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The generation of GHZ states calls for simultaneous excitation of multiple qubits. The peculiarity
of such states is reflected in their nonzero distributed entanglement which is not contained in other
entangled states. We study the optimal way to excite three superconducting qubits through a common
cavity resonator in a circuit such that the generation of distributed entanglement among them could
be obtained at the highest degree in a time-controllable way. A non-negative measure quantifying this
entanglement is derived as a time function of the quadripartite system evolution. We find that this
measure does not stay static but obtains the same maximum periodically. When the qubit-resonator
couplings are allowed to vary, its peak value is enhanced monotonically by increasing the greatest
coupling strength to one of the qubits. The period of its peak to peak revival maximizes when the
couplings become inhomogeneous, thus qubit excitation becoming asynchronous, at a relative ratio of
0.35. The study demonstrates the role of asynchronous excitations for time-controlling multi-qubit
systems, in particular in extending entanglement time.

Keywords dynamic entanglement, asynchronous excitation

1 Introduction

GHZ state is used ubiquitously in quantum cryptogra-
phy [1], quantum communication [2], and metrology [3].
Its generation among three qubits call for the distributed
entanglement among all qubits [4] instead of the individ-
ual entanglements [5] between one qubit and the other
two combined. Generalizing the scenarios to four or more
qubits, the distributed entanglement is formally distin-
guished from the individual entanglements in terms of the
monogamy relations [6-8]. The former is regarded as the
difference between the group entanglement (one qubit en-
tangles with all the others as a whole) and the sum of
the monogamous entanglements (one qubit entangles with
one other qubit). For an N-qubit system, the difference is
computed through a metric called polynomial invariant [9]
for its invariance under local unitary transformations [10].
It extends the concept of concurrence [11, 12] and general-
ized the 3-tangle measure for tripartite systems [4, 13-15].
There are also proposals to measure N-qubit entangle-
ment through entanglement formation [16, 17].

* arXiv: 2005.01991. This article can also be found at
http://journal.hep.com.cn/fop/EN/10.1007/s11467-021-
1139-9.

Despite these extensive studies, they are commonly re-
stricted to static entangled states. The question regarding
entanglement dynamics is less well understood. Using in-
formation theoretic measure like distance function [18] or
concurrence [19], the onset of entanglement accumulation
can be found and distinct time behavior of entanglement
evolution can be determined by system parameters such
as coupling strengths for cavity-coupled qubits [20]. More
recent studies investigate how entanglement can be pro-
tected from the effects of non-Markovian environments
through time [3, 21, 22]. Despite these studies, how en-
tanglement are distributed dynamically among multiple
qubits in a unified system, making distinction between
group entanglement and monogamous entanglement has,
to our best knowledge, not yet been answered.

Here, we study an experimentally accessible circuit
quantum electrodynamic (cQED) system [23, 24] compris-
ing three superconducting qubits that are commonly cou-
pled to one cavity bus, aiming to clarify the relationship
between the coupling combinations and the temporal be-
havior of distributed entanglement. Specifically, we inves-
tigate how multiple qubits undergoing asynchronous exci-
tation by uneven couplings would facilitate or deteriorate
the generation of distributed entanglement. The deformed
algebra technique [25, 26], which was used to study a sim-
ilar quadripartite system for static entanglement analy-
sis [27], is extended to the dynamic analysis. In addition,
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to accommodate the quadripartite system, we generalize
the 3-tangle definition while specifying the polynomial in-
variant definition to introduce a 4-tangle measure to quan-
tify the distributed entanglement that occurs in our cQED
system. Numerically solving the equations of motion leads
to a cyclic revival pattern of the 4-tangle, which are simi-
lar to the evolution dynamics of various qubit and cavity
systems [19, 28-30].

More importantly, the individual qubit-cavity coupling
strengths are varied and the resulting maximal 4-tangle
and period of revival are statistically binned to find the
optimal coupling strengths. We find that when the 4-
tangle under all circumstances are periodically returned
to zero to ensure the monogamous equality bound, the
peak magnitude of obtainable 4-tangle increases mono-
tonically with the absolute coupling strength if the cou-
plings among the qubits are set uniform. This observa-
tion provides a positive correlation between monogamy
and coupling strength. Moreover, the length of the pe-
riod depends nonlinearly on the relative strength, i.e the
ratio of the center qubit coupling to the side qubit cou-
pling. In particular, statistical analysis shows that the
period maximizes when the relative strength equals 0.35,
showing that the inhomogeneity of coupling (thus asyn-
chronous excitations to the qubits) in this case positively
affects the generation of entanglement.

Environmental induced decoherences are omitted in our
study to simplify the expressions for the state evolu-
tions and the computation of the 4-tangle. This omission
is experimentally justified because typical superconduct-
ing transmon qubits fabricated under current technologies
have T7 and T, relaxation times reach the order of 10 us
and sometimes even 102 ps [31]. In contrast, the char-
acteristic times studied here for entanglement generation,
such as the period of revival, is less than 1us. Therefore,
the observations from the theoretical study is not affected
by the finite coherence times. In the following, we present
the model of the quadripartite system in Section 2 and de-
fine the measure of 4-tangle in Section 3. The discussion
relevant to the periodicity appearing in the monogamy in-
equality is presented in Section 4 before the conclusions
are given in Section 5.

2 Quadripartite system

As illustrated in Fig. 1, the system comprises a cav-
ity resonator made of a waveguide stripline and three
superconducting qubits, where we use the indicators L
(left), M (middle), and R (right) to distinguish them.
Then, using Pauli matrices for the two-level qubits of
transition frequencies {Qr,Q,Qr} and a pair of cre-
ation and annihilation operators for the cavity field of
frequency w,, the free energy part of the Hamiltonian
(h = 1) reads Hy = weala + Y, Q0,.. The index v

42504-2

Fig. 1 Schematic illustration of the quadripartite system:
three superconducting qubits are distributed along a stripline
resonator (dark gray rectangle). Two qubits are located at
the antinodes of the cavity field in the resonator while one in
between has a variable location. The resonator is fed by a
microwave driving field from the left along the waveguide.

ranges over {L, M, R}. The interaction part corresponds
to the qubit-resonator coupling, in the rotating-wave ap-
proximation, with individual (unequal) coupling strengths
nL, v and ng, letting the interaction Hamiltonian be
Hiy = ZV Ny (aal,7+ + CLTO',,,,). In such superconducting
circuits, the physical dimension of qubits (on the scale of
pm) is much less than the inter-qubit spacings (commen-
surate with cavity wavelength, on the scale of cm) [24].
Hence, the direct inter-qubit coupling is neglected.

We consider qubit L and qubit R placed at the edges
of the stripline resonator, i.e., located at antinodes of the
cavity field, and thus always maximally coupled to the
cavity field. Qubit M is placed between the qubits L and
R and we allow its location to be variable such that 7,
be tunable between the maximal coupling attained by 7y,
(and ng) and the minimal (vanishing) coupling if it is
located at a field node. The cavity field is driven by an
external microwave field with frequency wp and a weak
driving amplitude ep [32], making the external part of
the Hamiltonian be Heyx = iep (afe™ P! — gel“nt).

To derive the evolution dynamics of the quadripartite
system, we first diagonalize the closed subsystem consist-
ing of Hy and Hi;. Under weak driving, only the low-
excitation number states |0) and |1) of the cavity mode are
considered, giving rise to 16 dressed states, transformable
from the tensor product states contributed by the cav-
ity mode and the qubit eigenstates. Hence, writing the
dressed states as |ug) with associated eigen-energies E},
we have (Hy + Hing) |ug) = Ej |ug), where the index k
ranges over {0,...,15}. The transformation between the
dressed state and the bare states reads

) = 37 [0 [6m, 0) + k) 6w, 1)] (1)
(m)

where m gives a decimal index converted from the binary
combinations of the qubit states, where the ground state
lg) is designated by 0 and the excited state |e) by 1. The
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state of the qubit L (qubit R) indicates the most (least)
significant bit, making m range over the integers between 0
and 7. For example, |er, g, 9r, 1) = le,9,9,1) = |pa, 1).
Also, agi?n indicates the transformation coefficients for the
k-th dressed state.

In the space spanned by the basis states of Eq. (1),
the effect of the photonic creation and annihilation are
distributed across all dressed states. Therefore, before
we can derive the equation of motion of the system, we
transform the operator a that appears in Hey into the
dressed basis, i.e.

a=1 9y ®Ir®a
= Z ‘¢m70><¢m>1|
(m)

=" i lug) (url 2)
gk

x  (k
where jp = (ujlaluk) =32, ag?oagn,)l-

the total Hamiltonian is written as
H= ZEk\uk><uk| —1iep Z (P by lug) (uy| — Hee) .
k k,j
(3)

Writing the time-dependent state vector as [i(t)) =
>k ¢k (t)|uk), we arrive at the Schrédinger equation of the
coefficients {cy }:

Consequently,

%ck(t) = —iEkci(t) —ep Z (e“Plyp; — Hec.) ¢j(t).
(4)

In the following, the determination of entanglement will
be carried out from the state coefficients under the bare-
state basis, i.e., transforming back the dressed states, we
have

B (t) = Z Ck (t)oz,(ﬁ?n (5)
k

for the
Bm,1(t) |dm, 1).

vector |¢Y(t)) = Z<m> Bm,o(t) [¢m,0) +

3 Evolution and four-tangle

The partitioning of the bipartite and the quadripartite
entanglements that evolve with time is reflected in the
coefficients S, »(t). To be exact, we follow the definition
of polynomial invariant [9] that generalizes 3-tangle [4] to
measure distributed entanglement in arbitrary N-partite
systems. Here we customize this polynomial invariant to
degree 4 to have

1 3

[H(t)* = 3 DTS Oy ()] (6)

Jj=1 {5}
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to reflect the entanglement distribution, thus the degree
of monogamy, in the quadripartite system under study. In
this customization,

CEpigamyy 0] =2 (1= g ) (7)

indicates the concurrence between a j-component subsys-
tem and the rest parts [4, 9], where py;, denotes the re-
duced density matrix for the 7 components with the rest
(4—7) components traced out. The sum over {j} in Eq. (6)
is taken over all combinations of j components out of the
four (e.g., when j = 2, the index {2} includes the combina-
tion of qubit L and qubit R). To simplify the terminology,
we shall call Eq. (6) 4-tangle in the discussion below.

In the quadripartite system, the cavity field in the
stripline resonator acts as a quantum bus that simulta-
neously couples to all three qubits. It serves, therefore,
as a mediator that distributes entanglement among all
components it couples to, similar to the role played by
the mechanical resonator in a double-optical-cavity sys-
tem [19]. Here, being driven by an external microwave
field from the waveguide, the cavity field has its state vary
over time and hence redistributes the entanglement among
the qubits over time.

To observe the process of the redistribution and to de-
cide whether the monogamous relation is obeyed, we con-
sider an initial state which has the cavity mostly popu-
lated to initiate the entanglement. With full population at
the one-photon state, i.e., |1(0)) = |¢o, 1), the distributed
entanglement measured by the 4-tangle, as shown in
Fig. 2, reaches a saturated value after the cavity field syn-
chronizes the evolution of the qubits [20]. The saturated
value is defined as the periodic peak obtainable by the 4-

0.04

T
0 0.1 0.2 0.3 0.4
Time (ps)

Fig. 2 4-tangle initiated from a populated one-photon state
at the cavity field, [¢(0)) = |g,9,9,1), which shows a finite
duration of synchronization (up to the dashed line) before the
entanglement reaches a saturated value. The saturation sig-
nifies the completion of synchronization, which are visible for
both a homogeneous coupling scenario (blue curve) and an in-
homogeneous coupling scenario (red curve). The parameters
used in generating the plot are given in the text.
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tangle and the synchronization duration is then the time
between the start of the entanglement and the moment
at which the first one of such peaks appears. Besides the
rising time and the saturated value, the synchronization
pattern is typical whether the couplings among the qubits
are homogeneous or inhomogeneous. In the plot, we used
experimentally accessible transition frequencies of trans-
mon qubits at Q/(2n) = Qg/(2n) = 6.112 GHz and, to
account for the discrepancies at fabrication [24], have let
Qu/(2n) = 6.111 GHz. The cavity is slightly detuned
from the qubits at w./(21) = 6.13 GHz. The microwave
field in the waveguide drives the cavity at ep/(2m) =
200 kHz and propagates at wp/(2n) = 6.11 GHz. For
the homogeneous case, the coupling strength is set to
n,/(2n) = 300 MHz for all v among {L, M, R}; for the
inhomogeneous case, 11, /(2n) = nr/(21) = 300 MHz and
na/(2m) = 150 MHz. The differing aspects in the two
scenarios is that homogeneous coupling permits a greater
saturated 4-tangle at the expense of a slower rising time.

4 Periodicity in monogamy

From Fig. 2, we also observe periodicity in the variation,
akin to the vanishing and revival effects observed in other
entanglement studies, albeit neither case has the entan-
glement measure completely vanish where the monogamy
relation would reduce to its equality limit. We find that
the evolution of the 4-tangle in the quadripartite system
is highly dependent on the initial state. With a slight al-
teration to the cavity photon, by letting 81 = /0.8 while
having qubit L slightly inverted with 40 = a1 = V0.1
at initial time, the monogamy equality can be asymptoti-
cally achieved, where the periodicity depends on all three
coupling strengths 7, ng, and 7.

To obtain an appropriate coupling combination for a
desired pair of revival period and 4-tangle magnitude, one
should scan over the triple parameter space (0, ngr, 7).
Nevertheless, since our goal is to seek the effect of asyn-
chronous excitation on entanglement generation, the pa-
rameter space is compressed to 2-dimensional (\,nz) to
simplify our study. We let qubits L and R be fixated at
antinodes to receive the same maximal coupling (1, = ng)
while allowing qubit M to be removed from antinode to
receive sub-maximal coupling characterized by the dimen-
sionless parameter A = 77 /nr. In other words, the exci-
tation rate of qubit M is asynchronous with qubits L and
M where the pair (A7) signifies the absolute coupling
strength and the inhomogeneity of the couplings.

We first consider the homogeneous coupling scenario,

e., A = 1. As shown in Fig. 3, the time evolution of the
4-tangle follows the pattern of Fig. 2 for all ny,, which
demonstrate periodic vanishing and revival patterns after
a short duration of rising from initial zero value. Through-
out, the alternating-sign sum of concurrences is found
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Fig. 3 Time evolutions of the 4-tangle for three different
homogeneous (A = 1) coupling strengths: nas/(27) = 300 MHz
(blue curve), 400 MHz (orange curve), and 500 MHz (green
curve). When all three qubits stay at the adjacent antinodes
of the cavity field, the period of the 4-tangle is not affected
by the magnitude of nas but the peak value of the 4-tangle
increases with nas.

to be always non-negative, preserving the monogamy in-
equality |H(¢)|*> > 0 in Eq. (6). Furthermore, irrespec-
tive of the coupling strength, the monogamy equality limit
|H(t)|? = 0 is reached at the same time instants. With
the same system parameters as in Fig. 2, the period 7 is
measured at 0.348 us. The amplitude of 4-tangle |H(¢)|?
monotonically follows the coupling strength 7.

For the inhomogeneous scenario, which can be imple-
mented by removing the qubit M from the antinode of
the cavity field as indicated in Fig. 1, the periodic pat-
terns of the 4-tangle evolution are reflected in Fig. 4. In
the plot, the coupling strengths 7y, /(27) and ngr/(2n) are
let fixed at 300 MHz, while the relative coupling param-
eter A takes the values 0.05, 0.5, and 1. The unity case
(given by the blue curve) indicates the homogeneous cou-
pling and is the same of the one shown in Fig. 3. Using
it as a reference, we observe that lowering A and thereby
permitting inhomogeneous excitation to the middle qubit
leads to a monotonic decrease in the oscillating amplitude
of the entanglement, but the period of oscillation is af-
fected in a non-monotonic way.

During the evolution, the amplitude of oscillation in the
4-tangle varies over time while the period between one
asymptotic vanishing and the next remains fixed. When
A is reduced from 1 to 0.5, the maximum amplitude de-
creases to about half the original amplitude while the pe-
riod 7 is reduced from 0.382 ps to 0.193 us. When A is
further reduced from 0.5 to 0.05, the maximum amplitude
is reduced by about 95%, whereas the period 7, on the
contrary, increases from 0.193 us to 0.428 us.

Overall, the dependence of the period 7 on the (A, 7)) is
highly nonlinear and not extractable analytically from the
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expression of Eq. (6). We resort to a statistical method
to characterize this dependence. We have computed the
evolutions of the 4-tangle when A varies between zero and
one over a range of values of coupling strength 7 and
extracted the periods from the plots for different combi-
nations of A and 777, Using a scatter plot of Fig. 5, we mark
each extracted period as a data point, which is color- and
symbol-coded as in Fig. 5(a), and binned the data points
into slots each differing from the neighboring slot by 0.025,
within which the values of the data points are summed as
in Fig. 5(b). For each slot of A, n/(2m) varies between
300 MHz and 500 MHz at 10 MHz intervals and the other
system parameters remain identical to those used in the
figures above.

Therefore, Fig. 5 shows on average how likely a com-
bination of (A\,7nz) would generate a longer period in 4-
tangle. We observe that, statistically speaking, this pe-
riod maximizes at A =~ 0.35, where the scatter datapoints
have the greatest accumulated value and thus one is most
likely to obtain a long revival period at this A regardless
the absolute coupling strength 7. In contrast, it is less
likely at A = 0.5 and least likely at A =~ 0.925. In par-
ticular, though one datapoint at A ~ 0.8 corresponds to
a long period in (a), its binned sum is less than that of
A =~ 0.35, showing it is less likely on average to obtain a
long period at A =~ 0.8 when all n;, values are considered.

To obtain a better resolution of the variation of period
T against 7y, we have further conducted simulations run-
ning at 5 MHz intervals for 5y, while retaining an interval
of 0.025 along the A-axis, and summarize the results in the

10 1

x10-3

20

4-tangle

Fig. 4 Time evolutions of 4-tangle for three different cases
A = 0.05 (yellow curve), A = 0.5 (orange curve), and A =
1 (blue curve) of homogeneity in coupling where nz/(2n) =
nr/(2n) = 300 MHz. The periodicity in death and revival of
entanglement is prevalent for both the homogeneous coupling
(A =1) and the inhomogeneous couplings (A = 0.5 and 0.05).
Out of the three cases shown, the period 7 for A = 0.05 is the
largest and that for A = 0.5 is the smallest, showing a nonlinear
relation between 7 and .

Tlme (ps)

42504-5

contour plot in Fig. 6. The period 7 is log-scaled and plot-
ted in color against A and 7. First, verifying the findings
from Fig. 5, 7 maximizes at the inhomogeneous couplings
of A =~ 0.35 while minimizes at the two ends and the mid-
dle way of A\. Second, at the maximizing values of A, the
dependence of 7 on the absolute coupling 7y, is not uni-
form, showing also a nonlinear relationship. Therefore, if
one considers prolonging the duration of entanglement for
the purpose of processing quantum information in a multi-
qubit system, uniform couplings among the qubits are not
necessarily beneficial. Rather, inhomogeneous coupling
peculiar to the system setting can provide a means of as-
sistance. For example, for the quadripartite qubit-cavity
system under study, given the same transmon qubit tran-
sition frequencies as in Section 3, the longest period 7
appears at 7y, /(2n) = 485 MHz. For a stripline cavity of
length 24 mm [23], this signifies a setup that prolongs the

(a 8

Period (us)
+

S

—_~
=)
~
wn
(=)

Sums of periods (us)
[N}
wn

0.75

HHHHHHHHHHHHHHU

Fig. 5 (a) Period of the 4-tangle variation as a function
of the relative coupling A. Each data point is obtained from a
simulation conducted as in Fig. 4 by varying A at different cou-
pling strength nz /(2x), ranging from 300 MHz to 500 MHz, at
10 MHz intervals. The data points are differentiated by both
color and symbols used: those between 300 MHz to 330 MHz
are colored red, between 340 MHz and 370 MHz green, between
380 MHz and 410 MHz yellow, between 420 MHz and 450 MHz
blue, and between 460 MHz and 490 MHz purple. Those of
500 MHz are colored pink. The symbols within each band fol-
low the order {+, O, *, '}, from small to large. (b) Histogram
of the slotted or binned values of A, where the periods within
each column shown in (a) are summed into separate slots.
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Fig. 6 The filled contour map measuring the 4-tangle on
a log-scaled color axis against the absolute coupling strength
nr on the horizontal axis and the relative coupling A on the
vertical axis.

duration of entanglement by moving the middle qubit as
shown in Fig. 1 to the position 4.53 mm from the center
antinode.

5 Conclusions

We have studied the dynamic evolution of the entangle-
ment measure 4-tangle, which is a polynomial invariant
that quantifies the degree of separation of the monoga-
mous entanglements from the group entanglements, for a
quadripartite system consisting of three qubits and one
cavity mode. We find that the 4-tangle throughout the
interactive evolution of the qubits is guaranteed non-
negative and exhibits periodic revival. Under the frame-
work of circuit QED with three qubits, it is shown that
it inhomogeneity of couplings that induces asynchronous
excitations to the qubits facilitate the choice of entangle-
ment generation. By selecting a combination of absolute
relative coupling strengths among the qubits, one can not
only obtain the desired distributed entanglement for gen-
erating GHZ states, but also determine how soon the en-
tanglement is realized.

For instance, in some cases when fast generation of en-
tanglement is desired, one can place all three qubits on the
antinodes for homogeneous maximal couplings or allow
the middle qubit to be placed midway towards a neigh-
boring node where the effective coupling is half of the
possible maximum. In some other cases, slow generation
might be wanted, such as when longer rise and fall times
in entanglement are desired to tolerate the timing inaccu-
racies of the experimental apparatus, so that the fidelity
of actual target state would be improved. In such cases,
one can move the middle qubit to the place where the cou-
pling is about one-third of the maximum while retaining
the other two qubits at the antinodes.

42504-6

We note that the study here is limited to three cavity-
coupled qubits. Generalization to larger number of qubits
with a parameter space of higher dimensions require future
works in this direction. Also, the methodology we use here
is based on statistical and numerical analysis. Alternative
approaches are needed to seek an analytical optimization
method for finding entanglement characteristics such as
the extremal periods.
Acknowledgements H. I. thanks the support by the Sci-
ence and Technology Development Fund, Macau SAR (File
no. 0130/2019/A3) and University of Macau (MYRG2018-00088-
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