Particularly, it is
revealed that the collapsed BECs can be stabilized by periodic driving of RC, and the mechanism of collapse stability
manipulated by periodic driving of RC is clearly revealed. In addition, we find that the collapse velocity and collapse time of
the system can be manipulated by periodic driving strength, which also depends on the RC, SO coupling strength and
external trapping potential. Finally, the variational approximation is confirmed by numerical simulation of
Gross—Pitaevskii equation. Our results show that the periodic driving of RC provides a platform for manipulating the

spin-nonpolarized phase with zero momentum (zero momentum phase)

ground-state phases, collapse stability and collapse dynamics of the SO coupled BECs in an external harmonic potential,
which can be realized easily in current experiments.

Keywords spin-orbit coupled Bose-Einstein condensates, stability, collapse dynamics

1 Introduction provide an ideal experimental platform to simulate the
[6].
However, in the experiment, the collapse stability of the
condensates plays an important role in the realization

and application of BECs. In the free space, for three
o} ol

various phenomena of the condensate physics
The laboratory realization of ultracold neutral atomic
gases such as Bose-Einstein condensates (BECs) [1-3]
and degenerate Fermi gases [4, 5] — quantum gases —
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dimensional (3D) BECs, the collapse, where the size of
the condensates decreases to zero after a finite time,
occurs at any attractive atomic interaction strength [7];
while it occurs only at a strong enough attractive atomic
interaction for two dimensional (2D) case [8-10]. The
presence of trapping potential allows one to achieve
metastable BECs for weaker attractive interaction if the
number of particles N is less than a certain number N,
[11], because the atoms can gain zero-point energy to
balance the attractive interaction when they are
spatially confined [8]. Thus, the BECs stability depends
on the interatomic interaction, the trapping potential
and the geometric dimension of the system [11, 12]. The
interatomic interactions are composed of dominant
isotropic short-range contact interaction and anisotropic
long-range dipole—dipole interaction. Due to a very large
particle wavelength compared with the atomic radius,
the interatomic interaction can be accurately described
by a single parameter, the scattering length a,, where
positive (negative) a, corresponds to repulsion (attrac-
tion) between the atoms, and the sign and the amplitude
of a, can be modulated by Feshbach resonance technique
[13-15]. Thus, the collapse can be controlled by temporal
modulation of the scattering length [16-18]. When dipole
interactions are considered, the stability and collapse of
the BECs strongly depend on cloud anisotropy [12, 19].

The BECs physics has been more enriched and exten-
sively studied with the realization of the synthetic gauge
fields [20, 21] and the synthetic spin—orbit (SO) coupling
[22-26]. In particular, the SO coupling affects the
ground-state properties of the BECs [27-30] and maintains
the stability of the system [31-36], which is due to the
linear SO coupling term breaking the Galilean invari-
ance, resulting in the stabilization of the system [31, 32,
37, 38]. In 2D free space, the stable 2D composite solitons
in the BECs are generated by SO coupling and attractive
atomic interaction [31]. In the context of binary BECs
with contact self-attraction and SO coupling, the existence
of metastable solitons in 3D free space is proved [33].
The collapse theory of SO coupled BECs is proposed in
free space [34] and external trapping potential [35],
respectively. Unfortunately, the SO coupling strength in
most experiments and theoretical work is not tunable
because it is determined by the directions and wavelengths
of the Raman laser. Hence, how to control the stability
of the condensates by the SO coupling is still an open
subject.

In recent years, the extensive attention has been
devoted to the Floquet engineering in the various quantum
systems [39] due to its ability to generate new interactions
[40, 41], which is also widely applied in periodically
driven cold atom systems [42-50]. In cold atom physics,
the BECs with tunable SO coupling have been achieved
by fast coherent modulation of Raman laser intensity in
the experiments [42, 43], which provides a powerful tool

for exploring new physical phenomenon. Subsequently,
the heating mechanism of this experimental scheme is
analyzed, and it is shown that the periodic driving of
Raman coupling (RC) is still reasonable when the driving
strength is large enough [44]. The tunable SO coupling
leads to richer physical phenomena, such as the controllable
localization properties of the ground state in deep
lattices [45], the controllable dynamics of solitons and
Josephson-type oscillations between soliton components
[46], and the generation of a robust magnetic superstripe
phase [47]. Recently, the ground-state phases and super-
fluidity of BECs with tunable SO coupling in free space
are studied, and they found that the phase transition
and the sound velocity of the system can be regulated
by external driving [48]. According to experimental
parameters, phase diagrams of 87Rb and ?Na BECs with
tunable SO coupling are given in free space [49].
However, the external trapping potential exists in the
real experimental system, and the collapse stability of
the ground-state phases of the BECs with tunable SO
coupling and external trapping is not considered. Thus,
the aim of the present paper is to investigate the manip-
ulating of the stability of SO coupled BECs by periodic
driving of RC in a harmonic potential, which is consistent
with real experiments.

The paper is organized as follows. In Section 2, based
on the model of BECs with tunable SO coupling, the
effective time-independent Floquet Hamiltonian is
obtained through an appropriate unitary transformation
and the high frequency approximation. In Section 3,
according to the band structure of the system, we find
that the periodic driving of RC can control the phase
transition and stability of the system, and the phase
transition boundary of the system is obtained by the
variational method. In Section 4, according to the phase
transition conditions, the effect of the periodic driving
strength on the phase transition is studied. We find that,
with the increasing of periodic driving strength X, the
phase transition from the plane wave phase to the zero
momentum phase occurs, which is more obvious in the
case of strong harmonic potential or repulsive interspecies
interaction. Similarly, the influence of the periodic driving
strength on the stability phase diagram is studied
through the obtained collapse boundary, which forms
the Section 5. Particularly, the mechanism of collapse
stability manipulated by periodic driving of RC is
clearly revealed. The effect of the periodic driving
strength on collapse dynamics is shown in Section 6. We
find that the collapse velocity and collapse time can be
manipulated by periodic driving strength, which also
depends on the RC, SO coupling strength and external
trapping potential. In this section, the variational
approximation is verified by numerical simulation of the
Gross—Pitaevskii (G-P) equation. Finally, The paper is
summarized in Section 7.
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2 The model

Based on the experimental realization of SO coupling in
BECs reported in Refs. [22, 42, 43], we consider a
pancake-shaped two-component BECs of pseudospin-1/2
particles with equal Rashba and Dresselhaus contributions
for SO coupling terms, loaded into an external two-
dimensional harmonic potential. In the framework of the
mean-field approximation, the system can be described
by a dimensionless Hamiltonian [11, 21, 42, 43]

H:HO+Hinta (1)
where
1 . Q. 0.
Hy = 5[(]% - k’odz)Q +p§] + 50—96 + Eo'z + Veat (2)

is the dimensionless single-particle Hamiltonian. Here,
ps = —10/0z and p, = —19/0y are the atomic momentum
operator in the z direction and y direction, respectively.
; are Pauli matrices. ko = ko/(hl;') is the dimensionless
SO coupling strength. Q = Q/(fiw,) is the dimensionless
Raman coupling (RC) strength. § = §/(hw.) is the dimen-
sionless two-photon detuning. I, = \/fi/(mw,) is the char-
acteristic length of the condensates with external trapping
frequency w, in the z direction, with m being the atomic
Vewt = w?(x? +y?)/2 is the external harmonic
potential with w=w, /w,, and w, is the trapping
frequency in the transverse plane.

The dimensionless interatomic two-body interaction
H;,; can be written as [11, 33]

mass.

Hipt = diag(g11]|®1/* + g12|P2|?, g22|P2|? + g12|P1]?),
(3)

where ®; and ®, are the condensates wave functions
describing the two pseudospin components interacting
with the coupling constants g;; = 2v/27Nha;;/(mw.13),
where N is the total number of atoms and a;; are the
corresponding interatomic s-wave scattering lengths.
According to the experiments [22], we can take
w> ~1 kHz and N ~ 10°, meanwhile a;; can be adjusted
up to 10% ag and g;; can be up to 10* by Feshbach resonance
technology, where aq is Bohr radius.

Unfortunately, in the experiment, the SO coupling
strength is not tunable because the SO coupling strength
is determined by the directions and wavelengths of the
Raman lasers. Now, we consider the case that the SO
coupling strength can be controlled by modulating the
RC strength in the form [42-45]

Q= Q(t) = Qo + Qrcos(wrt), (4)

where g, denotes the fixed constant part of the RC
strength, Qg is the modulation amplitude and wp is the
modulation frequency.

According to the experiments [42, 43], in order to

achieve the adjustable SO coupling, the RC strength can
be adjusted in real time by controlling the intensity and
phase of the Raman laser. In the experimental scheme,
when Qp > Q, the sign of Q at a certain time can be
changed by applying a = phase shift on one Raman laser
[42, 43]. Meanwhile, the modulation frequency wg is
required to be much larger than other energy scales in
the system (i.e., the driven frequency wp is of the order
of kHz). In such high frequency cases, the time-dependent
modulation term in the RC strength can be eliminated
by the high-frequency approximation method, and the
time-independent Floquet Hamiltonian of the system
can be obtained. In order to analyze the dynamics
resulting from the driving, we introduce the following
unitary transformation [42, 44]:

U(t) = exp %M&x . (5)
2(.«]1{
The transformed two-component wave function is
U=Ut® with U= (¢;,9)". After using the Floquet
theory Hr = H(t) — ih0; [40], the transformed Hamiltonian
can be written as

H' = UY(Hy+ Hip)U — iUT%—g. (6)

In order to obtain the time-independent Hamiltonian,
the time-varying part of the transformed Hamiltonian
Eq. (6) can be eliminated by the following integral:

Hye = / H'dt = HS™ + I, (7)
0

where 7 =2r/wp is the modulation period of the RC
constant and H.s is the effective time-independent
Floquet Hamiltonian of the system. H¢T and AT are
effective single-particle Hamiltonian and two-body inter-
action Hamiltonian, respectively. The effective single-

particle Hamiltonian becomes

a1 ;
H3 =5 (0 + Py + K§) = Jo () ko0

+ 0, 4 200 + Vear, (8)
where Jy(x) is the zeroth-order Bessel function of the
first kind and x = Qg/wr is the periodic driving strength
of RC. Eq. (8) indicates that the effective SO coupling
strength Jy(x)ko is generated by the periodic driving of
RC, which means a tunable SO coupling is realized.

In addition, the effective two-body interaction Hamil-
tonian becomes

e _ ( Iul1l? + giala® ghs(vrvs — bati}) )
int —

3 (V2f — 1v3)  ghaltn|? + ghalof?
where the effective interaction constants are given by

9)
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g = g[(?’ + Jo(2x)) (911 + g22) + 2(1 — Jo(2x))g12

+4Jo(x) (911 — g22)],

o = £ = Jo(2X)) (g1 + 922) + 203+ Jo(2x))gs).
s = £ = Jo(2X)) (g1 + 922) — 201~ Jo(2x))gz),
o = L3+ Jo(20) (911 + g22) +2(1 ~ (2>

—4Jo(x)(g11 — g22)]. (10)

Here, ¢,, g5, and g/, are the tunable strength of interatomic
interaction due to period driving of RC. Meanwhile,
because of the high frequency modulation, the new type
of two-body interaction appears in the non-diagonal
elements of the effective two-body Hamiltonian ¢, Eq.
(8) indicates that, when there is no periodic driving of
RC (i.e., x=0), the effective two-body interaction
Hamiltonian H{T is consistent with the dimensionless
two-body interaction Hamiltonian H,,;. Moreover, if the
interaction Hamiltonian has SU(2) spin-rotational
symmetries (i.e., g11 = g2o = g12), the two-body interaction
is not affected by the spin-dependent unitary transfor-
mation, and the non-diagonal terms in Eq. (9) disap-
pear.

3 The variational analysis

Now, we investigate the ground-state phases of BECs
with tunable SO coupling in the two-dimensional
harmonic potential by the variational method. According
to the effective Hamiltonian Eq. (7) and mean-field
method, the system’s dimensionless mean-field energy
functional is given by

B = [lwtoop) (B34 GHEL) v ar. ()

Notice that we only consider the plane wave and zero
momentum phases, and the stripe phase is ignored. Thus,
the following normalized spinor Gaussian wave function
is taken as the trial wave function:
2
T .
+ ik - 7’) ,

()= ) e (e

—JI=s
with the wave packet width R (R > 0), spatial coordinate
r = (z,y), momentum k = (k,,k,), and the average spin
polarization (o.) =s (—1<s < 1), which determines the
spin structure of the wave function.

For simplicity, we assume a spin symmetric interaction
with g1 = goo = ¢ and § = 0. Upon substituting the trial
wave function into the energy functional Eq. (11), one
can obtain

(12)

1 1
E :§(k§ + ko + kg + w’R?) + — — Jo(x)kokas

2R?
g+g12 | $*(g— gq12)[1 + Jo(2x)]
8TR2 167 R?
Qo 5
Vit (13)

Eq. (13) shows that the periodic driving modifies the SO
coupled energy term and the spin-dependent interaction
term of the system, which leads to the manipulation of
the energy band structure of the ground state, thus the
phase transition and stability diagrams of the system
can be manipulated by the periodic driving.

In order to obtain the ground state of the system, we
must determine the variational parameters ¢; =
{kz,ky, R,s} by minimizing the energy functional £ of
the system. First, considering minimization of Eq. (13)
with respect to k, and k,, respectively, one obtains
(kz, ky) = (km,0), where k,, = Jo(x)kos. Then, by inserting
(kz, ky) = (km,0) into Eqg. (13), the energy functional g of
the system is simply a function of the variational param-
eters R and s, which means that once R and s are deter-
mined, the ground state of the system is completely
determined.

In Fig. 1, we plot the energy band structure as a function
of R and s for different ¢ and g5, and we find that the
ground-state phases and the collapse stability of the
system can be manipulated by the periodic driving
strength y. When ¢ <0 and g5 >0, as shown in Fig.
1(al), the minimum of the energy occurs at s# 0 and
R — 0, which represents the system collapse. With the
increasing of x, the collapsed BECs can be manipulated
into the stable spin-polarized state (s # 0) with non-zero
momentum [i.e., ky =k, = Jo(x)kos, the plane wave
phase for xy =0.5 in Fig. 1(a2)] and spin-nonpolarized
state (s =0) with zero momentum [i.e., k, = 0, the zero
momentum phase for y = 1.0 in Fig. 1(a3)]. When g > 0

(a2)
-0.12

(a3)

—-0.14

Fig. 1 The energy band of the system as a function of R
and s for different g and g2, where Q¢ =2.0 and w=0.1.
(al-a3) for ko =1.0, g=-15 and gi» =180. (b1-b3) for
ko = 2.0, g =50 and g12 = —150.
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and g1 < 0, as shown in Fig. 1(b1l), the energy possesses
two minimum values at s # 0 and R has a finite value,
which means the system is in stable plane wave phase.
With the increasing of y, the system is stable for y = 0.5
[Fig. 1(b2)] and the system collapses for xy =1.0 [Fig.
1(b3)].

Now, the ground state of the system can be determined
by minimizing the energy with respect to R and s, i.e.,
OE/8s =0 and 0E/OR = 0, and we have

(g9 — g12)(1 + Jo(2x)) Q
d 8TR2 : + -

— k3 J3(x)] =0,

2V1 — 52
V2R AT+ g+ g1z 5*(9 — g12) (1 + Jo(2x)) -0
47 R3 8TR3 ’
(14)

then we get

R= [“*9*91‘2

s2(g — gr12) (1 + Jo(zx))] He
4?2 ’

8mw?

5= \/1 - [2k3J§(x)Qal 9= glzjr%%jo(?m)] -

or s=0. (15)

Therefore, the ground state of the system is determined
by Eq. (15). According to Eq. (15), the phase transition
between the zero momentum phase and the plane wave
phase occurs at a critical RC Q, with s =0, and Q. can
be written as

w(g — g12)(1 + Jo(2x))

2\/7r(47r+g+912)

for g+ g0 > —4w. When Q4 < Q,, the system is in plane
wave phase (s #0), otherwise, when Qg > Q., the system
is in zero momentum phase (s = 0). The Raman coupling
induces the overlap between the two spin states,
contributing to the emergence of phase I (spin-nonpolarized
phase with zero momentum), while the SO coupling
causes spin polarization of the system, which promotes
the emergence of phase II (spin-polarized phase with non-
zero momentum). The repulsive interspecies interaction
or weaker attractive intraspecies interaction with g5 > ¢
effectively inhibits the overlap between the two spin
states, resulting in spin polarization, while the weaker
attractive interspecies interaction with g3 <g can
promote the emergence of phase I by increasing the
overlap of the two spin states. These effects are more
enhanced with a stronger harmonic potential and clearly
predicted by Eq. (16). Eq. (16) shows that the competition
among the RC, effective SO coupling Jo(x)ko, effective
atomic interaction %
w determines the ground-state phase transition. The
periodic driving Jy(x) further modifies the effective SO
coupling strength and interatomic interaction of the
system (the modification of the atomic interaction is

Qe = 2J3()k§ — (16)

and trapping potential

more obvious for the strong harmonic potential), which
results in the manipulation of the phase transition of the
system by the periodic driving. These will be clearly
illustrated in the following discussions.

4 Phase transition

In the above section, by using the variational method,
we determined the ground-state phases of the system
and obtained the phase transition boundary between the
zero momentum phase and the plane wave phase. In this
section, we investigate in detail the effect of the periodic
driving of RC on the ground-state phases and phase
transition boundary of BECs with tunable SO coupling
in two-dimensional harmonic trap.

For our purpose, the ground-state phase diagrams of
various parameter planes are obtained by the variational
method. It is found that the boundary between the
plane wave phase and the zero momentum phase can be
controlled by varying the periodic driving strength .
Experimentally, the driving strength x can be adjusted
in real time by adjusting the amplitude Qg and
frequency wgr of RC. On the other hand, it is observed
that for the strong repulsive and weaker attractive inter-
action, the phase transition is determined by the
coupling between SO coupling, RC, interatomic interaction
and external trapping potential.

In Fig. 2, we plot the quasimomentum #k, of the
ground-state as a function of the RC Qg for various y
with ¢ > g12, g=g12 and g < g12. It is clear that the
system has a spin-polarized phase with non-zero momen-
tum (i.e., plane wave phase, called as phase II) for
Qo < Q. and a spin-nonpolarized phase with zero momen-
tum (i.e., zero momentum phase, called as phase I) for
Qo > Q.. With the increasing of 7y, the critical Q.
decreases gradually, which means the system will
undergo a phase transition from the phase II to the
phase I when y increases. Moreover, when the harmonic
potential is stronger, the phase transition is more sensitive
to the periodic driving strength x and interatomic
interaction. When g = gio [Figs. 2(b1)-(b2)], according
to Eq. (16), the phase transition occurs at Q. = 2J2(x)k2,
which is consistent with the case of phase transition
point of the single particle case in free space. For a fixed
periodic driving strength y, the phase transition point of
the system exists in the Q. < 2J3(x)kZ region when there
has the weaker attractive interspecies interaction [i.e.,
g > g12, Figs. 2(al)—(a2)], and the phase transition point
appears in the Q. > 2J2(x)kZ region when the system is
dominated by strong repulsive interspecies interaction
[i.e., g < g12, Figs. 2(c1)—(c2)]. In addition, the increasing
of harmonic potential frequency w will promote the
appearance of phase I for g > g1 and phase II for g < go.

Asshown in Fig. 3, in order to investigate the relationship
between the periodic driving strength y and the phase

Chen Jiao, et al., Front. Phys. 17(6), 61503 (2022)
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1O @l gu/g=1.0 ] \} (@)  gn/g=1.0 (al) g./g=—1.0 J@2) ge=10
S x=0.0
T 1 1l
=3 I I - - 05 2

0! x=1.0
E“:‘_“ =15

£1,/g=1.0 ~(b2) £2/g=1.0

Ikl

21/g=100

[fe|

0.0 1

Fig. 2 Quasimomentum k,, corresponding to the minimum
of energy as a function of Q, for different g2, w and y, where
g =10 and ko = 1.0. w = 0.1 for the left column and w = 0.5 for
the right column.

transition, we plot the ground-state phase diagrams in
Qp—ko plane for various y with ¢ > g1, g=g¢gi12 and
g < g12- As the RC Q increases for fixed x, ko and g12/g,
the phase transition from phase II to phase I occurs in
the system. RC increases the overlap between the two
spin states, which contributes to the emergence of phase
I. Similarly, for fixed x, Qy and g¢;2/g, the increasing of
SO coupling strength kg causes spin polarization of the
system, which means phase transition from phase I (spin-
nonpolarized phase with zero momentum) to phase II
(spin-polarized phase with non-zero momentum) occurs.
With the increasing of y, the region of phase I increases
and the region of phase II decreases. This is due to the
fact that the increasing of y decreases the effective SO
coupling strength .J;(x)ko and results in the phase transition
from phase II to phase I. For a fixed , when the interspecies
interaction is changed from weak attractive interaction
to strong repulsive interaction [Figs. 3(al), (b1), (c1)], a
phase transition from phase I to phase II occurs in the
system, which is more obvious for strong harmonic
potentials [Figs. 3(a2), (b2), (c2)]. Physically, the repulsive
interspecies interaction effectively inhibits the overlap
between the two spin states, resulting in spin polariza-
tion, which is enhanced in the stronger harmonic poten-
tial. Conversely, the weaker attractive interspecies inter-
action can promote the emergence of phase I by increasing
the overlap of the two spin states. In addition, the
strong harmonic potential is favorable to the appearance
of phase I for g > g1» and phase II for g < gio, which is
well predicted by the phase transition condition Eq.
(16).

Fig. 3 Phase diagram in Q¢—ko plane for different gi2, w
and y, where g =10. w =0.1 for the left column and w=0.5
for the right column.

In order to better understand the effect of the periodic
driving strength y on the phase transition boundary, we
plot the critical RC Q. and SO coupling strength k. as a
function of x for different ¢ with ¢g=10 in Fig. 4
(ko =1) and Fig. 5 (Qy = 2), respectively. As shown in
Fig. 4, with the increasing of the periodic driving
strength y, the critical Q. decreases for weaker attractive
interspecies interaction and strong repulsive interspecies
interaction. The increasing of x results in decreasing of
the effective SO coupling strength Jy(x)ko that promotes
the spin-unpolarization and the appearance of phase I,
which means that the ground-state phases of the system
can be controlled in real time by changing the intensity
and phase of the Raman laser (i.e., the periodic driving
strength x). For fixed y, the critical Q. increases and the
system moves from phase I to phase I when the interspecies
interaction changes from attractive interaction to repulsive
interaction, which is consistent with the conclusion in
Fig. (3). According to the phase transition condition
Eq. (16), we find that the effect of atomic interaction on
the phase boundary can be regulated by the periodic
driving strength y. Furthermore, the influence of the
atomic interaction on . is more obvious when the trapping
potential is strong, and the strong harmonic potential
leads to the increasing of critical Q. for g < gi» and the
decreasing of critical Q. for g > gy5. At the same time, we
plot the average spin polarization of the condensates in
phase I and phase II at g»/g = 1.5 for Figs. 4(al)—(a2)
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X X

Fig. 4 The critical RC Q. as a function of y, where g = 10
and ko =1. w=0.1 for the left column and w = 0.5 for the
right column.

and gjo/g = —1.0 for Figs. 4(b1)—(b2), respectively. It is
clear that phase II is a spin-polarized state with nonzero
momentum (i.e., plane wave phase), and phase I is a
spin-nonpolarized state with zero momentum (i.e., zero
momentum phase). If in the beginning Qg < Q., the
system is in the phase II. Then with the increasing of
the periodic driving strength 1y, the critical RC Q
decreases, and the system will undergo a phase transition
from phase II to phase I at the point Q = Q..

As shown in Fig. 5, the phase diagram in the y — k.
plane is obtained in a similar way. With the increasing
of the periodic driving strength vy, the critical SO
coupling strength k. increases for weaker attractive
interspecies interaction and strong repulsive interspecies
interaction, which leads to a phase transition from phase
I to phase II, so the region of phase I is decreasing and
the region of phase II is increasing. When g < g1, [Figs.
5(al)—(a2)], with the increasing of g;,, the phase transition
boundary moves to a smaller value of critical SO
coupling strength k. for fixed y, which results in the
increasing of the region of phase II and means the strong
repulsive interspecies interaction weaken the overlap of
the two spin states and is favorable for the appearance
of phase II. In this case, the increasing of harmonic
potential frequency w will promote the appearance of
phase II, which is especially evident in the case of strong
interspecies interaction. When g > g2 [Figs. 5(b1)—(b2)],
the phase boundary moves towards a larger k. with the
decreasing of g;», which leads to the increasing of the
region of phase I. Thus, the weaker attractive
intraspecies interaction promotes the emergence of phase
I. At this time, the increasing of harmonic potential
frequency w also promotes the appearance of phase I,
which is obviousin the case of weaker attractive interspecies
interaction. In particular, since the smaller SO coupling

Fig. 5 The critical SO coupling strength k. as a function of
X, where g =10 and Qo = 2.0. w =0.1 for the left column and
w = 0.5 for the right column.

strength is favorable for the emergence of phase I, and
the effective SO coupling strength Jy(x)ko decreases with
the increasing of x for fixed g12/g and ky, which leads to
the phase transition from phase I to phase II. Similarly,
we plot the average spin polarization of the condensates
in phase I and phase II at gy5/g = 1.5 for Figs. 5(al)—(a2)
and gi5/g = —1.0 for Figs. 5(b1)—(b2), respectively. It is
obvious that phase I is zero momentum phase and phase
1T is plane wave phase.

In a word, according to the phase transition condition
Eq. (16), the coupling between SO coupling, RC, inter-
atomic interaction and external trapping potential deter-
mines the phase boundary of the system. Interestingly,
the interatomic interaction and SO coupling strength
can be regulated by the periodic driving strength, so the
periodic driving strength can change the phase boundary
of the system. Furthermore, it is found that the strong
RC can promote the appearance of zero momentum
phase (i.e., phase I), the strong SO coupling strength
and repulsive interspecies interaction can promote the
emergence of plane wave phase (i.e., phase II). Thus, the
ground-state phase transition can be manipulated in real
time by periodic driving strength, which can be achieved
in the current experiment.

5 The collapse stability

In the previous section, we studied the effect of the periodic
driving strength y on the ground-state phases, and we
find that the periodic driving of RC can manipulate the
ground-state phases by changing the effective SO
coupling strength Jy(x)ko and interatomic interaction. In
this section, we investigate in detail the manipulation of
the collapse stability of the ground-state phases by the
periodic driving of RC. First, the analytical prediction of
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the stability boundary of the ground-state phases is
obtained by the variational method. Then, we plot the
stability diagram and illustrate the physical mechanism.
Finally, the theoretical analysis is tested by simulating
the G-P equation of the system.

5.1  The stability analysis

The eigenvalue of Hessian matrix should be positive for
the stable ground-state. Thus R and s, which have been
obtained by Eq. (14), must satisfy 92E/0R? >0 and
(0%E/0s%)(0*E/OR?) — (0*E/ORJs)? > 0, one obtains

Qo

21 (9 — 912)(1 + Jo(2x)) 2 72

400 [ 87TR2 2(1 — 52)3/2 - kOJO (X)}
[(9 = 912)(1 + Jo(2x))s]?

_\g—g 1671-2R60 X > 0. (17)

Therefore, once R and s are obtained by Eq. (14), the
existence of a stable ground-state of the BECs can be
tested by Eq. (17). The wave packet width R — 0 means
that the system is unstable (i.e., collapse). On the
contrary, the width R of the stable ground-state corre-
sponds to a finite value. Moreover, the occurrence of
different ground-state of the system depends on the
value of s.

When s=0, most atoms condense into the zero
momentum state (k;,k,) = (0,0) and are equally
distributed between the two spin states, which means
that the system is in the zero momentum phase (i.e.,
phase I). In this case, the minimum point of energy in a
band structure diagram appears at s=0 and we can
acquire the corresponding wave packet width

R— (477—&-9-1-912)1/4.

18
4mw? (18)

By substituting it into Eq. (17), the condition for the
existence of stable phase I is obtained. For Qg > 2J2(x)k2,
the condition is given by

g+ g12 > —4m,
19
g — gi12 > fzm~ ( )
For Q4 < 2J2(x)k3, the condition is written as
g+ g12 > —4m,
g+ g12 < =47 + fow
when g7, — ¢° < g12 — g <0,
g —giz2 > fzm
when g12 — g < 975 — ¢, (20)
where
2y/m(4m + g+ g1
fom = RIRCORE — 0] - 2V ) e

w[l + Jo(2x)]

o =5 (g g12) 1+ (2] ({9~ g12) (1 o(2)))

+ (2mw 2 Q9) ) /18105 (ks — 1},
(22)

and (g¢,,9¢) is the intersected point of g — g12 = fun and
g+ g12 = =47 + fow-

When s#0, most atoms condense into the
(ks ky) = (k. 0) state and the different distributions of
atoms in the two spin states depend on the value of s,
which means the system is in the plane wave phase (i.e.,
phase II). In this case, the energy of the system has two
minimum points at s # 0, and Eq. (17) can be written as

(1— 52)3/2
R6

3271220,
[(g — g12)(1 + Jo(2X))]*

By inserting it into Eq. (14), the condition for existing
stable phase II is
34 Jo(2x)]g + [1 — Jo(2x)]g12 > —8
2w =203
92 =750
1+ J0(2X)
g+ g12 > —4m + fow

(23)

when gi12 —

when g7, — ¢° < g12 — g < M7
14+ Jo(2x)
g—912 < fm
when g12 — g < g7, — 9. (24)

The above equations show that the system is in the
stable phase I when Egs. (19) and (20) are satisfied, and
the system is in the stable phase II when Eq. (24) is
satisfied. However, outside these regions means that the
system collapses. The controllable stability conditions
Egs. (19)—(24) of these ground-state phases are our main
results.

5.2 The stability phase diagram
The stability diagram in g— g, plane with different periodic
driving strength y and SO coupling strength ky is shown
in Fig. 6. Obviously, the g—g;» plane is divided into the
unstable collapse region and the stable ground-state
phases region (i.e., the stable phase I and II), which
strongly depends on o/[2J3(x)k%] Furthermore, for
BECs without RC and SO coupling (i.e., Qy=ky=x=0),
the collapse occurs at g¢g< —27 for gyp>-27 or
g+ g12 < —4x for gi5 < —2m, which is in good accordance
with the collapse boundary predicted by previous theory
[11], and observed in the experiments [11, 12, 51]. Thus,
our theoretical methods and relevant conclusions are
reasonable. Moreover, the collapse can be stabilized with
x when kg and Qg are fixed to a constant, and the stabilizing
mechanisms are described quantitatively as follows.
When Qg > 2J2(x)k3 [Figs. 6(al)—(ad)], compared to
the case of y =0 [Fig. 6(al)], as the increasing of y for
the fixed value of Qg and &, [Figs. 6(a2)—(ad)], the phase
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Fig. 6 Stability diagram in g—gi» plane with different SO coupling strength (ko = 1.0 for the top row, where Qo > 2J2(x)k3;
ko = 2.0 for the bottom row, where Qo < 2J2(x)k3.) and x for w=0.1, Qy = 2.0 and wgr = 20. The border of regions is obtained
by using the variational calculation (the black solid line) and the complete numerical simulation of the G-P equation

acquired from the Hamiltonian Eq.
(a1)—(a3) and (b1)—(b3) in Fig. 1.

(1) (red dots).

transition boundary between phase I and phase II is
expanded to the strong repulsive interspecies interaction
region (i.e., lager positive gi5). The increasing of x leads
to the phase transition from phase II to phase I, which is
consistent with the conclusion obtained in Section 4. On
the other hand, with the increasing of y, the boundaries
between the collapse region and the stable region (i.e.,
phase I and phase II) are expanded into the region of
strong attractive intraspecies interaction (i.e., g < —2m,
where the collapse occurs when y =0), which means
that the collapse caused by attractive intraspecies
interaction is gradually stabilized by the increasing of v,
and the physical mechanism of stability is shown below.
In energy functional Eq. (13), the periodic driving
strength can manipulate the SO coupled energy term
and spin-dependent interaction term of the system,
which leads to the manipulation of the energy band
structure of the ground state and the occurrence of
stable minimum points in the band structure, thus the
system can be stabilized. In fact, when y < 4, the value
of zero-order Bessel function Jy(y) decreases as x
increases, and the ratio Qg/[2J3(x)k3] increases as x
increases when y/[2J3(x)k3] > 1. It is reasonable to
think that the consequence of decreasing of Jy(x) is that
the effective SO coupling strength Jy(x)ke will be
reduced; thus, the value of RC is larger compared to SO
coupling strength. Qualitatively, the overlap between
the two pseudo-spin states is enhanced by RC, which
inhibit the collapse induced by attractive
intraspecies interaction, but the collapse caused by
attractive interspecies interaction is not affected by RC.
The quantitative mechanism for manipulating of

can

A1-A3 and B1-B3 are

selected points corresponding to

collapse can be derived by Eq. (19), and the critical
condition for existing stable phase I is given by
1

gec = —2m + ifzm- (25)
It is clear that f,, <0 for Q¢ >2J2(x)k3 and f.
decreases as y increases [see Eq. (21)]. Therefore, with
the increasing of x, g. < —27 decreases, the stable phase
I'will expand into the region of strong attractive interspecies

interaction. On the other hand, according to Eq. (24),
the boundary of phase IT and collapse can be written as

_Jo(2x) — 1 8w
9= 34 To(2x) 3+ Jo(2y)

912 — (26)
for g1o — g > 27w 203 /[1 + Jo(2x)]. The slope of g. against
g12 1S [Jo(2x) — 1]/[3 + Jo(2x)], which is always negative
and decreases as y increases, which results in ¢. <0
decreasing with y. Hence, the boundary between phase
II and collapse region moves to the region of strong
attractive intraspecies interaction. Egs. (25) and (26)
show that, SO coupling and RC result in an effective
repulsive interspecies interaction, while the periodic
driving of RC enhanced this effective repulsive interspecies

interaction, which compensates for the attractive
intraspecies interaction.
When Q< 2J2(x)k2 [Figs. 6(b1)~(b4)], with the

increasing of y, the stable phase II region also moves to
the stronger attractive intraspecies interaction region
[Figs. 6(b2)—(b4)], where the BECs are unstable for
x = 0 [Fig. 6(b1)], which is easily understand by Eq. (24).
The periodic driving of RC produces the effective repulsive
interspecies interaction (i.e., [L — Jo(2x)]g12) that prevents
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the collapse of the system and can be manipulated by
the periodic driving. Meanwhile, as x increases, a phase
transition from phase II to phase I occurs, which results
in the increasing of the stable phase I region, and its
physical mechanism is consistent with the case of
Qo > 2J3(x)k3. On the other hand, when Q < 2J2(x)k2,
the stable phase II region appears below the critical
boundary ¢+ g1o = —4n for the smaller x [Figs. 6(bl)
—(b3)], where the BECs collapse due to strong attractive
interspecies interactions for Qo > 2J2(x)k? [Figs. 6(al)
—(a3)]. Detailed physical mechanisms are discussed
below. Qualitatively, when Q/[272(x)k3] <1, the spin-
polarized ground state with a large s can prevent the
collapse induced by strong attractive interspecies inter-
action, but it cannot stabilize the collapse caused by
attractive intraspecies interaction. However, as the
increasing of x [Figs. 6(b1)—(b4)], the stable phase II
region below the critical boundary g + g2 = —4n gradually
decreases until it disappears. According to Eq. (24), the
boundary between the stable phase II region below the
critical line ¢+ g1o = —47 and collapse region can be
written as

fpw =g+ gi12 +4m. (27)

According to Eq. (22), when ¢ >0 and g5 <0, fo is
positive and increases as y increases. Thus, with the
increasing of y, the value of g and g;» will be increased,
which means the region of stable phase II disappears in
the region of strong attractive interspecies interaction.
On the other hand, when Q< 2J2(x)k, strong SO
coupling can stabilize the collapse induced by the attractive
interspecies interaction; but, the effective SO coupling
strength Jy(x)ko decreases as x increases, which makes
the stabilized BECs tend to collapse.

As shown in Fig. 7, in order to further understand the
relationship between periodic driving strength y and
stability, we plot the stability diagram in y—ky plane
with different interatomic interaction and €. In the case
of collapse induced by attractive intraspecies interaction
[Figs. 7(al)—(a2)], when Qq > 2J2(x)k3, with the increasing
of x, the collapsed BECs is stabilized into the stable
phase II and finally into the stable phase I. On the other
hand, the region of collapse caused by attractive
intraspecies interaction decreases as ) increases, which
means this collapse can be stabilized by strong RC, and
the collapse can be stabilized by a smaller y for the fixed
ko and strong RC. In the case of collapse induced by
attractive interspecies interaction [Figs. 7(b1)—(b2)],
when Qg < 2J2(x)k3, with the increasing of x, the stable
phase II collapses due to attractive interspecies interac-
tion. At the same time, with the increasing of g, the
region of stable phase II decreases and the collapse
induced by attractive interspecies interaction occurs at a
smaller y for the fixed k. In addition, in these two cases,
the strong harmonic potential results in the collapse
region is increasing and the stable phase I or phase II

Collapse

1 T T T T T
00 05 1.0 15 20 0.5 1.0
4 4

Fig. 7 Stability diagram in y—ko plane with different inter-
atomic interactions. Here w =0.1 for the left column and
w=0.5 for the right column, and the top row for g = —15,
g12 = 180 and the bottom row for g = 50, g12 = —150.

region is decreasing.

When the harmonic potential is ignored (i.e., the trap-
ping frequency w = 0), the ground state energy functional
Eq. (13) with Eq. (14) satisfies 0°E/0R? =0. That is,
the stability condition 9?E/OR? >0 is not satisfied, a
stable self-bound state in free space cannot be formed.
However, as discussed in Refs. [52-54], in the one-dimen-
sional spin—orbit-coupled system with Lee—-Huang—Yang
correction, a self-bound supersolid stripe phase and a
zero-minimum droplet state in free space can exist.

6 The collapse dynamics

In the previous section, we have studied the ground-
state phase transition and collapse stability of BECs
with tunable SO coupling in the harmonic potential.
Now we investigate how does the periodic driving of RC
affect the collapse dynamic properties of the system, to
be specific, the effect of the periodic driving strength y
on the collapse time and collapse velocity is studied. In
addition, the variational approximation is confirmed by
numerical simulation of G-P equation.

6.1  The variational analysis

In order to investigate the collapse dynamics by variational
method, we apply the following Gaussian trial wave
function

<z;>_\/217r1%'<eigm )

2 .
xexp(—erz—l—ik-r—i-lBW),
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with the variational rate of the wave packet width 3 and
the phase difference between the two pseudo-spin states
¢. Upon substituting the trial wave function into the
Lagrangian £ = [[(i/2)(®*® — &*®) — &*(Hy + Hype)®]dr,
one can obtain:

1. 1.
__z Zsd — 29
£ QR,B 25¢ E, (29)

1
E :§(k§ + ki 4+ k§ + w?R? + R*B%) — Jo(X)kokqs

1 g+ g2 5*(g— qi2)[1 + Jo(2x)]
+ 2R2 + STR? + 167 R2
Qo
—3 1 — s2cos @, (30)

where E represents the mean-field energy functional of
the system.
Applying the Euler-Lagrangian equations 0£/dq;—

d(0£/0¢;)/dt =0, where the variational parameters
¢ = {ks, ky, R, B, 5,4}, and we can obtain:
(kxa ky) = (JO(X)k0$7O)7 (31)
$=QpV1—s?sing, (32)

h= _(2+6J0(20))(9 — g12) | Qo cos ¢
¢ = s [2k3J3(x) T el
(33)

{34 Jo(2x) — [1 4 3J0(2x)]5* }g12
167 R3

5= (20 +[1+340(20)]5°}g

16T R3 '

R=R°—Ww’R+

(34)

Egs. (32)—(33) represent the spin dynamics of the
system, while the breathing behavior of the BECs can be
described by Eq. (34). Obviously, the spin dynamics and
breathing dynamics are strongly coupled, which depends
on SO coupling, RC and interatomic interaction, and
can be adjusted by the periodic driving of RC. The
collapse dynamics of the BECs can be controlled by
manipulating the effective SO coupling strength Jy(x)ko
and interatomic interaction through the periodic driving
of RC. When the wave packet width decreases to zero in
a limited time, the collapse occurs and the BECs are
unstable, otherwise, the BECs are stable in phase I or
phase II.

The collapse dynamic of the BECs is demonstrated in
Fig. 8, which describes the evolution of wave packet
width R over time ¢ under different harmonic potential
frequency w and the periodic driving strength y, where
the SO coupling strength is fixed. For the case of attractive
intraspecies interaction and Qg > 2J2(x)kZ [Figs. 8(al)—
(a2)], when x < x., the wave packet width decreases to
zero for a limited time, thus the BECs are unstable and
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Fig. 8 The time evolution of the wave packet width for
different y with the fixed Qo =2.0. (al, a2) for ko = 1.0,
g=—15 and gi» = 180, x = 0,0.5,1.0 corresponding to A1-A3
as marked in Fig. 6, respectively. (bl, b2) for k=20,
g=>50 and g2 = —150, x = 0,0.5,1.0 corresponding to B1-B3
as marked in Fig. 6, respectively. Here the left column for
w = 0.1 and the right column for w = 0.5.

the collapse occurs, where y. represents the critical value
of periodic driving strength between collapse and stable
ground-state [See Fig. 9]. When x > y., the wave packet
width always oscillates near the equilibrium state, thus
the BECs are stable and the system enters the stable
phase I or phase II. With the increasing of y, the
collapse time is prolonged and the collapse speed is
reduced, i.e., the collapsed BECs will be stabilized as y
increases. Moreover, when y increases to the critical
value ., the collapse time is significantly prolonged and
the BECs are stable. The lines with xy =0,0.5, and 1.0
respectively correspond to the points as marked by Al,
A2 and A3 in Fig. 6, which show that the dynamics
shown in Fig. 8(al) agree with the ground state stability
shown in Fig. 6. On the other hand, for the case of
attractive interspecies interaction and Qg < 2J2(x)k3
[Figs. 8(b1)—(b2)], when x < x., the wave packet width
R is a finite value and the BECs are always stable; when
X > X, the wave packet width decreases to zero in a
finite time, and the BECs collapse. With the increasing
of x, the collapse time is shortened and the collapse
speed is accelerated, i.e., the stable BECs collapses grad-
ually as x increases. As x increases to the critical value
Ye, the stable condensates begins to collapse. The lines
with y =0,0.5, and 1.0 respectively correspond to the
points as marked by Bl, B2 and B3 in Fig. 6, which
show that the dynamics shown in Fig. 8(bl) agree with
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the ground state stability shown in Fig. 6. In addition,
for both attractive intraspecies and interspecies interac-
tions, the strong harmonic potential decreases the
collapse time and accelerates the collapse speed. Thus,
in the experiment, the collapse time and collapse speed
of the BECs can be controlled by the periodic driving
strength .

Figure 9 describes how the collapse threshold y. is
affected by the SO coupling strength kg, RC constant €
and harmonic potential, i.e., the trapping frequency of
transverse plane w. For attractive intraspecies interac-
tion, with the increasing of RC constant Qg [Fig. 9(al)]
or the decreasing of SO coupling strength ky [Fig. 9(a2)],
the collapse time is prolonged and the collapse velocity
is reduced, and with a smaller critical y. can stabilize
the collapsed BECs and make it enter phase I. On the
other hand, for attractive interspecies interaction, the
critical y. decreases with the increasing of RC constant
Qo [Fig. 9(b1)] and x. increases with the increasing of
SO coupling strength k [Fig. 9(b2)]; thus the strong SO
coupling strength k, transforms the collapsed BECs into
the stable phase II; meanwhile, the collapse time is grad-
ually shortened and the collapse speed is accelerated as
the decreasing of kg or the increasing of Q4. In addition,
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50 50
(@l) k=10 ' | 1) k=20 ! I
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Fig. 9 The critical collapse time t. versus y for different
phases by means of the variational method. The vertical
black dot lines represent the values of x.. Here the left
column for g = —15, g1> = 180 and the right column for g = 50,
giz2 = —150.

as the increasing of w, the critical value y. increases for
attractive intraspecies interaction case [Fig. 9(a3)] and
X. decreases for attractive interspecies interaction [Fig.
9(b3)]. In both cases, the increasing of w shorten the
collapse time gradually, which leads to the larger
collapse speed, i.e., the collapse more easily takes place.

In short, our analysis provides a theoretical guidance
for real-time manipulation of the collapse dynamics in
the experiments.

6.2  The numerical simulation

In order to confirm the variational approximation, the
fourth-order Runge-Kutta method is used for numerical
simulation of the original G-P equation, i.e., Egs. (1)
—(4). In the simulation, the modulation frequency of
periodic driving of RC wgr = 20 is fixed; thus the periodic
driving strength of RC x =0,0.5,1.0 correspond to the
modulation amplitude Qg =0,10,20, respectively. As
shown in Fig. 10, we plot the dynamical evolution of the
wave packets. Figs. 10(al)—(a3) correspond to the points
as marked by A1-A3 in Figs. 6(al)—(a3), respectively;
and Figs. 10(b1)—(b3) correspond to the points as
marked by B1-B3 in Figs. 6(b1)-(b3), respectively.
When Qq > 2J2(x)kZ [Figs. 10(al)—(a3)], with the increasing
of x, the collapse [Fig. 10(al)] caused by attractive
intraspecies interaction is stabilized, and then the
system enters the stable phase II [Fig. 10(a2)] and phase
I [Fig. 10(a3)], which are consistent with Figs. 6(al)—(a3)
and Fig. 7(al). When Qg < 2J2(x)k2 [Figs. 10(b1)-(b3)],
with the increasing of y, the stable phase II [Figs. 10(b1)
—(b2)] collapses [Fig. 6(b3)] due to the attractive inter-
species interaction, which is consistent with Figs. 6(b1)
—(b3) and Fig. 7(bl). Meanwhile, Fig. 10 is consistent
with the corresponding band structure in Fig. 1. In addi-
tion, the numerical results of the boundary between the
collapsed region and the stable region are represented by
red dots in Fig. 6, which is in good agreement with the
variational predicted boundary. Thus, theoretical predic-
tions are confirmed by these numerical results.

7 Conclusions

In conclusion, in two-dimensional harmonic potential, by
using the variational method and numerical simulation,
we have studied the phase transition, stability phase
diagrams and collapse dynamics of the BECs with
tunable SO coupling and the periodic driving of RC.
The effective time-independent Floquet Hamiltonian of
the BECs with tunable SO coupling and two-body inter-
actions is obtained by using the high frequency approxi-
mation in the external potential. And then, the Gaussian
wave function is selected to predict the analytical condi-
tions of the phase transition boundary and the stability
diagram of the BECs with tunable SO coupling by using
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Fig. 10 (al—a3) Dynamical evolution of the wave packets corresponding to the cases as marked by Al, A2 and A3 in Figs.
6(al)—(a3). (b1-b3) Dynamical evolution of the wave packets corresponding to the cases as marked by B1, B2 and B3 in Fig.

6(b1)-(b3).

the variational method. We find that the boundary
between spin-nonpolarized phase with zero momentum
(phase I) and spin-polarized phase with non-zero
momentum (phase II) can be controlled by varying the
periodic driving strength, which is more sensitive to
strong external trapping. Most importantly, in the BECs
with tunable SO coupling and external trapping poten-
tial, the stability phase diagram is obtained by the
variational method, and the mechanism of collapse
stability manipulated by periodic driving of RC is
clearly revealed. Furthermore, the collapse dynamics of

the BECs with tunable SO coupling can be controlled by
the periodic driving strength, which also depends on the
RC, SO coupling strength and external trapping poten-
tial. Finally, the variational approximation is confirmed
by numerical simulation of G-P equation. Notably, our
results provide theoretical guidance for manipulating the
ground-state stability and collapse dynamics of the SO
coupled BECs in real experiments.
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