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ABSTRACT

Asymmetric mode transformation in waveguide is of great significance for
on-chip  integrated  devices  with  one-way  effect,  while  it  is  challenging  to
achieve asymmetric nonlinear-mode-conversion (NMC) due to the limita-
tions imposed by phase-matching. In this work, we theoretically proposed
a  new  scheme  for  realizing  asymmetric  NMC  by  combining  frequency-
doubling  process  and  periodic PT symmetric  modulation  in  an  optical
waveguide.  By  engineering  the  one-way  momentum  from PT symmetric
modulation,  we  have  demonstrated  the  unidirectional  conversion  from
pump to second harmonic with desired guided modes. Our findings offer
new  opportunities  for  manipulating  nonlinear  optical  fields  with PT
symmetry, which could further boost more exploration on on-chip nonlin-
ear devices assisted by non-Hermitian optics.

Keywords  nonlinear mode conversion, meta-grating, PT symmetry, opti-
cal waveguide

 

1   Introduction

n (y) = n∗(−y)

Owing  to  the  abundance  of  non-conservative  processes
in  optical  fields,  the  concept  of  parity–time  (PT)
symmetry,  first  proposed  in  quantum  mechanics  [1, 2],
has been introduced into photonics and attracted consid-
erable attentions in recent years [3, 4]. By implementing
optical PT symmetry  with  refractive  index  profile

,  varieties  of  intriguing  phenomena  have
been  discovered  in  various  optical  systems  [5–18],  such
as  optical  waveguides  [5–7],  lasers  [8–10],  optical
resonators  [11–14],  dissimilar  antenna-type  resonators
[15, 16]. The concept of PT symmetry is further developed
as non-Hermitian optics [19], in which spatially engineering

∆n = ρ1cos (qy) + iρ2sin (qy)
ρ1 = ρ2

gain  and/or  loss  are  considered  to  manipulate  optical
fields.  In  particular,  much  attention  has  been  taken  in
the non-Hermitian modulation with a periodical refractive
index ,  which  enables  a  one-
way  momentum  at  the  exceptional  point  with .
Utilizing  this  unique  property  in  active/passive  optical
systems,  many  interesting  wave  phenomena  and  novel
applications [19–31] have been investigated, for instance,
non-reciprocal  light  propagation  [20–24],  unidirectional
invisibility [25–27], asymmetric diffraction [28]. While all
these prior arts developed from the one-way momentum
are largely locked in linear waves, and it is significant to
introduce  them into  nonlinear  optics,  which  could  offer
new paradigms to explore new nonlinear effects, such as
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one-way  second  harmonic  (SH)  generation,  and  mode-
convertor.

As  known,  the  key  issue  of  nonlinear  interactions
within waveguide (e.g.,  LiNbO3 (LN) waveguide) is  the
momentum (phase) mismatch, resulting from dispersions
both in materials and guided modes. The most common
way to  solve  such  a  problem is  employing  poled  quasi-
phase-matching structures [32, 33], which can compensate
for the momentum mismatch between fundamental wave
(FW) and SH modes. Although some other ways [34, 35]
have been proposed to realize  the momentum match in
the process of nonlinear interactions, all these structures
therein are impossible to realize asymmetric performance
for  nonlinear-mode-conversion  (NMC),  i.e.,  FW  to  SH.
Here  we  proposed  and  demonstrated  a  new  way  for
achieving  NMC  with  asymmetric  response  in  a  LN
waveguide with PT symmetry. The underlying mechanism
lies in that the frequency-doubling process in the waveguide
is  designed  to  obtain  the  higher-mode  of  SH  from  the
fundamental mode of FW and then unidirectional mode
conversion  from  the  higher-mode  to  the  fundamental
mode  of  SH  is  generated  by  the  one-way  momentum
from PT symmetry. This work may open up a new way

to obtain SH generator and expands the current capabilities
of nonlinear devices. 

2   The model of asymmetric NMC

∆ϵ (y) = cos (qy) + isin (qy)

ϵr

ϵ (y) = ϵr +∆ϵ (y)

Λ

ξ (y) = eiqy q = 2π/Λ

q

Figure 1(a) schematically shows our considered structure,
which is comprised of a single z-cut LN film layer and a
buried  SiO2 layer  underneath  LN  film.  Periodically
arranged  optical  potentials ,
along the light propagation in the y direction, are imple-
mented on the LN waveguide with dielectric constant .
To  be  exact,  the  LN  waveguide  is  in  possession  of  a
perturbative PT symmetry profile, i.e., .
Such  a  periodically  active  and  passive  modulations  can
form a long-period grating with a period of . This type
of periodic modulation will possess a y-dependent pertur-
bation  function  where ,  and  here  we
set the origin as the starting point of the initial modulation
period. Obviously from its Fourier transform, a unidirec-
tional  wave-vector  (momentum)  can  be  introduced
along y-direction,  which  can  interact  with  the  guided
modes in LN film. Utilizing this feature, it is feasible to

 
Λ

∆ϵ (y) = cos (qy) + isin (qy)
q

TM2ω
2

Fig. 1  (a) The schematic configuration of asymmetric NMC. Active and passive modulations taking a period of ,  with
, are applied on the LN waveguide layer with a thickness of d = 1.01 μm, giving rise to a one-way

wave-vector  along y direction. (b) The mode dispersions in LN waveguide for FW (from 0.8 μm to 1.6 μm) and the corresponding
SH. There is only one intersection at about 1.064 μm that is a probable FW wavelength to realize phase-matched frequency-
doubling  process. (c) Forward  and  backward  phase-matching  conditions  induced  by PT symmetry  for  mode  in  the
dispersion diagram of SH. (d) The sketch map of entire process of the asymmetric NMC only for forward-propagation, can
two FW photons (0th order mode) be transformed into one SH photon (0th order mode) via the coupling between the interactions
resulting from nonlinearity and PT symmetry.
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obtain  unidirectional  conversion  from  FW  to  SH  with
desired  guided  modes  by  devising  specific  nonlinear
interactions and modulation periods in the waveguide.

TM2ω
2

TMω
0 ⇒ TM2ω

0

β2ω
2 + q = β2ω

0 β2ω
i (i = 0, 1, 2, . . . )

TM2ω
2

TM2ω
0

β2ω
2

β2ω
2 − q

q

TM2ω
2

Besides  the  one-way  wave-vector,  another  critical
issue is to realize pronounced frequency-doubling process
for  efficient  nonlinear  mode  transformation.  We  show
the  mode  dispersions  of  FW  (wavelength  regime  from
0.8  μm to  1.6  μm)  and  SH  (0.4  to  0.8  μm)  of  the  LN
waveguide in Fig. 1(b), where the waveguide parameters
are 1.01  μm  and  10  μm  respectively  for  LN  film  and
SiO2 layer. Note that TM (electric field along z-polariza-
tion) waves are just considered here in order to exploit
the largest nonlinear coefficient d33 of LN crystal. There
is  only  one  intersection  point  at  FW of  1.064  μm (the
green point in Fig. 1(b)) among distinct dispersion lines.
This  point  is  exactly  the  phase-matching  point  that
allows  to  achieve  considerable  (2nd order  of  SH
mode). Since the effective refractive index of FW mode
remains  lower  than  that  of  SH  mode  for  the  identical
order, it is of great difficulty to realize efficient conversion
of  directly, either by regulating waveguide
parameters  [34, 35],  or  assisted  by  meta-surface  [36].
However in our scenario, if the generated SH wave satisfies

,  where  represents  the
propagation constant of  the ith order of  SH mode,  then
the  mode of forward propagation can be converted
into  the  mode  (see  the  right  part  of Fig.  1(c)).
While  for  backward  propagation,  as  shown  in  the  left
part of Fig. 1(c),  may be transmitted to the spatial
frequency of ,  which is  in  the  non-guided region
of waveguide in our case. Accordingly,  has no influence
on the  mode of backward propagation.

∆β = 0 TMω
0

TM2ω
2

TM2ω
2

TM2ω
0 q

q

TM2ω
2

The  overall  process  of  asymmetric  NMC  could  be
understood from in Fig. 1(d). Owing to phase matching

, two FW photons of  mode are combined to
generate  directly  one  SH  photon  of  mode,  inde-
pendent  of  the  propagation  direction.  For  the  forward
process, the SH photon of  mode will be converted
into  mode  via  the  additional  wave-vector  from
PT symmetry.  While  for  the  backward  case,  the  wave-
vector  cannot be involved in the interaction, the phase-
matching  is  unable  and  then  the  mode  of  SH
photon is unchanged. 

3   Results and discussion

To  well  simulate  the  whole  interactions,  an  approach
analogous  to  the  split-step  Fourier  method  has  been
employed.  In  propagating  over  a  small  distance,  the
nonlinear  frequency  conversion  and PT induced  mode
conversion can be assumed to act independently for the
optical  field,  while  they  act  together  along  the  whole
length  of  waveguide.  Consequently,  the  dynamics  of
nonlinear interaction can be derived as

dAω
0

dy
=

iω
Neff2ω

0 c

[
κ0
1A

2ω
0 (Aω

0 )
∗ · e−i∆β0y

+κ2
1A

2ω
2 (Aω

0 )
∗ · e−i∆β2y

]
,

(1)

dA2ω
0

dy
=

iω
Neff2ω

0 c

(
κ0
2(A

ω
0 )

2 · ei∆β0y
)
, (2)

dA2ω
2

dy
=

iω
Neff2ω

2 c

(
κ2
2(A

ω
0 )

2 · ei∆β2y
)
, (3)

A
ω(2ω)
n

Neffω(2ω)
n

ω

κ
0(2)
1 κ

0(2)
2

where  represents the amplitude of the nth order of
FW  (SH)  mode;  represents  the  effective
refractive index of the nth order of FW (SH) mode;  is
the circular frequency of FW; and  are nonlinear
coupling coefficients and can be expressed as

κ
0(2)
1 =

∫
(Eω

0 (z))
∗ · χ(2) : E2ω

0(2) (z) (E
ω
0 (z))

∗dz∫
Eω

0 (z) · (Eω
0 (z))

∗dz
, (4)

κ
0(2)
2 =

∫ (
E2ω

0(2) (z)
)∗

· χ(2) : Eω
0 (z)Eω

0 (z) dz∫
E2ω

0(2) (z) ·
(
E2ω

0(2) (z)
)∗

dz
, (5)

E
ω(2ω)
n

χ(2)

∆βj

in which  represents the transverse field distribution
of the nth order of FW (SH) mode and  is nonlinear
susceptibility tensor;  is the momentum mismatch of
the nonlinear  interaction between fundamental  mode of
FW  and  the jth mode  of  SH.  In  addition,  as  discussed
above, mode conversion process induced by PT symmetry
should  be  coupled  with  these  nonlinear  interactions
simultaneously.  Thus,  other  two  dynamic  equations
should be included:

dA2ω
0

dy
= iγ1ξ (y)A2ω

0 (y) + iγ2ξ (y)A2ω
2 (y) · e−i∆β3y,

(6)

dA2ω
2

dy
= iγ3ξ (y)A2ω

0 (y) ei∆β3y + iγ4ξ (y)A2ω
2 (y) , (7)

in  which  the  coupling  coefficients  are  described  as
follows:

γ1 =
ω2

2(β
2ω
0 ) · c2

∫ (
E2ω

0 (z)
)∗
∆ξE2ω

0 (z) dz∫ ∣∣E2ω
0 (z)

∣∣2dz , (8)

γ2 =
ω2

2(β
2ω
0 ) · c2

∫ (
E2ω

0 (z)
)∗
∆ξE2ω

2 (z) dz∫ ∣∣E2ω
0 (z)

∣∣2dz , (9)
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γ3 =
ω2

2(β
2ω
2 )·c2

∫ (
E2ω

2 (z)
)∗
∆ξE2ω

0 (z) dz∫ ∣∣E2ω
2 (z)

∣∣2dz , (10)

γ4 =
ω2

2(β
2ω
2 )·c2

∫ (
E2ω

2 (z)
)∗
∆ξE2ω

2 (z) dz∫ ∣∣E2ω
2 (z)

∣∣2dz . (11)

∆β3 = β2ω
0 − β2ω

2 ∆ξHere , and  represents the modulation
depth of the perturbation function.

∆ξ = 0

TM2ω
2 TM2ω

0

TM2ω
0

TM2ω
2

TM2ω
0

κ0
1 κ0

2 TM2ω
0

κ2
1 κ2

2 TM2ω
2

If  no PT structure  is  loaded,  i.e. ,  nonlinear
interaction will play a dominant role in the propagation.
In  general,  frequency-doubling  efficiency  of  each  SH
mode  is  decided  collaboratively  by  both  nonlinear
coupling  coefficient  (overlapping  integral  of  guided
modes) and phase-matching condition. Therefore, in our
simulations,  we consider two cases of nonlinear transfer
of  and  modes.  As  depicted  in Fig.  2,  with
the depletion of FW, the weak intensity of  mode
oscillates with propagation distance and ultimately tend
to  a  stable  value.  While  for  mode,  its  intensity,
just  as  we  designed,  grows  with  the  increase  of  length
and is about six orders of magnitude higher than that of

 mode. This result also indicates that phase-matching
is  the  key  factor,  although ,  for  mode  are
about 23 times and 2 times ,  for  mode based
on the calculations in our model respectively. Due to the
reciprocity of  frequency-doubling,  the simulation results
are  identical,  either  for  forward-propagating  or  back-
ward-propagating of FW.

Subsequently,  we  consider  the  situations  with PT
modulation. Then, for the forward case, Eqs. (6) and (7)
are revised as

dA2ω
0

dy
= iγ1A2ω

0 (y) eiqy + iγ2A2ω
2 (y) · e−i(∆β3−q)y,

(12)

dA2ω
2

dy
= iγ3A2ω

0 (y) ei(q+∆β3)y + iγ4A2ω
2 (y) eiqy. (13)

∆β3

A2ω
2

TM2ω
0

q

In terms of our calculated results of , the selected q
is set to be 1.4226 μm–1 under which the second exponential
term  of  Eq.  (12)  will  vanish.  Meanwhile,  these  two
procedures,  nonlinear  SH and  mode  conversion  induced
by PT,  are  tightly  coupled  with  each  other,  and  the
nonlinear  process  provides  an  essential  value  of .
Consequently, the intensity of mode is enhanced as
the propagation distance increases, as shown in Fig. 3(b).
On the other hand, in virtue of the one-way nature of ,

 

TMω
0 TM2ω

0 TM2ω
2

Fig. 2  The  dependences  of  nonlinear  mode  conversion  on
propagation  distance  without PT-symmetry  modulation.
(a)  mode  of  FW. (b)  mode  of  SH. (c) 
mode of SH.

 

TMω
0 TM2ω

0 TM2ω
2

Fig. 3  Asymmetric  mode  conversion  with  nonlinearity  and PT-symmetry  modulation  together.  The  mode  intensities,
respectively for  mode of FW,  mode of SH and  mode of SH, vary with the change of propagation distance
under the situations of forward-propagation (a−c) and backward-propagation (d−f).
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TM2ω
0 TM2ω

2

TM2ω
2

TMω
0

TM2ω
2

TM2ω
2

TM2ω
2

q

TM2ω
0

TM2ω
2

both  the  exponential  terms  of  Eq.  (13)  cannot  be
neglected,  which  limits  the  chance  that  the  generated

 mode turns back into  mode. So, the contri-
bution  to  mode  intensity  mainly  comes  from
nonlinear SH interaction. As demonstrated in Figs. 3(a)
and  (c),  the  intensity  of  mode  is  gradually
converted  into  that  of  mode  owing  to  the  phase
matching  between  these  two  modes.  Besides,  it  is  seen

 mode  power  remains  oscillation  as  it  grows  with
the  propagation  length.  This  is  also  caused  by  the
coupling  between  the  aforesaid  two  primary  processes.
Hence,  when  mode  propagates  along  the y direc-
tion, the phase-mismatch enlarged by  in Eq. (13) will
result in such oscillation along with a phase-matched SH
process. Moreover, as illustrated in Fig. 3(b), this oscillation
feature also takes place for  mode, which is principally
determined  by  two  aspects  consisting  of  the  oscillating

 mode intensity and the residual exponential term
in Eq. (12). To reveal clearly these features, the polynomial
fitting curves (green dot lines) have been calculated and
displayed in Fig. 3.

While  for  the  backard  case,  the  dynamics  can  be
derived as

dA2ω
0

dy
= −iγ1A2ω

0 (y) eiqy − iγ2A2ω
2 (y) · ei(q+∆β3)y,

(14)

dA2ω
2

dy
= −iγ3A2ω

0 (y) ei(q−∆β3)y − iγ4A2ω
2 (y) eiqy. (15)

TM2ω
2

TM2ω
0

TM2ω
0

TM2ω
0

TM2ω
2

TMω
0 TM2ω

0

A2ω
0

TM2ω
2

In  contrast  with  the  forward  case,  the  selected q
cannot  compensate  for  the  mismatch  in  Eq.  (14),  but
magnifies  it  instead.  It  somewhat  restrains  mode
from  converting  into  mode.  As  depicted  in Fig.
3(e), the intensity of  mode gradually oscillates to
a  nearly  stable  value  which  is  approximately  three
orders lower than that in the forward case. In addition,
one  can find the  first  exponential  term of  Eq.  (15)  can
be cancelled, indicating that  mode could be trans-
ferred  into  mode.  However,  in  our  scheme,  the
conversion from  mode to  mode, as demonstrated
in Fig.  2(b),  is  extremely  inefficient,  which  means
nonlinear  interaction  cannot  offer  sufficient  to
support  this PT-symmetry  induced  interaction.  Hence
for  mode as shown in Fig. 3(f), it is analogous to
the forward case that the intensity is decided largely in
frequency-doubling process.

∆ξ

γi
∆ξ

The  foregoing  comparative  analysis  of Fig.  3 demon-
strates  such  a  mode  conversion  in  waveguide,  with  the
coupling of nonlinearity and PT symmetry, can be realized
and  asymmetric.  Owing  to  the  involvement  of PT
symmetry,  this  type  of  mode  conversion  correlates
strongly with the modulation depth . As illustrated in
Eqs.  (6)  and  (7),  the  coupling  coefficients  that  are
attributable  to PT symmetry  are  proportional  to .

TM2ω
0 γ2

γ2

∆ξ γ1
γ3 γ4

∆ξ = 0,

∆ξ = 0.25 ∆ξ = 0.45

∆ξ

For  the  forward  propagation,  the  output  intensity  of
 mode mainly relies on the coefficient . As shown

in Fig.  4,  it  is  found  that  a  greater  modulation  depth
will achieve a higher value of , and consequently leads
to a larger transformed mode intensity that grows expo-
nentially with . Besides, the other three coefficients ,

 and  determine  the  oscillation  property  of  output
modes. From the insets of Fig. 4, respectively for 

 and ,  we  can  clearly  see  that  the
amplitude of oscillation rises with the increase of .

For the above theoretical analysis, we employ an ideal
model of PT symmetry with balanced gain and loss for a
one-way  wave-vector  to  demonstrate  the  asymmetric
NMC, while similar results could be realized by considering
other simple ways, such as passive PT systems [19, 24].
In  terms  of  our  simulations  where  a  purely  passive
system is taken, the performance of NMC is demonstrated
in Fig. 5. Compared with the ideal case, the efficiency of
NMC shown  in Fig.  5(a)  becomes  lower.  On  the  other
hand,  despite  no  linear  gain,  nonlinear  SH  process
provides  an  initial  stimulation  of  the  cascaded  mode
conversion  induced  by PT,  when  the  pump  propagates
over  each  short  distance  in  the  waveguide.  Meanwhile,
the efficiency of this nonlinear process is proportional to
the square of propagation length, which implies that the
stimulation to NMC will enhance along the propagation
direction  of  FW.  Consequently,  the  efficiency  of  NMC
can  continue  to  grow  provided  that  the  nonlinear
process  is  not  particularly  inefficient.  This  feature  is
significantly  distinct  from  that  in  the  case  of  a  single
linear passive system without nonlinearity. In that case,
the stimulation to mode conversion gradually diminishes
with the growing distance, which will make the conversion
efficiency  increase  first  and  then  decrease.  Obviously,
the  reason  leading  to  this  difference  in  efficiency,  in
contrast  with  our  NMC  scheme,  lies  in  the  coupling
between the nonlinear and linear interactions.

 
TM2ω

0

∆ξ = 0, ∆ξ = 0.25

∆ξ = 0.45

Fig. 4  The excited  mode intensity changes with the
variation  of  the  modulation  depth  of PT-symmetry.  The
insets  illustrate  the  mode  intensities  that  can  be  eventually
generated  with  distinct  modulation  depth  
and .
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TM2ω
2 β2ω

2

TM2ω
2 −β2ω

2

β2ω
2 − q = −β2ω

2

q

β2ω
2 − q

q = 2β2ω
2

β2ω
2

At  this  point,  we  have  primarily  concerned  with  the
NMC  in  an  identical  direction,  i.e.,  the  converted  SH
propagates  along  the  input  direction  of  FW.  However,
utilizing our scheme, can “reflected” NMC be implement-
ed? For instance, the system is excited by a negative-y-
propagating FW mode (the backward case in Fig. 1(a)),
generating a positive-y-propagating (“reflected”) SH mo-
de. In traditional nonlinear optics, such a counter propa-
gating  coupling,  in  general,  is  tough  to  be  achieved,
since  the  “reflected ”  SH  and  the  FW  modes  cannot
fulfill the conservation of momentum. To overcome this
issue,  the  most  direct  way  is  to  address  nonlinear
process  itself,  such  as  employing  negative-index  [37]  or
zero-index  [38, 39]  metamaterials.  Unlike  this  kind  of
thought,  we  can  transfer  the  momentum  (phase)
mismatch  from  nonlinear  process  to  linear  process,
owing to the coupling between the nonlinear and linear
interactions  assisted  by PT symmetric  modulation.
Therefore,  in  our  case,  the  negative-y-propagating  FW
mode will still effectively generate negative-y-propagating
SH mode  with a propagation constant , which
is  dominated by the  mode dispersion in Fig.  1(b).  And
then,  this  negative-y-propagating  SH  mode  is
subsequently  converted  into  the  “reflected ”  SH  mode

 with a propagation constant ,  provided that
.  This  relationship  is  different  from  that

in the case of Fig.  3 or Fig.  5 where  is  so small  that
 is located in the non-guided region of Fig. 1(c).

Therefore,  we  only  require  a  lager  that  can
make  “flip” over the non-guided region to the posi-
tive-y region,  and thus realize  “reflected” NMC. Under
this circumstance, if the system is excited by a positive-y-
propagating  FW mode  (the  forward  case  in Fig.  1(a)),
the  phase  mismatch  for  the  counter  propagating
coupling still exists so that “reflected” NMC cannot take
place. Consequently, it is analogous to the case in Fig. 3
that such type of “reflected” NMC remains asymmetric. 

4   Conclusion

In  conclusion,  we  have  demonstrated  the  asymmetric
NMC  by  combining  frequency-doubling  process  and
periodic PT symmetric  modulation  in  a  planar  LN
waveguide.  Following  the  basic  principle,  asymmetric

TM + TM ⇒ TM

TM + TM ⇒ TE TE + TE ⇒ TE

TE + TE ⇒ TM

generation  of  SH  modes  from  FW  could  be  arbitrarily
designed. For example, this scheme of asymmetric NMC
can be potentially applied in a multi-channel configura-
tion, in which each channel is engineered with a reasonable
modulation  period,  and  then  asymmetric  switchover
between several desired SH modes on a single chip could
be  manipulated  in  a  diverse  way.  Note  that  we  only
consider  TM  mode  conversion  coupled  with  nonlinear
interaction type of  for above discussion.
Actually,  there  are  other  three  interaction  options  in
general: ,  and

,  and  effective  asymmetric  NMC  is
greatly dependent on the efficiency of nonlinear process.
However, the nonlinear coupling coefficients or dominated
nonlinear  coefficients  (d22 and d31)  in  these  three  cases
are  pretty  small,  so  as  to  result  in  inefficient  nonlinear
mode  couplings  and  interactions.  Meanwhile,  the
frequency-doubling  process  here  could  be  extended  to
other  nonlinear  interactions,  including  sum-frequency
generation,  third  harmonic  generation  and  four-wave
mixing.  Our  proposed  way,  therefore,  could  be  further
developed to manipulate nonlinear fields with asymmetric
response,  which  can  provide  a  feasible  avenue  toward
designing new nonlinear devices enabled by non-Hermitian
optics and meta-optics. 
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