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We propose a theoretical scheme to realize nonreciprocal transition between two energy levels that
can not coupled directly. Suppose they are coupled indirectly by two auxiliary levels with a cyclic
four-level configuration, and the four transitions in the cyclic configuration are controlled by external
fields. The indirectly transition become nonreciprocal when the time reversal symmetry of the system
is broken by the synthetic magnetic flux, i.e., the total phase of the external driving fields through the
cyclic four-level configuration. The nonreciprocal transition can be identified by the elimination of a
spectral line in the spontaneous emission spectrum. Our work introduces a feasible way to observe
nonreciprocal transition in a wide range of multi-level systems, including natural atoms or ions with
parity symmetry.

Keywords nonreciprocal transition, time reversal symmetry, synthetic magnetic flux, spontaneous
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1 Introduction

Time reversal symmetry is the hypothesis that certain
physical quantities are unchanged under time reversal
transformation, which is related to reversibility of the sys-
tem, such as the principle of detailed balancing in kinetic
systems [1]. With the principle of detailed balance as a
background, A. Einstein proposed his quantum theory of
radiation [2] in 1916, which is now considered as the the-
oretical foundation of the laser, and one of the important
corollaries is the absorption coefficient should be equal to
the stimulated emission coefficient between two nondegen-
erate energy levels. However, sometimes we need to break
the time reversal symmetry of atomic systems to yield
fantastic phenomena, e.g., cyclic population transfer [3],
controllable electromagnetically induced transparency [4],
gain without inversion [5].

One important approach to break the time reversal sym-
metry of atomic systems is based on the cyclic three-level
transitions in the chiral molecules [3, 6, 7], and in the
superconducting qubit circuit with three Josephson junc-
tions [8, 9]. The cyclic three-level transitions in multi-
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level atomic systems have been used to generate many
interesting phenomena in single-photon level, including
single-photon quantum routing [10], single-photon second-
order nonlinear processes [11–13]. When the three possi-
ble transitions in the cyclic three-level configuration are
driven by three mutually phase-locked driving fields, the
time reversal symmetry of atomic system can be broken
by the magnetic flux synthesized from the driving-field
phase. In a recent experiment, time-reversal symmetry
breaking and cyclic population transfer were revealed in
a single nitrogen-vacancy spin system by controlling the
global phase of the driving fields [14].

On the basis above, a multi-level atomic system with
cyclic three-level configuration was proposed to realize sig-
nificant difference between the stimulated emission and
absorption coefficients of two nondegenerate energy lev-
els [15], which was referred to as nonreciprocal transition.
Different from the closed-contour spin dynamics [14], be-
sides synthetic magnetism, reservoir engineering was also
employed to eliminate one of the transitions in opposite
directions [15]. Nonreciprocal transition in the multi-
level atomic system provides us a new physical mecha-
nism for designing nonreciprocal photon devices [16, 17]
at single-photon level with single atoms [15]. Moreover,
it was shown that the nonreciprocal transition can lead
to the elimination of a spectral line in the spontaneous
emission spectrum [18], which has a potential applica-
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tion for the determination of enantiomeric excess of chiral
molecules [18].

It is well known that due to the parity symmetry of
the potential energy for usual natural atomic systems, de-
scribed by SO(3) or SO(4), the parities of atomic eigen-
states are well defined, and one-photon transitions be-
tween two energy levels require that the two corresponding
eigenstates have opposite parities, which is referred to as
the selection rule for the electric-dipole transitions. In a
three-level atom system, at least two of the atomic eigen-
states have the same parity and the one-photon dipole
transition between them is forbidden. Thus, a cyclic three-
level atom, i.e., the population cyclically transferred be-
tween three energy levels, cannot be realized with three
one-photon transitions, except that the parity symmetry
of the atomic system is broken. We note that the parity
symmetry of a natural atom can be broken by applying a
strong magnetic field [19, 20]. However, this technique is
difficult to implement and is not commonly used.

In this paper, we propose a theoretical scheme to re-
alize nonreciprocal transition between two energy levels
that cannot coupled directly, which is significantly differ-
ent from the models in Refs. [15, 18]. Most important, this
provides a way to realize nonreciprocal transition with-
out breaking the parity symmetry of the system, which
open up a feasible way to observe nonreciprocal transition
in wider systems, such as natural atoms or ions. More-
over, as two energy levels for nonreciprocal transition are
not coupled directly, so there is not any strict restriction
on the energy difference between them, and nonreciprocal
transition can be realized between two degenerate energy
levels, which goes beyond the limit of nondegenerate en-
ergy levels in Refs. [15, 18]. Our model can be used to
design atom- or ion-mediated nonreciprocal devices with
well-established technologies in the fields of cold atom [21]
and ion trap [22, 23]. Such devices can find applications
for quantum control of light in chiral quantum technolo-
gies [24] or topological photonics [25].

The remainder of this paper is organized as follows. In
Section 2, a cyclic four-level configuration for two energy
levels coupled indirectly by two auxiliary levels is intro-
duced and the dynamical equations are given under the
Weisskopf–Wigner approximation. The time evolution of
the populations and the transition probabilities between
the two energy levels are investigated, and nonreciprocal
transitions are shown in Section 3. Moreover, the sponta-
neous emission spectra of the systems with nonreciprocal
transitions are discussed in Section 4, which provide us
a convenient way to measure nonreciprocal transitions in
experiments. Finally, the conclusions is given in Section 5.

2 Hamiltonian and dynamical equations

We propose to realize nonreciprocal transition between
two energy levels |a⟩ and |b⟩, under the assumption that

Fig. 1 Level diagram of an atom or ion with cyclic transi-
tions for the four upper levels (|a⟩, |b⟩, |c⟩, and |d⟩), and they
are coupled by the same vacuum modes to different lower lev-
els (|ga⟩, |gb⟩, |gc⟩, and |gd⟩).

they can not coupled directly. Suppose they are coupled
indirectly through two auxiliary levels (|c⟩ and |d⟩) as a
cyclic four-level configuration, and the four transitions are
controlled by external fields with frequencies (νca, νcb, νdb,
and νda), Rabi frequencies (Ωca, Ωcb, Ωdb, and Ωda) and
phases (ϕca, ϕcb, ϕdb, and ϕda), as shown in Fig. 1. For
different systems, the four (upper) levels may be coupled
to the same lower level or to different lower levels respec-
tively. Previous studies have shown that the spontaneous
emission from multiple upper levels to the common lower
level may result in spontaneous emission cancellation and
spectral line elimination [26, 27], which is not the focus
of this paper. In order to eliminate this effect, the spon-
taneous emission spectrum for the system will be derived
for the case that the four upper levels are coupled to four
different lower levels (|ga⟩, |gb⟩, |gc⟩, and |gd⟩) respectively
with the same vacuum modes. The Hamiltonian is given
by (h̄ = 1)

H = Ωcaeiϕcae−i∆cat |a⟩ ⟨c|+Ωcbeiϕcbei∆cbt |c⟩ ⟨b|

+Ωdaeiϕdaei∆dat |d⟩ ⟨a|+Ωdbeiϕdbe−i∆dbt |b⟩ ⟨d|

+
∑
k

[
gakei(ωag−ωk)tvk |a⟩ ⟨ga|

+ gbkei(ωbg−ωk)tvk |b⟩ ⟨gb|
]

+
∑
k

[
gckei(ωcg−ωk)tvk |c⟩ ⟨gc|

+ gdkei(ωdg−ωk)tvk |d⟩ ⟨gd|
]

+ H.c., (1)

where vk and v†k are annihilation and creation operators
for photons in the kth vacuum mode with frequency ωk

(k denotes both the momentum and polarization of the
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vacuum modes); ωij and ωig are the frequency differences
between levels |i⟩ and |j⟩, and between |i⟩ and |gi⟩ respec-
tively, with (i, j = a, b, c, d); ∆ij ≡ ωij−νij is the detuning
between the atomic transition |i⟩ ↔ |j⟩ and the driving
field, and gik is the coupling strength between the atomic
transition |i⟩ ↔ |gi⟩ and the kth vacuum mode. With the
replacement |b⟩ → eiϕcb |b⟩, |d⟩ → ei(ϕdb+ϕcb) |d⟩, |a⟩ →
ei(ϕda+ϕdb+ϕcb) |a⟩, gbk → gbke−iϕcb , gdk → gdke−i(ϕdb+ϕcb),
and gak → gake−i(ϕda+ϕdb+ϕcb), the Hamiltonian is rewrit-
ten as

H = ΩcaeiΦe−i∆cat |a⟩ ⟨c|+Ωcbei∆cbt |c⟩ ⟨b|

+Ωdaei∆dat |d⟩ ⟨a|+Ωdbe−i∆dbt |b⟩ ⟨d|

+
∑
k

[
gakei(ωag−ωk)tvk |a⟩ ⟨ga|

+ gbkei(ωbg−ωk)tvk |b⟩ ⟨gb|
]

+
∑
k

[
gckei(ωcg−ωk)tvk |c⟩ ⟨gc|

+ gdkei(ωdg−ωk)tvk |d⟩ ⟨gd|
]

+ H.c., (2)

where Φ ≡ ϕca+ϕdb+ϕcb+ϕda is the total phase of the four
strong driving fields through the cycle-transition |a⟩ →
|d⟩ → |b⟩ → |c⟩ → |a⟩, i.e., the synthetic magnetic flux.
Moreover, real coupling strength gik is assumed for the
phase of gik does not matter in the following discussions.
For simplicity, we also make the assumption of resonance
∆c ≡ ∆ac = ∆bc and ∆d ≡ ∆da = ∆db.

In the following, we will discuss the indirect transition
between levels |a⟩ and |b⟩ based on the Schrödinger equa-
tion under the Weisskopf–Wigner approximation [28, 29].
We assume that the system is prepared in level |a⟩ or |b⟩
initially, i.e., |ψ(0)⟩ = |a⟩|0⟩ or |ψ(0)⟩ = |b⟩|0⟩ with |0⟩
denoting the vacuum state. According to the Schrödinger
equation, d |ψ(t)⟩ /dt = −iH |ψ(t)⟩, the state vector at
time t can be written as

|ψ (t)⟩ = [A (t) |a⟩+B (t) |b⟩+ C (t) |c⟩+D (t) |d⟩] |0⟩

+
∑

i=a,b,c,d

∑
k

Gi
k (t) v

†
k |gi⟩ |0⟩ , (3)

with occupation populations |A(t)|2, |B(t)|2, |C(t)|2,
|D(t)|2, and |Gi

k(t)|2 in the corresponding levels. Under
the Weisskopf–Wigner approximation [28, 29], the dynam-
ical behaviors for the coefficients are obtained as

d
dtA (t) = −γa

2
A (t)− iΩcaeiΦe−i∆ctC (t)

− iΩdae−i∆dtD (t) , (4)
d
dtB (t) = −γb

2
B (t)− iΩcbe−i∆ctC (t)

− iΩdbe−i∆dtD (t) , (5)
d
dtC (t) = −γc

2
C (t)− iΩcae−iΦei∆ctA (t)

− iΩcbei∆ctB (t) , (6)
d
dtD (t) = −γd

2
D (t)− iΩdaei∆dtA (t)

− iΩdbei∆dtB (t) , (7)
d
dtG

a
k (t) = −igake−i(ωag−ωk)tA (t) , (8)

d
dtG

b
k (t) = −igbke−i(ωbg−ωk)tB (t) , (9)

d
dtG

c
k (t) = −igcke−i(ωcg−ωk)tC (t) , (10)

d
dtG

d
k (t) = −igdke−i(ωdg−ωk)tD (t) , (11)

with the decay rates γa = 2π(gak)
2ρ(ωag), γb =

2π(gbk)
2ρ(ωbg), γc = 2π(gck)

2ρ(ωcg), and γd =

2π(gdk)
2ρ(ωdg), and mode density ρ(ωk). The dynamical

equations (4)–(7) can be rewritten with constant coeffi-
cients as

d
dtA (t) = − γa

2
A (t)− iΩcaeiΦC̃ (t)− iΩdaD̃ (t) , (12)

d
dtB (t) = − γb

2
B (t)− iΩcbC̃ (t)− iΩdbD̃ (t) , (13)

d
dt C̃ (t) =

(
−i∆c −

γc
2

)
C̃ (t)− iΩcae−iΦA (t)

− iΩcbB (t) , (14)
d
dt D̃ (t) =

(
−i∆d −

γd
2

)
D̃ (t)− iΩdaA (t)

− iΩdbB (t) , (15)

with the definitions C̃ (t) ≡ e−i∆ctC (t), D̃ (t) ≡
e−i∆dtD (t). It is worth mentioning that, here we have
ignored the effects of the spontaneous decay between the
four upper excited states, based on the assumption that
the spontaneous relaxation between the four upper ex-
cited states is much slower than the spontaneous decay
from the excited states to the ground states [30], and also
much slower than the coherent transition between the ex-
cited states induced by the strong driving fields.

3 Transition probabilities

To gain insight into the transition probabilities between
energy levels |a⟩ and |b⟩, we will solve the dynamic equa-
tions (12)–(15) both analytically and numerically. The
dynamic equations (12)–(15) can be rewritten as an effec-
tive Schrödinger equation

idΨ(t)

dt = HeffΨ(t) , (16)
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with state vector Ψ(t) =
[
A (t) , B (t) , C̃ (t) , D̃ (t)

]⊺
, and

effective Hamiltonian as

Heff =


−iγa

2 0 ΩcaeiΦ Ωda

0 −iγb

2 Ωcb Ωdb

Ωcae−iΦ Ωcb ∆c − iγc

2 0
Ωda Ωdb 0 ∆d − iγd

2

 .

(17)

The formal solutions for Eq. (16) can be written as

Ψ(t) = U (t)Ψ (0) , (18)

with initial vector Ψ(0) = [A (0) , B (0) , C (0) , D (0)]
⊺,

and time-evolution matrix

U (t) ≡ e−iHefft. (19)

The transition probabilities Tba(t) for |a⟩ → |b⟩ and Tab(t)
for |b⟩ → |a⟩ can be defined from the time-evolution ma-
trix U (t) as

Tba (t) ≡ |U21 (t)|2 , (20)

Tab (t) ≡ |U12 (t)|2 , (21)

where the subscripts 1 and 2 are the row and column num-
bers of the matrix U (t). Moreover, the isolation for the
nonreciprocal transition between levels |a⟩ and |b⟩ is de-
fined by

I(t) ≡ Tab(t)

Tba(t)
. (22)

Under the assumption that the decay rates of the upper
levels |c⟩ and |d⟩ are much larger than the other param-
eters, i.e., min {γc, γd} ≫ max {γa, γb,Ωca,Ωcb,Ωda,Ωdb},
we can eliminate the auxiliary levels |c⟩ and |d⟩ adiabati-
cally. By setting dC̃ (t) /dt = dD̃ (t) /dt = 0 in Eqs. (14)
and (15), we obtain

C̃ (t) = − iΩca

i∆c +
γc

2

e−iΦA (t)− iΩcb

i∆c +
γc

2

B (t) , (23)

D̃ (t) =
−iΩda

i∆d +
γd

2

A (t) +
−iΩdb

i∆d +
γd

2

B (t) . (24)

Substitute these into Eqs. (12) and (13), the effective dy-
namic equations for levels |a⟩ and |b⟩ can be written as

d
dtA (t) = −

(γa,eff
2

+ i∆a,eff

)
A (t)− JabB (t) , (25)

d
dtB (t) = −

(γb,eff
2

+ i∆b,eff

)
B (t)− JbaA (t) (26)

with effective decay rates

γa,eff = γa +
4γcΩ

2
ca

4∆2
c + γ2c

+
4γdΩ

2
da

4∆2
d + γ2d

, (27)

γb,eff = γb +
4γcΩ

2
cb

4∆2
c + γ2c

+
4γdΩ

2
db

4∆2
d + γ2d

, (28)

effective detunings

∆a,eff = − 4∆cΩ
2
ca

4∆2
c + γ2c

− 4∆dΩ
2
da

4∆2
d + γ2d

, (29)

∆b,eff = − 4∆cΩ
2
cb

4∆2
c + γ2c

− 4∆dΩ
2
db

4∆2
d + γ2d

, (30)

Fig. 2 The populations |A (t) |2 (black solid curve), |B (t) |2 (red dashed curve), and |C (t) |2 = |D (t) |2 (blue dashed-dot
curve) are plotted as functions of the time γt for: Φ = π/2 in (a) and (b); Φ = −π/2 in (c) and (d). The initial conditions are
A (0) = 1 and B (0) = C (0) = D (0) = 0 for (a) and (c), B (0) = 1 and A (0) = C (0) = D (0) = 0 for (b) and (d). The transition
probabilities Tab(t) (black solid curve) and Tba(t) (red dashed curve) are plotted as functions of the time γt for: (e) Φ = π/2;
(f) Φ = −π/2. The other parameters are γa = γb = γ, γc = γd = 100γ, Ωca = Ωcb = Ωda = Ωdb = 10γ, ∆c = −∆d = 50γ.
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Fig. 3 (a) The transition probabilities Tba(t) and Tab(t),
and (b) the isolation I(t) are plotted as functions of the syn-
thetic magnetic flux Φ at time t = tM . The other parameters
are the same as in Fig. 2.

and effective coupling coefficients

Jab =
ΩcaΩcbeiΦ

i∆c +
γc

2

+
ΩdaΩdb

i∆d +
γd

2

, (31)

Jba =
ΩcaΩcbe−iΦ

i∆c +
γc

2

+
ΩdaΩdb

i∆d +
γd

2

. (32)

The condition for nonreciprocal transition is Jab ̸= Jba,
i.e., Φ ̸= nπ (n is an integer). This can be understood
intuitively that Φ ̸= nπ breaks the time-reversal symmetry
of the Hamiltonian given in Eq. (2).

One necessary condition for optimal nonreciprocal tran-
sition is one of the effective coupling coefficients (Jab or
Jba) equal zero, i.e.,

e±iΦ = − (i2∆c + γc)

(i2∆d + γd)

ΩdaΩdb

ΩcaΩcb
. (33)

The transition probabilities from |a⟩ to |b⟩ [Tba(t)] and
from |b⟩ to |a⟩ [Tab(t)] can be obtained approximately un-
der this condition. For simplicity, we choose the sym-
metric parameters: Ωca = Ωcb = Ωda = Ωdb, γa = γb,
γc = γd, ∆c = −∆d. The condition Jab = 0 (Jba = 0)
is satisfied for Φ = −π/2 (Φ = π/2) with detuning
∆c = −∆d = γc/2 = γd/2, and we have transition proba-
bilities

Tba(t) ≈
∣∣∣Jbat exp

[
−
(γb,eff

2
+ i∆b,eff

)
t
]∣∣∣2 , (34)

for initial conditions A (0) = 1 and B (0) = C (0) =

D (0) = 0, and

Tab(t) ≈
∣∣∣Jabt exp

[
−
(γa,eff

2
+ i∆a,eff

)
t
]∣∣∣2 (35)

for initial conditions B (0) = 1 and A (0) = C (0) =

D (0) = 0. The transition probabilities are time depen-
dent, and the time for maximal transition probability is

tM ≈ 2

γb,eff
=

2

γa,eff
, (36)

with transition probabilities

Tba(tM ) ≈
∣∣∣∣2e Jba
γb,eff

∣∣∣∣2 , (37)

Tab(tM ) ≈
∣∣∣∣2e Jab
γa,eff

∣∣∣∣2 , (38)

where e is the mathematical constant approximately equal
to 2.71828.

The populations |A (t) |2 (black solid curve), |B (t) |2
(red dashed curve), and |C (t) |2 = |D (t) |2 (blue dashed-
dot curve) obtained from Eqs. (17)–(19) are plotted as
functions of the time t in Figs. 2(a)–(d). It is clear that
the population can transfer from the level |b⟩ to level |a⟩
for Φ = π/2, but almost no population will transfer from
the level |a⟩ to level |b⟩. In contrast, the population can
transfer from the level |a⟩ to level |b⟩, but almost no pop-
ulation will transfer from the level |b⟩ to level |a⟩ when
Φ = −π/2.

The transition probabilities from |b⟩ to |a⟩ [Tab(t)] and
from |a⟩ to |b⟩ [Tba(t)] can also be obtained from Eqs. (19)–
(21). They are plotted as functions of time t in Figs. 2(e)
and (f). It is clear that Tab(t) ≫ Tba(t) for ϕ = π/2, and
Tab(t) ≪ Tba(t) for ϕ = −π/2, i.e., the transitions between
levels |b⟩ and |a⟩ are nonreciprocal. The approximate an-
alytical results given in Eqs. (34) and (35) are shown by
open squares in Figs. 2(e) and (f), which agree well with
the solid and dashed curves obtained from Eqs. (19)–(21).

Furthermore, the dependence of the transition probabil-
ities Tba(t) and Tab(t) on the synthetic magnetic flux Φ is
show in Fig. 3(a). At time t = tM , we have Tba(t) < Tab(t)
for synthetic magnetic flux 0 < Φ < π; in the con-
trast, we have Tba(t) > Tab(t) for synthetic magnetic flux
−π < Φ < 0. As shown in Fig. 3(b), under the conditions
Ωca = Ωcb = Ωda = Ωdb and ∆c = −∆d = γc/2 = γd/2,
the optimal isolation I(t) is obtained with synthetic mag-
netic flux Φ = ±π/2.

4 Spontaneous emission spectrum

In this section, we will show that the nonreciprocal tran-
sitions can be identified by measuring the spontaneous
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emission spectra of the system. The spontaneous emis-
sion spectra of the system can be derived analytically
by the Laplace transform method [26, 27]. Taking the
Laplace transform, i.e., O (s) =

∫ +∞
0

O (t) e−stdt, the so-
lution of the effective Schrödinger equation (16), Ψ(s) =[
A (s) , B (s) , C̃ (s) , D̃ (s)

]T
, is given by

Ψ(s) =M−1Ψ(0) (39)

with coefficient matrix

M =


s+ γa

2 0 iΩcaeiΦ iΩda

0 s+ γb

2 iΩcb iΩdb

iΩcae−iΦ iΩcb s+ γc

2 + i∆c 0
iΩda iΩdb 0 s+ γd

2 + i∆d

 .

(40)

The spontaneous emission spectrum of the system
S (ωk) =

∑
i=a,b,c,d

∣∣Gi
k (+∞)

∣∣2 ρ (ωk) is obtained from
the Fourier transform of ⟨E− (t+ τ)E+ (t)⟩t→+∞ [18, 26,
27], withGi

k (+∞) ≡ Gi
k (t)

∣∣
t→+∞ as the long time behav-

ior (t→ +∞) of Gi
k (t). By integrating time t in Eqs. (8)–

(11), Gi
k (+∞) is given by

Ga
k (+∞) = −igakA [i (ωag − ωk)] , (41)

Gb
k (+∞) = −igbkB [i (ωbg − ωk)] , (42)

Gc
k (+∞) = −igckC̃ [i (ωcg −∆c − ωk)] , (43)

Gd
k (+∞) = −igdkD̃ [i (ωdg −∆d − ωk)] . (44)

Thus, we find the spontaneous emission spectrum as

S (ωk) =
γa
2π

∣∣A [i (ωag − ωk)]
∣∣2 + γb

2π

∣∣B [i (ωbg − ωk)]
∣∣2

+
γc
2π

∣∣∣C̃ [i (ωcg −∆c − ωk)]
∣∣∣2

+
γd
2π

∣∣∣D̃ [i (ωdg −∆d − ωk)]
∣∣∣2 (45)

with A (s), B (s), C̃ (s), and D̃ (s) given by Eqs. (39) and
(40).

In Fig. 4, the spontaneous emission spectra of the
system are plotted with different initial conditions: (a)
A (0) = 1 and B (0) = C (0) = D (0) = 0; (b) B (0) = 1

and A (0) = C (0) = D (0) = 0. In Fig. 4 (a), we as-
sume that the system is prepared in level |a⟩ initially, and
the black solid curves are for phase Φ = π/2 and the red
dashed curves for Φ = −π/2. When Φ = −π/2, as the
population can transfer from the level |a⟩ to level |b⟩, so
there is a peak around the resonant frequency ωbg in the
spontaneous emission spectra. In the meantime, the pop-
ulation can transfer from both the levels |a⟩ and |b⟩ to
levels |c⟩ and |d⟩, and the interferences between different
population transferring paths suppress the population de-

Fig. 4 The spontaneous emission spectrum S(ωk) is plotted as a function of the detuning (ωk−ωag)/γ for synthetic magnetic
flux Φ = π/2 (black solid curve) and Φ = −π/2 (red dashed curve), with initial conditions A (0) = 1 and B (0) = C (0) = D (0) =
0 in (a), and B (0) = 1 and A (0) = C (0) = D (0) = 0 in (b). In both (a) and (b), we set ωbg − ωag = 100γ, ωcg − ωag = 1000γ,
and ωdg − ωag = 2000γ. The other parameters are the same as in Fig. 2.
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Fig. 5 The spontaneous emission spectrum S(ωk) is plotted
as a function of the synthetic magnetic flux Φ: (black solid
curve) with frequency ωk = ωbg and initial conditions A (0) =
1 and B (0) = C (0) = D (0) = 0, and (red dashed curve)
with frequency ωk = ωag and initial conditions B (0) = 1 and
A (0) = C (0) = D (0) = 0. The other parameters are the same
as in Fig. 4.

cay from levels |c⟩ and |d⟩ [see |C (t) |2 = |D (t) |2 (blue
dashed-dot curve) in Fig. 2(c)] and induce the dips around
frequencies ωcg−∆c and ωbg−∆d. Instead, there is almost
no population transferring from the level |a⟩ to level |b⟩
when Φ = π/2, so that the peak around the frequency ωbg

is eliminated. Meanwhile, the population transfer only
from the level |a⟩ to levels |c⟩ and |d⟩, so that the popu-
lation in levels |c⟩ and |d⟩ decay nearly exponentially [see
|C (t) |2 = |D (t) |2 (blue dashed-dot curve) in Fig. 2(a)]
and there are single peaks around the frequencies ωcg−∆c

and ωbg −∆d. In Fig. 4 (b), we assume that the system
is prepared in level |b⟩ initially. When Φ = π/2, as the
population can transfer from the level |b⟩ to level |a⟩, so
there is a peak around the resonant frequency ωag and
dips around frequencies ωcg − ∆c and ωbg − ∆d in the
spontaneous emission spectra. Instead, there is almost
no population transferring from the level |b⟩ to level |a⟩
when Φ = −π/2, so that the peak around the frequency
ωag is eliminated and there are single peaks around the
frequencies ωcg −∆c and ωbg −∆d.

In addition, the dependence of the spontaneous emis-
sion spectra S(ωk = ωag) and S(ωk = ωbg) on the syn-
thetic magnetic flux Φ are shown in Fig. 5, with the sys-
tem initially prepared in level |b⟩ and |a⟩ respectively. We
have S(ωk = ωag) > S(ωk = ωbg) for synthetic magnetic
flux 0 < Φ < π, which corresponds with Tba(t) < Tab(t)

in Fig. 3(a); in the contrast, we have S(ωk = ωag) <

S(ωk = ωbg) for synthetic magnetic flux −π < Φ < 0,
conforming to Tba(t) > Tab(t). Thus we can also observe
the nonreciprocal transitions by contrasting the difference
of the spontaneous emission spectra S(ωk = ωag) and
S(ωk = ωbg) with the system prepared in level |b⟩ or |a⟩
initially. Moreover, almost all the populations have de-
cayed to the ground states at the time t = 2/γ, as shown
in Figs. 2(a)–(d), so the elimination of spectral lines can

be observed within the time scale of 2/γ.

5 Conclusions

Let us now discuss the experimental feasibility of our
proposal. Take 40Ca+ for example, let us show the
corresponding relationship between the energy levels in
Fig. 1 and the energy levels of 40Ca+: |a⟩ = |3D5/2⟩,
|b⟩ = |3D3/2⟩, |c⟩ = |5P3/2⟩, |d⟩ = |4P3/2⟩. First of
all, the one-photon dipole transitions |4P3/2⟩ ↔ |3D5/2⟩,
|4P3/2⟩ ↔ |3D3/2⟩, |5P3/2⟩ ↔ |3D5/2⟩, and |5P3/2⟩ ↔
|3D3/2⟩ are allowed, but the one-photon dipole transitions
|5P3/2⟩ ↔ |4P3/2⟩ and |3D5/2⟩ ↔ |3D3/2⟩ are forbidden,
i.e., the cyclic transitions for the four levels can be re-
alized. To avoid the effects of Doppler broadening, the
calcium ions should be laser cooled primarily. A single
calcium ion can be trapped and laser cooled to 1 mK by
Doppler cooling in experiments [31]. According to the ex-
periments with single cold calcium ions [31–34] or few cold
calcium ions [35], |3D5/2⟩ and |3D3/2⟩ are metastable lev-
els with lifetimes about 1.2 seconds [31–33, 35], the life-
times of |4P3/2⟩ is about 6.6 nanoseconds [34, 36], and
the lifetimes of |5P3/2⟩ must also be much shorter than
1.2 seconds, i.e., the conditions for adiabatic approxima-
tion (min {γc, γd} ≫ max {γa, γb}) are satisfied. Hence if
four laser fields with appropriate frequencies, strengths,
and phases are applied to the 40Ca+ system, the proposal
is realizable. Moreover, similar energy structures can be
found in other singly charged alkaline-earth metals ions,
such as 88Sr+ [37, 38] and 138Ba+ [39–42].

In summary, a theoretically scheme was proposed to re-
alize nonreciprocal transition between two indirectly cou-
pled energy levels in a multi-level atomic system with
cyclic four-level configuration. The spontaneous emission
spectra of the multi-level system with nonreciprocal tran-
sition was also investigated. The nonreciprocal transition
results in the elimination of a spectral line in the spon-
taneous emission spectrum, which can be used to iden-
tify the nonreciprocal transition experimentally. As the
multi-level atomic system with cyclic four-level configu-
ration can be realized under the rules of electric dipole
transitions, the scheme in this paper can be applied for
observing nonreciprocal transition in the natural atoms
or ions with parity symmetry, which will widely broaden
the application sphere of nonreciprocal transition.
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