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ABSTRACT
Entanglement is one of the most important concepts in quantum physics. P T
We review recent progress in understanding the quantum entanglement in @ Q J O A
many-body systems using large- N solvable models: the Sachdev-Ye—Kitaev \,c - - T
(SYK) model and its generalizations. We present the study of entanglement PP ,.
entropy in the original SYK model using three different approaches: the ex- ‘ O
act diagonalization, the eigenstate thermalization hypothesis, and the path- O .t <
integral representation. For coupled SYK models, the entanglement entropy ‘ -~ @

shows linear growth and saturation at the thermal value. The saturation is
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related to replica wormholes in gravity. Finally, we consider the steady-state / l \

entanglement entropy of quantum many-body systems under repeated mea- S,
surements. The traditional symmetry breaking in the enlarged replica space
leads to the measurement-induced entanglement phase transition. Exact thillizrll;t;lcon Path
Keywords SYK model, entanglement entropy, large-N expansion ‘ dlagonahzanon, hypothesis integral
Contents 4.5 FEntanglement dynamics of SYK chains 16
5 Entanglement in non-unitary SYK models 16
1 TIntroduction 1 5.1 Emergent replica conformal symmetry 17
The SYK model and its generalizations 3 5.2  Entanglement phase transitions 18
2.1 Large-N expansion 3 5.3 Effects of long-range couplings 19
2.2 Low-energy limit and holography 4 6 Outlook 19
2.3 Generalizations of the SYK model 5 Acknowledgements 20
3 Entanglement in the SYK model 6 References and notes 20
3.1 The exact diagonalization 6
3.2 The eigenstate thermalization hypothesis 7
3.3 The path-integral approach 8 1 Introduction
3.4 Exact results for SYK» 10
4 Entanglement in coupled SYK models LI Quantum entanglement, a fascinating property of quan-
4.1 The set-up and G-X action 11 tum states, has been widely studied in quantum infor-
4.2 FEarly-time linear growth 12 mation, condensed matter, and high-energy physics. For
4.3 Geometric interpretation for No = Ny 13 example, in quantum information, entanglement is cru-
4.4 Thermalization and replica wormholes 14 cial for pure-state quantum algorithms to offer a speed-

o]

=C>= Higher

g Education :
Press https://doi.org/10.1007/511467-022-1162-5 iR


https://doi.org/10.1007/s11467-022-1162-5
mailto:pzhang93@caltech.edu

Fo P FRONTIERS OF PHYSICS

TOPICAL REVIEW

up over classical computation [1-3]. In condensed matter
physics, entanglement entropy can be used to distinguish
thermalized /localized systems [4-8], as well as to charac-
terize topologically ordered phases [9, 10]. In high energy
physics, the discovery of the Ryu-Takayanagi (RT) for-
mula [11-16], which relates the fine-grained entropy of a
subsystem to geometric properties, has considerably deep-
ened our understanding of gravity, and recently led to
recent progress in the information paradox [17-22]. How-
ever, the entanglement entropy is notoriously difficult to
calculate due to the lack of efficient algorithms, in partic-
ular, for strongly interacting many-body systems. Most
previous studies focus on systems with conformal symme-
try [23], holographic duality [24], or well-defined large-N
expansions [25-27].

The Sachdev—Ye—Kitaev (SYK) model, proposed by Ki-
taev [28] and related to the early work by Sachdev and
Ye [29], describes N Majorana fermions with random in-
teractions. The SYK model is solvable under large-N ex-
pansion [30]. For example, to the leading order of 1/N, the
Schwinger—Dyson equation for the Green’s function can be
derived in a closed form, the solution of which also deter-
mines thermodynamics. In the low-temperature limit, the
SYK model shows emergent conformal symmetry. Its low-
energy dynamics have a holographic dual representation
by the 2D Jackiw—Teitelboim gravity [31, 32], which im-
plies the system is maximally chaotic [33]. There are also
studies on quantum dynamics of the SYK model, which
reveals it exhibits quantum thermalization [34-36]. Later,
different generalizations of the SYK model have been pro-
posed to study various physical problems [37], including
models with charge conservation [38—41], Brownian inter-
action [42, 43], or multiple sites [44-53].

In this review, we summarize recent progress in the
quantum entanglement in the SYK model and its gen-
eralizations. In the original SYK model, the entan-
glement entropy has been studied using three differ-
ent approaches [54-60]: the exact diagonalization (ED),
the eigenstate thermalization hypothesis (ETH), and the
path-integral representation. Using the ED approach [54,
55], existing numerical analysis give results of the ground
state entanglement of the SYK model, up a system size
N = 44 [54]. On the other hand, the ETH states that
in thermalized systems, small subsystems can be approxi-
mated by thermal ensembles with an effective temperature
determined by the energy density [7, 8]. In particular,
the entanglement entropy is equal to the corresponding
thermal entropy. For systems with local interaction, the
boundary effect is small, and the effective temperature is
independent of subsystem size. Whereas for systems with
non-local interaction, the effective temperature depends
on the subsystem size [56]. One can also express the n-th
Rényi entropy as a path integral and perform the large-
N expansion as for thermodynamics [57-59]. This leads
to results exact in the large-N limit. Results from these
three approaches match to good precision.

For generalized SYK models that contain multiple sites,
with some of the sites described by the SYK model, there
is no simple approach to employ the ETH analysis, and the
ED is limited to small system size N. Consequently, pre-
vious studies rely on the path-integral approach [22, 61—
71]. We are interested in the entanglement dynamics of
the system prepared in some short-range entangled state.
In the simplest case, we consider two SYK sites with Ny
and Ny Majorana modes, coupled by random pair hop-
ping [22, 61-63]. In the early-time regime, the entangle-
ment entropy shows linear growth in time [22, 61-65]. In
the long-time limit, when N7 = Ns, it is found that in the
canonical ensemble the Rényi entanglement entropy does
not saturate to the thermal value due to the existence of
soft modes [22, 61, 62]. On the contrary, if No > Ny,
the second site serves as a heat bath, and the Rényi en-
tanglement entropy of the first site always matches the
thermal entropy [62, 63]. When the entanglement entropy
approaches the thermal value, a first-order transition oc-
curs. This is a direct analog of the appearance of replica
wormholes [21, 22] in the entanglement calculations of sys-
tems with gravity, which is an important breakthrough in
high-energy physics that resolves the information para-
dox [72]. Alternatively, one may instead consider replac-
ing the static SYK interaction with the Brownian coun-
terpart [66]. Analytical results can then be derived under
certain assumptions. There are also attempts on under-
standing the von Neumann entanglement entropy [65].

In addition to unitary evolutions where thermalization
generally takes place, the evolution of quantum many-
body systems can also become non-unitary when mea-
surements are performed [73]. Recent studies show that
if we follow the quantum trajectories of systems with re-
peated measurements, the steady-state can exhibit volume
law, logarithmic, or area law entanglement [74-100]. This
mechanism works for either projective or general measure-
ments, regardless of whether the outcome is post-selected
or not. SYK-like models are ideal platforms for reveal-
ing the underlying mechanism of these transitions [94—
100]. In the last part of this review, we summarize recent
progress in understanding the steady-state entanglement
entropy of non-unitary SYK models. For small measure-
ment rates, when the system is non-interacting, an emer-
gent replica conformal symmetry shows up due to the

Fig. 1 Schematics of the SYK4 model, which describes Ma-
jorana fermions with random 4-body interactions.
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existence of Goldstone modes after introducing multiple
replicas [95, 96]. This leads to logarithmic entanglement
entropy. After adding interactions, the Goldstone modes
become massive [96], and the system becomes volume law
entangled. For large measurement rates, the steady-state
of the system may become area law entangled, and the
transition is a traditional symmetry-breaking transition
on the enlarged replica space [96, 100].

This review is organized as follows: In Section 2, we
give a brief introduction to the SYK model and its var-
ious generalizations. Then, in Section 3, we summarize
existing results for the entanglement entropy of the orig-
inal SYK model. The entanglement entropy for coupled
SYK models and non-unitary SYK models are discussed
separately in Sections 4 and 5. Finally, we conclude our
review by a few outlooks in Section 6.

2 The SYK model and its generalizations

In this section, we give a brief introduction to the original
SYK model [28, 30]. The Hamiltonian of the SYK, model

reads
>

1<i1 <ig<...<ig <N

Hsvk, = 192 T3 iy 1 X Xia - Xig- (1)

Here ¢ is an even integer. It describes ¢-body random
interactions between N Majorana modes y;. We choose
the convention that {xi, X;} = dij. Ji,i,..., With different
set of indices are independent Gaussian variables, with
expectations and variances given by

S (q— 11?297 Y(qg—1)1T?
i1%2...0q Nq71 - qufl
(2)

Here the scaling of N is chosen such that the energy is
extensive. J is introduced for convenience in the large-q
analysis [30], which should be fixed as a constant as ¢ —
00. The model describes Majorana fermions with random
hopping for ¢ = 2, and becomes randomly interacting for
q =4

Jivig..ig = 0,

2.1 Large-N expansion

The large-N expansion is a standard approach for ana-
lyzing quantum field theories that contain large number
of fields [101]. Here we explain the large-N expansion
in the SYK model by considering the partition function
Z = tr e PHsvxq | The path-integral representation takes
the form of Z = [ Dy exp (—S|x, J]), with

Slx, J] = /dT [Z %xiafxz‘ + Hsyk, [X]] - (3)

By definition, the free-energy after the disorder average
is given by F(8) = —3~!logZ. For general systems, the

computation of F(f) then requires introducing n disor-
der replicas and using log Z = lim,_,o(Z™ — 1)/n [102].
However, for the SYK model, it is known that replica off-
diagonal solutions are sub-leading in N [32], and one can
approximate log Z ~ log Z. Physically, this indicates the
thermodynamical properties of the SYK model are self-
averaging. Performing the Gaussian integral over J; 4,.. i,
we have

Z =
/ Dye ) AT (M (7 + it S drdr (S 6 (xa()*

(4)

The combination ), x;(7)x:(7")/N takes the form of av-
eraging over multiple variables. By the central limit the-
orem [103], its variance should vanish in the large-N
limit. This motivates the introduction of bilocal fields
G(r,7") = >, xi(T)xi(7")/N, which should be imposed

by an additional Lagrangian multiplier field i(T, 7"
1= /Déi?i o3 Jdrdr S(rr) (T xi(Dxi ()= NG(r,7"))

()

Here the integral over ¥ is along the imaginary axis. In-
serting (5) into (4) and replacing Y, x:(7)xi(7)/N with
G(r,7"), we find

7 = [ DADGDS 00t 4 En oS KOG )

(6)

. Now the fermion fields become bilinear and thus can be

integrated out straightforwardly

7 / DEDS, exp(—Sax|G, ),

~ ~ o~ 2 ~
Sex :fg log det (9, — Z)+g /deT' (EGfJ—Gq).

q
(7)

Scy is known as the G—X action for the SYK model. Im-
portantly, Sgy; is proportional to N. As a result, we can
apply the saddle-point approximation for the integration
over G and ¥. This is consistent with our previous argu-
ments using the central limit theorem. The saddle-point
equations read

5(1) = 0.G(1) — /dT/ S(r—7)G(),

-=a

.,

(7)) = PG (r) = —@— (8)

Here (G,Y) is the saddle-point value of (G, ), which is
only a function of the time difference due to the time

Pengfei Zhang, Front. Phys. 17(4), 43201 (2022)

43201-3



Fo P FRONTIERS OF PHYSICS

TOPICAL REVIEW

translation symmetry. The first equation can also be writ-
ten in short as (0, — X) o G = I. This is equivalent to
the Schwinger-Dyson equation of Majorana fermions with
melon diagrams. In the diagram, we take ¢ = 4 as an ex-
ample. The solid lines are Green’s functions for Majorana
fermions, and the dashed line represents the disorder aver-
age. The numerical algorithm for solving (8) can be found
in Ref. [30]. After obtaining the solution, we can deter-
mine the free energy as SF = I = Sgx[G, X, or explicitly

%TF =— Zlog(—iwn — B(iwy)) + (q—ql)ﬁ /dT YG,
” ©)

where w,, = 2x(n + 1/2)/8 with n € Z is the Matsubara
frequency.

In the large-g limit, the Green’s function can be ex-
panded in terms of 1/¢ and the free energy can be obtained
in the closed form [30]

BE  log2 mv W
OE _log2 | w00y

1
N 2 T\t (10)

with 8J = mw/ cos(nv/2). Under the Legendre transfor-
mation, this gives the thermal entropy

E log2 1 E
Su}\(] ) = 0§ - ?arcsin2 (Eo) . (11)
We have defined the ground state energy Ey = —J/q°.

In the zero-temperature limit, there is a residue entropy
So/N = log2/2 — n?/4¢>. Such a finite zero-temperature
entropy is a general phenomenon for the SYK model. It
is known that for finite ¢ [30, 39, 104],

1/2
o = / dz = (1 - x) tan . (12)
N 1/q 2

This indicates the existence of exponentially many low-
energy states. Although (11) is derived in the large-¢ limit,
it turns out to be a good approximation for finite ¢ away
from |E/Eg| = 1. It has also been derived using a different
approach in Ref. [105].

One can go further by considering the fluctuation
around saddle-point solutions. The quadratic order ex-
pansion determines the fluctuation <(é - G)(G - G)),
which corresponds to a connected four-point function of

Majorana fermions. Detailed analysis can be found in
Ref. [30].

2.2 Low-energy limit and holography

The SYK model shows emergent conformal symmetry and
holographic duality in the low-temperature limit 57 > 1.
Let us first perform the scaling analysis for the kinetic
term xOx and the interaction Jx? in (3). If we assume the
kinetic term is marginal, this gives the scaling dimension

[x] =0, and the interaction term is relevant. This is not a
stable fixed point. Consequently, we should have assumed
the interaction term is marginal, which gives [x] = A =
1/q. This implies in the low-energy limit 7.7 > 1, we can
neglect the 0, term in the Schwinger-Dyson equation

7J2/d7’/ Gqfl(r —7mNG(T") = 6(7), (13)

and the solution reads

2A

= _r 2045 = 1_
G(T)_b<ﬁsmg> ,  Jn (2 A)tannA.
(14)

This is the standard form of Green’s functions in the con-
formal field theory (CFT), which indicates the emergence
of conformal symmetry in the SYK model. Indeed, after
neglecting the kinetic term, the G- action (7) is invariant
under the reparametrization (or conformal transformation
in 1D) 7 — f(7), with

G(r1,m) = (f(1) f(m2))AG(f(1), f(2)).

In particular, this indicates that fluctuations

Gy(ri,m2) = (f(1) f(12) )2 G(f (1) — f(72))

cost no energy. These are called reparametrization mo-
des, which governs the SYK low-energy dynamics. After
adding back contributions from the kinetic term 9., a non-
vanishing action for these reparametrization modes can be
derived [30, 32], which is known as the Schwarzian action

(15)

N;S dr {tan nfB(T) , 7'} .

Here {f,7} = f"/f — 3(f"/f)?/2 is the Schwarzian
derivative and ag is some numerical factor. There are ex-
tensive discussions of the exact solution of the Schwarzian
action from different perspectives [106-109].

The holography dual of the SYK low-energy sector
refers to the fact that the Schwarzian action can also
be obtained from an independent gravity calculation [31].
The gravity theory is the Jackiw—Teitelboim (JT) grav-
ity in two-dimensional Anti—de Sitter (AdSs3) space. The
action reads

Ssen = — (16)

Syr = —ﬁ [/dxz\/g}qb(R—l—Z) +2/b @K} . (17)

dy

The first/second term is a bulk/boundary term. ¢ is the
dilaton field, which can be integrated out as a Lagrangian
multiplier to impose R = —2. In 2D, this fixes all degrees
of freedom in bulk. We choose the bulk to be a Poincaré
disk, with metric

ds? = dp? + sinh? p d?. (18)
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The only remaining dynamical degrees of freedom is the
fluctuation of the boundary curve. We fix the boundary
condition that g,, = 1/€? > 1 with boundary time 7, this
gives

sinh p(7) 0/ (1) ~ e 1. (19)

As a result, the shape of the boundary curve can be
parametrized by a single function 6(7), and the energy
cost is determined by the extrinsic curvature term (17).
Explicit calculation shows the result is exactly the
Schwarzian action (16), with 2xf(r) = (). In partic-
ular, the saddle-point solution f(7) = 7 corresponds to a
circle on the Poincaré disk. This completes the discussion
of the holographic dual of the SYK low-energy sector.

2.3  Generalizations of the SYK model

We have introduced the original SYK model in previous
subsections. Here we turn to its generalizations. The sim-
plest generalization includes adding SYK terms with dif-
ferent ¢ into a single Hamiltonian H = > 4 Casvxk,, with
cq # 0 for some ¢. In addition, there are mainly three
routes for generalizing the SYK model: adding symmetry,
making coupling time-dependent, and introducing multi-
ple sites. In this subsection, we illustrate these ideas using
a few examples.

Adding symmetry. Symmetry plays an important
role in modern physics. The original SYK model only ex-
hibits energy conservation, and there are several attempts
to add symmetries for the SYK model. The simplest gen-
eralization is to replace Majorana fermions with complex
fermions [38—41] and impose the U(1) charge conserva-
tion. This leads to the complex SYK (or ¢SYK) model.
The Hamiltonian of the cSYK, model reads

E: A P )
Jhlz---lq/2J1]2---Jq/2ci1"'Ciq/zcjl"'CJq/z’
i1<...<ig/2
J1<..<dq2

HCSYKq =

(20)

where the Gaussian distributions of random couplings
Jivin..igjagijo-jas SALISLY

a1(9_1)1J2
JHVH»:OJ,Q,.,,.:M

1122..-1g/271792---Jq/2 7 Y1209 /27102 Jq/2 Nq_l
(21)

In the grand canonical ensemble, an chemical potential u

can be added to tune the charge filling Q@ =", cjci.

The large-N expansion of the ¢SYK model is similar
to that of the Majorana SYK model. For example, the
Schwinger-Dyson equation can be written as [29, 38]

5(r) = (0 — p)G(r) — / dr' S(r — 7)G(),
(22)

-=a

B(r) = JPGUA(n) -G (-r)* 7 = *@*

and the free energy can also be expressed as a functional of
G and X. In the low-energy limit, where is an additional
low-energy parameter 6, which is related to the charge
filling @ and characterizes the asymmetry of the spectral
function between particles and holes [38]. There is also an
additional soft mode A(7), which is associated with the
phase fluctuation [38, 39].

Time-dependent coupling. The Hamiltonian of the
original SYK model is static. Later, there are studies in
which couplings between Majorana fermions are also ran-
dom in time. This is known as the Brownian SYK (or
BSYK) model [42, 43]. The Hamiltonian of the BSYK
model is time-dependent:

Z iq/2Ji1i2~~iq (t>Xi1Xi2"'Xiq7

1<i1<i2<...<ig<N

Hpsyk, (t) =

(23)

Jiviy...i,(t) are Gaussian variables with zero expectations
and

(¢—1WJ

= (24)

Jivia.ig () Jiyi.ig (') = ot —t).

Since there is no energy conservation, only the infi-
nite temperature ensemble is well-defined. Instead of the
imaginary-time path-integral, we consider the Keldysh
contour which contains one forward and one backward
evolution [110]. The partition function Z = tr e#Te1HT

with T" — oo reads
A Z/DX+DX_6_ S dt o [Ez i%xiiﬁtxiiiiHBsqu [Xi]} ]
(25)

X?E are Majorana fields on the forward/backward evolu-
tion contour. One can follow derivation in Section 2.1
to integrate over the random interactions, introduce the
(é, i) fields, and derive the saddle-point equations [111].
The result reads

(3 20) - (EE)] (61 8) =1 ew

with self-energy X% (¢,t') = —Jss'0(t — t')G** (¢, /)71,
which is non-zero only when two time variables coincide.
This is the consequence of having Brownian couplings.

Multiple sites. By introducing different copies of the
SYK model and adding interactions between them, we can
construct SYK-like models with more than one site [44—
53]. As an example, we consider coupling two SYK, mod-
els using SYK, random pair hopping:

H = Z Ji)iizi3i4xi1 XiQXi3Xi4
{in}

+ Z Jg; a2a3a4 wal waz ’(/)03 wa4
{an}
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+ Z VvilirzalainlXizwalﬂjar (27)
i1 <iz,a1<az
Here we have Ny x fermions (1 < i3 < ... < ig < Ny)

and Ny ¢ fermions (1 < a1 < ... < ag < Ny). We take
both N1, Ny — oo with their ratio r = Ny/N; fixed. We
consider that both J, . . and J¥ 4.4,
interactions with strength J. The random pair hopping
strengths satisfy

are SYK random

Voo =0, Vi = o 2
Now the self-energies become

Sa(7) = TG (1) + V2Gy(1)° G (7),

Bu(r) = PGu(r)* + VI Gulr)Gy (7). (29)

In the low-energy limit, the emergent conformal symme-
try and the soft reparametrization mode f(7) still exist,
with a Schwarzian effective action. Following the same
spirit, one can introduce a chain of SYK sites with ran-
dom pair hopping. This leads to higher-dimensional SYK
lattices [44], in which the low-energy butterfly velocity and
the energy diffusion constant has been studied.

3 Entanglement in the SYK model

After introducing the SYK model in Section 2, we now
review existing results for its entanglement entropy. We
divide the system into A and B, where A contains M
Majorana modes and B contains N — M Majorana modes.

¢ g=0 g=10 Page =
eg=2 e g=ow TIZZ Wachter ¥
mg=S5 7z -6
7
0.681 —Page
-5
0.64
Shal s
0.60] *fit 47
c fit —_*,——0“"‘
000 001 002 003 ,.»”’:,__*—-"““73
1N e PP
- _- _m-—"
s BT T
Poc PP S L L2
2 =
s 14 i
‘/43—, Maj. (x) fit .
".ﬁ"’ === Com. (¢) fit: k = 17 -1
—-— Com. (¢) fit: k = 1
2
T T T T T 0
0 2 4 6 8 10

Fig. 2 The von Neumann entanglement entropy for the
ground state of the SYK4+SYK2 model using ED. The result
is averaged over 10 disorder realizations. M = m is the sub-
system size of the cSYK model, while for the Majorana SYK
the subsystem size is M = 2m. The system contains N = 22
complex fermions with filling fraction K = Q/N or N = 44
Majorana fermions. Reproduced from Ref. [54].

We fix M/N = X\ when taking the large-N limit. The
definition of A and B subsystems in the cSYK model is
similar. Given the density matrix of the total system p,
the reduced density matrix of A can be computed as p4 =
trg p. The n-th Rényi entropy s and the von Neumann
entropy s, are defined as

St = —

Sa=—trapalogpa. (30)

1
7 log tra PAs

It is straightforward to show that the von Neumann en-
tropy is a special limit of the Rényi entropy S4 = 51(41).
There are three different approaches for studying either

5’1(4”) or S in the SYK model: the ED, the ETH assump-
tion, and the path-integral representation. All of them
have some advantages and disadvantages. The ED can

give exact numerical results for both Sg") and S, of any
state, but is limited to small system size N and small q.
The ETH analysis can lead to large-N results for S4, but
it requires further justification and knowledge about ther-
modynamics. The path-integral approach works in the
large-N limit and can be easily extended to other models,

but in most cases is restricted to 51(4”) with small inte-

gers n > 2. In the following subsections, we summarize
results obtained using these approaches separately, and
show their consistency.

3.1 The exact diagonalization

We first review results obtained from the exact diagonal-
ization in Ref. [54]. In this work, authors numerically
study the ground-state von Neumann entropy S, for a
complex fermion model with Hamiltonian

9

Hc = HCSYK4 + N

Hesvk, (31)
or a Majorana fermion model with H.syxk, replaced by its
Majorana counterpart Hsyk,. Using the sparse matrix
method, authors study systems with N = 22 complex
fermions or N = 44 Majorana fermions. For complex
fermions, one can further fix the charge filling kK = Q/N.
The result is shown in Fig. 2.

For M <« N, the entanglement entropy is maximal for
any g. For the Majorana fermion model, this corresponds
to Sa = Mlog2/2. For the complex fermion model, it
depends on the filling fraction x:

Sa=—-M[rlogk + (1 — k)log(l — k)] . (32)

For M/N ~ O(1), the entanglement entropy is lowered
when g is increased. For g — oo, the entanglement en-
tropy matches the SYKs result, as will be discussed in
Section (3.4). The authors also compare the numerical re-
sults with the Page curve [112], which is the von Neumann
entanglement entropy of a random pure state

Shese — M log2 — 22M-N-1, (33)
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Here we take the complex fermion model as an example.
For the Majorana model, one should make the replacement
of (N,M) — (N,M)/2. The first term is the maximal
entropy, and the second term is a small correction that
vanishes in the large-N limit. As shown in Fig. 2, the
numerical result of the SYK, model is smaller than the
Page value. The difference is expected to become smaller
when we consider models with larger q.

3.2 The eigenstate thermalization hypothesis

The entanglement entropy of the SYK, model can also
be studied using the ETH. The ETH states that an iso-
lated quantum system can serve as its own bath. More
precisely, let us consider a eigenstate |¢)) of some local
chaotic Hamiltonian H with energy E = (¢|H|¢). If we
measure some local observable O in the subsystem A, the
result will match the prediction from a thermal ensemble

tr Oe=PH
(Y|0O) = Tir o—BH

(34)
Here f is fixed by matching the energy with O = H. This
can be understood as proposing the density matrix of the
subsystem A is almost thermal. Consequently, the entan-
glement entropy of the subsystem A matches the corre-
sponding thermal entropy S4 = M Sy (E)/N. Here M is
the size of the subsystem A, and N is the size of the full
system.

The SYK model describes Majorana fermions with non-
local interactions. As a result, this analysis should be
modified following the discussions in Ref. [56]. In this
subsection, we outline the basic idea. For simplicity, we
choose the subsystem A to contain Majorana modes x;
with ¢ = 1,2,..., M. To understand the reduced density

: Y
1 ‘ P
0.15----1o Path-integral | --------r--------- b
I L6
! Num. ETH &
¢ Exact Diag. L ol
: ‘ ‘ W :
0104 o eeee- I ST
= 1 e 1 1
& ‘
. ‘ e
1 | [ S T [
0.05---------- }";&Y"'"" ________ lznal. ETH
4 e [ N
& 5 log2
o
o ! : : :
000
0 0.1 0.2 0.3 0.4 0.5
A

Fig. 3 A comparison between different approaches for the
entangelement entropy for the SYK4 model. In the path-
integral approach, we consider Sf) set B8J = 50 [57, 58]. The
ED data is copied from Fig. 2. The analytical ETH result is
plotted according to (39) and the numerical ETH result is re-
produced from Ref. [57].

matrix of subsystem A, we first define its Hamiltonian H 4
by restricting the summation over indices in (1):

>

1<y <ip<...<ig<M

Hy = 12 Jiyig. i Xia Xia - Xig- (35

Comparing to the original Hamiltonian, which contains
~ N1 terms, here the summation is restricted to ~ M4?
terms. As a result, to the leading order of 1/N, we have

q
Ba = (91Hal) = Tz (0|HI) = B, (36)
Here we have assumed the state is symmetric under the
permutation of indices. This is very different from the
case with local Hamiltonians, where the energy density
will not change.

In the spirit of ETH, we assume the reduced density
matrix pa is a thermal density matrix of Hy for A <
1/2, and the entanglement entropy S4 matches thermal
entropy. To determine the entropy density s = S4 /M, we
need additional knowledge about H 4. Assume the ground
state energy of the SYK model with N Majorana fermions
with coupling J is Ey = Nc¢oJ, the ground state energy
E4 0 of Hy is determined by realizing

J?

11%2...94

(¢ —1\°

(g —1)!I(A=D/2 )2
Na—1 '

Ma-1

(37)

As a result, H, is an SYK model that contains M Ma-
jorana fermions with coupling strength JA(~1/2 This
gives Ea g = McoA\ @~ 1/2 = \atD/2E, We have

(38)

Physically, this means that for non-local Hamiltonians,
the effective temperature changes when varying the sub-
system size. The entanglement entropy is then determined
by the thermal entropy with the corresponding energy
density. In the limit of A — 0, the energy density van-
ishes, and the thermal ensemble is at infinite temperature.
This explains the observed maximal entropy behavior for
small subsystem size in ED.

A simple analytical approximation of S4 can be derived
using (11):

SWA =A 10%2 - q—lzarcsin2 (/\Q21E>} . (39)
In particular, for the ground state of the SYK,; model
(E/Ey = 1), this gives S4 = 0.338M at A = 1/2. On
the other hand, one can also perform the numerical study
to derive the equation of state as explained in (2.1). The
numerical results are shown in Fig. 3, which match re-
sults of the path-integral approach (explained in the next
subsection) to good precision.
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3.3 The path-integral approach

The Rényi entropy in the SYK model can also be stud-
ied using the large-N expansion. This is only possible
for certain states where the path-integral takes a simple
form. In this section, we consider the SYK model prepared
in either a thermal ensemble or a Kourkoulou-Maldacena
(KM) pure state [113]. We focus on the second Rényi

entropy Sf), while a generalization to higher orders is
straightforward. When the total system is in a thermal
ensemble, the result contains both entanglement contri-
butions and thermal contributions. However, as we will
show later, the subsystem entropy of a thermal ensemble
matches the steady-state entanglement entropy of the KM
pure-state with the same energy for A < 1/2; and can be
directly compared to the ED and the ETH results.
Thermal ensemble. We first consider the subsystem

entropy S of a thermal ensemble p = e=#H /Z [57]. A

pictorial representation of the density matrix p and the
reduced density matrix p read

Here the solid lines represent the imaginary-time evo-
lutions, and the dashed lines represent the interaction
between subsystems. The black dot indicates the anti-
periodic boundary condition for fermion fields, and the
free ends can be assigned with quantum states to give

matrix elements of density matrices. To compute Sff), we
sew two pa together:

1

exp(—Sf)) =tr p4 = 73 X

The contribution in the square bracket is very similar to
the path-integral of a thermal ensemble with inverse tem-
perature 23, which reads

7(2) :/ Dy e~ J3Pdr [ $xi0xi+Hsvi, X)) (42)
b.c.

The only difference is the boundary condition. Here we
should impose

xi(B7) = xi(87),
xi(BY) = —xi(287),

xi(07) = —xi(287),
xi(0%) = —xi(87),

if i€ A;
ifieB.
(43)
These boundary conditions break the time translation

symmetry and the Green’s functions depend on both time
variables. In [59], this boundary condition is expressed in

an equivalent form with an integral over auxiliary fermion
modes.
To proceed, we need to average over the disorder real-

izations as 51(42) = —log Z(2) /Z2. Similar to the calculation
of the free energy, here we assume the disorder replica is

diagonal, and thus §¢) = —log Z® /7* with

7(2) :/dJP(J) Dye” J38dr [, $xi0-xi+Hsvic,[X]]

b.c.
(44)
The calculation of Z(2) is parallel to that of Z. One
can integrate over disorder realizations, introduce bilocal
fields

Ga(r,) = 22 3 xlrxl),
€A
Gn(r, ') = =22 S xlrxl)
i€eB

(45)

with Lagrangian multipliers ¥ A/B, and make the saddle-
point approximation after integrating out Majorana
modes. Skipping the details, the saddle-point equations
read

Ga=(0; —Sa)4", Gp = (0: — )5,

(46)
Ya=%p=J*\Ga+ (1 -NGp)T "

These self-energies can again be understood by melon dia-
grams, with each internal line being G4 or G with prob-
ability A or 1 — X\. We add subscripts A/B as a reminder
that the inversion should be performed under the corre-
sponding boundary condition (43). As a result, although
the self-energy for fermions in A/B systems are the same,
Green’s functions are different. Generalizations to the
¢SYK model or with multiple flavors are straightforward.

After solving (46), the on-shell action I?) = —log Z(2)
reads

JAOREDY Mg —1
- :§1ogdetGA+¥/dsds’GAZA
q

N (47)

+A—=>1-X A— B).

Recall that we have Z = e/, the subsystem Rényi en-

tropy is given by Sff) = I — 2]. Generalizations to the
¢SYK model and coupled SYK models are straightfor-
ward. In particular, for cSYK model at half-fililng, the
large- N entropy is only different from the Majorana case
by a factor of 2 [57].

For A = 1, the calculation is reduced to the thermal
Rényi entropy. For A < 1, one can relate the parti-
tion function to the normalization of KM pure states and
prove that the subsystem entropy is maximal [57], consis-
tent with previous discussions. In more general cases, one

43201-8
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needs to perform a numerical study by solving the saddle-
point equation (46). Compared to the thermal equi-
librium calculation, this requires additional efforts since
Green’s function depends on two-time variables. Fortu-
nately, Green’s function of the SYK model is smooth, and
a small discretization is enough. Then we can store each
Green’s functions as matrices and directly perform itera-
tions as explained in Ref. [57]. As an example, we show
results with ¢ = 4 and 8J = 50 in Fig. 3 for A < 1/2. Tt
clearly shows the subsystem entropy is smaller than the
maximal value for A ~ O(1). Interestingly, this subsystem
entropy matches the entanglement entropy of thermalized
pure states. This will be explained below.

KM Pure States Since the entanglement entropy is
messed up with the thermal entropy if the full system is
in a mixed state, it is natural to ask whether some pure-
state entanglement entropy can be computed using the
path-integral approach for the SYK model. As discussed
in Ref. [58], such a calculation is possible for KM pure
states [113].

The KM pure states are defined similarly to the ther-
mofield double (TFD) state [114] (also see Section 4). We
first prepare a maximally entangled state between Ma-
jorana modes. Without loss of generality, we choose to
entangle fermions with even and odd indices. Defining

X2j—1+ix2;
2

cj = , we introduce the (unnormalized) KM

pure states

KM({s},8)) = e~ [{s}), (1 —2n,)[{s}) = s;|{s}).
(48)

Here n; = c;cj and s; = £1. Under transformation y2; —
—X2j, §; changes sign. As a result, we are free to average
over all {s; = +1} when computing the energy. Due to
the completeness of |{s}), we find

(KM({s}, OIHRMsE8) _ 1, 0 o

(KM({s}, B)[KM({s}, 8)) ~ Z (49)

and the energy density matches the corresponding thermal
ensemble. A holographic interpretation for KM states has
also been proposed in Ref. [113]. The KM pure states are
generally non-thermal. In particular, they are product
states when 8 = 0. To make the states thermal, we add
additional real-time evolutions, and the states become

IKM({s}, 8,1)) = e Hte™ 7 |{s}),. (50)

The path-integral representation of KM pure states can
be pictorially drawn as

[KM({s},8)) = e~ % [{1}) = x|
’ |{2}>

Here x1/x2 represents Majorana modes with odd/even in-
dices. The solid line represents an imaginary-time evolu-
tion 7 € [0,8/2]. The black dot represents the boundary
condition that (x2;—1 + 1s;Xx2;)|{s}) = 0, which can be
solved by introducing a single x;(s) field with s € [0, 3],
where

(s) = x2j-1(8/2 = s)
x5(6) {—iSjX2j(S—ﬂ/2)

for s € [0,8/2),

for s € [8/2,8). (52)

This reduces the original problem for N Majorana fields
with boundary conditions to N /2 Majorana fields with the
smooth condition and doubled the contour length. Choos-
ing the A subsystem containing M /2 pair of Majorana

fermions, we can express Sf)(t) as

(53)

Here we have defined the normalization of KM states
Zxm = (KM|JKM). The evolution contour involves both
imaginary-time and real-time evolution, with a direction
indicated by the arrows. Now we can parametrize the
contour by a single real variable s € [0,4(8 + 2t)]. The
saddle-point equation can be derived as

Ga= (33 - EA)Zlv Gp = (35 - EB)Eela

~ (54)
Ya=%p=J*AGs+ (1 -NGR)T'P.
Comparing to the thermal ensemble case (46), the dif-
ferences are two-folds. Firstly, the boundary condition
is now different. We have two separate contours for
both subsystems. Secondly, there is an additional fac-

tor P(s,s') = P(s,s)f(s)f(s'). P(s,s') =1if X;(s) and

0-35,\% : : : : 7
] o &
0307 - - Bt
] 2, | : s
' i ' O
0.25 Py ' ! -
otJ=1.0|: QQO : : [Pp
i O,
JlawELSE b - Y )
§ 02001, =20 :‘%7\90 Ov!
= 01J=2.5| - Eg% ‘
4 0.15] ! : :
0133 15 =3.0| AN
J-8.0|! gEe" -
1|ot)= I ] :
0.10 - - ot (0000000004, ool 4
0.05] oBg
0.00 S~ . e
0 02 0.4 0.6 0.8 1.0
2

Fig. 4 The Rényi entanglement entropy SFP (t) on KM pure
state as a function of subsystem size A for ¢ = 4 and 8 =
0. The black dashed lines are Alog(2)/2 and (1 — \)log(2)/2.
Reproduced from Ref. [58].
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X;(s") both correspond to original fields with even/odd
indices and otherwise zero. This is due to the fact that
random interactions for x2;—1 and x2; are independent.
The factor f(s) = 1 for imaginary-time evolutions, and
f(s) = =i for forward/backward real-time evolutions.
The detailed derivation can be found in Ref. [58]. With
the saddle-point solution, we can compute

D00 Mg -1
Im():]ogdetGA+((])/de8/GAzA
N 4 4q

+(A—=>1-X A— B). (55)

Comparing to (47), there is an additional factor of 1/2.

This is because we are now counting Majorana modes in
terms of N /2 pairs. The Rényi entanglement entropy is
given by S (1) = [y (V) — 34 (0).

As an example, we show numerical results for the Sf) (t)
at 8 = 0 for different time ¢J. In the short-time regime,
the entanglement entropy is a smooth function of A\. How-
ever, at the longer time regime, there are two saddle-point
solutions near A = 1/2, with a first-order transition at
A = 1/2. (These solutions take the form of “replica worm-
holes”, which will be explained in more details in Sec-

tion 4.) The final result of Sf)(t) is determined by the
solution with smaller on-shell action II(<21\)/[ This leads to a
singularity of Sff) at A = 1/2. In the long-time limit, Sf)
saturates to the maximal value, while each saddle-point
gives a curve with entropy Alog(2)/2 or (1 — A)log(2)/2.
These values corresponds to the entropy of subsystem A
or B when the total system is prepared in an thermal
ensemble, which has been discussed above. This can be
understood as follows [58]: Let us consider a general pure
state |1 (t)) = >, cpeEnt|E,), the entanglement entropy
of A can be written as
_s® N

e %4 ) = gr SAW@»W(UI®|¢(t)><w(t)|}- (56)

In the long-time limit, the eigenstates should pair up to

cancel the fast oscillation phase factor. As a result, we
find

(2)
e S0 2 3 e
m,n

tr [(8% + 8) By (B © | En) (Bl

(2)
_SB‘th,_

A @
=tr {(SA+SB)pth ® Pth} =e Siute
(57)

Here we have assumed the diagonal ensemble looks ther-
mal > |y |?|Em) (Em| = pen. In the path-integral repre-
sentation, each of the term comes from a separate saddle
point, and there is a first-order transition in the large-N
limit. The equivalence between the subsystem entropy

of a thermal ensemble and the long-time entanglement of
KM pure state has also been directly proved in Ref. [58]
using the path-integral approach.

3.4 Exact results for SYKy

Before ending this section, we review exact results for the
entanglement entropy in the SYKs and ¢SYKs random
hopping models [54, 57, 115, 116]. We would focus on the
¢SYKs model since the path-integral approach suggests
the large- N entanglement entropy of the SYK, model is
given by one half of the cSYK, model result at half-filling.

The idea is to use the correlation matrix approach for
the entanglement entropy of the free particles [117]. The
ground-state correlation function of free fermion Hamil-
tonians satisfies the wick theorem, even if restricted to
arbitrary subsystems. The validity of the wick theorem
indicates the reduced density matrix takes the form of
Gaussian states

pa=e Ka/trle 4] K, = Z KijCICj.
ijeA

(58)

In other words, pa is a thermal ensemble of an auxiliary
quadratic Hamiltonian K 4, which is known as the Mod-
ular Hamiltonian or the entanglement Hamiltonian. The
parameter K;; can be fixed by matching the correlation
matrix G;; = (c}q) with 4,7 € A. The simplest way is to
transform into the diagonal basis Gpe = 32, UyUe;Gij,
where G¢ = G0,¢. In the same basis, we expect K4 is
also diagonal. Writing K4 = K,)d,¢, we have

e Kn 1

T 1te K eKit1

G, (59)

The entanglement entropy of the system is then given by
Sa = —tr palogpa, which reads

Sa=—Y (GylogGy+ (1 —Gy)log(l - Gp)).

n

(60)

In the continuum limit, if we define a normalized distri-
bution f(z) of eigenvalue z = G,,, we have

SA:—M/d;E [zlogx + (1 — z)log(l — 2)] f(x).

S = —% /dx log (z" + (1— 2)™) f(2). (61
The only remaining task is to determine f(z) for the
¢SYKs model. Since the single-particle Hamiltonian is a
random Hermitian matrix, its eigenstates form a Haar ran-
dom unitary matrix U [54]. For a filling fraction k = Q/N,
first Q states are occupied. We parametrize U as [54]

T
oo Ve Voo
W( / )

(62)
N-Q)xM YW (N-Q)x(N—M)
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and the correlation matrix restricted to the subsystem A
is given by G;; = V1V. It is known that G;; then forms a
B-Jacobi ensemble with 8 = 2 [118]. The eigenvalue dis-
tribution f(x) is known to satisfy the Wachter law [119]:

f(x) _ i \/(/\-‘r — I)(:C - /\—)
27\ z(l—x)

+ (1 - ;) O\ — K)8(z).
with Ay = [\/s(1—A) £ /A1 — )% For A — 0, (61)
immediately predicts the maximal entropy (32), consis-
tent with all previous discussions. For general ), the en-
tropy can be analytically obtained for n = 1 and all even
n [57, 115], and also for finite N [120]. They show that
the entanglement entropy is much smaller than the Page
value, as expected for non-interacting systems.

Oy —a)(z = A-)]

(63)

4 Entanglement in coupled SYK models

Having summarized results for the SYK/cSYK model, in
this section, we review studies of the entanglement dynam-
ics in coupled SYK models. We focus on the coupled y —v
system with the Hamiltonian (27) for different » = Na/Nj.
We copy the Hamiltonian here for convenience:

H = Z in2i3i4xil Xi2 Xi3Xi4
{in}

+ Z Jg}l a2a3a4 wih waz ¢a3 wa4
{an}

>

i1 <iz,a1<az

Vviliz(naz)(il Xizwal ¢a2~ (64)

Unlike the single SYK model, where many approaches can
be employed, here the path-integral approach is the only
efficient method. Motivated by gravity calculations [20],
which would be reviewed in Section 4.4, the coupled sys-
tem is prepared in a TFD state with an auxiliary system
and evolves under the coupled Hamiltonian H [121]. In
the early-time regime, the entanglement entropy grows
linearly for both Rényi and von Neumann entropies. In
the long-time limit, Rényi entropy saturates to a non-
thermal value for r = 1. On the other hand, for r > 1,
the 1 system contains large degrees of freedom and serves
as a heat bath [50, 122, 123]. The coupled system is then
qualitatively similar to [63]

A :
H = Hsvyk,[x] + IZ F¥ia¥iots + Z iVVAXii0,
x,t i

(65)

which is closely related to its gravity counterpart in AdSs
spacetime [20]. As a result, a replica wormhole solution

4.1 The set-up and G- action

We begin with the setup of the problem. TFD states
can be defined generally by replicating the system [61],
with arbitrariness in choosing the basis. Here we focus
on a convenient convention for Majorana fermions. We
consider a system that contains N Majorana modes x;
with Hamiltonian H[x]. We introduce 2N fermion modes
xE, xI. Similar to the definition of KM pure states, we
pair up the left and the right fermions by defining ¢; =

L ,. R
XitXi  The unnormalized TFD state reads

BHJ,

ITFD) = e~ 2 |I),

el = o. (66)

Here we choose a single maximal entangled state |I) with
no filling of ¢;, and keep the 8 dependence of |TFD) im-
plicit. We have defined the Hamiltonian for the left system
as Hy, = H[x]. We could also introduce the Hamiltonian
for the right system as Hp = H[—ix%], which satisfies
Hpg|I) = Hy|I), and the TFD state can be equivalently
prepared by evolving |I) with Hix = Hp + Hp for an
imaginary time /4, or with Hp for an imaginary time
8/2.

We add a few comments. Firstly, any maximally entan-
N/2
gled state can be written as [I) = 27 N/4 52 "3y |i') g,

where both {]i);} and {|i')r} are orthonormal bases in
the corresponding Hilbert space. As a result, the reduced
density matrix of a single side is thermal p® = e~ #H" /Z
with o = L, R. Secondly, for small 8, |TFD) mainly con-
tains entanglement between left and right copies, while
the entanglement between Majorana modes in the same
copy is weak. This indicates the TFD state is not ther-
mal, similar to the KM pure states. After long-time

evolution, we expect the system thermalize and Sf) =

min {25,255, }.
Rényi entropy of thermal density matrices. Thirdly, under
holographic duality, the TFD states are described by the
Hartle-Hawking states in the two-sided black holes [114],
in which a version of the information paradox exists [20].

To study the entanglement dynamics, we further evolve
the coupled system with Hiot. This gives

ITFD(t)) = e | TFD) = e~ 2HL! | TFD).

Here 51(42/)B,th is the subsystem

(67)
Then one can compute the reduced density matrix p4 and

Rényi entanglement entropy 81(4”).

In this section, we focus on coupled SYK models with
both x and 1 fermions. After doubling the system, we
have four species of fermions x*, ¥%, ¥, and ¥®. The
Hamiltonian H, contains interactions between x* and %,
and there is no interaction between left and right copies.
The TFD state after the real-time evolution can be repre-
sented pictorially

appears in the long-time limit, and the entanglement en-

tropy approaches the thermal value [68]. These results |TFD) = w (68)
will be explained in details in the following subsections. P
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Here the horizontal solid lines represent real-time evolu-
tions, while the arcs represent imaginary-time evolutions.
We choose the subsystem A as 1* U™, which is in a pure
state when 8 =t = 0. The purity tr p% then takes two
equivalent forms [63]

The integration over the complex time 7 is along a closed

contour on the complex plane, where Im 7 corresponds
to the real-time evolution and Re 7 corresponds to the
imaginary-time preparation of the TFD state [61]:

02 z
Path integral contour: (70)
1
Here, we draw contours in terms of z = e~ 7. Conse-

quently, the real-time evolution is along the radius and
the imaginary-time preparation forms a circle. We fur-
ther divide the contour into two parts C7 U Cy separated
by the horizontal axis, as illustrated in (70).

The left graph of (69) can be understood as inserting a
pair of twist operators T /Ty, r to the x system:

®2
Z%tr p% = (TFD(t)|®*Ty, LTy r|TFD(t)) . (71)

The right graph is more convenient for the path-integral
approach. Following the discussions in Section 2.1 by in-
troducing bilocal fields G;’ﬁ} and X7 with m,n € {1, 2},

X/
one find the G—X action reads
5(2) 1 ~ r ~
]TViFlD i logdet(0; — Xy ) — 3 log det(9; — Xy)
1 smn ymn J2 ~mn\4 smn ymn
—+ 5 /I_T,|:EX GX 7Z(GX ) +TZ¢ Gw

V2
2

J*r ~mn ~mn ~m'n’
e G S (GO (S T
(72)

Here the integrals over 7 and 7’ are over the contour
C7 U 3. An additional phase factor appears if we use
a single real parameter as we did in Section 3.3. We have
defined ¢y (7) and ¢,y (77) as a permutation between
two replicas [61, 100]:

() = {i

for 7 € C1,

(73)
for 7 € Cs.

The saddle-point equations of (72) read
Gy=00:=%)7"  Gy=00—%y)7
z;nn _ J2 (G;rm)B 4 VQCmm’Cnn' (G’ZL/”/)QG;nn’

P = JGY™)? + V2 e ans (G 2GR v, (T4)
and the on-shell action IF(FQI;D = S%ZD [G,%]. The second

Rényi entropy is given by 51(42) = Iq(_?F)D — 21, with I being

the on-shell action of the thermal ensemble. Equivalently,
21 can be computed by setting ¢(7) = I in (72).

4.2 Early-time linear growth

We begin to analyze the entanglement dynamics of the
coupled system. An important observation [61] is that
the saddle-point equations (74) admit solutions that is
“replica diagonal”:

%”X(T, ') = 8" Gy (T, 7). (75)
The arguments contain two steps: Without any interac-
tion V' = 0, the solution of G/, satisfies the replica diag-
onal condition. When we turn on a finite V', new terms in
the self-energy is again replica diagonal due to the pres-
ence of Gy/y. As a result, the replica diagonal solution
is consistent with the saddle-point equation. It turns out
that this is the correct saddle-point solution in the early-
time regime.

Now let’s assume V' is small, and perform a perturbative
calculation of the entanglement entropy near the saddle-
point solution with V' =0 [22, 61, 64, 65, 68]. We have

V2 2 N2

o R ) NCRURMERSE
7,7 €Cy 7,7 €Co

(76)

SI5ED
an

Here we consider the n-th Rényi entropy. On the other
hand, there is a similar contribution for I:

s v?

N 1 (77)

G, 72 Gy, 7).

7,7 €C1UC>

G

Fig. 5 An illustration of the geometric problem on the
Poincaré disk for the dynamics of Rényi entropy with N; =
N3 = N in the low-energy limit. The saddle-point solution is
given by joining two arcs. Reproduced from Ref. [61].
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Combining these results, we have

V2N
s = 7 / / G (1,7 )2G (1, 7')2. (78
A 2(n _ 1) reoy Jrec, X( ) w( ) ( )

For V' = 0, the Green’s functions only depend on time
differences. When the evolution time t > tgis, with
the dissipation time tq;s charactering the decay of two-
point functions, the main time-dependent contribution

ASI(L‘n)(t) = Sgn)(t) - Sin)(O) comes from the integral over
real-time evolutions. This gives

(n) ~ nV2N1 2t 2t ) )
ASY () = 1 ), dtydty G (t12)G7 (t12)
nV2N1 &
~ [ — /_OO At G ()G (t)? | t = rt.

(79)

Here G (t) = —i(x(t)x(0)) is the real-time Green’s func-
tion [110]. We find at early-time the entanglement entropy
grows linearly.

Such an linear-growth behavior is valid beyond SYK-
like models and the replica diagonal consistency is not
necessary. As an illustration, we consider some arbi-
trary x and v systems, with a general coupling Hj,; =
Vzi]il 0: 0., [65]. The perturbative analysis can still
be carried out diagrammatically. For n-th Rényi entropy
with n > 2, the leading order time-dependent contribution
comes from the diagram

7nV2N
n—1

tr [ng o Ggf] . (80)

Here we treat Green’s functions as matrices in the time
domain. This leads to a linear growth

dw o

2nV2N
2 Ox

n—1

AST (1) ~ [ @ocgwp%@]t.(sn

However, above calculations do not have a well-defined
limit n — 1, in which the Rényi entropy s{ reduces to the
von Neumann entropy s,. As noticed by authors [65], this
is because an additional diagram contributes for n — 1:

_ VN [—ng o Ggf]"

n—1

(82)

Although this contribution is at a higher order of V for
any n > 1, it becomes important in the limit of n — 1.

Summing up (80) and (82), we get a finite expression for
the von Neumann entropy, which predicts a slope

ASy

ot~ |2 [ o) 1 - oot (58)

_— =

with g(w) = —VQGSX(W)G5,¢(_W)~

shows that the linear growth rate for the von Neumann

Interestingly, this

entropy is proportional to —V2logV for small V, para-
metrically faster than any n-th Rényi entropy with n > 1.

4.3 Geometric interpretation for No = Ny

Now we turn to the entanglement dynamics beyond the
early-time regime. Generally, this requires direct numeri-
cal studies of the saddle-point equations (74). In this sub-
section, we focus on the special limit with Ny = Ny = N,
V « J, and 8J —>> 1, where analytical results exist [61].
The x and 1) systems now become symmetric. Following
the discussions in Ref. [61], we further assume the replica
diagonal solution also works at late times [124]. This has
been verified in numerics [62, 63].

Since V' <« J, the perturbation due to the coupling
between two sites are small. As a result, one can as-
sume the changes of Green’s functions are restricted to
the low-energy manifold. In other words, we can use the
Schwarzian action (16) to determine the entanglement dy-
namics. Similar to the previous subsection, the effective
action contains two parts Seg = Ssch + Sint, With

SSch _ 7NOCS dr {tan J'Cf(T) T}

n j CLUC> /8 ’ ’ (84)
Sin V? ~

NTZ :2/;1(17'1 CQdTQ Gf(Tl,T2)4.

We have assumed the only relevant mode satisfies
éw(7-177—2) = éX(Tl77—2) = éf(71,7'2>. The integral is
along a contour on the complex plane. To avoid this, we
perform the analytical continuation ¢ — —ir, and then
the integral is purely on the imaginary time. We choose
Cie[r,B/2—7)and Cy € [0,7)U[B/2—7,5). A second
analytical continuation back to the real time 7 — it is
performed at the end of the calculation. This gives

Sw_ a0, PECUGR-D-I0) o
Nn 2 w22 f(B/2 —1)f' (1) '

Here v = V?/4nJ? and € ~ 1/J is a cutoff.

The problem of solving (84) and (85) can be mapped
to a geometric problem on a Poincaré disk thanks to the
holographic duality [61]. For a curve (p(7),0(7)) on a
Poincaré disk with (1) = 2nf(r)/8 and g,.(17) = J?,
the Schwarzian action can be represented by

Ssch
nN

= as(BT — A —2n). (86)
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Here A is the area enclosed by the curve. This is a conse-
quence of (17) and the Gauss-Bonnet theorem [125], and a
direct verification is given in Ref. [61]. On the other hand,
Sint represents an attractive force between two boundary
points

Sint
niN

S log cosh D <ﬂ -, 7') . (87)

2 2
Here D(71,72) is the geodesic distance between two points
(p(m1),0(11)) and (p(72),0(12)) on the curve. Intuitively,
this can be understood by realizing that the combination
in (85) takes the form of the two-point function, which
can be approximated by e P(m1:72),

The entanglement dynamics is determined by minimiz-
ing Sseh + Sint With respect to the shape of the curve f(7).
Away from 7 and (/2 — 7, the equation of motion is the
same as V = 0, under which the solution is a circle. As a
result, the solution takes the form of joining two arcs (up
to an SL(2,R) transformation on the Poincaré disk). The
minimization has been worked out in Ref. [61] by express-
ing both terms through the radius and open-angle of each
arc. In the long-time limit, the authors find

(1 + log ——= 8v205 )

If we take v — 0, this reduces to the excitation en-
ergy of the SYK model, which does not contain the zero-
temperature entropy Sy. This may lead to the conclu-
sion that the coupled SYK model fail to thermalize for
N1 = N,. However, this may be an artifact of the large-
N limit for Rényi entropies, and the von Neumann en-
tropy may show parametrically different behaviors as we
have seen in the last subsection. For example [126], if we
consider a toy density matrix

P
P+@Q
when P, Q > 1, We have

Gm) — _ 1 log P+ Q n

n—1 (P + Q)"
P P
S = log +Q + @
P+Q P P+Q
Here we have assumed P? > Q. |E;) is an analog of the
excited state, and Igx¢ is an analog of the SYK ground

state ensemble. We see that although S(™) only contains
the contribution from |E;) if we take the large P, @ limit,
the von Neumann entropy S contains both contributions.
It is also known that one can get rid of the non-thermal
behavior by considering the microcanonical ensemble [22].

One could also ask about results at higher temperatures.
In this case, the quantum dynamics is no longer restricted
to the low-energy manifold, and the numerical study [62,
63] shows that the entanglement entropy saturates to the
thermal value through a first-order transition. We will
review similar physics in the next subsection.

43136!5

BT

n—1
(n) ~
nNS

(83)

———|E\) (B | +

1
s lexq
P P+Q ¢

1
nflog )

log(P + Q).

4.4 Thermalization and replica wormholes

Now we turn to the situation where the 1) system contains
much more degrees of freedom r > 1. In this case, the
Green’s function of ¢ receives no correction from V' (74)
and we can fix the Gy by thermal two-point functions.

Moreover, we can neglect all éw and i/, terms in the G-
> action as

5(2) 1 ~ 1 Symn ymn
?\?D =-3 logdet(9; —Xy) + D) /TT, [EX G
J? o4 VR o n’y2
IR Al (G D R(CH A Cmmlcnn,]'

(90)

This is because they cancel out with corresponding terms
in 21. Here we set Ny = N for conciseness. (90) can be un-
derstood as firstly integrating out the 1 system and focus
on the response of x fermions. For the model with a bath
described by a Majorana chain (65), the only difference is
to replace the last term in the square bracket by [63]

—VzAé;”"G$,"/cmmfcnnf, (91)

with G$/”' computed using the free Majorana chain.
The similarity between G- actions indicates two mod-
els show qualitatively the same dynamics of the entan-
glement entropy. The analysis in Section (4.2) shows
the entanglement entropies of both models grow lin-
early under perturbation. When perturbation theory fails,
one should perform a numerical study of Schwinger—
Dyson equations. We parametrize the contour using a

(a) 0.8 =1 ()07
o 0.6 //
3 0.4 g 047 >
;;q :;C 0.3 //
0.2 0.2 ‘
Lo 0.14 /

0.0 T T T 0.0 T T T T T
00 05 10 15 20 0.00.51.01.52.02.53.0
1p 1

(©) (@)

Fig. 6 Numerical results for the entanglement dynamics of
coupled SYK models. (a) 2-nd Rényi entropy for Hamilto-
nian (64) with 8J = 4, r — oo, N1 = N and V/J = 1;
(b) 2-nd Rényi entropy for Hamiltonian (65) with SJ = 4,
V2/J = 0.05, Nt = N and A/J = 5; (c) Typical Green’s
function Re Gy in the early-time regime; (d) Typical Green’s
function Re Gy in the late-time regime. (a), (c), and (d) are
reproduced from Ref. [61].
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single real parameter s € [0,4(2t + 3/2)], similar to
the study of KM pure states. The results are shown in
Fig. 6(a) for the SYK4 bath and (b) for the chain bath.
The results are qualitatively the same. In the early-
time regime, the entanglement entropy grows following
a smooth curve with a nearly constant slope. This per-

sists to a very long time even when Sff) > QSf)th, which
leads to a negative (second Rényi) mutual information

ng + Sg}% - S'EbQBU'L/)R = 251(42’1}1 - Sf) < 0. Such a viola-
tion of quantum information bounds is known as the infor-
mation paradox [72]. Fortunately, an additional saddle-
point solution appears in the intermediate time regime,
which dominates the path-integral and resolves the para-
dox in the long-time limit by a first-order transition. Sim-
ilar transitions also show up in Brownian models [66, 94].

To understand the difference between two saddle-point
solutions, we plot the typical Green’s functions G, in
Figs. 6(c) and (d). Here we use the convention illustrated
in (69), where replica diagonal solutions of Gy and Gy
take the form

ia, dia,
Gee . Gy (92)

Since G, does not depend on V, it is always replica
diagonal and we only need to focus on G. On the early-
time saddle, we expect the Green’s functions take a similar
form as V' = 0. For the SYKy bath, this suggests that G
is strictly replica diagonal on the early-time saddle. For
the Majorana chain bath, the replica diagonal assumption
is not consistent with a finite V. As a result, Gy, is only
approximately replica diagonal, as shown in Fig. 6(c).

However, G, takes a complete different form on the
long-time saddle point, as shown in Fig. 6(d). The solution
approximately takes the form of Giiag . This suggests that
although the contour of s € [0, 3/2+2t) is connected with
s € [3(8/2+2t),4(8/242t)), the solution favors the pair-
ing between s € [0, 3/2+2t) and s € [3/2+2t,2(58/2+2t)).
Due to the reasons explained below, we call this a replica
wormbhole solution. As we mentioned in Section 3.3, sim-
ilar transitions also present when considering the entan-

Island

Fig. 7 An illustration of the gravity calculation of the von
Neumann entropy: (a) the RT surface without an island, and
(b) the RT surface with an island outside the horizon.

glement dynamics of KM pure states. In [63], authors ex-
plains the replica wormhole solutions can be understood
as a factorization of twist operators, which gives

e = (L1 Tr) ~ (Tyn) (Tor) = e 4m. (93)

The replica wormholes were introduced in the entan-
glement calculation of holographic systems [21, 22]. To-
wards a gravity analog of the SYK, fermions coupled to
a Majorana chain, we can replace the SYK model with a
JT gravity in the AdSs spacetime. The Majorana chain
corresponds to a bath in flat spacetime without gravity
dynamics. An SYKy fermion has a scaling dimension of
A = 1/4, which is dual to a massive bulk field. How-
ever, massive fields make the analytical calculation hard.
In the gravity calculation [20], authors assume there is a
conformal field theory in both regions, with transparent
boundary conditions. The system is prepared in the TFD
state, which is dual to a two-sided black hole, and evolved
under the total Hamiltonian H't. An illustration of the
geometry is shown in Fig. 7.

The von Neumann entanglement entropy of boundary
region A can be computed using the RT formula [11-16]:

A
S4 = min |:eXt’YA (Zezv(;%) + Sbulk):| .

(94)
The first term is the geometric term, and the second term
is the entanglement of bulk quantum fields. Here we
should consider all possible bulk extremal surfaces 4 ho-
mologous to A, and choose the minimal one. In our case,
the system is 14+1-D, and the RT surface is a set of points.
The area term is replaced by the expectation of the dila-
ton field [13]. The naive RT surface only contains points
that separate gravity systems and baths, as illustrated in
Fig. 7(a). Since there is no gravity dynamics in the bath,
only Spuik contributes. A CFT calculation shows the re-
sult grows linearly in the long-time limit [20], due to the
establish of the entanglement of bulk fields. Similar to the
SYK calculation, this gives rise to an information paradox.

The resolution is to add the contribution in Fig. 7(b).
Here the RT surface contains additional points in the grav-
ity region, which forms an island. Without bulk quantum
fields, islands always lead to an increase of (94) because
the area increases. However, in the current calculation,
this considerably reduces the entanglement of bulk fields.
The explicit calculation shows the long-time limit is then

a constant, which approaches QSfﬂh. The presence of the

island can be dated back to the gravity path-integral with
multiple replicas [21, 22]. For the naive saddle point, the
bath is twisted while the gravity region is untwisted. This
indicates the way of pairing different contours is differ-
ent for the gravity system and the bath. The island can
be viewed as emergent dynamical twist operators. After
the island appears, most of spacetime regions are twisted,
and the contours for the gravity system and the bath are
paired similarly. This is consistent with the SYK result.
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These emergent twist operators connect gravity systems
in different replicas through wormholes, which are known
as “replica wormholes” [21, 22]. When the island presents,
the entanglement wedge reconstruction [127] implies part
of the gravity region will be accessible to the bath. Dif-
ferent concrete protocols to extract information have been
proposed in Refs. [22] and [128].

4.5 Entanglement dynamics of SYK chains

We finally extend the discussions for the coupled x- sys-
tems to SYK chains [44]. On each site, there is an SYKy
model, and they are coupled by SYK-like random pair
hopping terms. The Hamiltonian reads

-y

x

T
§ Ji1i2i3i4Xz,i1Xx,i2Xz,ist,i4
11 <i2<i3<ig

xT
+ Z Vm‘zjljzxx,z'lXx7isz+1,j1Xx+1,jz>-
i1 <12,J1<J2

(95)

Here z € [1,L] with periodic boundary condition. We
prepare the system in a TFD state with an auxiliary sys-
tem. Entanglement dynamics of KM states is similar. We
choose the subsystem A as the first Ly < L/2 sites.

The first contribution to the Rényi entropy is the (ap-
proximate) replica diagonal solution. Following the dis-
cussions in Section 4.2, the entanglement entropy will
grow linearly for L4 > 1, with, a slope vg independent
of subsystem size. Choosing the same convention as the
last subsection, the Green’s functions G, look like G’iiag

if € A, and Gziag if x € B. Moreover, Green’s func-
tions in the bulk of A/B system approach two copies of
the thermal Green’s function.

The second contribution is the replica wormhole solu-
tion, where all Green’s functions G, look like Giiag . How-
ever, due to the mismatch between connectivity of the
contour and the pairing indicated by the Green function,
small deviations from Giiag always exist near the insertion
time of twist operators [as in Fig. 6(d)], even in the bulk of
subsystem A. As a result, the replica wormhole solution
leads to a volume law phase with Sf) = sgL 4. Putting
both contributions together, the entanglement dynamics
satisfies

if t<80LA/1}E
if tZSOLA/’UE.

UEt

sols (96)

51(42) (t,La) = {
This is consistent with numerical results in Ref. [94].

Interestingly, this calculation can formulated as a clas-
sical spin problem. We can treat the choice of the Green’s
functions as a spin degree of freedom. To be concrete, we
label Giiag as 1 and G{#¢ as o. The boundary condition

is fixed by twist operators: (69) suggests we should impose
1 for z € B and o for © € A near s = 0 and 3/2+2¢. The

replica diagonal and replica wormhole solution can then
be illustrated as

Diagonal Wormbhole
s=0 o
97
1 1 1 (97)
E o
%te—pF A4 B B A B

The replica diagonal solution corresponds to domain walls
along the time-direction, the energy cost of which grows
linearly. The replica wormhole solution corresponds to
having domain walls parallel to the spatial direction,
which indicates a volume law entanglement entropy. Sim-
ilar picture was proposed in random tensor networks [129]
and random circuits [130, 131]. As we will see in the next
subsection, such a picture gives a natural understanding
of measurement induced phase transitions.

5 Entanglement in non-unitary SYK models

Recent years, it was realized novel quantum entanglement
dynamics can be achieved for “hybrid” quantum systems,
in which evolutions involve both unitary evolutions and
measurements [74-100]. When tunning the measurement
rate, the steady states can show entanglement phase tran-
sitions between volume law entangled phases and area law
entangled phases, separated by a critical point with log-
arithmic entanglement entropy if the transition is second
order.

Since SYK-like models are solvable, they are ideal plat-
forms for understanding the entanglement phase tran-
sitions [94-100]. In this section, we review the stud-
ies of non-unitary SYK models, focusing on continu-
ous forced measurements which are equivalent to non-
Hermitian Hamiltonian dynamics. A general measure-
ment is described by a set of Kraus operators {M¢} that

satisfies Zg MgMg = I. Let us assume the system is

prepared in some state [1)g). After performing the mea-
surement, the probability p¢ of getting the result £ and
the corresponding post-selected state |t)¢) read

1

_ T _

pe = (Yo M¢ Me|vbo),  |the) = Me|tpo). (98)
§ /De

Now we focus on the special case where ¢ = 1,2 with

M; =~ I — eH; and My = +/2eH;, with Hermitian and
positive semidefinite H; and ¢ < 1. We now post select
the measurement outcome with £ = 1. This leads to

) o< (1 — eHy) [tho) = e~ a)y). (99)

This is equivalent to an imaginary-time evolution of the
initial state. Taking the continuum limit by setting e = dt
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and adding the unitary evolution part with Hamiltonian
Hg, we find

W(T)) o e g), H = Hp — iH]. (100)
We choose the subsystem A as first L4 sites. The n-th
Rényi entropy reads

br (tr o—iHT eiHTT)”
G V) S S : |1/1(.)> Wl —Z—. (101)
(o eH T TeHT [4)g))
Main previous studies focus on n = 2 [94-99]. The

von Neumann entropy limit n — 1 has been studied in
Ref. [100] with further assumptions.

In the following subsections, we will consider different
non-Hermitian SYK chains and derive effective actions
that govern the entanglement dynamics of the 2-nd Rényi
entropy. An important ingredient is the emergence of con-
formal symmetry in replicated non-interacting systems for
small measurement rates, which leads to logarithmic en-
tanglement entropy. After adding interactions, the gap-
less modes become gapped, and the volume law entan-
glement replaces the logarithmic law entanglement. We
can drive transitions to area law phases in certain setups
for a larger measurement rate. We will also discuss the
consequence of adding long-range couplings.

5.1 Emergent replica conformal symmetry

The non-unitary dynamics of free fermions has been stud-
ied numerically [92], and the result shows logarithmic en-
tanglement entropy with emergent conformal symmetry.
In this subsection, we review the progress of understand-
ing these results using SYK solvable models. We consider
the non-interacting SYK, chains [95]. The Hamiltonian

reads [132]
HR—IZ [Z k Xz,]Xz+1k+Z Xz,sz,k:}>
i<k
Hy ZIZ [Z k Xz,]Xw+1k+Z Xw,jX:c,k}-
k
a (102)

For simplicity, we choose couplings to be Brownian:

TR0 = 535000, TG0 = o0,
o 103
VIOVE0) = 5 6(), ValnV(0) = 2o,

The static coupling case has been analyzed similarly in
Ref. [95].

In Section 4.5, we have seen that the entanglement en-
tropy calculation in interacting systems with unitary evo-
lution corresponds to the energy of domain walls. We
expect similar pictures work here: the twist operator cre-
ates some defects which excite low-energy excitations, and

the entanglement entropy is given by the corresponding
energy. To understand the possible low-energy excita-
tions, we start with the path-integral without any twists
limy_, oo (tr e TelHT)2 We label four evolution contours
by 1,2,3,4, where the evolution is forward/backward on
{1,3}/{2,4}, as illustrated in Fig. 8(a). Following the
derivation in Section 2.1, the saddle-point equation reads

[(—1)*T16°¢0;, — £4°] 0 G = 1, (104)
and
G (t,t) + G | (t,t
Z;b(t,t/) — (V12 _ (_1)a+bJ1) +1( ) 5 1( )
+(VE = (=) I G (8, 1) [6(¢—t).  (105)

Interestingly, there is an O(2) ® O(2) symmetry:
G(t,t/) — OG(t,t/)OT with O = exp(—713913 — 724924)
left the equation invariant. Here (Veq)® = dueObd — Obebad
is a 4 x 4 symmetry generator in the contour space. This
can be understood as the promotion of the permutation
symmetry (1 <> 3), (2 <» 4) for quadratic actions.

This symmetry is broken by the saddle-point solution.
From Fig. 8(a), we see that contour (1,2) is disconnected
from the contour (3,4). As a result, we expect G to
be block diagonal G13 = G* = G# = G?* = 0, and
satisfying G = Ga+25%2 for a,b € {1,2}. Explicitly, on
steady states, the solution of (104) and (105) reads

w
w2 +T12/4°

/2

11
G w) = w2 +T12/4°

G2 (w) = — (106)
Here we have defined ' =V +J = Vo + V1 + Jy + J1. The
solution (106) is only invariant under the transformation

if we have 713 = 724, and the residue symmetry group

is O(2). Since the relative rotation symmetry is broken,
(3)<] | (o2 © ¢ 5 4 B
> T _>x} * %> _x.
q > A A ¥
3
q > v v v
q 4 i
(b) 1 trp[z4 (d)t
& ot —
X
] AR
— oA A A
q 4 B A P 4

Fig. 8 (a, b) A sketch of the path-integral contour with-
out/with twist operators for subsystems A. (c¢) The configu-
ration of § when computing the entanglement entropy in non-
Hermitian SYKy chains. (d) The configuration of 6 for the
purification dynamics in non-Hermitian SYK> chains. (c) and
(d) are reproduced from Ref. [97].
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there is an associated Goldstone mode living in the coset
space O(2) @ 0(2)/0(2) = O(2). We will use a 6 € [0, 2m)
field for this Goldstone mode. The effective theory for
f can be derived by considering fluctuations around the
saddle point. The result reads [95]

Sy 1 SitVio 1o, 2
N_2/wk( TR 4t ) 6w D)

This is the 2D XY model, with dynamical exponent z = 1.
It is also a representative conformal field theory, which ex-
plains the conformal symmetry of steady states observed
in numerical studies. Since this conformal symmetry only
emerges after introducing replicas, the authors call it an
emergent replica conformal symmetry [95].

The entanglement entropy can be computed using the
effective action (107). The important observation is that
the Goldstone mode 0 is exactly the degree of freedom that
labels the pairing between contours. For § = 0, contours
(1,2) and (3,4) are paired, as shown in (106). This is an
analog of I in Section 4.5. After performing a relative
rotation 6, the Green’s functions become G'2? = cos§ G
and G = sinf G12. Consequently, § = /2 corresponds
to pairing (1,4) and (2,3). This is an analog of o in
Section 4.5. Consequently, when computing the entangle-
ment entropy, we should impose # = 0 near the boundary
of the contour for sites in subsystem B, and 6 = 7t/2 for
sites in subsystem A. This is illustrated in Fig. 8(b). For
the XY model, (107), this boundary condition excites a
pair of half-vortexes, with a energy logarithmic in their
distance:

[J1+ V;
Sf) x pslogLa = %NlogLA.

Here ps is known as the superfluid density [133]. (108)
has been verified by comparing to numerical results in
Ref. [95].

We finally comment on interaction effects. The absence
of interactions is essential for the presence of O(2) ® O(2)
symmetry, and thus the emergence of replica conformal
symmetry. When interactions are introduced, for example
an on-site Brownian SYK, term, the O(2) ® O(2) symme-
try is broken explicitly back to Z4 ® Z4, where 0 is fixed to
be nm/2, as a combination of x* — —x® and permutations
between contours. More explanation is given in the next
subsection. The Goldstone modes gain mass and a smooth
rotation of € is no longer allowed. As a result, the bound-

(107)

(108)

ary condition of Sf) will excites a domain wall instead of a
half-vortex pair. This leads to a volume law phase similar
to Section 4.5. This concludes that no entanglement phase
transition shows up in this simple Hamiltonian (102).

5.2 Entanglement phase transitions

A non-Hermitian SYK chain with entanglement phase
transition was proposed in Ref. [96]. Comparing to the

model in the last subsection, it contains two copy of SYK
chains, labeled by L and R. The Hamiltonian reads

HR - Z (Zi‘]f];a(t)wx,a,jwz-ﬁ-l,a,k

z,a jk
j (109)
£ X U s nas,)
J1<...<Jjq
With a = L7 RJ a‘nd
Hy = _g/dtzi¢m,L,i¢x,R,i~ (110)

The model can be understood as performing continuous
forced measurements on the inter-chain fermion parity.
We assume ¢ > 4 and U = 0 corresponds to the non-
interacting limit.

Following the discussions in the last subsection, we
first consider the saddle-point solutions without twist
operators. For U = 0, the system still exhibits the
0O(2)®0(2) symmetry. The solution of saddle-point equa-
tions reads [96]

J

t|

N‘

o ¢ 2 (sen(t)o” — /1 — p2icY + pr¥), p<l,
- _plt]
= (1o + 1), i
(111)

Here i = p/J. 04 (7,) are the Pauli matrices in the 1,2
(L,R) space. We find G2 # 0 for u < J, where the for-
ward evolution pairs with the backward evolution, while
G'2? > 0 for i > J, where the pairing is between two copies
of the SYK chain. When the pairing between forward and
backward evolution presents, the O(2) ® O(2) symmetry
is broken to O(2), and the Goldstone mode exists. On the
other hand, when G'2 = 0, the saddle-point solution pre-
serves the full symmetry, and the system is gapped. Such
a transition can be formulated as an effective action [96]:

Y= [ (500743 0. (112)

Here A > 0 and r ”%] determines whether the pair-

ing field ¢ ~ (G2 + G3*, G 4+ G23) condenses or not.
This suggests the entanglement phase transition for non-
interacting systems with large local Hilbert space dimen-
sion is a large-N O(2) symmetry breaking transition. For
@ < J, the Goldstone modes lead to logarithmic entan-
glement, as in the previous subsection. For p > J, the
system is disordered with respect to boundary conditions.
As a result, the insertion of twist operators will not excite
any defect, and the entanglement entropy is area law.
The relation between G2 and the scaling of the entan-
glement entropy can also be understood from the pertur-
bation theory in Section 4.2 [94]. By identifying G*! =
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iG~, the early-time contribution (80) always grows lin-
early. As explained in Section 4.5, this is the area law con-
tribution. In the long-time limit, it becomes larger than
the replica wormhole contribution, and the saddle point
is dominated by the latter. On the contrary, G'? = 0,
the perturbative calculation predicts a saturation value
for the area law entanglement. Consequently, it will dom-
inate the entanglement entropy in the long-time limit and
lead to an area law entangled phase.

Now we consider small interaction U/J < 1. Simi-
lar to (7), this introduces an additional term G* into the
action, which contains a contribution (¢} + ¢3). Conse-
quently, the revised effective action reads

% - /dtdx (;(65)2 +767 + Ao, +N (6] + ¢§)> ,
(113)

with A" oc U. The additional term breaks the O(2) symme-
try, and the residue group is Z4. The transition at r =0
becomes a large-N Z4 symmetry breaking transition. The
disordered phase is similar to the non-interacting case,
while the ordered phase exhibits volume law entangle-
ment entropy. In Ref. [99], authors also use effective ac-
tions to study the entanglement phase transition from the
quantum error correction perspective. The extension to
phase transitions of the von Neumann entropy is studied
in Ref. [100].

5.3 Effects of long-range couplings

The long-range coupling presents in most of the state-
of-the-art experimental platforms for quantum dynam-
ics, including NMR systems and cold atom systems. In
this subsection, we review efforts to understand the non-
unitary dynamics using SYK chains. We focus on the
non-interacting case studied in Ref. [99]. The effect of
long-range couplings in interacting SYK-like models has
been studied in Ref. [100].

We consider adding long-range hopping terms to the
Hamiltonian (102) as

: T (1) =
=13 [ 30 ot 2 T e |
T 7,k,r i<k
(114)
Here r € {1,2,...} labels the range of hopping. For

a < 0.5, the decay of random hopping is too slow, and
the system is effectively all-to-all connected. We focus on
the o > 0.5, where the system has a well-defined thermo-
dynamical limit. The solution of the saddle-point equation
is still given by (106), with I' = Vo + Vi + Jo + >, J1/r*°.

Comparing to the short-range hopping case, there is no
difference from the symmetry perspective. To determine
the scaling of entanglement entropy, we should derive the
effective action for Goldstone modes. The k2 term in (107)

Purified within O(L) time

_ 2a-1
all to all z P

S, < L, Sy o< Li?

z=1

S, o< log L,
0.5 1.5 a

Fig. 9 The phase diagram of the non-Hermitian SYK5 chain
with long-range couplings. Reproduced from Ref. [97].

can be understood as the kinetic energy of a Majorana
fermion pair (V4 + J1)k?/2 = (Vi + J1)(1 — cosk). After
adding long-range coupling, we replace it with

o0

e(k) = Vi(1 —cos(k)) + > %(1 — cos(rk)).

r=1

(115)

The low-energy physics is determined by the small k ex-
pansion of €(k), which depends on « as

2
e(k) o { :24%1

As a result, for a > 1.5, there is no difference compared
to models with short-range hopping. We have dynamical
exponent z = 1 and logarithmic entanglement entropy.
For o < 1.5, the dynamical exponent depends on « as z =
2“2_1. Moreover, the entanglement entropy is no longer

equal to the energy of a half vortex pair, and a direct

for a > 1.5,

(116)
for e < 1.5.

calculation using dual fields of § shows Sff) oc LY7# [97].
This is known as a fractal phase [134]. Implications on
the purification dynamics are also discussed in Ref. [97].

6 Outlook

This review summarizes recent studies of the quantum
entanglement in the SYK model and its generalizations.
The entanglement entropy of the single-site SYK model
can be studied using the ED, the ETH, and the path-
integral approach. Results from different methods match
to good precision. For coupled SYK models, the Rényi
entanglement entropy generally shows first-order transi-
tions, where the long-time saddle is an analog of replica
wormholes. Non-unitary SYK chains can also be used to
study measurement induced entanglement phase transi-
tions for the 2-nd Rényi entropy, which can be under-
stood as conventional symmetry breaking transitions on
replicated Hilbert space.

There are several interesting open questions: (i) Von
Neumann entropy. In gravity calculations, the von Neu-
mann entropy is much easier to compute compared with
Rényi entropies [135], which receive additional backreac-
tions. However, in the SYK model and its generalizations,
it’s hard to take the limit n — 1 and derive results for
the von Neumann entropy, except for the Brownian mod-
els [100], or perturbative calculations [65]. It is interesting
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to develop the methodology for the path-integral approach
for the von Neumann entropy for interacting quantum sys-
tems.

(ii) General measurements. In Section 5, we focus on
forced measurements, under which the evolution is de-
scribed by non-Hermitian Hamiltonian dynamics. It is in-
teresting to consider more general measurements, in par-
ticular, to understand the consequence of random out-
comes. It is also inspiring to reveal the gravity picture of
the measurement induced phase transitions.

(iii) General many-body systems. The SYK model
and its generalizations are solvable in the large-N limit,
and consequently, we can understand their entanglement
dynamics using the path-integral representation. How-
ever, there is no simple saddle-point description in gen-
eral quantum systems with strong interactions. It is of
vital importance to develop approximation methods for
entanglement dynamics using motivations from SYK-like
models.
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