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We develop the perturbation theory of the fidelity susceptibility in biorthogonal bases for arbitrary
interacting non-Hermitian many-body systems with real eigenvalues. The quantum criticality in the
non-Hermitian transverse field Ising chain is investigated by the second derivative of the ground-state

energy and the ground-state fidelity susceptibility.

We show that the system undergoes a second-

order phase transition with the Ising universal class by numerically computing the critical points and
the critical exponents from the finite-size scaling theory. Interestingly, our results indicate that the
biorthogonal quantum phase transitions are described by the biorthogonal fidelity susceptibility instead

of the conventional fidelity susceptibility.
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1 Introduction

The study of quantum matters and quantum phase tran-
sitions is one of the central parts in condensed matter
physics [1]. For conventional Hermitian many-body sys-
tems, a quantum phase transition is usually characterized
by a qualitative change in the ground-state eigenfunction
and the non-analyticity of the ground-state energy at the
critical point in the thermodynamic limit [1]. The corre-
sponding quantum state of matter can be distinguished
by the order parameters or the topological quantities [2].
Moreover, the nature of phase transitions (or the critical
exponents) can be described and obtained by the finite-
size scaling theory [3, 4].

Non-Hermitian systems that can be realized by a gain
and loss process or by a nonreciprocal hopping exhibit
many intriguing unique phenomena beyond Hermitian
systems [5, 6], for example, the breakdown of the bulk-
boundary correspondence and the non-Hermitian skin ef-
fect [7-21], exceptional points and bulk Fermi arcs [22—
33|, phase transitions without gap closing [34, 35], etc.
New theories or concepts, i.e., non-Bloch band theory [8,
13, 15], usually are in demand to understand such non-

5

* arXiv: 2009.11183. This article can also be found at
http://journal.hep.com.cn/fop/EN/10.1007/s11467-021-
1126-1.

Hermitian phenomena. Recently, non-Hermitian many-
body physics were explored to consider the interplay of the
interaction and the non-Hermiticity [34-54]. One central
issue is to understand the phase transition and the quan-
tum criticality [8, 30, 37, 50-55]. However, the study of
non-Hermitian many-body systems is extremely difficult
because of the complexity of many-body systems and the
demand of the high numerical accuracy (i.e., the quadru-
ple precision is required even for single-particle computa-
tions [8]).

Fidelity (or fidelity susceptibility (F'S)), a simple con-
cept from quantum information, is widely used to detect
quantum phase transitions in Hermitian many-body sys-
tems [56-85]. Recently, the fidelity susceptibility has
been generalized to the non-Hermitian systems to char-
acterize non-Hermitian phase transitions [34, 35, 86-92].
Because there exist two sets of eigenstates (left and right
eigenstates) [93], one can define two types of fidelities de-
pending on the usage of left and right eigenstates [38].
For non-Hermitian systems, it has been shown that the
critical point determined by the fidelity can be different
from that obtained by using the second derivative of the
ground-state energy [86]. Consequently, whether both of
fidelities can describe the non-Hermitian quantum phase
transitions is so far unclear.

In this paper, we clarify the puzzling problem on cor-
rect usages of the fidelity susceptibility in non-Hermitian
many-body systems. We show that the biorthogonal fi-
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delity susceptibility instead of the self-normal fidelity sus-
ceptibility describes biorthogonal phase transitions that
are associated with the gap closing. Most importantly,
we develop the perturbation theory for the fidelity sus-
ceptibility in biorthogonal bases for arbitrary interacting
non-Hermitian many-body systems with real eigenvalues.
The validity of the expression is indicated with the nu-
merical study.

This paper is organized as follows. In Section 2, we
revisit the perturbation theory of the non-Hermitian sys-
tems. In Section 3, we derive the perturbative form of the
biorthogonal fidelity susceptibility. In Section 4, we study
the finite-size scaling of the non-Hermitian transverse field
Ising chain. In Section 5, we summarize the results.

2 Perturbation theory

For a non-Hermitian Hamiltonian H(A) = Hy + AH',
where the H()\) # HT()\), the eigenvalue equations of
H(\) and HT()\) are given by [93, 94]

N [F)) = B [ () (1)
TN [9i ) = EX) [0 (V) (2)

Where E;()) is the ith eigenvalue, and the [¢F())) and
[T (X)) are left and right eigenvectors of the Hamiltonian
H()) that satisfy the bi-orthonormal relation [93, 94]

W V) = b (3)

and completeness relation

D[y (i

M| =1 (4)

In order to define a ground-state or excited states as Her-
mitian systems [95-100], we assume all the eigenvalues are
real, E;(A) = Ef()), which is possible when the system
has a special symmetry. For instance, in parity—time (PT)
symmetric non-Hermitian systems, the energy spectra are
real in the PT symmetry unbroken regime [95-100]. It is
well known that the Hamiltonian H()) can be diagonal-

ized as
ZE ) [ () (BN, (5)

in biorthogonal bases. Assuming the eigenvalues E;(\)
and the eigenvectors |)F(\)) and |[¢F(N)) of the Hamil-
tonian H(A) are known, the eigenvalues E;(A+ d\) of the
Hamiltonian H (X 4+ 6)A) can be expanded in powers of §A
as [94]

Ei(\) + OAEY + (00)2EP) + -

Ei(A+6X) = (6)
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where 6\ — 0. Under the perturbation theory, the ex-

2)

panding coefficients Ei(l) and EZ( can be derived as [94]

EXM = (QEN|H [0F (V) (7)
L 12 R ! R
EZ_(z):ZWz W) H |12M >_< ;)|H [wF0) -

We then have the second derivative of the ground-state
energy Fj per site,

1 d*Eo(N)
TN T e )
:NE((f). (10)

Here N is the system size. We note that the x g, can also
be numerically obtained directly, i.e., by the five-point
stencil method from the ground-state energy Eo()).

3 Fidelity susceptibility

In this part, we develop the perturbation theory of the
fidelity susceptibility. For non-Hermitian systems, we can
introduce two types of fidelity susceptibilities. First we
can define a self-normal density matrix p5(\) for ith eigen-
) (or only left

eigenstates [1)F()))) as for Hermitian models,
PO = [t (B ] (11)

Here the self-normal density matrix p;()) is a Hermitian

states with only right eigenstates W:R()‘)

matrix, pr (A\) = p7(A\). However, the right eigenstates
are non-orthonormal (1/*(A)[¢f (X)) # 8;; due to the non-
hermiticity of systems although each of right eigenstates
can be normalized (¥ ()\)|¥Z(\)) = 1 independently [93].
Alternatively, we can define a biorthogonal density matrix
pB(\) from Eq. (5) by combining both right eigenstates
[¥f(\)) and left eigenstates |7 (X)) as [39]

= [0 (V) (e (V]

where the biorthogonal density matrix p?()\) is a non-

(12)

Hermitian matrix, pZBT()\) # pB(\). However, left and
right eigenstates satisfy the bi-orthonormal relation and
the completeness relation now.

Consequently, the Uhlmann fidelity

Fy = Toy Vom0 + 50V )

for the self-normal density matrix p;(\) = p¥(\) and the

(13)

biorthogonal density matrix p;(\) = pZ()\) can be defined
as [60, 101, 102]

EZ =[N (A + )], (14)

Gaoyong Sun, Jia-Chen Tang, and Su-Peng Kou, Front. Phys. 17(8), 33502 (2022)



RESEARCH ARTICLE

FP =\/<1/)iL(>\ +ONRFN)@F (VDA +0N)).  (15)
The corresponding FS per site are then given by [58-61]

sp_ 1, —2In FP

Xr T N S0 oA

(16)

We note that the perturbation theory of the self-
normal fidelity susceptibility qu was recently presented
in Ref. [34].
nal fidelity susceptibility Xﬁ has already been introduced
in Ref. [86]. In this paper, we will focus mainly on the
perturbation theory of the biorthogonal fidelity suscepti-
bility X}% generalized from the Uhlmann fidelity. Using

A symmetric definition of the biorthogo-

the standard perturbation theory, we obtain the following
perturbative form of the biorthogonal fidelity susceptibil-
ity per site defined in Eq. (16) for the ith eigenstate (see
Appendix A for details),

L~ (VL ERO) (00 B )
RN ZISEEAE '

(17)

This expression is numerically checked for a non-Hermiti-
an transversed field Ising chain as follows.

4 Model

As an example, we consider a one-dimensional non-
Hermitian transversed field Ising (NHTT) model that was
studied recently in Refs. [35, 103-105],

N
ZJJ] o7 JrZh(Jj + o). (18)
j=1

Here of,0?,0%
the number of system site. The coupling strength J > 0
and the amplitudes h > 0, v > 0 of the transversed fields
are real numbers. The i = {/—1 is the imaginary unit.
For v = 0, the system is a Hermitian transversed field
Ising model that undergoes a quantum phase transition
at h/J = 1 between the ferromagnetic (Ferro) phase for
h/J < 1 and the paramagnetic (Para) phase for h/J > 1.
For any v # 0, the system is a NHTI model because of
the imaginary transverse field term along the y-axis. The
model has either all real eigenvalues for unbroken P71 sym-
metry regimes v < 1 or complex conjugate pairs of eigen-
values for broken PT symmetry regimes v > 1, with a
real-complex spectral transition at 7. = 1 (exceptional
point) [35, 105]. We are interested in the real eigenval-
ues regimes (y < 1) where the ground-state can be well
defined as Hermitian models. In this unbroken PT sym-
metry regime, the system undergoes a biorthogonal order-
disorder phase transition between the ferromagnetic phase

are Pauli matrices at the jth site, N is
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Fig. 1 Perturbative results of the NHTI chain at v = 0.5
with system size N = 10 in biorthogonal bases. (a) Sec-
ond derivatives of ground-state energy per site xg,, the red
solid line denotes the results obtained by the five-point sten-
cil method from Eq. (9) with ground state energy Ey, the
circle symbols denote the results obtained from Eq. (10).
(b) Biorthogonal ground-state fidelity susceptibility per site
XIJ?O, the blue solid line denotes the results from Eq. (16), the
square symbols is given by Eq. (17).

and the paramagnetic phase at

1
he = 1
e (19)

in the thermodynamic limit [35, 105]. We will focus mainly
on the finite-size scaling of the ground-state fidelity sus-
ceptibility near the critical points. We impose periodic
boundary conditions o%,; = of and use J = 1 in our
numerical simulations.

We first calculate the second derivative of ground-state
energy x g, of Eq. (10) and the biorthogonal ground-state
fidelity susceptibility Xﬁ) of Eq. (17) by performing the
exact diagonalization for the NHTI model from N = 10
to N = 20 sizes at v = 0.5 with the step dh = 1073, The
results of xg, and X?O obtained by Eq. (10) and Eq. (17)
coincide exactly with that computed from the definitions
in Eq. (9) and Eq. (16) directly [cf. Fig. 1], indicating the
perturbative formulas Eq. (8) and Eq. (17) we presented
are valid. We find that the peak of the second derivative of
the ground-state energy in the form of the h-y g, increases
with system sizes and diverges logarithmically [cf. Fig. 2],
implying that the critical exponent « = 0 [65, 106, 107].

We next discuss the finite-size scaling of the biorthog-
onal and the self-normal ground-state fidelity susceptibil-
ity Xgo and xf,o at v = 0.5 in detail. As demonstrated
in Fig. 3, both fidelity susceptibilities display a nice peak
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Fig. 2 Scaling of second derivatives of ground-state energy
XE, of the NHTI chain at v = 0.5. (a) Finite-size scaling
of the h - xg, with system sizes from N = 10 to N = 20.
(b) Finite-size scaling of the maxima of h - xg,, where red
circle symbols are the numerical results and the black solid
line is the fitting curve.

that increase with system sizes. However, the finite-size
scaling of xF and x7, behave in a different way. For
the biorthogonal fidelity susceptibility XI]?O’ a linear scal-
ing is found [cf. Fig. 3(c)]. That means we have the same
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0.0- . T T T T
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Fig. 3 Fidelity susceptibility of the NHTI chain at v =
0.5. (a) Biorthogonal fidelity susceptibility XEO with respect
to h for system sizes from N = 10 to N = 20. (b) Self-normal
fidelity susceptibility Xf«“o as a function of A with the same pa-
rameters as (a). (c) Finite-size scaling of the maxima of X7,
in (a). (d) Finite-size scaling of the maxima of x%, in (b).
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correlation function critical exponent v = 1 as Hermitian
transversed field Ising chain according to the finite-size
scaling of the ground-state fidelity susceptibility [58-61],

(XE Jmax = N¥/ 7L, (20)

for second-order phase transitions. For the self-normal
fidelity susceptibility X%O, a slow increase rate of the peak
is observed [cf. Fig. 3(d)]. In addition, the critical value A,

obtained from the biorthogonal FS xféo tends towards the

exact value A\, = 2/ V/3 ~ 1.1547 in the thermodynamic
limit [cf. Fig. 3(a) and Fig. 4(b)]. For example, we get the
critical point A\, = 1.1538 in the thermodynamic limit for
v = 0.5 [see Fig. 4(b)] by extrapolating data with [76]

AN = A —a/N?. (21)

While the critical value A\, derived from the self-normal FS
Xf’o gets worse and converges to A = 1.25 when increasing
the system size [cf. Fig. 3(b) and Fig. 4(b)].

We present the phase diagram in Fig. 4(a) for N = 20,
where it is clear that the biorthogonal FS Xgo instead
of the self-normal FS Xf’o characterizes the biorthogonal
order—disorder phase transitions. The critical exponents
a =0 and v = 1 derived from the finite-size scaling indi-
cate the biorthogonal phase transition of the NHTI model
is a second-order phase transition with the Ising universal
class.

(b) 125 [ I ——

1.20-
& 1.151

1.10+

1.054
0.002 0.004 0.006 0.008 0.010 0.012 0.014 0.016
1/N2

Fig. 4 Phase diagram of the NHTI chain. (a) Full phase
diagram; red circle symbols denote the critical values An ob-
tained from the biorthogonal F'S XEO for system size N = 20;
blue square symbols are derived from the self-normal F'S x}?o
for system size N = 20; the black solid line is the exact re-
sult. (b) Blue square symbols and Red circle symbols denote
the finite-size scaling of critical value Ay at the maxima of the
self-normal FS XIS;O and the biorthogonal FS Xﬁo for v = 0.5;
the black solid line is the fitting curve with the A\, = 1.1538
from biorthogonal F'S xﬁ).
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5 Conclusion

In summary, we have studied the perturbation theory of
the biorthogonal fidelity susceptibility and the biorthog-
onal quantum criticality in interacting non-Hermitian
many-body systems. We have shown that the second
derivative of the ground-state energy and the biorthogo-
nal ground-state fidelity susceptibility can serve as probes
to detect quantum phase transitions and the correspond-
ing critical exponents of non-Hermitian many-body sys-
tems. We show that the biorthogonal fidelity susceptibility
instead of the conventional self-normal fidelity susceptibil-
ity should be used to characterize phase transitions asso-
ciated with the energy levels (i.e., level crossing) because
the non-Hermitian Hamiltonian is diagonal in biorthogo-
nal basis.

We note that the concept of the biorthogonal fidelity
susceptibility in Eq. (16) and its perturbative form as
shown in Eq. (17) are general for any non-Hermitian
many-body Hamiltonian with real eigenvalues. Conse-
quently, it would be possible to apply the biorthogonal
fidelity susceptibility to understand the nature of phase
transitions in non-integrable non-Hermitian many-body
models. Moreover, it would be more interesting to know
whether the biorthogonal fidelity susceptibility is useful
to detect the universal class for the real-complex spec-
tral transition of non-Hermitian many-body models [39] or
the localization-delocalization transition of non-Hermitian
quantum systems [108-110] in the future.
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Appendices

A Perturbation theory of biorthogonal fidelity
susceptibility

Assume we know the eigenvalues E;(A) and the left
) and [F(N)) of a Hamil-
tonian H (). According to the perturbation theory of
non-Hermitian systems, the left and right eigenvectors
|WE (X +6A)) and [¢F(X + 6A)) of the Hamiltonian H(A+
dA) can be expanded in powers of 0\ as [34 60, 65}

|+6)\Z J\)]

(A1)

and right eigenvectors [¢F ()

(WEA+0N)| = {

R(
WA +6X)) = [!wR YHOAY & ’”W Ai)}
n#i l n
(A2)
up to the first order. Here H,;, = (L (\)|H' [vF(N)),

= (WF (A + ON[fI(N) and c2 = (@F (A + 6X))
are the normalization constants. We can get the biorthog-
onal fidelity susceptibility FZ in terms of the ¢; and ¢ by
> and
multiplying Eq. (A2) by the left eigenvectors <1/11L(>\)| re-
spectively,

(FP)? =(f (A + N[ (W) (@

=C1C2.

multiplying Eq. (A1) by right eigenvectors ’wlR(/\)

F OO (A +0N))
(A3)

Multiplying Eq. (Al) by Eq. (A2) and using the normal-
ization condition (X (A + SA)|WE(A + X)) = 1, we derive
the equation of biorthogonal fidelity,

H H'.
2 [Ei(A) = En(N)]? ]

n#i

1= (FP)? {1 + (6M)? (A4)

where Eq. (A3) has been used. The biorthogonal fidelity
susceptibility per site can be obtained as

B_ 1 3 (W H [0 N) (Ln V)] H' [9F(N))
TN [Ei(A) = En(N)]? '

(A5)

by considering the leading term to second-order.

B Differential form of biorthogonal fidelity
susceptibility

Next we will derive the differential form of the biorthogo-
nal FS Xﬁ for the ith state. The left and right eigenvec-
tors [1pF (A +6X)) and [¢F(A+ 6X)) of the Hamiltonian
H(X+6A) are firstly expanded using Taylor series in pow-
ers of d\ as [34, 60, 65]

(Wi A+ 00| = (V)] + X (af (V)|

5>‘2 2L 3
+ - (R (V)] +0(X), (B1)
[0+ 30) = [$FV) + 06X [x0 ()
+ %2 O3 (V) + 0. (B2)

Hence the overlap (X (A+6X) |9 (M) and (pE(N)|[wE(A+
0A)) are given as

WP+ N[ (N) = 1+ 6XM0pF (V)[R (N)

%

+ o (RUE M), (B3)
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WF BTN+ 0X) = 146X WF (V)]oawf (V)

SN2

+ - (e NIRBE ),

. (B4)

where the bi-orthonormal relation (X (A\)[F(N)) = 1 is
used. From Eq. (A3), we have
(FP)? = (W 0+ O[T (0 Wff (A + 6X))
= 1+ [ I ) + (e (VIoae ()]

2
+ 22 (0 VR ) () oxf (V)

+ (OReF NI )) + (@ (VIR N)]
(B5)

up to the second order of §A2. From the bi-orthonormal
relation (X (A)|wE(N)) =1, we can get
Ny (VI (V) = @Ol (VI () + (@ (WIoagi (V)
=0, (B6)
AT (NIFTN) = (@30 W)+ (V103 (V)
+ 200007 (N[Or{T (V)

=0. (B7)
Using the relations Eq. (B6) and Eq. (B7), Eq. (B5) be-
comes
(F)* =1- 0N Nxz,, (B8)
where the biorthogonal FS per site Xﬁ- is defined as
1
Xp, = v [(Oaef (VAT (V)
= (O W) @F Vo N)] . (BY)
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