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We consider the dynamics and formation of vortices from ring dark solitons in a two-dimensional
Bose—Einstein condensate with the Rashba spin—orbit coupling based on the time-dependent coupled
Gross—Pitaevskii equation. Compared with previous results, the system exhibits complex dynamical
behaviors in the presence of the spin—orbit coupling. With the modulation of the spin—orbit coupling,
not only the lifetime of ring dark solitons is greatly prolonged, but also their attenuation kinetics is
significantly affected. For two shallow ring dark solitons with the equal strength of the spin—orbit
coupling, the radius of ring dark solitons increases to a maximum value over time and then shrinks
into a minimum value. Due to the effect of the snake instability, ring dark solitons split into a series of
ring-like clusters of vortex pairs, which perform complex oscillations. This indicates that the system
is strongly dependent on the presence of the spin—orbit coupling. Furthermore, the effect of different
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initial modulation depths on the dynamics of ring dark solitons is investigated.
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1 Introduction

Over the past decades, the condensates of ultra-cold atoms
have proved to be an ideal platform for the exploration
of superfluid [1-3] . Due to the change of internal de-
grees of freedom, multi-component Bose—Einstein conden-
sates (BECs) can produce more abundant nonlinear exci-
tations and more complex dynamic behaviors than one-
component BEC (scalar condensate) [4-6], such as a va-
riety of vector solitons [7], self-bound three-dimensional
solitons [8, 9], and self-trapped quantum balls [10]. With
the introduction of ring dark solitons (RDSs) from nonlin-
ear optics into ultra-cold atomic systems [11], the gener-
ation, modulation and kinetic behaviors of RDSs in one-
component and two-component systems have been well
studied [12-14]. RDSs can be used to generate quantum
turbulence, thus it will help to understand the statistical
properties of quantum turbulence and its inherent physi-
cal mechanism.

Recently, the successful implementation of artificial
spin—orbit coupling (SOC) experiments in ultra-cold
atomic systems has greatly expanded the field of ultra-
cold atomic gases for quantum simulation [15-17]. The
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realization of gauge potential field and SOC in the cold
atom open up a new field, which makes the cold atom as
an important physical simulation platform easy to under-
stand and simulate a large number of gauge field-related
physical phenomena [18]. Ultra-cool atomic systems with
SOC have shown fascinating value in quantum simula-
tions. Artificial SOC breaks through the bottleneck that
neutral atoms cannot simulate the response of charged
particles to the external electromagnetic field [19, 20]. It
provides the possibility for the discovery of new state of
matter [21], and has a greater application potential in the
fields of quantum simulation, quantum information and
quantum computing [22-24].

The stability mechanism of RDSs in the system comes
from the balance between the diffusion caused by SOC
and the attracted nonlinear term [25, 26]. However, the
dynamics of the two RDSs in the SOC two-component
BECs has hardly been reported in previous literatures.
Therefore, we study the effects of system parameters, such
as contact interaction, eccentricity, and boundary value
conditions, on the dynamics of RDSs in the SOC two-
component BEC system. We find that various types of
vortex structures and patterns can be generated by the
decay of RDSs, which provides a new idea to further study
of vortex dynamics, pattern dynamics and other nonlinear
phenomena in BECs.

In the present paper, we consider a binary SOC BEC
confined in a quasi-two-dimensional (2D) axisymmetric
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trap, which can be achieved by adding very strong har-
monic limits along the axis-direction. By directly solving
the time-dependent coupled Gross—Pitaevskii (GP) equa-
tion, the dynamics of the two RDSs and the vortices gen-
erated by the collapse of the RDSs are studied numeri-
cally in detail. In the presence of SOC, with the evolu-
tion of time, the radius of the RDSs first increases to a
maximum, then gradually decreases and oscillates at the
minimum radius. Moreover, the lifespan of RDSs is sig-
nificantly longer than the lifespan of RDSs for systems
without SOC. We find that there are half quantum vor-
tex dipoles in the system, in which the nucleus of the
vortex—antivortex pair in one component are occupied by
the other component [27]. Moreover, the vortex pairs ex-
hibit complex dynamic behaviors, including their sepa-
ration and recombination, and show strong dependence
on the SOC, contact interaction, eccentricity and initial
depth of the RDS.

The rest of the present paper is organized as follows. In
Section 2, we introduce the theoretical description of the
SOC pseudospin-1/2 BECs confined in a harmonic poten-
tial. In Section 3, according to the mean field approxima-
tion principle, the effects of different system parameters
on the dynamics of RDSs and the vortices generated by
the RDSs oscillation are studied. In the last section, the
main results of this paper are summarized.

2 The model

We consider a 2D pseudospin-1/2 BEC with the Rashba
SOC. According to the mean field approximation prin-
ciple, the system can be described by the spin order pa-
rameter ¥(r) = (Y1 (r),wg(r))T, where T stands for the
transposition. The dynamical behavior of the system fol-
lows the coupled GP equation [28-30]:
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where the condensate wave function 1; denotes the
wave function of the j th (j = 1,2) component,
and they satisfy the normalization condition of N =

J (|¢1\2+|¢2\2) drdz. Here m is the atomic mass, &

is the strength of the SOC, and o, (0,,0,,0) are the
2 x 2 Pauli matrices. The contact interaction parame-
ters within the intra- and inter-component coupling con-
stants are respectively expressed as gi1, goo and g12 = go1
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with gij = 4naijﬁ2/m and 93—i,j = 4na3_i7jﬁ2/m, Qjj and
asz—j ; are the scattering length of s-wave between atoms,
which can be controlled by the Feshbach resonance tech-
nique. The external potential of the system can be ex-
pressed as V(r,z) =
w,,r? = 22 4+ y? are axial constraint frequencies and the
radial respectively.

Further assuming that w, is much larger than w,., which
means that there is a very strong constraint along the z
axis. In this case, the wave function can be equivalent to
Yi(r,z,t) = ¥;(z,y,t) f(2). After integrating out the axial
coordinate, the radial wave functions satisfy the following
dimensionless coupled GP equation:

m (w2r? + w?2z?) /2, where w, and
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where we work in natural units and let h = m = 1,V2 =
0?%/0x2+0°/0y?, Q = w,/w.. The units of length and time

are chosen as a, = \/h/(mw,) and 1/w,, respectively. The
kinetic and SOC energies are given by
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The external potential energies and the s-wave contact
interaction energy is written as

By = Jj( g1t [va[*
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and the total energy is given by F = E1 + Fbs.

We study the dynamics of the system described in
Eq. (2) by using the the time-splitting Fourier spec-
tral method. Meanwhile, in order to study the effects of
contact interactions between components on system dy-
namics, we fix the intra-component coupling constants as
g11 = ga2 = 1, corresponding to the SU(2) contact interac-
tions. We choose two appropriate approximate solutions
where each component contains an RDS with an initial
radius

’l/)j(il’,y,O) = <1 - Q2T2
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Fig. 1
the system with time when the strength of SOC is different.

x tanh Z (ry) + isin ¢;(0)] e, (5)

where cos ¢;(0) determines the initial depth of the RDS,
Z(r1) = (11 — Rjo) cos p;(0), 71 = /(1 —e2) 22 + y? and
e. represents the eccentricity of the ring. When the value
of e. is not zero, R;o denotes the length of the semimi-
nor axis of the elliptical configuration. Particularly, the
ground state of a SOC system is the plane-wave state for
g12/911 < 1 and the stripe state for g12/g11 > 1. In what
follows, we focus on g12/g11 < 1 and the plane-wave is
given by v;(r) = e™®.

Before the analysis begins, we first give the changes of
the total number of particles in the evolution process. As
shown in Fig. 1(a), the corresponding case is the change
of the number of particles with x = 0.01. Obviously, the
number of particles in the evolution process is always con-
served. Then we calculate that the number of particles
for different s are always conserved. But as shown in
Fig. 1(b), different x corresponds to different total energy
of the system. When the value of k is small, the total en-
ergy of the system does not change significantly. However,
as k increases, the total energy of the system increases
rapidly. This indicates that as x increases, the error of
numerical calculation increases, which affects the accu-
racy of the conclusions. Therefore, we choose a smaller
value k = 0.01.

The results are converted into data relevant to the ex-
periment. The most promising binary system can be re-
alized by selecting |FF=1,mp =0) and F =2,mp =1)
spin state of 8"Rb. The atoms in the system are con-
fined by a disk-shaped trap with radial frequency 2, =
2w x 18 Hz and axial frequency €, = 2m x 628 Hz
[31]. Therefore, the unit of time is 0.25 ms, the unit of
length is 0.42 um, and the aspect ratio of the harmonic
potential is Q = 0.028. The intracomponent interac-
tions are g11 = go2 = Cp,912 = go1 = cp + Cc2, where
co = 7.79x107 2 Hz-cm?, ¢y = —3.61x10~ ™ Hz-cm3. The

42501-3

(a) The change of particle number with time when the strength of SOC is 0.01. (b) The change of total energy of

initial radii of the two RDS are Rijg = 11.95 um, Ryg =
12.38 um. Furthermore, the initial states of two different
ring dark solitons can be achieved by using remote reso-
nant laser pulses to imprint different phases on the two
components.

3 RDS dynamics and vortex pairs

In this section, we will numerically study the dynamic be-
haviors of RDSs with the circular symmetry. The richness
of the present system lies in the fact that it can regulate
a large number of free parameters. In what follows, we
mainly focus on the effects of contact interaction, initial
depth, eccentricity and boundary value conditions, on the
dynamical characteristics of two RDSs and the vortices
generated after the collapse of the RDSs.

Without loss of generality, we try to simplify the sit-
uation by fixing 2 = 0.028, and assume the equal initial
depths cos ¢1(0) = cos¢2(0) and the radii of the elliptic
short axes Rip = 27.9 and Ry = 28.9. Here the radius
difference is AR = 1, which can ensure the collisions of
RDSs and the followed dynamics of vortices. Expressly,
our numerical results show that there exists a critical value
of the SOC, kpax = 0.03, above which the system becomes
unstable in a very short time interval. To highlight the ef-
fect of the SOC and avoid this instability, we set x = 0.01
throughout this paper. The field of view is taken to be
300 x 300, which is large enough to ensure that the bound-
ary conditions have little effect on the system.

3.1 The effects of contact interactions on the dynamics

of RDS

First of all, we consider the system with a small inter-
component interaction with go; = ¢g12 = 0.5 and the equal
initial depths cos ¢1(0) = cos ¢2(0) = 0.6. Figure 2 shows

Peng-Hong Lu, Xiao-Fei Zhang, and Chao-Qing Dai, Front. Phys. 17(4), 42501 (2022)



RESEARCH ARTICLE

t—60 t=128

-50 (a)
.

W)]\z

ol

|’P1|2+\¢2|2

x

t=138

-50
0
50
-50 20
L5
0 1.0
0.5
50

50 -50 0 50 -50 0 50 -50 O

t=204

1= 440

t=1000

(2) '
. 1.0
0.8
0.6

0.4

50 =50 0 50 -50 0 50 -50 O

Fig. 2 The time evolutions of two RDSs at a two-component BEC with the SOC for a small inter-component interaction

g12=ga1 = 0.5at (a) t =0, (b) t =60, (c) t =128, (d) t = 138, (e) t = 204, (f) t =

440, and (g) t = 1000. The first and

second rows represent the densities of component 1 and component 2 respectively. The bottom row is the corresponding total
density. The initial depths of two RDSs cos ¢1(0) = cos p2(0) = 0.6, the trap frequency 2 = 0.028, eccentricity e. = 0, and the

initial locations R1p = 27.9 and Roo = 28.9.

the following dynamics of two RDSs with the circular sym-
metry, viz., e. = 0. Patterns in the first and second rows
represent the density of component 1 and component 2
respectively, and patterns in the bottom row is the total
density.

In order to describe the dynamical evolution behavior
of RDSs clearly, the corresponding one-dimensional den-
sity distributions are given simultaneously in Fig. 3. Fig-
ures 2(a) and 3(a) show the typically initial profiles of
such two RDSs. The position of RDS is —27.9 at the ini-
tial time t = 0, —41.3 at t = 16, and —52.9 at ¢t = 60, but
the position transfer to —4.7 at ¢ = 138. Different from the
system without the SOC [27], the initial RDSs will first in-
crease to a maximum at ¢ = 60, as shown in Figs. 2(b) and
3(c). With the evolution of time, the radii of the RDSs
gradually decrease to a minimum value at ¢ = 138 [see
Figs. 3(b) and (d)]. At this point, the symmetry of the
rings is broken, and they become the irregular patterns
[see Fig. 2(d)].

Interestingly, the radii of RDSs maintain circular sym-
metry until they are minimized at ¢ = 138. This indi-
cates that the presence of the SOC increases the lifetime
of RDSs, which is defined as the time interval between the
start and the time point when the snaking instability oc-
curs [31]. This phenomenon can be understood by the fact
that the stabilization mechanism of the RDSs come from
the balance between dispersion induced by the SOC and
nonlinearity. With the development of the snake instabil-
ity, RDSs gradually disappear and develop into a series of
solitary waves [see Fig. 2(e)].

We notice that dynamical behaviors above mentioned
are different from the system without the SOC. In this
case without the SOC, as reported in Ref. [27], the RDSs
shrinked but they did not oscillate. Moreover, as reported
in Ref. [14], the RDSs oscillated in the system without
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the SOC in the presence of the periodic modulation of the
inter-component interaction, during which new gray RDSs
were created.

As shown in Figs. 2(e) and (f), two such solitary waves
move outward in the radial direction and then develop
into half-quantum vortex dipoles, where the density dif-
ference of the half-quantum vortex dipole cores satisfies

An = |1 |2 — |¢2|2 # 0. Subsequently, the vortex and anti-
vortex within the half-quantum vortex dipoles separate
each other and move along the edges of the condensate
[see Fig. 2(f)], during which they form new half-quantum
vortex dipoles. The underlying physics lies in the fact
that its density gradient points to the center of the con-
densate for the condensate in the harmonic oscillator trap.
When a vortex (anti-vortex) is located outside the center
of the harmonic oscillator, the direction of the velocity
change of the vortex (anti-vortex) that makes up the vor-
tex pair is always perpendicular to the radius of the con-
densate. Therefore, the vortex (anti-vortex) will process
around the condensate in a counterclockwise (clockwise)
direction [32-34], leading to the separation of vortex pairs.
When the separated vortex meets with anti-vortex in the
precession process, a new half-quantum vortex dipole will
be formed, and then the half-quantum vortex dipole will
be developed into vortex and anti-vortex in a very short
time. This process is then repeated until the vortices are
completely dissipated from the condensate [see Fig. 2(g)].
Figures 4(a) and (c) show the initial density and phase of
RDS for the component 2, respectively. Figures 4(b) and
(d) show the density and phase diagrams of vortex and
antivortex pairs, respectively. In order to see the vortex
and anti-vortex clearly, we enlarged the local image. The
red circle in Fig. 4(d) is the pair of vortex and anti-vortex
in the red circle in Fig. 4(b).

Next, we consider the critical case with go1 = g12 = 1

Peng-Hong Lu, Xiao-Fei Zhang, and Chao-Qing Dai, Front. Phys. 17(4), 42501 (2022)
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Fig. 3 The 1D density distributions of the component ¢, at (a) t = 0, (b) t = 16, (c) t = 60, (d) ¢t = 138, respectively.

Other parameters are same as that in Fig. 2.

for the equal initial depths cosp;(0) = cosp2(0) = 0.6.
Compared with the previous situation, the RDSs reach
minimum radii at ¢ = 135. During the later evolution,
they become relatively shallow elliptical dark solitons and
their radii increase slowly, then the elliptical dark solitons
disappear and develop into half-quantum vortex dipoles
[see Figs. 5(c) and (d)]. We recall that after ¢ = 138 in
Fig. 1, the RDSs disappear completely, then directly decay
into half-quantum vortex dipoles, and no shallow elliptical
RDSs form. This can be understood by the fact that the
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02
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< 50 -1
100 >
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20

Fig. 4 Corresponding density and phase diagrams of com-
ponent 2¢, in Figs. 2(a) and (e). Other parameters are same
as that in Fig. 2.

larger inter-component interaction balances the instabil-
ity of RDSs induced by the SOC, and thus makes RDSs
more stable and not easy to collapse. This indicates that
the lifetime of the RDSs under the larger inter-component
interaction is slightly longer. In Fig. 5(g), with the devel-
opment of instability, both components develop into two
pairs of vortices. Similarly, as the system evolves, the vor-
tices and anti-vortices in the half-quantum vortex dipoles
of the system are separated. After then these vortices
and anti-vortices in the system are recombined until they
completely disappear from the condensate.

Compared with the case of small inter-component in-
teraction gio g21 = 0.5 in Fig. 2(e) the numbers of
vortex pairs generated from the collapses of RDSs reduce
in Fig. 5(e), although the trajectories of these vortex pairs
are essentially unchanged. Consequently, the number of
vortex pairs produced by the decay of RDSs shows a strong
dependence on the contact interactions between such two
components. More interesting, at the center of the con-
densate in Fig. 5(e), there appear some gray RDSs, which
do not appear in Fig. 2(e), and these gray RDSs grad-
ually move towards the center and disappear. The rea-
son for these phenomena may be that the effect of SOC
makes these gray RDSs appear in the beginning, and the
interactions between these gray RDSs cancel out part of
the SOC effect and make these gray RDSs disappear ulti-
mately. As reported in Ref. [14], the system without the
SOC in the presence of periodic modulation of the inter-
component interaction also appears new shallower RDSs
and forms a series of concentrically annular RDSs.

Peng-Hong Lu, Xiao-Fei Zhang, and Chao-Qing Dai, Front. Phys. 17(4), 42501 (2022)
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Fig. 5 The time evolutions of two RDSs in a BEC with the SOC at (a) t = 0, (b) ¢t = 60, (c) t = 135, (d) t = 146,
(e) t = 212, (f) t = 500, and (g) t = 1000. The initial inter-component interactions of two RDSs are g12 = g21 = 1. Other

parameters are same as that in Fig. 2.

3.2 The effects of eccentricity on the dynamics of RDS

We discuss the dynamics of RDSs with nonzero eccen-
tricity, viz., e. = 0.4, and we fix the inter-component
interactions gi2 = go1 = 1, and the equal initial depths
cos 1(0) = cos p2(0) = 0.6. In this case, it is interesting
to see that the RDSs are compressed into elliptical dark
solitions at ¢t = 130 [see Fig. 6(c)]. With the development
of snake instability, they develop into two half-quantum
vortex dipoles accompanied by shallow elliptical dark soli-
tons. The elliptical dark solitons oscillate when they reach
the edge of the condensate, and then also develop into
two half-quantum vortex dipoles [see Figs. 6(d) and (e)].
At this time, each component contains four half-quantum
vortex dipoles. Similar to the previous results, the vor-
tices and anti-vortices of the half-quantum vortex dipoles
perform separation and recombination, and move along
the edge of the condensate until they are completely dis-

t=130

,f?

5

-500 50 -50050 -50050 -50050 -500 50 =500 50

X

< Ty Py,
o

t=160

sipated from the condensate [see Figs. 6(f) and (g). Com-
pared with the results in Figs. 5(c) and (d), the elliptical
disturbance has a certain effect on this system. The life-
time of RDS is slightly reduced. When RDSs develop into
elliptic dark solitons, their radii do not increase, but de-
velop into four half-quantum vortex dipoles [see Figs. 6(c)
and (d). The number of half-quantum vortex dipoles here
has increased significantly [see Fig. 6(e)].

3.3 The effects of larger initial depths on the dynamics
of RDS

We explore the influence of different initial modulation
depths on the dynamics of RDS. Figures 7(a) and (b)
show the density of component 1 and component 2 at
t = 130 and t = 190 respectively for the initial depths
cos p1(0) = cos p2(0) = 0.75 and initial inter-component
interactions g12 = go1 = 1. When ¢t = 130, RDS oscil-

t=220

t—340

t—500

-50 0 50

Fig. 6 The time evolutions of two RDSs in a two-component BEC with the SOC at (a) t = 0, (b) ¢ = 60, (c) t = 130,

(d) t =160, (e) t =
as that in Fig. 4.
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220, (f) t = 340, and (g) t = 500. The eccentricity of two RDSs is e. = 0.4. Other parameters are same
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Fig. 7 The time evolutions of two RDSs in a two-component BEC with the SOC at (a) ¢ = 130 and (b) ¢ = 190 for the initial
depths of two RDSs cos ¢1(0) = cos ¢2(0) = 0.75 and the initial intercomponent interaction gi2 = g21 = 1.0. (¢) The number
of vortex pairs generated in the decay process of RDSs vs. the initial depth for the different inter-component interactions with
g12 = g21 = 1.0 (black curve) and gi2 = g21 = 0.5 (red curve). Other parameters are same as that in Fig 2.

lates and gradually decays to 8 pairs of vortices, and the
number of vortex pairs at t = 190 is significantly more
than that in Figs. 3(e)—(g). Theocharis et al. [32] have
firstly studied the decay dynamics of ring dark solitons
for a single-component BEC, where the number of vor-
tex pairs is always a multiple of 4, and after a long time
of evolution, some vortex pairs annihilated, leaving only
4 vortex—antivortex pairs stable for a long time. Wang
et al. [27] have found that the decay of RDSs in a two-
component BEC produced vortex pairs that are odd times
of 2. However, in the presence of SOC, the number of vor-
tex pairs generated by RDSs does not satisfy these laws
above.

In Fig. 7(c), we show the number of vortex pairs gen-
erated by RDSs for different modulation depths with the
inter-component interaction g12 = g21 = 1. When the ini-
tial depth of RDS cos 1 (0) = 0.5, no vortex pairs are gen-
erated in the decay process of RDS. When the modulation
depth exceeds 0.6, the number of vortex pairs increases
linearly with the increase of the initial modulation depth,
which shows strong dependence on the initial modulation
depth. However, for the small inter-component interac-
tion g12 = go1 = 0.5, two vortex pairs will be generated
at initial depth cos;(0) = 0.5, which indicates that the
generation of vortex pairs is related to the competition
between the contact interactions and initial depth.

It is interesting to see that there exists a critical value of
initial depth, namely cos ¢1(0) = cos p2(0) = 0.75, above
which the lifespan of the RDS is significantly shortened.
In such cases, the RDSs will oscillate due to the serpentine
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instability in the increasing process of their radii, and fi-
nally decay into many vortex pairs. This also proves that
the deeper the initial modulation depth is, the more obvi-
ous the instability of RDS is. Thus, we conclude that the
number of vortex pairs generated by RDS splitting adds
with the increase of initial depth when the initial depth of
RDS in two components is same. The deeper the initial
depth, the more vortices are generated by the oscillation.
A shallow RDS with circular symmetry will decay rela-
tively slowly, while a ring black soliton is more prone to
the snakelike instability. In particular, we show through
extensive numerical studies that the dynamical behavior
of the RDSs and the formation of the vortices are sim-
ilar to our results when the strength of SOC has small
variation.

Finally, we study the influence of boundary conditions
on the dynamics of the system. It is well known that
the accuracy of the numerical results shows strong de-
pendence on the boundary conditions and the interval of
numerical calculation [11]. The square calculation region
we use will introduce certain symmetry, and the initial
state of RDSs and their periodic boundary conditions we
choose together determine the symmetric structure of the
system in the decay process [35, 36]. Further, it is noted
that the numerical method using the artificial square cal-
culation region in the study of RDSs dynamics does not
affect the results [37]. Therefore, we enlarge the numerical
calculation area twice, choose the unequal space step, and
repeat the numerical simulations. Our results show that
the mainly physical pictures are unchanged. Typically, we
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Fig. 8 The time evolutions of two RDSs in a two component BEC with the SOC at (a) t =0, (b) t = 60, (c) t = 135, (d)
t = 146, (e) t = 212, (f) t = 500, and (g) t = 1000 for a larger computational box (specially, twice the size of Fig. 3). Other

parameters are same as that in Fig. 3.

take Fig. 5 as an example to repeat the numerical simu-
lations. Figure 8 shows the dynamical evolution process
of two RDSs in a large numerical calculation area for the
same parameters as those in Fig. 5. Compared these re-
sults in Figs. 5 and 8, we can’t see the essential difference.

4 Conclusion

In summary, we study the dynamics of RDSs in 2D BEC
with the SOC and the formation of vortices generated by
RDS collapse. In the presence of SOC, the effects of the
inter-component components and the eccentricity on the
dynamics of RDSs and vortex pairs are investigated. Com-
pared with the system without SOC, the presence of SOC
greatly extended the lifetime of the RDS, and the dynam-
ics of the system exhibits exotic dynamics behavior, where
the radius of the RDS first increases to a maximum and
then gradually decreases to a minimum. Moreover, we find
that half-quantum vortex dipoles generated during the de-
cay process exhibit multiple recombination until they are
completely dissipated from the condensate, and its num-
ber shows a strong dependence on the eccentricity and the
inter-component interaction.
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