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We report a kind of kink-like breathers in one-dimensional Bose–Einstein condensates (BECs) with
helicoidal spin–orbit coupling (SOC), on whose two sides the background densities manifest obvious
difference (called kink amplitude). The kink amplitude and shape of breather can be adjusted by the
strength and period of helicoidal SOC, and its atomic number in two components exchanges periodically
with time. The SOC has similar influence on the kink amplitude and the exchanged atomic number,
especially when the background wave number is fixed. It indicates that the oscillating intensity of
breather can be controlled by adjusting initial kink amplitude. Our work showcases the great potential
of realizing novel types of breathers through SOC, and deepens our understanding on the formation
mechanisms of breathers in BECs.
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1 Introduction

Breather is an important kind of nonlinear waves, which
have attracted broad attention over the last few years.
It includes two main categories according to its different
background wave, namely, on-zero-background breathers
(also called breathing solitons) [1–3] and on-plane-wave
ones [4–10]. The former manifests the oscillation around
equilibrium of lowest energy; the latter is formed by the
interference between background and perturbation (it is
the key object of our study so is briefly called “breather”
in the rest of this paper). According to the property of
breathing, breathers can be classified into many species,
such as Kuznetsov–Ma breather (KMB) [4, 5], Akhmediev
breather (AB) [6], Tajiri–Watanabe breathers (TWB) [7],
and even super-regular breather [8–10]. These waves can
exist broadly in various physical systems, such as non-
linear optical fibers, Bose–Einstein condensates (BECs),
plasma, and water [1, 2, 11–16]. Meanwhile, the diversity
of their structures is attracting considerable interest,such
as the breather with anti-eye and four-petal shape, which
has been constructed in multi-component systems [17].
Moreover, their superposition can lead to the distinct
chessboard-like structure and inelastic collisions [17, 18].

∗ This article can also be found at http://journal.hep.com.
cn/fop/EN/10.1007/s11467-021-1127-0.

Numerous works mentioned above were devoted to the
research of different breather structures and their charac-
teristics, which implies that the discovery of new breather
structures is a matter of great concern. Ultracold Bose gas
is an ideal platform for the study of nonlinear waves in-
cluding solitons and breathers, and the effect of spin–orbit
coupling (SOC) plays a vital role in adjusting the structure
of waves [19–27]. Recently, the SOC with helicoidal spa-
tial modulation in BECs was reported in Ref. [28]. This
system has a more superior controllability and more flex-
ible adjustability than the ordinary SOC systems [22, 29–
33]. Thus, it is natural to wonder if the system can bring
new structures and physical characters for breathers.

In this paper, we study the breathers in BECs with he-
licoidal SOC. The exact analytical solution is obtained
through the Darboux transformation method and the
transformation between Gross–Pitaevskii equation (GPE)
and the Manakov system. As we discover below, there is
the kink-like breather when the background wave number
is connected to the momentum minima of system’s low-
est energy states, and the helicoidal SOC can influence
the shape of kink-like breather. Taking the first compo-
nent as an example, the breather’s one valley gradually
splits into two valleys with the strength of SOC increas-
ing. Meanwhile, the kink amplitude can be adjusted by
the strength and period of the helicoidal SOC, and an un-
expected jump occurs in this process. Also, we test the
atomic number oscillation characteristics of the kink-like
breather. Interestingly, the helicoidal SOC exhibits simi-
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lar effects on the atomic number oscillating amplitude as
well as kink amplitude, especially when background wave
number is fixed. In addition, there is also an unexpected
jump when the atomic number changes with helicoidal
SOC. These results also suit for the second component.

2 Models and breather solution

The dynamics of BECs with helicoidal SOC is described
by the following GPE [28]:

i∂Ψ
∂t

=
1

2

[
−i ∂
∂x

+ αA(x)

]2
Ψ− g(Ψ†Ψ)Ψ, (1)

where Ψ = (ψ1, ψ2)
T is the spinor wave function, ψ1 for

spin-up and ψ2 for spin-down. And A(x) = σn(x) refers
to the helicoidal gauge potential. The position-dependent
unit vector n(x) = [cos(2κx), sin(2κx), 0] determines the
SOC direction with period π/κ and rotation frequency
2κ. This setting can be implemented by an appropri-
ate optical lattice, which determines the helicoidal SOC
structure [34, 35]. The strength of SOC, α, is experi-
mentally tunable [36, 37], and σ = (σx, σy, σz) are the
Pauli matrices. g(Ψ†Ψ)Ψ denotes interatomic interac-
tions, inter- and intraspecies interactions are equal for
simplicity, and g > 0 (or g < 0) means attractive(or re-
pulsive) interatomic interactions. We use the units with
m = h̄ = 1, and g = 1. Specially, when κ = 0, the he-
licoidal gauge potential will reduce to uniform potential
(Rashba–Dresslhaus coupling scheme [29, 30]).

In fact, there is a transformation between the GPE and
Manakov system [28, 38],

iut + (1/2)uxx + (u†u)u = 0, (2)

where u = (u1, u2)
T. Enlighted by the results of Refs. [28,

39], one can assume

Ψ1 = −Ae−i(kmin+κ)xu1 −Bei(kmin−κ)xu2,

Ψ2 = Be−i(kmin−κ)xu1 +Aei(kmin+κ)xu2, (3)

where A = −
√

kmin−κ
2kmin

, B =
√

kmin+κ
2kmin

. kmin =
√
α2 + κ2

is the corresponding momentum minimum of the lowest
energy states in energy–quasimomentum dispersion, and
the states near the minimum are dressed spin states [21].
Generally, in spin–orbit coupled BEC, the dispersion rela-
tion always shows the double-well structures [21, 24, 29].
And the dispersion relation of the BEC with helicoidal
SOC also have the similar structures and degenerate low-
est energy states [28, 40], ±kmin is the quasimomentum
values corresponding to the lowest energy in the disper-
sion relation. The ansatz (3) links two lowest energies
states, so kmin plays a very important role in the transfor-
mation. Substituting the above ansatz (3) into Eq. (1), the
GPE can be reduced to the well-known Manakov system.

This means that the solution of Eq. (1) can be constructed
through the solutions of Manakov system.

The breather solutions of Manakov system are obtained
through the Darboux transformation, which is a very pow-
erful method to construct exact solutions and transfer a
nonlinear problem to a linear spectral one [41–47]. The
corresponding Lax pair of Manakov system (2) can be rep-
resented by

Φx = U(x, t;λ)Φ, Φt = V (x, t;λ)Φ, (4)

where λ = a + ib is the spectral parameter, and Φ =

(Φ1,Φ2,Φ3)
T,

U =

−i 23λ u1 u2
−u∗1 i

3λ 0
−u∗2 0 i

3λ

 ,

V = Uλ+

 i|u1|2 + i|u2|2 iu1x iu2x
iu∗1x −i|u1|2 −iu2u∗1
iu∗2x −iu∗2u1 −i|u2|2

 .

The star denotes the complex conjugate. The seed so-
lutions are u01 = s1eiθ1 , u02 = s2eiθ2 , where θ1,2 =

ω1,2t/2 − k1,2x, ω1,2 = 2g1s
2
1 + 2g2s

2
2 − k21,2. After lin-

earizing and diagonalizing the matrices U, V into Ud =
diag(τu1, τu2, τu3), Vd = diag(τv1, τv2, τv3) (all the diago-
nal elements in Uld, Vld are complex numbers associated
with λ and k1,2), the vector eigenfunctions of linear system
are obtained to be

Φ =

ϕ1

ϕ2

ϕ3

 =

 eτu1x+τv1t

eτu2x+τv2t

eτu3x+τv3t

 . (5)

Then the breather solutions can be constructed through
the following Darboux transformation,

u1 = u01 +
(λ∗ − λ1)Φ1Φ

∗
2

|Φ1|2 + |Φ2|2 + |Φ3|2
,

u2 = u02 +
(λ∗ − λ1)Φ1Φ

∗
3

|Φ1|2 + |Φ2|2 + |Φ3|2
. (6)

The breather solution hence reads

u1 = s1(1 + 2bp1)eiθ1 ,

u2 = s2(1 + 2bp2)eiθ2 , (7)

where s1, s2 are the background amplitudes, and

p0 = eιT1 + e−ιT2 + 2T3 cosβ + 2T4 sinβ,

p1 =
ζ1 − iζ2

eιT1 + e−ιT2 + 2T3 cosβ + 2T4 sinβ ,

p2 =
ζ3 − iζ4

eιT1 + e−ιT2 + 2T3 cosβ + 2T4 sinβ .

This solution (7) of Manakov system can describe the AB,
KM, TW and four-petal breathers, etc. After substituting
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the solution (7) into the transformation (3), we obtain a
breather solution in the BECs with helicoidal SOC,

Ψ1 = −{As1(1 + 2bp1)ei[θ1−(kmin+κ)x]

+Bs2(1 + 2bp2)ei[θ2+(kmin−κ)x]}p−1
0 ,

Ψ2 = {Bs1(1 + 2bp1)ei[θ1−(kmin−κ)x]

+As2(1 + 2bp2)ei[θ2+(kmin+κ)x]}p−1
0 , (8)

where

ζ1 = eιE1 + e−ιE2 + (E1 + E2) cosβ − (F1 − F2) sinβ,
ζ2 = eιF1 + e−ιF2 + (E1 − E2) sinβ + (F1 + F2) cosβ,
ζ3 = eιE3 + e−ιE4 + (E3 + E4) cosβ − (F3 − F4) sinβ,
ζ4 = eιF3 + e−ιF4 + (F3 + F4) cosβ + (E3 − E4) sinβ,

and the symbols Ej , Fj , Ωj , ∆j are the polynomial with
respect to λ, s1,2, and k1,2. Other variables are

E1 = − 3χ1

χ2
1 + χ2

3

, E2 = − 3χ2

χ2
2 + χ2

5

, E3 = − 3χ1

χ2
1 + χ2

4

,

F1 = − 3χ3

χ2
1 + χ2

3

, F2 = − 3χ5

χ2
2 + χ2

5

, F3 = − 3χ4

χ2
1 + χ2

4

,

F4 = − 3χ6

χ2
2 + χ2

6

, E4 = − 3χ2

χ2
2 + χ2

6

,

ι = mx+Mt/2 + α0, β = nx+Nt/2 + β0,

T1 = 1 + (E2
1 + F 2

1 )g1s
2
1 + (E2

3 + F 2
3 )g2s

2
2,

T2 = 1 + (E2
2 + F 2

2 )g1s
2
1 + (E2

4 + F 2
4 )g2s

2
2,

T3 = 1 + (E1E2 + F1F2)g1s
2
1 + (E3E4 + F3F4)g2s

2
2,

T4 = (−E2F1 + E1F2)g1s
2
1 + (−E4F3 + E3F4)g2s

2
2,

and

m = m1 −m2, n = n1 − n2, N = (mκ3 − nκ4)/3,

M = 2(am− bn−m1κ1 +m2κ2)/3,

κ1 = 3n1 − (k1 + k2), κ2 = 3n2 − (k1 + k2),

κ4 = −2a+ 3(n1 + n2)− 2(k1 + k2),

χ1 = b+ 3m1, χ2 = b+ 3m2, χ3 = a− 3n1 − 2k1 + k2,

χ4 = a− 3n1 + k1 − 2k2, χ5 = a− 3n2 − 2k1 + k2,

κ3 = 2b+ 3(m1 +m2), χ6 = a− 3n2 + k1 − 2k2,

m1 = Re[τ1], m2 = Re[τ2], m3 = Re[τ3],
n1 = Im[τ1], n2 = Im[τ2], n3 = Im[τ3],

where

τ1 = (−2× 31/3a1 + 21/3C2/3)/(62/3C1/3),

τ2 = [2(3i +
√
3)a1 + i 21/3 × 31/6(i +

√
3)C2/3]

× (2× 22/3 × 35/6C1/3)−1,

τ3 = [2(−3i +
√
3)a1 − 21/331/6(1 + i

√
3)C2/3]

× (2× 22/3 × 35/6C1/3)−1,

C =
√
12a31 + 81b21 − 9b1,

a1 = [λ2−k1(λ+ k1)−(λ+ k1)k2 + k22]/3+g1s
2
1+g2s

2
2,

b1 = −i[9g2s22 + (λ+ k1 − 2k2)(2λ− k1 − k2)]

× (λ− 2k1 + k2)/27− ig1s21(λ+ k1 − 2k2)/3.

In general, the solution (8) represents breather struc-
tures on the periodic-wave background, and the kink-like

Fig. 1 Density evolutions of kink-like breathers for (a1) the first component, (b1) the second component, and (c1) the total
density, and their corresponding density profiles within a complete period are shown in (a2–c2), respectively. The parameters
are s1 = 0.7125, s2 = 0.7125, ω1 = −kmin, ω2 = kmin, α = 1, κ = 0.25, a = −0.25, b = 1.77, α0 = 0, β0 = π.
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breathers can emerge only when a certain condition is sat-
isfied. Thus, in the next section, we will show the existence
condition and dynamical characters of kink-like breathers.

3 Kink-like breathers

As we metioned before, the density distributions described
by Eq. (8) may be period wave or plane wave. We would
like to obtain the breathers on plane wave background, so
it is instructive to consider the density distributions of the
nonlinear waves, which are calculated to be the following
forms:
|Ψ1|2 = [A2s21(1 + 2bp1)

2 +B2s22(1 + 2bp2)
2

+ 2ABs1s2(1 + 2bp1)(1 + 2bp2)

× cos[(ω1 − ω2)t/2 + (k2 − k1 − 2kmin)x]/p
2
0,
(9)

|Ψ2|2 = [B2s21(1 + 2bp1)
2 +A2s22(1 + 2bp2)

2

+ 2ABs1s2(1 + 2bp1)(1 + 2bp2)

× cos[(ω1 − ω2)t/2 + (k2 − k1 − 2kmin)x]/p
2
0.
(10)

It can be seen that the trigonometric functions in the ex-
pressions above are related to space, therefore the den-
sity distributions are spatial periodic. To make the den-
sity of background wave homogeneous, the spatially re-
lated items should be eliminated. We find that when
the background wave numbers k1,2 approach the momen-
tum minimum kmin of the lowest energy states in energy–
quasimomentum dispersion, namely
k1 = −k2 = −kmin, (11)

the trigonometric functions in Eqs. (9) and (10) are not
related to space. Therefore the density of background
become homogeneous, at the same time, the kink-like
breathers emerge, as shown in Fig. 1. This kind of struc-
ture still retains the characteristics of breathers, because
the periodic humps locate along the temporal dimension.
But the background amplitudes on its left and right sides
are quite different, which are marked as δ1 and δ2 in
Figs. 1(a) and (b). We focus on the first component be-
cause the situation is similar to second component. In
Fig. 1, the background in right side of the humps is higher
than the left side in the first component, and the second
component presents opposite case. Meanwhile, the total
density still possesses plane wave background, as shown
in Fig. 1(c). The profiles of four different moments within
a complete period are shown in Figs. 1(a2)–(c2). Differ-
ent from the traditional breathers, such as AB and KMB,
which are always symmetric [3–6], the kink-like breathers
are asymmetrical in here. We notice that a kind of similar
structure was found in Ref. [48], whose background wave
has a jump in the temporal direction, but its spatial dis-
tribution still possesses in the form of plane wave, that’s

to say, their atomic numbers have an significant transfer
between two components over time. However, the back-
ground of kink-like breather in our paper exhibits the kink
shape in space and can propagate in temporal direction
with the kink-background form.

According to the condition (11), one can notice that
the formation of kink-like breather is closely related to
the strength and period of helicoidal SOC. If the back-
ground wave number and other parameters are fixed, the
density distribution in Fig. 1 can be adjusted through the
strength and period of the helicoidal SOC. When α is very
small, there is only one valley in the first component, as
shown in Fig. 2(a), in which α = 0.2. With the strength of
SOC increasing, the single valley begin to split, as shown
in Fig. 2(b). And two separate valleys are formed even-
tually, as shown in Fig. 2(c). This splitting process can
be seen more directly from the profiles in a certain mo-
ment of different values of α, as shown in Fig. 2(d). When
α = 0.2, the background difference is too small to notice,
but it still exists and can be seen by comparing with the
horizontal black dashed line in Fig. 2(d). Because the
background wave number is fixed, when α changed, κ is
actually changed. So α and κ can adjust the structure of
kink-like breather together.

Fig. 2 Influence of α on the structure of kink-like breather.
(a–c) The density evolution of kink-like breathers when (a)
α = 0.2 (with one valley), (b) α = 0.65 (the intermediate
state), and (c) α = 1.2 (with two valleys). (d) Their corre-
sponding profiles of density distributions, describing the split-
ting process from one valley to two valleys. The black dashed
line is reference line. Other parameters are s1 = 0.7125, s2 =
0.7125, k1 = −kmin, k2 = kmin, κ =

√
1.22 − α2, a = −0.25, b =

1.77, α0 = 0, β0 = π. (e) The dependence of kink-like
breather’s period on α and κ. (f) The dependence of kink-
like breather’s velocity on α and κ. α and κ are connected by
kmin.
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In the previous discussions, the temporal period of the
breather is metioned which can be obtained through the
trigonometric function in the solution (8), i.e., T = 4π/N .
Because the relationship between these parameters is too
complicated, only an indirect expression of temporal pe-
riod is obtained

T = 12π/{mκ3 − n[3(n1 + n2)− 2a− 2(k1 + k2)]}.

The parameters involved in the expression are all related
to the background wave vectors k1 and k2. Consider-
ing the condition (11), one can notice that the tempo-
ral period is affected by the strength and period of the
helicoidal SOC. The dependence of temporal period of
kink-like breather on the parameters α and κ is connected
through kmin, and the relationship is shown in Fig. 2(e).
In general, the temporal period is gradually decreasing
with the increase of α and κ, but there is a small increase
in the process.

In addition, the spatial positions of kink-like breathers
in this paper are not always stationary, but changes over
time constantly, which can be seen as the velocity of kink-
like breather. From the coefficients in front of x and t in
the expression of ι, the velocity is calculated to be

v =M/(2m)

= 2(am− bn−m1κ1 +m2κ2)/[3(m1 −m2)].

Similar to the analysis of temporal period, v is also re-
lated to the parameters α and κ, and they are connected
by kmin, and the dependence is shown in Fig. 2(f). The ve-
locity is gradually decreasing with the increase of α and κ.
Here we can see that there is a sudden change in the veloc-
ity of the kink-like breather, and this unexpected change
will also appear in the following-discussed characteristics
of breather.

It can be seen from Fig. 2(d) that the kink amplitude
(refer to the background density difference on the two
sides of breathers) is smaller when α is smaller [see the
green dashed line in Fig. 2(d)], and the kink amplitude
seems to increase with the α increasing. In order to fur-
ther explore the influence of helicoidal SOC on the struc-
ture property of kink-like breather, the kink amplitudes
δ1,2 are calculated, which are

δj = [cos 2(θ+1 − θ+2 )− cos 2(θ−1 − θ−2 )]
(−1)js1s2α√
α2 + κ2

,

(12)

where j = 1, 2 represent the first and second component,
respectively. θ−1 , θ+1 are the phases of first component
before and after the periodic humps emerges in Manakov
system, and θ+2 , θ−2 are the corresponding phases of second
component, and

θ+1 = Arg[ lim
x→+∞

u1] = Arg[2b(E1 − iF1)/T1],

θ−1 = Arg[ lim
x→−∞

u1] = Arg[2b(E2 − iF2)/T2],

θ+2 = Arg[ lim
x→+∞

u2] = Arg[2b(E3 − iF3)/T1],

θ−2 = Arg[ lim
x→−∞

u2] = Arg[2b(E4 − iF4)/T2].

It is obvious that δ1 = −δ2, which is intuitive, because
the background of total density distribution is a plane
wave. As can be seen, δ1,2 are directly related to the
breather’s initial phase difference and final phase differ-
ence between two components of the Manakov system.

The initial phase means the phase before periodic
humps emerge, and final phase refers to the phase af-
ter periodic humps emerge. It has been reported that
the phase of single breather structure has a shift before
and after the periodic humps emerges [49]. However, the
phase difference, which is closely related to the formation
of kink breathers, beyond the single breath substructure
and connects with the phase of two breather structures.

According to the condition (11) and the breather solu-
tion Eq. (8), we can see that the kink amplitude is related
to the strength and periodic of helicoidal SOC, as well as
the spectrum parameters a and b. Here we concentrate
on the influence of helicoidal SOC because of their ad-
justability. The influence of SOC on the kink amplitude
is shown in Fig. 3(a). For a certain κ, the kink amplitude
always increases first, and then gradually decreases as α
increases. And κ has the similar influence on the kink
amplitude for a certain α. In addition, when α = 0, no
matter how κ changes, the background difference is always

Fig. 3 (a) The distribution of δ1 versus α and κ. (b) The
enlarged square area in (a). The white dashed circle and line
indicate δ = 0. (c) The change of δ1 versus α, where κ = 0. (d)
The change of δ1 versus κ, where α = 1. (e) The corresponding
density distribution profile before and after the kink amplitude
jump. Other parameters are s1 = 0.7125, s2 = 0.7125, k1 =
−kmin, k2 = kmin, α = 1, κ = 0.25, a = −0.25, b = 1.77, α0 =
0, β0 = π.
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zero. However, when the values of α or κ fall into the area
of black dashed square in Fig. 3(a), which is magnified in
Fig. 3(b), the situation becomes complicated. First, there
is a case of zero kink amplitude, as shown by the white
dashed circle and line in Fig. 3(b). Then, if α or κ falls
into the white dashed circle in Fig. 3(b), the kink ampli-
tude increases first, and decreases to zero, then increases
again and then gradually decreases. Moreover, once the
value of α or κ falls into the innermost circle of Fig. 3(b),
the kink amplitude jumps in its changing process, which
is marked by the black dashed line in Fig. 3(c). The cor-
responding profiles before and after the jump are shown
in Fig. 3 (e), the kink amplitude jumps so large even the
amount of α changes only 0.0001.

4 The oscillation characteristics of particle

number

We find that the atomic number of kink-like breather
in each component oscillates with time, and the oscilla-
tion intensity can be adjusted by the helicoidal SOC. The
atomic number in each component is calculated through
numerical integration within a finite time, which is given
by

Nj =

∫ x0−vt

−x0−vt

|Ψj |2 dx, j = 1, 2, (13)

where v =M/(2m) is velocity of the kink-like breather. In
order to ensure that the breather is always within the in-
tegration range, we choose x0 = 50 and t ∈ [−20, 20], that
is enough to obtain the desired result. Generally, when
α = 0, the atomic number in each component remains
constant. However, in the case of nonzero helicoidal SOC
strength, such as α = 1, the atomic number in each com-

Fig. 4 (a) The atomic number oscillating characteristics
with time in the first component (red dashing curve), the sec-
ond component (blue dashing curve), and the total atomic
number (green dashing curve). (b) The oscillating intensity
of atomic number versus α, when κ = 0. (c) The oscillat-
ing intensity of atomic number versus κ, when α = 1. Other
parameters are s1 = 0.7125, s2 = 0.7125, k1 = −kmin, k2 =
kmin, α = 1, κ = 0.25, a = −0.25, b = 1.77, α0 = 0, β0 = π.

ponent fluctuates with time, but the total atomic number
is constant, as shown in Fig. 4(a).

Meanwhile, the strength and period of the helicoidal
SOC influence the atomic number oscillation intensity,
which is described by the following quantify

∆Nj = max[Nj ]− min[Nj ], (14)

where j = 1, 2 refer to the first and second components,
respectively. Since the oscillation process of the two com-
ponents is the same, we only consider the first compo-
nent. With the α increases from 0, Nj also begins to
increase from 0. after reaching an extreme value, it starts
to decrease, as shown in Fig. 4(b). However, there is also
an unexpected jump in ∆|Ψ1|2, which is very similar to
the jump in kink amplitude. This implies that there is
a connection between kink amplitude and the intensity
of atomic number oscillation. For a certain α, the effect
of period of helicoidal SOC on the intensity is shown in
Fig. 4(c), ∆|Ψ1|2 decreases as the strength of helicoidal
SOC increases.

The above research indicates the similar tendency of
kink amplitude and the atomic number oscillation versus
α and κ, i.e., they all increase first and have a jump in
this process, then decrease with the increase of α and κ.
Of course, the background wave number is variable with
the free change of α and κ. We find that this similarity
is more accordance when the background wave number is
fixed. Make the background wave number fixed, then α
and κ are changeable according to the condition (11). In
this case, the kink amplitude and the atomic number os-
cillation intensity present a highly consistent tendency,
as shown in Figs. 5(a) and (b). The dotted line refers
to the atomic number oscillation intensity and black line
indicates the kink amplitude. Even though their values
are different, they still show a highly similar tendency
versus α and κ. This similarity can be understood in

Fig. 5 (a, b) Dependences of the kink amplitude δ1 (solid
curve) and the oscillating amplitude of atomic number ∆Nj

(square points) on (a) α and (b) κ. (c, d) Density evolution
of breathers of the first component, α = 0.1 in (c) and α = 0.5
in (d). The parameters are s1 = 0.7125, s2 = 0.7125, k1 =
−1.2, k2 = 1.2, a = −0.25, b = 1.77, α0 = 0, β0 = π.
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the following manner, the kink amplitude can affect the
atomic number oscillate intensity. For a certain back-
ground wave number, a small SOC strength corresponds
to small kink amplitude, and in the process of kink ampli-
tude growth with the helicoidal SOC, the atomic number
oscillation intensity also growing, and the higher kink am-
plitude induces a more drastic oscillate intensity, and they
all exhibit a direct proportion relationship. As shown in
Figs. 5(c) and (d), the background wave number is fixed as
k1 = −k2 = 1.2. When α = 0.1, the density distribution is
shown in Fig. 5(c). The density distribution with a signif-
icant enhancement is shown in Fig. 5(d), where α = 0.5.
This contrast of breathing intensity is particularly obvi-
ous in the first component. While, the kink amplitude of
second component is too small to be obvious and they are
not shown in here. It can be seen from Fig. 5(a) as well
as Eq. (12), when α = 0.1, the kink amplitude is nearly
0.03; when α = 0.5, δ1 is nearly 0.16, but the peaks value
for second component are both much bigger than these
two values of kink amplitude, so the kink amplitude is too
small to be obvious.

In addition, we consider the stability of the kink-like
breathers described by Eq. (7). Because the density distri-
bution of breather usually changing with time, the meth-
ods like Bogoliubov analysis are no longer applicable. So,
the numerical simulation is considered. In our numerical
simulation, the states of t = 2 of Eq. (7) are chosen to
be the initial states, because the breathers shape change
smoothly at this moment. At the same time, a random
noise with amplitude 0.001 is added. The breathers at
different strength and period of helicoidal SOC are simu-
lated, and their density evolution are shown in Fig. 6. It
can be seen that the breather can maintain stable oscilla-
tion and evolve for several temporal periods. The results
in here can show the robustness of kink-like breathers.

Fig. 6 The density distributions of kink-like breathers ob-
tained through numerical simulation under random noises.
(a1–c1) The density distributions for first component, where
α = 0.2, α = 0.65, α = 1.2 respectively. (a2–c2) The
corresponding density distributions for the second compo-
nent. Other parameters are s1 = 0.7125, s2 = 0.7125, k1 =
−1.2, k2 = 1.2, a = −0.25, b = 1.77, α0 = 0, β0 = π.

5 Discussion and conclusion

In summary, the kink-like breather is found in BECs with
helicoidal SOC, which is described by the exact analytical
solution. The solution is transformed from the breather
solution of Manakov system. Then, the kink-like breather
emerges only when the condition (11) is satisfied, where
the background wave number and the momentum min-
imum of lowest energy states are connected. The kink
amplitude, which is defined by the background’s den-
sity difference on the kink-like breather’s two sides, is
related to the phase difference of before-transformed so-
lution. Meanwhile,The strength and period of SOC af-
fect the kink amplitude and shape, as well as temporal
period and velocity of this kind of breather. With the
strength of SOC increasing, the one valley of breather
in first component splits into two valleys gradually. It
is worth mentioning that there is a jump when the kink
amplitude increases with the strength and period of the
helicoidal SOC. The oscillating characteristics of atomic
number have also been researched, and it presents similar
tendencies with the kink amplitude versus the helicoidal
SOC. This similarity is more consistent when the back-
ground wave number is fixed. And the breathing inten-
sity of kink-like breathers can be controlled by adjusting
their kink amplitude. The stability of the found solu-
tions are tested through the numerical simulation. In the
simulation, kink-like breathers are stable within several
temporal periods, which can indicate the robustness of
the breathers. The kink-like breathers in BECs with heli-
coidal SOC enrich our understanding on the generations of
new kinds of nonlinear waves. Only one dimensional BEC
is considered in here, in fact, nonlinear waves, such as soli-
ton, display much more special states in two dimensional
BEC with helicoidal SOC [34]. So it will be interesting to
research breathers in these systems in the future.
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