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We theoretically study the broadband near-field optical spectrum of twisted bilayer graphene (TBG)
at various twist angles near the magic angle using two different models. The spectrum at low Fermi
energy is characterized by a series of peaks that are almost at the same energies as the peaks in
the far-field optical conductivity of TBG. When the Fermi energy is near a van Hove singularity, an
additional strong peak appears at finite energy in the near-field spectrum, which has no counterpart
in the optical conductivity. Based on a detailed calculation of the plasmon dispersion, we show that
these spectroscopic features are associated with interband and intraband plasmons, which can provide
critical information about the local band structure and plasmonic excitations in TBG. The near-field
peaks evolve systematically with the twist angle, so they can serve as fingerprints for identifying the
spatial dependent twist angle in TBG samples. Our findings pave the way for future experimental
studies of the novel optical properties of TBG in the nanoscale.
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1 Introduction

The recent discoveries of Mott insulator phase [1–3],
superconductivity [4–7] and many topological phenom-
ena [8, 9] in twisted bilayer graphene (TBG) have gen-
erated great interest in this system. These new findings
are associated with the formation of flat bands near the
so-called magic twist angle near 1.05◦ [10, 11]. The band
structure of TBG and the observed new electronic phases
show critical dependence on the twist angle, which gen-
erally changes spatially in realistic samples due to strain
and wrinkles induced during the fabrication process and
by the substrate. Moreover, significant atomic scale lat-
tice relaxations are observed in TBG due to the compe-
tition between interlayer van der Waals interaction and
intralayer lattice distortion [12–17], which is also spatially
dependent and significantly changes the local band struc-
ture and properties. Therefore, it is of great importance
to explore the physics of TBG using imaging techniques
with high spatial resolution.

Over the past decade, broadband near-field infrared
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(IR) spectroscopy based on scattering type scanning near-
field optical microscopy (s-SNOM) has emerged as a pow-
erful technique to study a wide variety of new physical
phenomena in the nanometer scale [18–29]. The IR regime
is of great interest for exploring TBG, because the en-
ergy scales of many physical phenomena and electronic
excitations in graphene systems lie in this energy range,
including interband transitions, band gap, many body in-
teractions and collective modes [30]. Broadband SNOM
can provide point-by-point near-field spectral information
with spatial resolution of about 20 nm. Optical measure-
ments with such high resolution are particularly important
for probing the local band structure and electronic prop-
erties of TBG because the twist angle and atomic lattice
reconstruction show large spatial dependence in realistic
samples [31, 32]. While the far-field optical conductivity of
TBG has been studied theoretically and experimentally in
several previous works [33–35], the broadband near-field
optical spectrum of TBG is yet to be explored so far.

In this work, we present a theoretical study of the broad-
band near-field optical spectra of TBG on top of SiO2

substrate with different Fermi energies (EF ) and twist an-
gles in comparison with the optical conductivity spectra.
Interestingly, we find that the features in the near-field
spectrum at EF = 0 closely resemble the peaks in the op-
tical conductivity of TBG. When Fermi level is near the
van Hove singularity, a strong resonance peak appears at
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finite energy in the near-field spectrum, which is absent in
the optical conductivity. Based on a detailed calculation
of the dispersion of TBG plasmons, our analysis shows
that these near-field spectroscopic features arise from in-
traband and interband plasmons in TBG, all of which
evolve systematically with the twist angle. We show that
calculations employing two different models produce sim-
ilar near-field spectra.

2 Theoretical model

Figure 1(a) displays a schematic of the near-field analysis
used to study the TBG on top of SiO2 substrate. The Bril-
louin zone of TBG with a small rotation angle θ is shown
in Fig. 1(b). The large hexagons in red and blue repre-
sent the first Brillouin zone of the upper and lower mono-
layer, respectively. Kl and K ′

l denote the two inequivalent
valleys of layer l (l = 1, 2 corresponds to the upper and
lower layer, respectively). The small black hexagon repre-
sents the mini-Brillouin zone resulting from the difference
between the two K (K ′) wavevectors. Ks, K ′

s, Ms, Γs

correspond to points in the mini-Brillouin zone.
In our theoretical model, the TBG/SiO2 structure in

Fig. 1(a) is treated as a layered medium consisting of two
regions: vacuum and SiO2. The TBG layer at the twisted
angle θ = 1.05◦ is considered a two-dimensional (2D) layer
regardless of thickness, which has the sheet conductivity
σ(ω) given by the Kubo formula:

σ(ω) =
e2h̄

iS
∑
m,n

f(Em)− f (En)

Em − En

|⟨am |vx| an⟩|2

h̄ω + iη − En + Em
,

(1)

where S is the area of the TBG system in real space,
f (E) is the Fermi distribution function, vx represents the
velocity operator, η is the phenomenological broadening,
which is 0.003 eV [35], and h̄ω is the incident photon en-
ergy. The eigenenergy Em(En) and eigenstate |am⟩ (|an⟩)
are obtained by solving the Hamiltonian of TBG based on
the effective continuum model [35–38], which also takes
into account the effects of lattice relaxation in TBG sys-
tem. More rigorous mathematical details can be found
in Refs. [35–38]. Furthermore, to calculate the imaginary
part of the conductivity in TBG, because it involves sum-
mation over the entire energy band, we make use of the
Kramers–Kronig (KK) relation [39]. Thus, the imaginary
part can be written as

Imσ(ω) =
2

πω

(
P

∫ Λ

0

dv v
2 Reσ(v)
ω2 − v2

+ 2Λ

)

+
2

π
log
(
Λ− ω

Λ + ω

)
. (2)

In Eq. (2), P denotes the Cauchy principal value, and Λ is
a finite cut-off frequency due to the fact that the Re σ(ω)

Fig. 1 (a) Illustration of the FDM and PDM. A spheroid
(or sphere) represents the tip with the length L. In FDM, its
polarization in the incident P polarized light is approximated
by the monopoles Q0 and −Q0 forming the dipole p0, and the
near-field induced charges Q1 and −Q1 form the dipole p1. (b)
The moiré Brillouin zone (small black hexagon) is constructed
from the difference between the two K (K′) wavevectors for
the two layers (red hexagon: layer 1, blue hexagon: layer 2).
Ks, K

′
s, Ms, Γs correspond to points in the moiré Brillouin

zone. (c) Band structure and (d) density of states (DOS) of
relaxed TBG with θ = 1.05°. The red line (blue line) represents
the energy bands of K (K′) valleys. The blue dashed arrow
indicates the saddle point in the band structure corresponding
to the van Hove singularity in DOS.

tends to a relatively constant at high frequencies.
With decades of development, many theoretical and

simulation methods have been developed for s-SNOM data
analysis, including the point-dipole model (PDM) [40, 41],
finite-dipole model (FDM) [42, 43], generalized spectral
method (GSM) [44], and conformal mapping method
(CMM) [45]. In this article, our near-field spectra cal-
culation method follows the FDM developed previously
for multilayer systems with some modifications needed to
account for the 2D nature of TBG [43]. The AFM tip
is approximated by a conducting metallic spheroid with
the length L (about 600 nm) and the radius ρ ≈ 30 nm,
which is polarized by a homogenous external field form-
ing the dipole p0, as shown on the left of Fig. 1(a). The
polarized apex generates evanescent fields with a large in-
plane wavevector component q coupled with the sample.
Based on a previous study [46], it is known that only the
localized charges Q0 near the end of the spheroid are rel-
evant to the near-field interaction with the sample, where
a charge distribution is induced in the vicinity of the sam-
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ple surface. Then, the near-field is altered, which in turn
has an effect on the tip polarization, inducing charges to
form the dipole p1 in the tip. Moreover, the near-filed
interaction of the tip and the sample is usually treated
electrostatically by introducing virtual image charges in
the sample. Under this assumption, the actual geometric
properties of the system are taken into account [47].

To accurately quantify the near-field interaction be-
tween the tip and the sample, we examine the fre-
quency and momentum (q) dependent reflection coeffi-
cient rp(q, ω) at the vacuum and TBG/SiO2 interface,
defined as the ratio of the amplitude of P-polarized re-
flected field Er to that of the P-polarized incident field
Ei. It is written as

rp(q, ω) =
ε1k0 − ε0k1 +

4πk0k1σ
ω

ε1k0 + ε0k1 +
4πk0k1σ

ω

, (3)

where ε0 is the dielectric constant of vacuum, ε1 repre-
sents the complex dielectric function of SiO2, and kj =√
εj(

ω
c )

2 − q2 are the out-of-plane components of mo-
menta (j = 0, 1 label the vacuum and SiO2, respec-
tively). However, in actual experiments, the s-SNOM
can probe the surface excitation of the sample most effec-
tively when the range of in-plane momenta q is around the
peak q ≈ 1

ρ ≫
√
εj(

ω
c ). Therefore, kj is approximated to

kj =
√
−q2 in our calculation. From Eq. (3), one can see

that the in-plane properties of TBG are responsible for its
near-field response. When q > 0, rp (q, ω) describes elec-
trodynamics of the TBG/SiO2 structure in the near field,
namely, evanescent fields with a wide range of in-plane
momenta q.

Based on the above, the propagation field containing
the near-filed information back-scattered from the system
is proportional to the effective polarizability αeff of the
spheroid-shaped tip, which is given by

αeff ∝ p1
p0

+ 1 =
1

2

rp(q, ω)f0
1− βf1

+ 1, (4)

with

f0,1 =

(
g − ρ+ 2H +W0,1

L

) ln 2L
ρ+4H+2W0,1

ln 2L
ρ

. (5)

Here g is an empirical geometry factor, which is
0.7e0.06i [42] in the following calculations, and W0,1 de-
notes the position of point monopole in the dipole p0,1,
where W0 ≈ 1.31ρ and W0 ≈ ρ/2 [42]. In addition,
the tapping mode of the AFM probe with a mechanical
resonance frequency (Ω) in s-SMON is considered in the
FDM. The distance between the tip and the sample inter-
face H is H(t) = H0 + A(1 + cosΩt), where H0 = 0.7ρ
is the minimum tip–sample separation, and A = 40 nm
represents a typical tapping amplitude of tip. Finally, by
calculating the Fourier component αeff, n of αeff, the final

result for the demodulated signal is obtained, with ampli-
tude Sn ∝ |αeff, n| and phase φn ∝ arg(αeff, n) correspond-
ing to the respective measured signals in experiments.

3 Results and discussion

As shown in Fig. 1(c), we calculated the electronic band
structure of TBG at rotation angle θ = 1.05◦ based on
the effective continuum model. The path of band struc-

Fig. 2 The third harmonic near-field amplitude spectra
S3(ω) (red line) of TBG/SiO2 structure together with the opti-
cal conductivity spectra σ(ω) (black line) of TBG at θ = 1.05°
with various Fermi level (a) EF= 0 eV, (b) EF= 0.07 eV and
(c) EF= 0.158 eV, respectively. The blue line represents the
near-field S3(ω) spectra of bare SiO2 substrate. These results
are calculated at a temperature close to 4 K.
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ture is along the line Ks–Γs–Ms–K ′
s in the moiré Brillouin

zone. The energy of the charge neutral point (CNP) is set
to E = 0 eV. The red (blue) line represents the energy
bands of K (K ′) valley. At the low energy region, the
bands are very flat and the band velocity vanishes. Be-
cause of the influence of lattice relaxation, the flat bands
near the Dirac point are obviously gapped from the high
energy bands in both the electron side and the hole side.
Additionally, each characteristic saddle point of the band
structure is corresponding to a van Hove singularity in the
density of states (DOS) in Fig. 1(d). As indicated by the
blue dashed arrows, the large density of electron states
mainly occurs in the energy range around E = 0.075 eV
and E = 0.163 eV.

In Fig. 2, we show the representative near-field spectra
S3(ω) of TBG on top of SiO2 substrate together with the
optical conductivity spectra σ(ω) of TBG at various EF .
Here, S3(ω) is near-field amplitude spectrum demodulated
at the third harmonic of the tip tapping frequency, which
are obtained by the FDM described above. In each case,
the black line represents the optical conductivity spectrum
of TBG in units of the dynamical conductivity of mono-
layer graphene σmono = gvgs

16
e2

h̄ , and the spin and valley
degeneracy are gv = gs = 2 [48]. The blue line and red line
represent the near-field spectra of bare SiO2 substrate and
TBG/SiO2 system, respectively. As shown in Fig. 2, the
conductivity spectra σ(ω) display numerous characteristic
peaks associated with electronic interband transitions. All
S3(ω) spectra of TBG/SiO2 structure have a strong peak
around ω = 1064 cm−1 due to the surface phonon of SiO2.
In Figs. 2(a)–(c), the S3(ω) spectra at various Fermi lev-
els exhibit a series of sharp peaks above 400 cm−1, which
are almost at the same energies as the interband transi-
tion peaks in the σ(ω) spectrum. When the Fermi level
EF = 0.07 eV approaches the first van Hove singularity

E = 0.075 eV, the S3(ω) spectrum in Fig. 2(b) shows
a strong near-field resonance peak near ω ∼ 400 cm−1,
which is absent in σ(ω). For EF = 0.158 eV in Fig. 2(c),
the feature near ω ∼ 400 cm−1 in S3(ω) disappears, while
the other features systematically shift to higher frequen-
cies compared to those at EF = 0 eV [Fig. 2(a)] and
EF = 0.07 eV [Fig. 2(b)]. We will show below that the
peaks in S3(ω) arise from interband and intraband plas-
mons in TBG.

In order to further study the near-field electrodynam-
ics of the TBG/SiO2 structure, we display the imaginary
part of the reflection coefficient rp(q, ω) calculated by
Eq. (3) at different EF in Fig. 3. Such a plot is an in-
structive way to visualize the dispersion of graphene plas-
mons, which correspond to the divergences of rp(q, ω)

of the system at complex momenta [21]. As shown in
Figs. 3(a)–(c), we observe several plasmon branches ex-
tending to large q-values, which display an almost con-
stant energy–momentum dispersion in the energy range of
ω ∼ 400–2000 cm−1. It has been shown that such modes
with almost constant dispersion are interband plasmons
or collective excitonic oscillations in TBG [49]. The domi-
nant in-plane momenta contributing to near-field coupling
in SNOM experiments are marked by vertical black dashed
lines in Fig. 3 [21]. An examination of Fig. 2 and Fig. 3
shows that the spectroscopic features above 400 cm−1 in
the S3(ω) spectra are at similar energies compared to the
interband plasmons in the dispersion plot. Moreover, be-
cause the features in σ(ω) are associated with zero mo-
mentum, the qualitatively similar energies of the peaks
in σ(ω) and S3(ω) are consistent with the constant dis-
persion of the interband plasmons. Therefore, the fea-
tures above 400 cm−1 in S3(ω) can be attributed to in-
terband plasmons. When EF is close to van Hove singu-
larities, the high free carrier density leads to strong in-

Fig. 3 Imaginary part of the reflection coefficient rp(q, ω) with different Fermi level (a) EF= 0 eV, (b) EF= 0.07 eV and
(c) EF= 0.158 eV, respectively and displayed in false color scale. The temperature is close to 4 K. Vertical black dashed lines
in (a–c) mark the dominant q (∼ 3.3× 105 cm−1) for maximum near-field coupling. The black dotted boxes in (b and c) mark
the intraband plasmon branches in dispersion plot.
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traband plasmons [Fig. 3(b)], which are observed in the
low frequency region (ω < 400 cm−1) where the plasmon
mode has a ω ∝ √

q dispersion at low energy as expected
for 2D electronic systems, as shown in the black dotted
box. Based on the energy of the intraband plasmons at
the dominant in-plane momenta contributing to near-field
coupling, the peak near ω ∼ 400 cm−1 in the S3(ω) spec-
trum in Fig. 2(b) can be assigned to intraband plasmons.
For EF = 0.158 eV, the resonance amplitude of intraband
plasmons in the dispersion plot [Fig. 3(c)] is very small be-
cause of the lower free carrier density, thus it is not visible
in the S3(ω) spectrum in Fig. 2(c). Therefore, combining
Fig. 2 and Fig. 3, we have shown that the features in the
near-field spectra of TBG arise from intraband and inter-
band plasmons. Because the interband plasmon features
in S3(ω) are intimately related to interband transitions,
the S3(ω) spectrum can provide critical information about
the local band structure and collective excitations in TBG.

Next, in Fig. 4, we compare the near-field spectra S3(ω)

of TBG/SiO2 structure calculated by the finite dipole
model (FDM) and the point dipole model (PDM) by mod-
elling the apex of the tip as a point dipole [21, 40, 41], as

Fig. 4 The broadband near-field optical spectra S3ω) of
TBG/SiO2 structure at θ = 1.05◦ with various Fermi levels
(EF = 0 eV, 0.07 eV and 0.158 eV) using two different models,
namely (a) FDM and (b) PDM, respectively. These results
are obtained at a temperature close to 4 K. The black line in
(a) and (b) represents the near-field spectra S3(ω) of bare SiO2

substrate.

shown in right side of Fig. 1(a). After the vertical lines cut
along the dominant in-plane momenta (black dashed lines)
in Fig. 3, we find that the energy of each peak in the S3(ω)

spectra obtained by FDM [Fig. 4(a)] has better agreement
with the plasmon energy in the dispersion plot comparing
these two models. In addition, the peak energies in S3(ω)
spectra evolve systematically with the Fermi level. The
characteristic peaks from interband plasmons are similar
at moderate levels of carrier density (EF = 0 eV and
EF = 0.07 eV), whereas increasing the carrier density
(EF = 0.158 eV) leads to drastic changes in the SiO2

Fig. 5 The third harmonic near-field amplitude spectra
S3(ω) (red line) of TBG/SiO2 substrate together with the opti-
cal conductivity spectra σ(ω) (black line) of TBG at EF= 0 eV
with various angle (a) θ = 1.10◦ and (b) θ = 1.16◦ . The blue
line in (a) and (b) represents the near-field spectra S3(ω) of
bare SiO2 substrate. (c) The dependence of the near-field
response of TBG/SiO2 structure on various twist angles θ.
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resonance peak around ω = 1064 cm−1, which originates
from plasmon–phonon coupling at the graphene and SiO2

interface. Importantly, the S3(ω) spectra obtained from
FDM and PDM models are in good agreement, including
the features due to intraband and interband plasmons.

To explore the dependence of the near-field response
of TBG/SiO2 structure on twisted angle θ, in Fig. 5, we
plot the S3(ω) spectra and the far-field optical conductiv-
ity with two other rotation angles (θ =1.10° and 1.16°)
at EF = 0 eV. As shown in Fig. 2(a) and Figs. 5(a) and
(b), the peaks due to interband transitions in σ(ω) spectra
(black lines) almost systematically evolve with the rota-
tion angle θ. Remarkably, in Fig. 5(c), the peaks asso-
ciated with the interband plasmons in the S3(ω) spectra
(red lines) also systematically shift to higher energies with
increasing rotation angle, while the intensity of the peak
around ω ∼ 650 cm−1 decreases. The interband plas-
mon features in S3(ω) are intimately related to interband
transitions that are strongly dependent on the twist an-
gle [33–35], therefore, these near-field features can serve
as fingerprints for identifying the spatial dependent twist
angle in TBG samples.

4 Conclusion

We have demonstrated that the broadband near-field opti-
cal spectrum of TBG exhibits a series of peaks originated
from interband and intraband plasmons. The near-field
peaks due to interband plasmons are closely related to
the interband transition peaks in the optical conductiv-
ity spectrum, which is consistent with the constant dis-
persion of the interband plasmons. A strong peak due
to intraband plasmons appears in the near-field spectrum
when the Fermi level is near a van Hove singularity. The
plasmons in TBG have many novel quantum properties
that may lead to possible applications such as a “perfect”
lens without the need of lefthanded materials. Our find-
ings suggest that the broadband near-field optical mea-
surements can provide critical information about TBG
plasmons, including their dispersion, spectral properties
as well as their twist-angle dependence.

The dependence of different peaks in the near-field spec-
trum on the rotation angle is explored in this article, which
can be used as fingerprints to identify the twist angle in
actual samples. Moreover, the spectroscopic information
from such measurements will be an important means for
studying the spatial dependent band structure and elec-
tronic phases of TBG samples because of the spatial vari-
ation of the twist angle. In particular, the broadband
spectrum can possibly provide information on the band
gap, many body interaction and collective modes of the
novel electronic phases in TBG, which will be a subject
of future studies. Our work has shown that broadband
SNOM experiment is a very valuable approach for explor-

ing the novel physics of TBG at the nanoscale. Besides,
the model (including FDM and PDM) presented in this
paper can also be used to handle other 2D layered samples,
such as tri-layer graphene or other hetero-thin materials.
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