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ABSTRACT

In this work, we study the entropic uncertainty and quantum discord in
two double-quantum-dot (DQD) system coupled via a transmission line
resonator (TLR). Explicitly, the dynamics of the systemic quantum correla-
tion and measured uncertainty are analysed with respect to a general X-
type state as the initial state. Interestingly, it is found that the different
parameters, including the eigenvalue a of the coherent state, detuning
amount 6, frequency w and the coupling constant g, have subtle effects on
the dynamics of the entropic uncertainty, such as the oscillation period of
the uncertainty. It is clear to reveal that the quantum discord and the
lower bound of the entropic uncertainty are anti-correlated when the
initial state of the system is the Werner-type state, while quantum discord
and the lower bound of the entropic uncertainty are not anti-correlated
when the initial state of the system is the Bell-diagonal state. Thereby, we
claim that the current investigation would provide an insight into the
entropic uncertainty and quantum correlation in DQDs system, and are
basically of importance to quantum precision measurement in practical
quantum information processing.
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where @ and R are two non-commutating observables.
Note that the lower bound of the relation depends on
the state of the system. In order to overcome this short-
coming, Deutsch [4] adopted the form of entropy to

1 Introduction

The uncertainty principle proposed by Heisenberg is of
epoch-making significance to the modern physics, which

more clearly distinguishes the difference between the
classical and quantum worlds. It has behaved an important
feature of quantum mechanics [1]. The uncertainty prin-
ciple tells us that we cannot determine the quantity of
momentum and position at the same time. Kennard [2]
firstly formulated the uncertainty principle in the form
of standard deviation. Later, Robertson [3] derived an
uncertainty relation which is applicable to any pair of
noncommutative observables, namely,
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describe the uncertainty relation (EUR). Kraus [5],
Maassen and Uffink [6] subsequently improved Deutsch’s
uncertainty relation as follows:

H(Q)+ H(R) > —logy ¢ = dmu, (2)

where H (X)=—3",p;log,p; is the Shannon entropy of
the measured observables X ¢ (Q,R) and p; = (X; |p| X;)
is the probability of the outcome i, ¢ = max;;|(Q;|R;)|? is
maximal overlap of Q and R, |Q;) and |R;) correspond to
the eigenvectors of Q and R, respectively. Obviously, the
lower bound of the inequality is state-independent and
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related to the measurement selection.

In 2009, Renes and Boileau [7] proposed a new
entropic uncertainty relation when there is a quantum
memory particle. Later, Berta [8] improved Renes
et al.’s uncertainty relation with respect to two particles,
which can be called the quantum-memory-assisted
entropic uncertainty relation (QMA-EUR). Typically,
this relation can be explained by a kind of guessing
game: there are two participants Alice and Bob, Bob
prepares an entangled particle pair (4 and B), the particle
A is sent to Alice, and the B is used as quantum
memory. After Alice receives A, she randomly chooses Q
or R to measure A and attains a measurement result k,
and then tells Bob her measurement’s choice. In final,
Bob’s task is to minimize uncertainty to predict Alice’s
measurement, results, relying on the bound of QMA-
EUR. Mathematically, this relation can be expressed as
(9]

S(Q|B) + S(R|B) > —log, ¢+ S (A| B), (3)

where S(Q|B) = S(Pgp) — S (Pp) represents the conditional
von Neumann entropy of post-measurement state with
PoB = 2 (1Qi) 4(Qil ®T5)pan(1Qi) 4(Qil ® 1), likewise for
Prp- And S(A|B) = S(pap)—S(rp) denotes the condi-
tional von Neumann entropy of systemic density operator
S (Pap) = —Tr(Paplogy Pap) With pg = Tra (Pap). According
to the QMA-EUR, one can obtain some interesting
results as follows: (i) if the conditional von Neumann
entropy S ( A| B) becomes negative, it means that particles
A and B are entangled. When they are at the maximum
entanglement, the conditional von Neumann entropy
will become S (A|B)= —log,d, in this case, the lower
bound of the Eq. (3) is zero, in other words, Bob can
accurately predict Alice’s measurement results. There-
fore, whether the conditional von Neumann entropy is
negative can be considered as a good criterion of quantum
entanglement. (ii) If the memory particle B is not
present, Eq. (3) will be reduced to S(Q)+ S(R)>
—log, ¢+ S (A). Because of S (A) > 0, this result provides
a new lower bound which is tighter than Maassen and
Uffink’s result. Besides, there are much efforts to
contribute to QMA-EUR in theoretical [10- 24] and
experimental [25-29] aspects.

Explorations on quantum dots can originate in the
1970s in order to solve the energy crisis. With the
continuous in-depth research on quantum dots, there
have yielded already many applications, such as lasers
[30, 31], light emitting diodes [32, 33], and medicine.
Especially, attributing to its relatively long spin coherence
time and high controllability, the double quantum dots
(DQD) system [35-40] is practically applicable and have
been focused widely. On the other hand, the quantum
bus function of a transmission line resonator (TLR)
[41-45] has also attracted much attention, and some
methods of using TLR to achieve electronically controllable
tunnel coupling in quantum dots have been proposed

[46—49]. Afterwards, Wu et al. [50] explored the dynamic
evolution of entanglement correlation and discord corre-
lation when the two DQDs and TLR are prepared in
Bell-diagonal and the coherent states. Abdel-Khalek et
al. [51] studied the relationship between the fidelity,
quantum coherence and Bell non-locality when the
initial state of this system is the Werner-type state.
Noteworthily, there have exhibited some latest efforts on
contributing to quantum dots [52— 54]. However, the
dynamic evolution of the uncertainty and quantum
correlation of the two DQDs system after the measurement
has not been studied. Based on this, the aim of this
paper is to reveal the dynamic characteristics of the
systemic correlation and measurement uncertainty.

The structure of this paper is arranged as follows. In
Section 2, we briefly introduce the two DQD-TLR model
in detail. In Section 3, we analyze the entropic uncertainty
and quantum discord of the system with the different
initial states. Finally, a brief summary is given in
Section 4.

2 Physical model of DQD-TLR system

In this section, we consider a scenario where the
combined system is composed of two DQDs with two
electrons and a TLR. In each DQD, two electrons can
enter adjacent quantum dots due to tunneling coupling,
as shown in Fig. 1. The Hamiltonian of the system can
be written as [49, 55-57]

Hp =Es|511) (S11| + (Ao + Es) [So2) (Soz|
+ 9p ppBe (|TH) (T = |TH) (T1))
+ B |TY) (TR ] + t(|S11) (Soz| 4 1S02) (S11l) »
(4)

on the basis of two electrons singlet-triplet states and

Fig. 1 Schematic of a system consisting of two DQDs and
TLR. L denotes the length of the TLR. The two DQDs are
labeled as 1 and 2, which positions are located at L/4 and
3L/4 of the TLR respectively, with the external potentials AJ.
The distance between the two quantum dots is r, which is
same as that from one of quantum dots to the nearest TLR.

61504-2

Long-Yu Cheng, et al., Front. Phys. 17(6), 61504 (2022)



RESEARCH ARTICLE

FRONTIERS OF PHYSICS f P

the quantization axis in the zdirection, where

1

|S11) = NG (101) —[10)), {wa = [00),
oy _ L -\ _

|Th) = V/é(|01>+|10>),|T11>r|11>

are singlet-triplet states of two electron spins in a DQD
system. |Sps) describes the state in which an electron in a
D@D tunneling from one quantum dot to the other, and
the two electrons are in a quantum dot at the same time.
It should be noted that the subscripts n, and n; of these
states represent the numbers of electrons in the quantum
dot, namely, (n,,n;). The role of tunneling ¢ is to couple
the |S11) to the |Sp2). Es and Er are the energy of the
|S11) and |T7;) states, respectively. A, is the energy
difference between |S1;) and |Spp). B. is the external
magnetic field, pp is the Bohr magneton and gg denotes
the electron spin g-factor.

Canonically, the Hamiltonian of TLR can be
expressed as
T =hwr¢l ¢, (5)

where wy is the frequency of the TLR, and ¢' (¢) is the
creation (annihilation) operator.

Generally, the effective Hamiltonian of the system can
be given by [50, 51]

2
I g* 1\] .
HPff :MT¢T¢+§ E |:LU]+25 <¢T¢+2>:|0'j
j=1 /

th (61 + 52)
T (cho? +ola?),

(6)
where the effective coupling constant g = elo, [her
‘T11> (S11|- If the spin qubits
are strongly detuned, that is, |4 = |w; —wr|> g,
wj = (B% — Br)/h, and o3 =[S1); (Su| - |T101> (19| The
last term of the above equatlon descrlbes the Commutative
state of DQD interacting with TLR.

ol = |Su), (1| and o7

3 Dynamical characteristics of quantum
correlation and measurement
uncertainty for DQD-TLR model

In this section, to probe quantum correlation and
measurement uncertainty for DQD-TLR model, we have

2
H=hY Qjo; —hx(clo® +0l0}), (7)

when considering the case of DQD interacting with TLR.

We here label the first and second DQDs as A and B.
We first assume that the initial state of this system is X-
type state, which can be expressed as

P11 0 0  Pua
0 P2 P23 O
0) = 8
p(0) 0 P32 P33 O (8)
Pyt O 0 P

If the initial state of TLR is a coherent state with the
form of

ir (0)) = la)g = e~ %1aP 5 5; n),

consequently, the reduced density matrix of the system
at time ¢ is given as

pir 0 0 py
_ 0 paa paz O
p (t) - ~O ’ﬁ32 1’533 0 ] (10)
Pa1 0 0 P44
with
pra =prae? @+ /0)texy [*|0z|2(1 ~ e4i92t/5)] 7
oz = L 2ig2t /5
P22 =5 (p22 + pas) + 1 (P22 + pas — p32 — p33) €
_92ig2
+ - 4 (p22 — P23 + P32 — p33>e 2ig t/§’
p L L 2ig2t/s§
P23 =3 (p23 + p32) + 1 (paz + pas — psa2 — p33) €
1 o
+ 4 ( P22 +023 — P32 +p33)e 2ig t/‘s7
~ 1 1 L,
P52 =y (p2s + ps2) T (—paz — pas + psz + pss) €9 /7
1 s
+ 4 (p22 _P23 "1‘,032 —p33)e 2ig t/(s’
_ 1 1 sig?t/s
P33 =3 (p22 + p33) +Z (—p22 — pa3 + p3a + p33) e
1 s
+ - 1 (—pag + p23 — p32 + p33) e 2ig t/(s7
par =pae 24 texp [ |2 (1 — e—4i92t/5)] .
(11)

In what follows, we will discuss the two cases where the
initial states of the two DQDs are Werner-type and Bell-
diagonal states, respectively.

3.1  Werner-type state

The density matrix of the initial state of the system is
the Werner-type state defined by

With the inter-qubit coupling [w; + 2" T+ 1)), the p
9%(81482) [ ’ (¢ o )} ( ) p|5> </3| + I[4><4a (12)
qubit-TLR coupling xy = e ,and the number operator
of the TLR is N = ¢' ¢. where |8) = 25 (|00) + |11>) and 0<p<1.
Long-Yu Cheng, et al., Front. Phys. 17(6), 61504 (2022) 61504-3
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14p 0 0 a (@) 1.85 (b) 1.5
1 0 1—-p 0 0 1.80 1.80
PanB <t)_1 0 0 1—-p 0 ;o (13) 175 175
a* 0 0 1+p 1.70 1.70
1.65 1.65
with the a = 2pe?(+9"/9) exp [—Iocl2 (1 - e4i92t/5>]. 1.60 1.60
Here, by means of two incompatible Pauli operators 0 2 L: 6 8 0 2 L,‘ 6 8
6. and &, the post-measurement states of subsystem A
(¢) 1.85 (d) 1.85
can be expressed as
1.801 ™ 1.80 7\\ -
N i NP\ gad 1751 | 1.75 ‘
pr:Zi(Uw>A<U;|®]IB)pAB(|U;>A<U;|®HB)’ 1701 | > 170 ﬂ / ‘ / \/
~ 7 ~ 7 ~J ~J 1.651/ 1.65
pen =2 (162) 4621 ©T5)pan (61) ,(61 | ©T5). ol o
0 2 4 6 8 0 2 4 6
(14) ) ;

In the above formula, |6 ) and |67 ) represent the eigenstates
of 6, and &, respectively. Therefore, the left-hand side
of Eq. (3) will become

UL =S (pzB) + S (p.8) — 25 (pB)

with the von Neumann entropy S(p.p)=—3; A log, \i-
Meanwhile, we have that the right-hand side of Eq. (3)
is equal to

Ur =S (paB) — S (pp) + 1.

(15)

(16)

In order to explore the dynamic characteristics of the
uncertainty of the system, we observe the variation
curves of the uncertainty U and time ¢ under different
parameters which include eigenvalue « of the coherent
state, detuning §, frequency w and the coupling constant
g.

Figure 2 shows the dynamic characteristics of
measured uncertainty U in the DQD-TLR model. As
shown in Fig. 2(a), one can observe that the oscillation
period of U does not change with the growing of the
coherent-state eigenvalue a. While, in the same period,
the range of the uncertainty reaching peak value is
larger with the increasing «. This indicates that the
increase of o will induce the inflation of the uncertainty.
What’s interesting is that, by increasing the parameter §,
one can find in Fig. 2(b) that the oscillation period of U
also changes, that is, the larger §, the smaller oscillation
period of U. It is worth noting that in Fig. 2(c), the
variation of U is identical with respect to different w,
that is to say, the dynamics of the uncertainty of interest
is immune to w. Different from §, the oscillation period
of U keeps decreasing as g increases as shown in Fig.
2(d). Therefore, we can conclude that, in addition to the
frequency w, changes in the magnitude of the coherent-
state eigenvalue «a, the detuning § and the coupling
constant g will result in changes in uncertainty.

In order to interpret the nature of the dynamics of the
uncertainty, we turn to investigate the evolution of the
systemic quantum correlations, which can be quantified
by quantum discord (QD). Generally, the quantum
discord (QD) is defined as

Q(Pap)=1(A:B)—C(paB), (17)

Fig. 2 The entropic uncertainty U with respect to time ¢
in the case of the different eigenvalues o of the coherent
state, detuning §, frequency w and the coupling constant g.
(a) a=1 (red solid line), =2 (black solid line), a =3
(green solid line), with w=1,=1and g=1. (b) §=0.5 (red
solid line), 6 =1 (black solid line), § = 1.5 (green solid line),
with w=1, a=1, g=1 (¢) w=0 (red solid line), w=2
(black solid line), w =5 (green solid line), with § =1, a =1,
g=1 (d) g=0.7 (red solid line), g=1 (black solid line),
g = 1.3 (green solid line) with w=1, §=1, a=1. And p=10.5
is set for all plotted.

where the mutual information I(A4:B)=S5(pa)+
S (pp) — S (pap) indicates the total correlation of the
system, and the classical correlation is

C(pap) = max |S(Pa) = Srgay (Pas)|, (18
{Hj}[ {5’} } (18)

where ﬁ;‘ represents the positive operator-valued
measure (POVM) acting on subsystem A, and the condi-
tional entropy after the measurement of the subsystem

A s S{ty (Pas) =22, P58 (pg). The reduced density
matrix after the POVM measurement of subsystem 4 is
Py = LT [(ﬁ;‘ ® ]IB> pAB (ﬁ;‘ ® ]IB)] with the post-
measurement corresponding probability p;.

Combining Egs. (3), (17) and (18), the intrinsic relation

between the bound of the measured uncertainty and QD
can be derived as

Ur = log, % + {fli_lli},l} [S{ﬁ;‘} (pAIB)} —Q(pan)-
J (19)

Therefore, we draw the QD and lower bound (Ug) of the
entropic uncertainty with respect to t for different
parameters, as shown in Fig. 3. Obviously, one can find
that Ug and QD exhibit a complete anti-correlation rela-
tionship, which is essentially in agreement with the
outcome from Eq. (19). Of course, the bound is determined
by both QD and the minimal conditional entropy
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{mﬂ}n} [S{ﬁ;\} (pA\B)]7 which implies QD and the minimal
conditional entropy exist the natural competition. Based
on these, we are able to infer that QD plays a leading
role in this scenario. More specifically, it is obvious that
the oscillation periods of Uz and QD do not change as «
increases from Fig. 3(a). In Fig. 3(b), the oscillation
periods of Ur and QD increases significantly with the
increase of §, which means that the change of § has a
significant impact on the uncertainty. It is worth noting
that w is insensitive to the variation trend of U and QD
shown as Fig. 3(c). In sharp contrast to §, the oscillation
periods of Ui and QD decrease with the increase of ¢ in
Fig. 3(d).

3.2 Bell-diagonal state

Consider that the initial state of the system is the Bell-
diagonal state which is defined as

1 3 i o i
p(0) = 1 (]IAB +Zi:1 cioYy ®0’B> ,

where ¢; (0 < |¢;| < 1) are real numbers satisfying the unit
trace and positivity conditions of the density operator.
When the TLR is prepared in the coherent state, one
could derive the final state of the system as

(20)

1+es 0 0 Co
_1 0 1—c3 c1+eco 0
Pas (1) = 4 0 c+ec 1—c3 0 ’
s 0 0 14c5

(21)

where ¢y = (1 — ¢2) ezi(w+gz/5)texp [7|a|2 (1 _ e4ig2t/5)}_

(@ 2.0 () 2.0
NV VY
13 — =1 1.5 )
T -- 0=0.5
2> 1.0 _Zzz 5 1.0 e 2
__a:% —- o=1
" T L
0.0 N Y N Y 0.0 SSRGS
02 0 Y0 2 4 6 8
' t
(©) 20 @ 20
1.5 > X 'giéz
1.0 510 = g;{
- g=
02 0.5 s
0.0 ) 0.0 WL N AN AR

0 2 4 6 8
t t

Fig. 3 The lower bound (Ug) of the entropic uncertainty
and quantum discord (QD) as a function of time ¢. The solid
lines represent Ug, and the dashed lines represent QD.
(a) Ug and QD vs. time ¢t for w=1, §=1and g=1. (b) Ugr
and QD vs. time ¢ for w=1, a=1 and g = 1. (¢) Ur and QD
vs. time ¢t for § =1, a =1 and g = 1. (d) Ug and QD vs. time
t for w=1, §=1 and a=1. All results are plotted with
p=0.5.

After similar calculation processing, the time evolution
of the entropic uncertainty and QD in this system has
been shown in Fig. 4 and Fig. 5, respectively.

As shown in Fig. 4(a), with the increase of «, the
oscillation period of the entropic uncertainty U obviously
decreases, and when o is smaller, the oscillation of U
becomes more chaotic. Different from «, as plotted in
Fig. 4(b), the larger ¢ is, the oscillation period of U
increases. Interestingly, in Fig. 4(c), the oscillation
period of time evolution of the entropic uncertainty does
not change with the increase of w. What is more interesting
is that the change curves of U in 4(d) are consistent
with that in 4(a), that is to say, in this case, the influences
of o and g on U are roughly same.

Figure 5 depicts the time evolution of Ug and
QD with respect to t. Interestingly, Ur does not
show a completely anti-correlation relationship with
QD, this is conditional

min{ﬁj‘} [S{HJA} (pA‘B)} jointly determine the bound,

due to minimal entropy

which means that there is competition between them in
nature. Based on these, we can infer that minimal condi-

tional entropy min{ﬁg} [s{ﬁé} (pAlB)] plays a leading role

in this scenario. As shown in Fig. 5(a), the oscillation
period of Uy is identical to QD, and the varying o does
not change their periods. For Fig. 5(b), the evolution of
Ugr and QD with respect to time ¢ both exhibit periodic
changes, with the increase of §, the oscillation periods of
the both will become larger, while their periods are not
the same. As shown in Fig. 5(c), the change of w is

@5 ®)y01

1.8 184/

1.6 164

>4 | >4

12 12

1.0 1.0

0 2 4 6 8 0 2 4 6 8

t t

© 20 2.0 N

18 1.8
i Tt

16 | \f\/ L 16 1 '

1.4 1.4 \ 1

12 12 U | U

1.0 1.0

Fig. 4 The entropic uncertainty U with respect to time ¢
in the case of the different eigenvalues a of the coherent
state, detuning §, frequency w and the coupling constant g.
(a) a=1 (red solid line), a=2 (black solid line), a =3
(green solid line), with w=1,6=1and g=1. (b) § =0.5 (red
solid line), 6§ =1 (black solid line), § = 1.5 (green solid line),
with w=1, a=1, g=1 () w=0 (red solid line), w=2
(black solid line), w =5 (green solid line), with § =1, a =1,
g=1 (d) g=0.7 (red solid line), g=1 (black solid line),
g =13 (green solid line), with w=1, §=1, a=1. p=0.5 is
set for all plotted.
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Fig. 5 The lower bound (Ug) of the entropic uncertainty
and quantum discord (QD) as a function of time ¢. The solid
lines represent Ug, and the dashed lines represent QD.
(a) Ur and QD vs. time ¢ for w=1, =1 and g=1. (b) Ugr
and QD vs. time ¢t for w=1, a =1 and g = 1. (¢) Ur and QD
vs. time ¢t for § =1, a =1 and g = 1. (d) Ug and QD vs. time
t for w=1, §=1 and a=1. All results are plotted with
p=0.5.

insensitive to the time evolution of Uz and own a slight
influence on the variation trend of QD. The oscillation
period of QD does not change with the variation of w.
Different from 4, the increase of g leads to the decrease
the oscillation periods of Up and QD.

4 Conclusions and remarks

In this work, we have examined the entropic uncertainty
and quantum discord of DQD-TLR system in the case
that the initial states are Werner-type state and Bell-
diagonal state, respectively. Comparing the dynamics, it
has been found that the dynamic evolution of the latter
is more complicated. When the initial state of the
system is the Werner-type state, different parameters
will exhibit different effects on the time evolution of the
entropic uncertainty. The lower bound of the entropic
uncertainty and quantum discord innately are character-
ized by anti-correlation relationship, because QD plays a
prominent role in determining the bound. With regard
to the case of the Bell-diagonal state as the initial state
of the system, it is interesting that the lower bound of
entropic uncertainty and quantum discord do not show
an anti-correlation relationship, this may be because
that the minimal conditional entropy becomes a dominant
role in determining the magnitude of the uncertainty.
To sum up, the current observation offers insight into
the dynamics of the quantum correlation and the
measured uncertainty in DQD systems, and would be of
fundamental importance to perspective quantum infor-
mation processing in quantum-dot-based frameworks.
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