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We investigate the mean-field energy spectrum and dynamics in a Bose–Einstein condensate in a
double-well potential with non-Hermiticity from the nonreciprocal hopping, and show that the interplay
of nonreciprocity and nonlinearity leads to exotic properties. Under the two-mode and mean-field
approximations, the nonreciprocal generalization of the nonlinear Schrödinger equation and Bloch
equations of motion for this system are obtained. We analyze the PT phase diagram and the dynamical
stability of fixed points. The reentrance of PT -symmetric phase and the reformation of stable fixed
points with increasing the nonreciprocity parameter are found. Besides, we uncover a linear self-
trapping effect induced by the nonreciprocity. In the nonlinear case, the self-trapping oscillation is
enhanced by the nonreciprocity and then collapses in the PT -broken phase, and can finally be recovered
in the reentrant PT -symmetric phase.

Keywords Bose–Einstein condensate, non-Hermitian physics, nonlinear dynamics, parity–time
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1 Introduction

Recent studies have demonstrated that non-Hermitian
systems have intriguing physics and potential applica-
tions beyond Hermitian systems [1–5]. Of particular in-
terest is that non-Hermitian Hamiltonians subjecting to
balanced gain and loss have the parity-time (PT ) sym-
metry that guarantees an purely real energy spectrum [6].
The transitions between PT -symmetric phases and PT -
broken phases happen with the spectral degeneracy, which
is known as the exceptional point (EP) [7–9]. Circling
around an EP in the complex energy plane may introduce
topological invariants unique to non-Hermitian Hamiltoni-
ans [10, 11]. Apart from the gain-and-loss effect, the non-
reciprocity is another kind of non-Hermiticity. It has been
theoretically revealed that nonreciprocal systems exhibit
exotic topological and localization physics [4, 5, 12–26]. In
experiments, the nonreciprocity can be realized in classi-
cal electric circuits [27, 28], optical systems [29–37], and

∗ arXiv: 2111.01390v1. This article can also be found at
http://journal.hep.com.cn/fop/EN/10.1007/s11467-021-
1133-2.

optomechanical devices [38–43]. Remarkably, the tunable
nonreciprocal hopping has recently been realized for an
atomic condensate in a synthetic momentum lattice [44],
which can also be engineered in optical lattices [10, 45].

The nonlinearity is another important element that can
induce a rich variety of novel phenomena in classical and
quantum systems [46]. For instance, the mean-field dy-
namics of a Bose–Einstein condensate in a double-well
potential can be described by the nonlinear Schrödinger
and Bloch equations [47–62]. The nonlinear interac-
tion therein can lead to exceptional crossing scenarios in
the energy spectrum [48–50] and the dynamical bifurca-
tion [51–56]. The nonlinearity also enriches the Josephson
dynamics of the atomic condensate in the double well,
including the anharmonic Josephson oscillation and the
macroscopical self-trapping effect with locked population
imbalance between two wells [63–66]. In recent years,
there is growing attention devoted to investigate nonlinear
properties of non-Hermitian systems [67]. Remarkably,
the nonlinear mean-field dynamics in the non-Hermitian
Bose–Hubbard dimer with dissipations [68–71] and gain
and loss [72–80] has been studied. The asymmetric loop
spectra and symmetry breaking of the nonlinear Bloch
spectrum in a PT -symmetric periodic potential have re-
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cently been revealed [81]. Hitherto, the interplay of the
nonreciprocity and nonlinearity and the associated effects
in non-Hermitian systems are largely unexplored.

Inspired by the experimental realizations of nonrecipro-
cal hopping and double-well potentials for Bose–Einstein
condensates (BECs), in this work, we explore the mean-
field energy spectrum and dynamics of a BEC with non-
linear interactions and nonreciprocal hopping in a double-
well potential. Based on the two-mode and mean-field ap-
proximations, we obtain the nonreciprocal generalization
of the nonlinear Schrödinger equation and Bloch equations
of motion for the system. The PT phase diagram and the
corresponding dynamical stability of fixed points are ana-
lyzed. Furthermore, we demonstrate that the interplay of
nonreciprocity and nonlinearity leads to several novel and
unique properties in the energy spectrum and dynamics:
i) We find the reentrance of PT -symmetric phase and the
reformation of stable fixed points with increasing the non-
reciprocity parameter for large nonlinear interactions. ii)
We uncover a new self-trapping effect solely induced by
the nonreciprocity in the linear case. iii) In the nonlinear
case, the self-trapping oscillation of the population imbal-
ance is enhanced by the nonreciprocity and then collapses
in the PT -broken phase, and can finally be recovered in
the reentrant PT -symmetric phase. The predicted fea-
tures may be tested in future experiments with ultracold
bosonic atoms since all the required ingredients, which in-
clude tunable nonreciprocal hopping, double-well poten-
tial and interactions for atomic condensates, have already
been experimentally achieved.

The rest of this article is organized as follows. Section 2
introduces the model and equations of motions. In Sec-
tion 3, we present the results of the PT phase diagram for
mean-field eigenenergies, the dynamical stability of fixed
points, and the self-trapping and reentrant oscillation ef-
fects. A brief discussion on the renormalization condition
and a short summary are finally given in Section 4.

2 Model

We consider a BEC in a symmetric double-well trap-
ping potential with N weakly interacting atoms, and as-
sume that the atoms are coherently transferred from one
well to the other with laser-induced tunable nonreciprocal
hopping [44]. Within the two-mode approximation [55–
58, 63–66], the system can be described by the following
two-site Bose–Hubbard Hamiltonian with the nonrecipro-
cal hopping [13–26]:

ĤBH =−Jâ†1â2−J(1− γ)â†2â1+
U

2
(â†1â1−â

†
2â2)

2, (1)

where âl and â†l (l = 1, 2) are bosonic annihilation and
creation operators on the l-th well (mode), J is the hop-
ping constant, γ ⩾ 0 denotes the nonreciprocity param-
eter, U is the on-site repulsive interaction strength. For

convenience, we set reduced Planck constant h̄ = 1 and
J = 1 as the energy unit hereafter. The Hamiltonian (1)
satisfies the PT -symmetry, i.e., [P̂T̂ , ĤBH ] = 0, where
P̂ is the parity operator acting as the inversion operator
â1 ↔ â2 and T̂ is time reversal operator acting as the
complex conjugation â†l ↔ âl. In the following, we focus
on the non-Hermitian effects on the mean-field energy and
dynamics.

In the limit of N → ∞, one can obtain the semiclassi-
cal counterpart of the second quantized Hamiltonian by
the mean-field approximation. In this case, the annihila-
tion and creation operators can be replaced by their ex-
pectation values with complex numbers: âl ≈ ⟨âl⟩ ≡ ψl

and â†l ≈ ⟨â†l ⟩ ≡ ψ∗
l . Below we will begin on the mean-

field model Hamiltonian for the macroscopic limit N → ∞
and nonlinear interaction strength g = NU . We use the
rescaled mean-field wave function ψl →

√
Nψl and focus

on the normalized condition |ψ1|2 + |ψ2|2 = 1. Then we
obtain the energy functional of the Hamiltonian (1) as

E = −Jψ∗
1ψ2 − J(1− γ)ψ∗

2ψ1 +
g

2
(ψ∗

1ψ1 − ψ∗
2ψ2)

2. (2)

The time evolution of the mean-field wave function can
be obtained by i∂ψl

∂t = ∂E
∂ψ∗

l
[62]. This leads to the fol-

lowing nonreciprocal version of the nonlinear Schrödinger
equation, i.e., the Gross–Pitaevskii (GP) equation:

i d
dt

(
ψ1

ψ2

)
= ĤGP

(
ψ1

ψ2

)
=

(
gκ −J

−(1−γ)J −gκ

)(
ψ1

ψ2

)
,

(3)

where κ = |ψ1|2 − |ψ2|2 is the population imbalance. By
defining the normalized Bloch vectors sj with j = x, y, z

from the wave functions ψl: sx = 1
2 (ψ

∗
1ψ2 + ψ1ψ

∗
2), sy =

1
2i (ψ

∗
1ψ2 − ψ1ψ

∗
2), and sz = 1

2 (ψ
∗
1ψ1 − ψ2ψ

∗
2) = κ/2, we

can obtain the mean-field Bloch equations of motion:

ṡx = −4gszsy + 2γJsysx,

ṡy = 4gszsx + (2− γ)Jsz + 2γJs2y −
1

2
γJ,

ṡz = −(2− γ)Jsy + 2γJszsy.

(4)

These nonlinear and nonreciprocal Bloch equations take
real values and conserve as s2x+s2y+s2z = 1/4. Accordingly,
the motion of the Bloch vectors under the renormalization
is described by the trajectories on the surface of the Bloch
sphere. At the end of this paper, we will consider the
Bloch dynamics without renormalization and show that
our results in the following section preserves.

3 Results

In this section, we study the interplay of nonreciprocity
and nonlinearity in the mean-field energy spectrum and
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dynamics. We present the analysis and discussion on the
numerical results.

3.1 PT phase diagram for mean-field eigenenergies

Before considering the Bloch dynamics, we first study the
mean-field energy spectrum by numerically solving the
time-independent GP equation

ĤGP

(
ψ1

ψ2

)
= E

(
ψ1

ψ2

)
. (5)

Here eigenstates ψl and eigenenergy E are self-consistent
solutions for given γ and g. In the Hermitian limit with
γ = 0, there are 2 or 4 real eigenenergies for the two-mode
GP Hamiltonian for g ⩽ 1 or g > 1 [48–50], respectively.

For our nonreciprocal GP Hamiltonian, we numerically
find that the eigenenergy number NE can be 2, 4, or 6,
which is dependent on g and γ [see Fig. 1(c)]. Two typical
energy spectrums with the real part Re(E) and the imag-
inary part Im(E) with respect to the nonreciprocity γ for
g = 1 and g = 4 are plotted in Figs. 1(a) and (b), respec-
tively. For g = 1, the eigenenergies remain real with in-
creasing γ up to the EP, i.e., γ < γEP ≈ 1.27, which is de-
noted as a PT -symmetric phase [1, 2, 6]. The system un-
dergoes a spontaneous PT -symmetry-breaking transition
at the EP γ = γEP, where two of four real eigenenergies
become degenerate and their corresponding eigenvectors
coalesce simultaneously, and then enter the PT -broken
phase with Im(E) ̸= 0 when γ > γEP. For larger nonlin-
earity g = 4 [Fig. 1(b)], the system becomes PT broken
after the first EP γEP1 ≈ 1.62. Moreover, the system will

Fig. 1 Mean-field energy spectra as a function of the non-
reciprocity γ for the nonlinear strength g = 1 (a) and g = 4
(b). (c) Number of eigenenergies NE as functions of γ and
g. (d) PT phase diagram on the γ–g plane determined by the
maximum imaginary energy D. The PT -symmetric and PT -
broken phases are labeled. The red dashed lines denote the
analytical results for the critical boundaries given by Eq. (7),
which agree well with the numerical results.

reenter the PT -symmetric phase with further increasing
the nonreciprocity γ after the second EP γEP2 ≈ 3.17.
We further display the eigenenergy number NE and the
PT phase diagram on the γ–g plane in Figs. 1(c) and
(d), respectively. Here the maximum value of the imag-
inary parts of all eigenvalues D = max[|Im(Em)|] with
m = 1, 2, ..., NE is used to seperate the PT -symmetric
phase with D = 0 and the PT -broken phase with D > 0.
As we will see in the following section, the renormal-
ized population dynamics generally exhibit the oscillation
(nonoscillational decay) behaviour in the PT -symmetric
(PT -broken) phase. From Fig. 1(d), one can find that
the energy spectrum of our model is real when γ < 1
and has the PT breaking transition at γ = 1 in the lin-
ear case with g = 0. Turning up the nonlinear interaction
will enlarge the PT -phase region. Most strikingly, we find
the reentrance of PT -symmetric phase with increasing the
nonreciprocity parameter γ when g > gc ≈ 3.34.

To confirm our numerical results of the PT phase dia-
gram, we give the form solutions of the GP equation (5)
with the corresponding eigenenergies and eigenstates:

E = ±
√
F (γ, g) = ±

√
g2κ2 + (1− γ)J2,(

φ1

φ2

)
=

1√
1 + α2

(
1
α

)
,

(6)

where α = −(E − gκ)/J . For the EPs at E = 0 and
the PT -broken phase with imaginary eigenenergies [see
Figs. 1(a) and (b) for examples], one has the solutions
satisfying E∗ = −E, which leads to the simplified imbal-
ance parameter κ = (1−α2)/(1+α2) = (2−γ)/γ. In these
cases, the self-consistent solutions require F (γ, g) = 0 for
EPs and F (γ, g) < 0 for the PT -broken phase region in
the parameter space. Thus, we obtain the critical condi-
tion equation

(2− γ)2g2/J2 + γ2 − γ3 = 0, (7)

which determines the PT -symmetry breaking. The re-
sulting phase boundaries on the γ–g plane are plotted as
the red dashed lines in Fig. 1(d), which agree well with
our numerical results.

The PT phase diagram can also be intuitively un-
derstood by rewriting the nonreciprocal GP Hamiltonian
as

ĤGP = gκσ̂z − (1− γ

2
)Jσ̂x − iγ

2
Jσ̂y, (8)

where σ̂x,y,z are the Pauli matrices acting on two modes.
Here the first term is the Hermitian nonlinear interaction,
the second term is the coherent hopping, and the third
term represents the non-Hermitian and incoherent hop-
ping. The interplay among the three terms gives rise to
real-complex eigenenergy transitions shown in Fig. 1(d).
For g = 0, the energy spectrum is real (complex) when
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γ < 1 (γ > 1) as the coherent (incoherent) hopping dom-
inates and has the PT -symmetric breaking transition at
γ = 1. Increasing g can then enlarge the PT phase region
when γ < 2. At the critical case of γ = 2, the coherent
hopping strength (1−γ/2 = 0) and population imbalance
(κ = |ψ1|2 − |ψ2|2 = 0 verified in our numerical simula-
tions) are vanishing, such that the system always stays in
PT -broken phase for any finite g. When γ ≫ 2, the co-
herent and incoherent hopping terms are close, and then
a sufficiently large interaction (g > gc ≈ 3.34) will lead
to the real energy spectrum. Thus, the reentrant PT -
symmetric phase exhibits in the parameter region of large
g and γ.

3.2 Dynamical stability of fixed points

We now investigate the mean-field dynamics arising from
the interplay of the nonreciprocity and nonlinearity. The
dynamics described by Eq. (4) can be understood as quan-
tum trajectories with fixed points on the Bloch sphere.
The fixed points are singular points of the Bloch vector
field, which correspond to stationary solutions of the non-
linear Bloch equations. However, stationary solutions can
be dynamically unstable in certain parameter space un-
der arbitrary small perturbations to fixed points on the
Bloch sphere [82, 83]. For our model, we first analyze the
dynamical instabilities of fixed points on the Bloch sphere
under the interplay of nonreciprocity and nonlinearity. By
solving the fixed point equation defined by Eq. (4) with
s ≡ (ṡx, ṡy, ṡz)

T = 0, we can obtain a pair of fixed points
located at f± = (fx,±fy, fz)T with

fx = (2− γ)g/(γ2J),

fy =
√
1− (2− γ)2/γ2 − 4g2(2− γ)2/(γ4J2)/2,

fz = (2− γ)/(2γ),

(9)

for given system parameters.
To study the dynamical stability of the fixed points, we

can perform small perturbation to them with the linear
treatment as [84]

δḟ± = Jf±δf±, (10)

where the Jacobi matrix of fixed points is given by

Jf± =

±2γfy −4gfz ∓4gfy
4gfz ±4γfy 4gfx + (2− γ)
0 −(2− γ) + 2γfz ±2γfy

 .

(11)

The real part of the eigenvalues of the Jacobi matrices
yield information about the type of the points [84]. For the
center, one has Re(m1) = Re(m2) = Re(m3) = 0, while
Re(ml) > 0 for the unstable fixed point and Re(ml) < 0
for the stable fixed point. We take the numerical result

Fig. 2 Dynamical stability diagram for Jf− fixed points of
the Bloch equations (4). The γ–g parameter regions for the
center and unstable fixed points are labeled by Re(m1) = 0 and
Re(m1) > 0, respectively. The red dashed lines correspond to
the boundaries of PT symmetric and broken phases shown in
Fig. 1(d). The labels denotes the parameters for the resulting
Bloch dynamics shown in Figs. 3–5.

of Re(m1) of Jf− to determine the unstable point f−
and to obtain the dynamical stability diagram on the γ–g
plane [also numerically confirmed by Re(m2,3)], as shown
in Fig. 2.

The presence of unstable fixed points indicates the de-
struction of the periodic motion of Bloch vectors for cer-
tain initial conditions. Thus, the critical boundaries in-
dicate the occurrence of fixed point bifurcations and the
sharp charge of the resulting Bloch dynamics, as we will
discuss in the following section. One can also find that the
boundaries between the stable and unstable regions are

Fig. 3 Mean field dynamics in the linear case g = 0. The
dynamics of the mean-field Bloch vector on the Bloch sphere
for the nonreciprocity parameter γ = 0.8 (a) and γ = 1.1 (b).
The blue curves denotes the resulting dynamical trajectories
after a sufficiently long evolution time. (c) Time evolution of
the population imbalance sz(t) for various γ under the initial
condition sz(0) = (1/2, 0, 0).
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Fig. 4 Mean-field dynamics for γ = 0.3 (a), γ = 1.2 (b), and γ = 1.4 (c) with fixed g = 1. The upper figures show
the resulting dynamical trajectories on the Bloch sphere after a sufficiently long evolution time. The lower figures show the
corresponding time evolution of the population imbalance sz(t) under the initial condition s0(0) = (1/2, 0, 0) (red solid lines)
and s0(0) = (0, 0, 1/2) (black dashed lines). Certain fixed points and the two initial states are marked by yellow, red and black
dots on the Bloch sphere, respectively. The arrows in (c1) denote the direction of the trajectory flow.

consistent with those between PT symmetric and broken
phases shown in Fig. 1(d). This indicates the correspon-
dence of the complex eigenenergies and the unstable fixed
points.

3.3 Self-trapping and reentrant oscillations

In the Hermitian and linear limit, i.e., γ = g = 0, the
mean-field dynamics in our system recover to the well-
known Josephson oscillation of the population of each
well [63–66]. It is also well-known that the nonlinear in-
teraction can lead to the anharmonic generalization of
Josephson oscillations and the so-called self-trapping ef-
fect [63–66], that is, a self-locked population imbalance
with a nonzero time averaged ⟨sz(t)⟩ ̸= 0. Here we reveal
a different novel self-trapping effect solely induced by the
nonreciprocal hopping in the linear case of g = 0.

We show the numerical results of dynamical trajecto-
ries on the Bloch sphere after a sufficiently long evolution
time for γ = 0.8 and γ = 1.1 with fixed g = 0 in Figs. 3(a)
and (b), respectively. When 0 < γ < 1, we find a pair
of stable fixed points as the oscillation centers localized
at sz = fz ̸= 0 [Fig. 3(a)], which indicates the popula-
tion in each well oscillates around ⟨sz(t)⟩ ̸= 0. To be
more clearly, we plot the time evolution of the population
imbalance sz(t) for various values of γ under the initial
condition sz(0) = (1/2, 0, 0) in Fig. 3(c). One can see
that the self-trapping oscillation is turned on from γ = 0
and exhibits larger amplitudes and longer periods with
increasing γ when 0 < γ < 1. When γ ⩾ 1, the two
oscillation centers in the Bloch sphere become unstable
nodes [Fig. 3(b)], which signals that the oscillatory behav-

ior will break down. As expected, we find the nonoscil-
latory self-trapping of the population imbalance sz(t) for
γ ⩾ 1 in Fig. 3(c). Notably, the nonreciprocity-induced
self-trapping effect without nonlinear interactions has not
been found in the non-Hermitian dissipation [68–70] and
gain-and-loss systems [68–70, 72–80].

We further study the interplay of the nonreciprocity and
nonlinearity on the mean-field dynamics. The numerical
results for γ = 0.3, 1.2, 1.4 and fixed g = 1 are shown
in Fig. 4. In the PT -symmetric phase [Figs. 4(a) and
(b)], the Bloch vectors exhibit period motion on the Bloch
sphere and the population imbalance sz(t) exhibit the self-
trapping oscillation. With increasing the nonreciprocity
γ, the self-trapping oscillation is first promoted and then
collapse after entering the PT -broken phase [Fig. 4(c2)].
The collapse (nonoscillation) dynamics of the population
imbalance correspond to the charging of oscillation centers
into sink and source nodes of the dynamical trajectories
on the Bloch sphere [Fig. 4(c1)].

For large nonlinear interaction with g > gc ≈ 3.34,
we find that the self-trapping oscillation can be recovered
from the collapse dynamics by further increasing the non-
reciprocity due to the reentrance of PT -symmetric phase.
We show the numerical results for γ = 0.3, 2.66, 4 and
fixed g = 4 in Fig. 5. For γ = 0.3 [Fig. 5(a)], there
are mixed Bloch dynamics surrounding four fixed points,
which contain a saddle point (marked by the yellow dot)
and three centers (two of them are at the poles and the
third one is localized at the equator opposite to the sad-
dle point). The corresponding time evolutions of sz(t)
for initial states s(0) = (0, 0, 1/2) and s(0) = (1/2, 0, 0)
show two slight self-trapping oscillations. For the PT -
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Fig. 5 Mean-field dynamics for γ = 0.3 (a), γ = 2.66 (b), and γ = 4 (c) with fixed g = 4. The upper figures show the
resulting dynamical trajectories on the Bloch sphere. The lower figures show the corresponding time evolution of the population
imbalance sz(t) under the initial condition s0(0) = (1/2, 0, 0) (red solid lines), s0(0) = (0, 0, 1/2) (black dashed lines), and
s0(0) = (0, 0,−1/4) (green dotted line). Certain fixed points are marked by yellow dots on the Bloch sphere.

broken phase with γ = 2.66 [Fig. 5(b)], the two oscillations
collapse after some evolution time. However, for proper
initial states, such as s(0) = (−1/4, 0, 0), the oscillation
can preserve all the time. This behaviour can be under-
stood from the bifurcation of fixed points on the Bloch
sphere [51–54]. As shown in Fig. 5(b1), the saddle point
on Bloch sphere is bifurcated into a pair of fixed points,
where the dynamical trajectories are terminated for cer-
tain initial states, such as those in the upper hemisphere.
In these cases, the oscillation may last for a while but col-
lapses after a long time. While for certain initial states
in the lower hemisphere, the resulting dynamical trajecto-
ries surround the center at the south pole, which yields the

Fig. 6 Frequency spectra of the relative population imbal-
ance s̃z(t) for different γ and fixed g = 1 (a) and g = 4 (b)
under the initial condition s0(0) = (1/2, 0, 0).

period motion. By further increasing the nonreciprocity
parameter to the reentrant PT -symmetric phase, such as
γ = 4 [Fig. 5(c)], we can find that the paired fixed points
collide and become a oscillation center in the Bloch sphere.
Accordingly, the self-trapping oscillations of the popula-
tion imbalance sz(t) recover with larger amplitudes. Thus,
the collapse and revival of self-trapping oscillations is due
to the interplay of nonreciprocity and nonlinearity.

We further calculate the frequency spectra of the rela-
tive population imbalance

s̃z(t) ≡ sz(t)− szc (12)

via Fourier transform, where szc denotes the center value
and is determined by szc = {max[sz(t)] − min[sz(t)]}/2.
As shown in Fig. 6, with the increase of nonreciprocity
parameter γ, the oscillation frequency decreases and the
amplitude increases initially. For g = 1 in Fig. 6(a),
more than one peak emerge and then disappear in the
frequency spectra by further increasing γ. For g = 4 in
Fig. 6(b), in contrast, the peak disappears and then more
than one peak emerge in the frequency spectra. The multi-
peaks in the spectra correspond to the nonsinusoidal self-
trapping oscillations in Fig. 4(b2) and Fig. 5(c2). The
disappearence and reappearence of peaks in the spectra
correspond to collapse and revival of self-trapping oscilla-
tions, respectively.

4 Discussion and summary

Before concluding, we emphasize that the novel self-
trapping effects revealed previously are qualitatively in-
dependent on the renormalization condition. We numeri-
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Fig. 7 Non-renormalized mean-field dynamics for γ = 0.3 (a), γ = 2.66 (b), and γ = 4 (c) with fixed g = 4. All
representations of dots and lines are the same to those in Fig. 5.

cally solve the generalized Bloch equations (4) without the
renormalization condition s2x + s2y + s2z = 1/4. For com-
parisons, we take the same parameters and initial con-
ditions as those in Fig. 5, and show the results of non-
renormalized mean-field dynamics in Fig. 7. One can find
that in the PT -broken phase for small γ [Fig. 7(a)], the
non-renormalized mean-field dynamics remains the same
with that under the renormalization condition [Fig. 5(a)].
For intermediate and large γ [Figs. 7(b) and (c)], although
certain non-renormalized dynamical trajectories no longer
stay on the Bloch sphere, the collapse and revival of self-
trapping oscillations still exhibit with only quantitative
differences. We also confirm similar comparison results
between the non-renormalized and renormalized dynam-
ics for other cases in Fig. 3 and Fig. 4.

In summary, we have explored the interplay of nonrecip-
rocal hopping and nonlinear interactions on the mean-field
energy spectrum and dynamics of a Bose–Hubbard dimer
model. The nonreciprocal generalizations of the nonlinear
Bloch and Schrödinger equations for the system have been
obtained. We have found the reentrance of PT -symmetric
phase and stable fixed-point region with increasing the
nonreciprocity for large nonlinear interactions. In addi-
tion, a linear self-trapping effect solely induced by the
nonreciprocity have been revealed. We have shown the
enhancement, collapse, and revival of self-trapping oscil-
lations in the PT -symmetric, PT -broken, and reentrant
PT -symmetric phases, respectively. Considering that the
tunable nonreciprocal hopping, double-well potential and
interactions for atomic condensates have already been ex-
perimentally achieved, we expect that our predictions can
be tested in future experiments with ultracold atoms. It
would be interesting to study the full quantum dynam-
ics in similar non-reciprocal systems in future work, as
the classical correspondence of non-Hermitian quantum

many-body dynamics is still far from being understood.
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