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In quantum information processing, the quality of photon system is decreased by the inevitable inter-
action with environment, which will greatly reduce the efficiency and security of quantum information
processing. In this paper, we propose hyperentanglement-assisted hyperdistillation schemes to guaran-
tee the quality of hyper-encoding photon system based on the method of quantum hyper-teleportation,
which can increase the success probability of hyperdistillation and reduce the resource consumption.
First, we propose a hyperentanglement-assisted single-photon hyperdistillation (HASPHD) scheme for
polarization and spatial qubits to get rid of the vacuum state component caused by transmission
loss, whose success probability can achieve the optimal one by increasing the efficiency of quantum
hyper-teleportation. Subsequently, we present two hyperentanglement-assisted hyperentanglement dis-
tillation (HAHED) schemes for photon system to protect hyperentanglement from both transmission
loss and quantum channel noise, which can recover the less-entangled mixed state to maximally hyper-
entangled state for known-parameter and unknown-parameter cases with high success probability and
low resource consumption. In these hyperdistillation schemes, the influence of imperfect effects of op-
tical elements can be largely decreased by the quantum hyper-teleportation method. These characters
make the hyperentanglement-assisted hyperdistillation schemes have potential application prospects
in practical quantum information processing.

Keywords hyperdistillation, transmission loss, quantum channel noise, quantum communication,
quantum information

1 Introduction

Quantum information process, e.g., quantum communica-
tion process or quantum computation process, is an amaz-
ing information process by using quantum mechanics the-
ories to improve its security and speed. Photon system is
an important information carrier in quantum communica-
tion [1], due to its high-speed, manipulability, and high-
capacity [2] properties, and it can be used in quantum
key distribution [3–6], quantum teleportation [7], quan-
tum dense coding [8, 9], quantum secret sharing [10, 11],
quantum secure direct communication [12–18], and some
other schemes. Photons have multiple degrees of free-
dom (DOFs), containing polarization DOF, momentum
DOF, time-bin DOF, frequency DOF and orbital angular
momentum DOF, and they can be entangled in multi-

∗This article can also be found at http://journal.hep.com.
cn/fop/EN/10.1007/s11467-021-1120-7.

ple DOFs simultaneously, which refers to hyperentangle-
ment and has been experimentally demonstrated in many
types [19–25]. In the practical long-distance quantum
communication processing, the efficiency and distance of
communication and the security and integrity of infor-
mation will be limited and reduced by the transmission
loss and quantum channel noise. For instance, the trans-
mission loss caused by the optical fiber attenuation and
imperfect photon detectors may lead to vacuum state com-
ponent, and the quantum channel noise will transform
the maximally (hyper)entangled state to partially (hy-
per)entangled state or mixed (hyper)entangled state.

In order to overcome the transmission loss problem,
Ralph and Lund [26] first introduced the concept of
heralded amplification based on quantum teleportation
model. Since then, a lot of theoretical works [27, 28]
and experimental works [29, 30] have been presented for
heralded amplification, including heralded amplification
for photon qubit. The qubit amplifier can be used to
overcome the problem of channel loss in device indepen-
dent quantum key distribution (DI-QKD) [27, 28, 31] and
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device-independent quantum secure direct communication
(DI-QSDC) [32], which can increase the communication
distance of DI-QKD and DI-QSDC. The noiseless linear
amplification can also be used to protect single-photon en-
tanglement from photon transmission loss [33–36]. More-
over, the hyperdistillation schemes based on amplifica-
tion [37–40] have also been proposed for protecting spatial-
mode-polarization hyperentangled state from photon loss.

In order to overcome the quantum channel noise
problem, (hyper)entanglement purification and (hy-
per)entanglement concentration are introduced to im-
prove the fidelity of the (hyper)entangled system de-
graded by the quantum channel noise. Entanglement
(hyperentanglement) purification is introduced to dis-
till high-fidelity (hyper)entangled state from mixed (hy-
per)entangled state [41–52]. Entanglement (hyperentan-
glement) concentration is introduced to distill maximally
(hyper)entangled state from partially (hyper)entangled
state [53]. Since the first entanglement concentration pro-
tocol was proposed by Bennet et al. using collective mea-
surement [53], many entanglement concentration proto-
cols have been proposed for photon system using linear op-
tical elements [54–58] and nonlinear optical elements [59–
63], and some of the entanglement concentration proto-
cols have been demonstrated experimentally using linear
optical elements [54, 55]. Hyperentanglement concentra-
tion protocols [64–72] have also attracted much attention
for recovering the partially hyperentangled state to maxi-
mally hyperentangled state with certain success probabil-
ity.

In this paper, we propose hyperentanglement-assisted
hyperdistillation schemes for protecting hyper-encoding
photon system from transmission loss and quantum chan-
nel noise using quantum hyper-teleportation method,
which can increase the success probability of hyperdis-
tillation and reduce the resource consumption. First, we
propose a hyperentanglement-assisted single-photon hy-
perdistillation (HASPHD) scheme for polarization and
spatial qubits to get rid of the vacuum state component
caused by transmission loss, where the success probability
of HASPHD scheme can reach the optimal one by enhanc-
ing the efficiency of quantum hyper-teleportation. Then,
we show that the quantum circuit of HASPHD scheme
can be directly used in hyperentanglement-assisted hy-
perentanglement distillation (HAHED) scheme for less-
entangled mixed state with known parameters to increase
the success probability of recovering the less-entangled
mixed state to maximally hyperentangled state. More-
over, the HAHED scheme for less-entangled mixed state
with unknown parameters can also be implemented easily
using quantum hyper-teleportation method with high suc-
cess probability and low resource consumption. In these
hyperentanglement-assisted hyperdistillation schemes, the
quantum hyper-teleportation method can depress the im-
perfect effects of optical elements on the final quantum

states of these schemes. All these characters make these
schemes have potential application prospects in quantum
information process and quantum network.

2 Hyperentanglement-assisted single-photon

hyperdistillation for polarization and
spatial qubits

In quantum communication process, the photon is initially
prepared in the state |φ⟩ = (α|H⟩+β|V ⟩)A(γ|a1⟩+δ|a2⟩),
where the four parameters are real for simplicity and sat-
isfy the normalization condition |α|2+ |β|2 = |γ|2+ |δ|2 =

1. The states |H⟩ and |V ⟩ represent the horizontal po-
larization component and vertical polarization compo-
nent of a photon, and the states |a1⟩ and |a2⟩ repre-
sent the two spatial modes of the photon A. If Alice
sends the photon to a remote party Bob by the lossy
quantum channel, the state of the photon may decay
to ρ0 = (1 − P0)|vac⟩⟨vac| + P0|φ⟩⟨φ| by the inevitable
transmission loss. Here |vac⟩ represents the vacuum state
caused by the transmission loss, and P0 represents the
fidelity of the state |φ⟩ in mixed state ρ0.

In order to increase the fidelity of the state |φ⟩, a
HASPHD scheme for polarization and spatial qubits is
introduced using quantum hyper-teleportation method.
Here we choose a four-photon system BCDE in the hy-
perentangled Greenberger–Horne–Zeilinger (GHZ) state

Fig. 1 The schematic diagram of hyperentanglement-
assisted single-photon hyperdistillation scheme. BS represents
a 50:50 beam splitter. PBS represents polarization beam split-
ter, and it is used to transmit horizontal polarization compo-
nent |H⟩ and reflect vertical polarization component |V ⟩ of
a photon, where the spatial modes of the photons transmit-
ted through PBS are supposed to be invariant and the spatial
modes of the photons reflected by PBS are supposed to be
changed. HWP represents half-wave plate, which can perform
Hadamard operation on the polarization DOF of the photon.
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[|ϕ⟩BCDE = 1
2 (|HHHH⟩ + |V V V V ⟩)BCDE(|b1c1d1e1⟩ +

|b2c2d2e2⟩)] as an auxiliary to implement the HASPHD
scheme. (Other type of hyperentangled state as auxiliary
is discussed in Section 4.) The setup of HASPHD assisted
by hyperentangled GHZ state is shown in Fig. 1. It has
ten input ports (marked by a1, a2, b1, b2, c1, c2, d1, d2, e1
and e2) and two output ports (marked by e1 and e2), and
it consists of polarization beam splitter (PBS), 50:50 beam
splitters (BSs), half-wave plates (HWPs), and photon de-
tectors. PBS can perform the polarization parity-check
measurement on the two photons A and B, where the
spatial modes of the photons transmitted through PBS
are supposed to be invariant and the spatial modes of the
photons reflected by PBS are supposed to be changed. BS
can perform Hadamard operation on the spatial DOF of
the photon. HWP can perform Hadamard operation on
the polarization DOF of the photon. Photon detectors
can select the successful cases.

The initial state of the five-photon system ABCDE
can be described as ρ0 ⊗ |ϕ⟩BCDE⟨ϕ|. Bob first lets the
wave packets in spatial modes |a1⟩, |a2⟩, |b1⟩ and |b2⟩ pass
through PBS, and he postselects the cases that the polar-
ization state of the photon system AB is in the even-parity
mode (|HH⟩ or |V V ⟩) and the spatial states of two-photon
systems AC and BD are both in even-parity mode (|a1c1⟩
or |a2c2⟩, |b1d1⟩ or |b2d2⟩), where four photon detectors are
triggered (i.e., only one photon can be detected in one of
the spatial modes |lm⟩ and |ln⟩, mn = 13, 24, 57, 68). The
postselected state of five-photon system ABCDE is
|Φ1⟩ = (α|HHHHH⟩+ β|V V V V V ⟩)(γ|a1b1c1d1e1⟩

+δ|a2b2c2d2e2⟩). (1)

Then, Bob lets the wave packets in spatial modes |a1⟩,
|a2⟩, |b1⟩, |b2⟩, |c1⟩, |c2⟩, |d1⟩ and |d2⟩ pass through four
BSs, respectively, which can make

|k⟩a1
→ 1√

2
(|k⟩l2−|k⟩l4), |k⟩a2

→ 1√
2
(|k⟩l1−|k⟩l3),

|k⟩b1 → 1√
2
(|k⟩l5+|k⟩l7), |k⟩b2 → 1√

2
(|k⟩l6+|k⟩l8),

|k⟩c1 → 1√
2
(|k⟩l1+|k⟩l3), |k⟩c2 → 1√

2
(|k⟩l2+|k⟩l4),

|k⟩d1
→ 1√

2
(|k⟩l6−|k⟩l8), |k⟩d2

→ 1√
2
(|k⟩l5−|k⟩l7), (2)

where k represents the polarization mode (H or V ) of
a photon. After the wave packets in spatial modes pass
through four BSs, the postselected state is changed to

|Φ2⟩ =
1

4
{(α|HHHHH⟩+ β|V V V V V ⟩)[γ(|l2⟩ − |l4⟩)

(|l5⟩+ |l7⟩)(|l1⟩+ |l3⟩)(|l6⟩ − |l8⟩)|e1⟩+ δ(|l1⟩
−|l3⟩)(|l6⟩+|l8⟩)(|l2⟩+|l4⟩)(|l5⟩−|l7⟩)|e2⟩]}. (3)

Finally, Bob lets the photons ABCD pass through eight
HWPs [|H⟩ → 1√

2
(|H⟩ + |V ⟩), |V ⟩ → 1√

2
(|H⟩ − |V ⟩)],

respectively. Then, the postselected state of five-photon
system ABCDE will be changed to

|Φ3⟩ =
1

16
{[α(|H⟩+ |V ⟩)(|H⟩+ |V ⟩)(|H⟩+ |V ⟩)(|H⟩

+|V ⟩)|H⟩+β(|H⟩−|V ⟩)(|H⟩−|V ⟩)(|H⟩−|V ⟩)
(|H⟩ − |V ⟩)|V ⟩][γ(|l2⟩ − |l4⟩)(|l5⟩+ |l7⟩)(|l1⟩
+|l3⟩)(|l6⟩−|l8⟩)|e1⟩+δ(|l1⟩−|l3⟩)(|l6⟩+|l8⟩)
(|l2⟩+ |l4⟩)(|l5⟩ − |l7⟩)|e2⟩]}. (4)

Bob measures the photons ABCD in the eight output
modes (|l1⟩, |l2⟩, |l3⟩, |l4⟩, |l5⟩, |l6⟩, |l7⟩ and |l8⟩).

According to the postselection rules, the successful cases
of the HASPHD scheme are shown in Table 1. There are
four groups in Table 1. In the first group, the polariza-
tion states of two-photon systems AC and BD are in the
same parity mode, and the spatial states of two-photon
systems AC and BD are in the same parity mode. Here,
the polarization modes |HH⟩ and |V V ⟩ (|HV ⟩ and |V H⟩)
are defined as even (odd) parity mode, and the spatial
modes |l1l2⟩, |l5l6⟩, |l3l4⟩ and |l7l8⟩ (|l1l4⟩, |l3l2⟩, |l5l8⟩
and |l7l6⟩) are defined as even (odd) parity mode. After
the photons ABCD are detected, the state of photon E
is transformed to |φE⟩ = (α|H⟩ + β|V ⟩)(γ|e1⟩ + δ|e2⟩),
which is the initial photon state without vacuum state. In
the second group, the polarization states of two-photon
systems AC and BD are in different parity modes, and
the spatial states of two-photon systems AC and BD are
in the same parity mode. After the photons ABCD are
detected, the state of photon E is transformed to |φ1

E⟩ =
(α|H⟩−β|V ⟩)(γ|e1⟩+δ|e2⟩), and a polarization phase-flip
operation σP

z = |H⟩⟨H| − |V ⟩⟨V | is required to perform
on photon E to obtain the state |φE⟩. In the third group,
the polarization states of two-photon systems AC and BD
are in the same parity mode, and the spatial states of two-
photon systems AC and BD are in different parity modes.
After the photons ABCD are detected, the state of photon
E is transformed to |φ2

E⟩ = (α|H⟩+ β|V ⟩)(γ|e1⟩ − δ|e2⟩),
and a spatial phase-flip operation σS

z = |e1⟩⟨e1| − |e2⟩⟨e2|
is required to perform on photon E to obtain the state
|φE⟩. In the fourth group, the polarization states of two-
photon systems AC and BD are in different parity modes,
and the spatial states of two-photon systems AC and BD
are in different parity modes. After the photons ABCD
are detected, the state of photon E is transformed to
|φ3

E⟩ = (α|H⟩ − β|V ⟩)(γ|e1⟩ − δ|e2⟩), and polarization
phase-flip operation σP

z and spatial phase-flip operation
σS
z are required to perform on photon E to obtain the

state |φE⟩.
If only three photon detectors are triggered or the pho-

tons ABCD are detected in the other cases, the HAS-
PHD process is failed, and these cases should be removed.
Therefore, the success probability of the HASPHD scheme
assisted by hyperentangled GHZ state is P0

4 .
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Table 1 The relationship between the successful measurement results and conditional operations on photon E in HASPHD
scheme (or HAHED scheme for less-entangled mixed state with known parameters).

Parity detection of polarization state
(AC and BD)

Parity detection of spatial state
(AC and BD) Operation (E)

even (AC), even (BD); odd (AC), odd (BD) even (AC), even (BD); odd (AC), odd (BD) I

even (AC), odd (BD); odd (AC), even (BD) even (AC), even (BD); odd (AC), odd (BD) σP
z

even (AC), even (BD); odd (AC), odd (BD) even (AC), odd (BD); odd (AC), even (BD) σS
z

even (AC), odd (BD); odd (AC), even (BD) even (AC), odd (BD); odd (AC), even (BD) σP
z ,σS

z

3 Hyperentanglement-assisted polarization-

spatial hyperentanglement distillation

In long distance quantum communication, the maxi-
mally hyperentangled photon systems (e.g., hyperentan-
gled state |ψ⟩AA′ = 1

2 (|HH⟩+ |V V ⟩)(|a1a′1⟩+ |a2a′2⟩)) are
prepared locally by Alice. In order to establish the quan-
tum channel, Alice will transmit one photon of hyper-
entangled photon system (e.g., photon A) to the remote
party Bob through the lossy channels with the transmis-
sion coefficients of T1 and T2 for two spatial modes, re-
spectively (0 < T1 ≤ 1 and 0 < T2 ≤ 1). Therefore, the
maximally hyperentangled photon system may be influ-
enced by the decoherence caused by transmission loss and
channel noise, and the maximally hyperentangled state
|ψ⟩AA′ would deteriorate to less-entangled mixed state
ρ2 = P1|ψ1⟩⟨ψ1|+ (1− P1)ρ1, where

|ψ1⟩ = (α|HH⟩+ β|V V ⟩)⊗ (γ|a1a′1⟩+ δ|a2a′2⟩),

ρ1 = (α2|H⟩⟨H|+ β2|V ⟩⟨V |)[ 1− T1
(1− T1) + (1− T2)

|a′1⟩⟨a′1|+
1− T2

(1− T1) + (1− T2)
|a′2⟩⟨a′2|]

⊗ |vac⟩A⟨vac|,

P1 =
T1 + T2

2
. (5)

Here, the parameters γ and δ are
√

T1

T1+T2
and

√
T2

T1+T2
,

respectively. The correlation between the transmission
coefficient Ti and the transmission length si can be
described by Ti = 10−α0si/10 (α0 =0.2 dB/km, i =

1, 2). If we know the length of each quantum chan-
nel, we could calculate the values of T1 and T2. In or-
der to depress the effects of transmission loss and chan-
nel noise on hyperentangled photon system, we introduce
two hyperentanglement-assisted hyperentanglement distil-
lation (HAHED) schemes in this section, which can re-
cover the less-entangled mixed state ρ2 to maximally hy-
perentangled state with high success probability and low
resource consumption.

3.1 HAHED scheme for less-entangled mixed state with
known parameters

We first introduce a HAHED scheme for less-entangled
mixed state with parameters α, β, γ and δ known to
the remote users Alice and Bob, where the four param-
eters can be obtained by measuring a large number of
sample states [56–58]. In order to obtain the maximally
hyperentangled state |ψ⟩AA′ from the mixed hyperentan-
gled state ρ2, a four-photon system BCDE in the par-
tially hyperentangled GHZ state |ψ′⟩BCDE is chosen as
an auxiliary, which can increase the success probability
and depress the resource consumption of HAHED scheme
in linear optics. Here,

|ψ′⟩BCDE = (β|HHHH⟩+ α|V V V V ⟩)(δ|b1c1d1e1⟩
+γ|b2c2d2e2⟩). (6)

The HAHED scheme for less-entangled mixed state
with known parameters can also be implemented by us-
ing the quantum circuit shown in Fig. 1. The initial
state of six-photon system A′ABCDE can be written as
ρ2 ⊗ |ψ′⟩BCDE⟨ψ′|. Bob first lets the spatial modes |a1⟩,
|a2⟩, |b1⟩ and |b2⟩ pass through PBS, and he postselects
the cases that the polarization state of the photon system
AB is in the even-parity mode and the spatial states of
two-photon systems AC and BD are both in even-parity
mode with four photon detectors triggered (i.e., only one
photon can be detected in one of the spatial modes |lm⟩
and |ln⟩, mn = 13, 24, 57, 68). The postselected state of
six-photon system A′ABCDE is

|Ψ1⟩ =
1

2
(|HHHHHH⟩+ |V V V V V V ⟩)

(|a′1a1b1c1d1e1⟩+ |a′2a2b2c2d2e2⟩). (7)

Subsequently, Bob lets the spatial modes |a1⟩, |a2⟩, |b1⟩,
|b2⟩, |c1⟩, |c2⟩, |d1⟩, and |d2⟩ pass through BSs and HWPs.
The postselected state of six-photon system evolves to

|Ψ2⟩ =
1

32
{[(|H⟩+ |V ⟩)(|H⟩+ |V ⟩)(|H⟩+ |V ⟩)(|H⟩

+|V ⟩)|HH⟩+ (|H⟩ − |V ⟩)(|H⟩ − |V ⟩)(|H⟩
−|V ⟩)(|H⟩ − |V ⟩)|V V ⟩]⊗ [(|l2⟩ − |l4⟩)(|l5⟩
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+|l7⟩)(|l1⟩+ |l3⟩)(|l6⟩ − |l8⟩)|a′1e1⟩+ (|l1⟩
−|l3⟩)(|l5⟩ − |l7⟩)(|l2⟩+ |l4⟩)(|l6⟩+ |l8⟩)
|a′2e2⟩]}. (8)

At last, Bob measures the photons ABCD in the eight
output modes (|l1⟩, |l2⟩, |l3⟩, |l4⟩, |l5⟩, |l6⟩, |l7⟩ and
|l8⟩). The successful cases of this HAHED scheme is the
same as the HASPHD scheme as shown in Table 1. In
the first group, the two-photon system A′E can be pro-
jected to the maximally hyperentangled state |ψ⟩A′E =
1
2 (|HH⟩ + |V V ⟩)(|a′1e1⟩ + |a′2e2⟩). In the other groups,
polarization phase-flip operation σP

z or spatial phase-flip
operation σS

z has to perform on photon E to obtain the
maximally hyperentangled state |ψ⟩A′E .

If only three photon detectors are triggered or the pho-
tons ABCD are detected in the other cases, the HA-
HED process is failed, and these cases should be removed.
Therefore, the success probability of the HAHED scheme
assisted by partially hyperentangled GHZ state |ψ′⟩BCDE

is 4P1|αβγδ|2.

3.2 HAHED scheme for less-entangled mixed state with
unknown parameters

If the parameters α, β, γ and δ are unknown to the two
remote users Alice and Bob, another nonlocal photon pair
B′C ′ in the less-entangled mixed state ρ′2 = P1|ψ′

1⟩⟨ψ′
1|+

(1 − P1)ρ
′
1 is required to complete the HAHED scheme.

Here,

|ψ′
1⟩ = (α|HH⟩+ β|V V ⟩)⊗ (γ|b′1c′1⟩+ δ|b′2c′2⟩),

ρ′1 = (α2|H⟩⟨H|+ β2|V ⟩⟨V |)

⊗
[

1− T1
(1− T1) + (1− T2)

|b′1⟩⟨b′1|

+
1− T2

(1− T1) + (1− T2)
|b′2⟩⟨b′2|

]
⊗ |vac⟩C′⟨vac|). (9)

The two photons B′ and C ′ are obtained by the two re-
mote users Alice and Bob respectively. The quantum
circuit of HAHED for less-entangled mixed state with
unknown parameters is shown in Fig. 2, where the am-
plification and concentration processes are performed si-
multaneously to increase the success probability and only
one auxiliary hyperentangled GHZ state (|ϕ⟩BCDE =
1
2 (|HHHH⟩ + |V V V V ⟩)BCDE(|b1c1d1e1⟩ + |b2c2d2e2⟩))
is required to depress the resource consumption. The
initial state of eight-photon system A′B′C ′ABCDE is
ρ2 ⊗ ρ′2 ⊗ |ϕ⟩BCDE⟨ϕ|.

First, Alice and Bob perform the bit-flip operations on
the polarization and spatial states of two photons B′ and
C ′ respectively as shown in Fig. 2. Then, Alice puts the
spatial modes |a′1⟩, |a′2⟩, |b′1⟩ and |b′2⟩ into PBS in Fig. 2(a),

Fig. 2 The schematic diagram of hyperentanglement-
assisted hyperentanglement distillation for less-entangled
mixed state with unknown parameters. (a) The opera-
tions performed by Alice. (b) The operations performed by
Bob. HASPHD represents hyperentanglement-assisted single-
photon hyperdistillation shown in Fig. 1. R90 represents a
half-wave plate, which is used to perform a polarization bit-
flip operation σP

x = |H⟩⟨V |+ |V ⟩⟨H| on the photon.

and Bob puts the spatial modes |a1⟩ and |c′2⟩ into the PBS
of HASPHD in Fig. 2(b), where the principle of HASPHD
is introduced in Section 2. Here |c′2⟩ is put into HASPHD
by the input port a2 in Fig. 1. Alice postselects the cases
that the polarization state of the photon system A′B′ is in
the even-parity mode (one photon can be detected in one
of the spatial modes |l′1⟩ and |l′2⟩), and Bob postselects the
successful cases of the HASPHD (the polarization state of
the photon system AB is in the even-parity mode and the
spatial states of two-photon systems AC and BD are both
in even-parity mode with four photon detectors triggered)
and the cases that one photon can be detected in one of
the spatial modes |l′3⟩ and |l′4⟩. The postselected state of
eight-photon system A′B′C ′ABCDE is

|Ψ′
1⟩ =

1

2
(|HHHHHHHH⟩+ |V V V V V V V V ⟩)

⊗ (|a′1b′1c′1a1b1c1d1e1⟩+ |a′2b′2c′2a2b2c2d2e2⟩).
(10)

Subsequently, Alice and Bob put the photons into BSs
(BSs in Fig. 2 and HASPHD), which can make

|k⟩a1→
1√
2
(|k⟩l2−|k⟩l4), |k⟩a2→

1√
2
(|k⟩l′3−|k⟩l′4),

|k⟩c′1→
1√
2
(|k⟩l′3+|k⟩l′4), |k⟩c′2→

1√
2
(|k⟩l1−|k⟩l3),

|k⟩b′1→
1√
2
(|k⟩l′1−|k⟩l′2), |k⟩b′2→

1√
2
(|k⟩l′1+|k⟩l′2). (11)

The postselected state of eight-photon system
A′B′C ′ABCDE is changed to

|Ψ′
2⟩ =

1

16
{(|HHHHHHHH⟩+|V V V V V V V V ⟩)

[|a′1e1⟩(|l2⟩ − |l4⟩)(|l′1⟩ − |l′2⟩)(|l′3⟩+ |l′4⟩)
(|l5⟩+ |l7⟩)(|l1⟩+ |l3⟩)(|l6⟩ − |l8⟩) + |a′2e2⟩
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Table 2 The relationship between the successful measurement results and conditional operations on photon E in HAHED
scheme for less-entangled mixed state with unknown parameters.

Parity detection of polarization state Parity detection of spatial state
Operation (E)

De AC (BD) De AC (BD)

even even (even), odd (odd) even even (even), odd (odd)
even even (even), odd (odd) odd even (odd), odd (even) I

odd even (odd), odd (even) even even (even), odd (odd)
odd even (odd), odd (even) odd even (odd), odd (even)
even even (odd), odd (even) even even (even), odd (odd)
even even (odd), odd (even) odd even (odd), odd (even) σP

z

odd even (even), odd (odd) even even (even), odd (odd)
odd even (even), odd (odd) odd even (odd), odd (even)
even even (even), odd (odd) even even (odd), odd (even)
even even (even), odd (odd) odd even (even), odd (odd) σS

z

odd even (odd), odd (even) even even (odd), odd (even)
odd even (odd), odd (even) odd even (even), odd (odd)
even even (odd), odd (even) even even (odd), odd (even)
even even (odd), odd (even) odd even (even), odd (odd) σP

z ,σS
z

odd even (even), odd (odd) even even (odd), odd (even)
odd even (even), odd (odd) odd even (even), odd (odd)

(|l′3⟩−|l′4⟩)(|l′1⟩+|l′2⟩)(|l1⟩−|l3⟩)(|l6⟩+|l8⟩)
(|l2⟩+ |l4⟩)(|l5⟩ − |l7⟩)]}. (12)

Then, Alice and Bob let the photons pass through
HWPs (HWPs in Fig. 2 and HASPHD), respectively. The
postselected state of eight-photon system A′B′C ′ABCDE
is changed to

|Ψ′
3⟩ =

1

128
{[|HH⟩(|H⟩+ |V ⟩)(|H⟩+ |V ⟩)(|H⟩+ |V ⟩)

(|H⟩+ |V ⟩)(|H⟩+ |V ⟩)(|H⟩+ |V ⟩) + |V V ⟩

(|H⟩ − |V ⟩)(|H⟩ − |V ⟩)(|H⟩ − |V ⟩)(|H⟩ − |V ⟩)

(|H⟩ − |V ⟩)(|H⟩ − |V ⟩)][|a′1e1⟩(|l2⟩ − |l4⟩)

(|l′1⟩ − |l′2⟩)(|l′3⟩+ |l′4⟩)(|l5⟩+ |l7⟩)(|l1⟩+ |l3⟩)

(|l6⟩ − |l8⟩) + |a′2e2⟩(|l′3⟩ − |l′4⟩)(|l′1⟩+ |l′2⟩)

(|l1⟩ − |l3⟩)(|l6⟩+ |l8⟩)(|l2⟩+ |l4⟩)(|l5⟩ − |l7⟩)]}.
(13)

Finally, Alice and Bob measure the photons in the
twelve output modes (|l′1⟩, |l′2⟩, |l′3⟩ and |l′4⟩ in Fig. 2,
and |l1⟩, |l2⟩, |l3⟩, |l4⟩, |l5⟩, |l6⟩, |l7⟩ and |l8⟩ in HAS-
PHD). According to the postselection rules, the successful
cases of this HAHED scheme is shown in Table 2. Here,
the spatial states |l′1l′3⟩ and |l′2l′4⟩ (|l′1l′4⟩ and |l′2l′3⟩) are
defined as even (odd) parity mode, and De represents
the measurement result of the spatial modes |l′1⟩, |l′2⟩,
|l′3⟩ and |l′4⟩. There are four groups in Table 2. In the
first group, the state of two-photon system A′E is trans-
formed to the maximally hyperentangled state |φA′E⟩ =

1
2 (|HH⟩ + |V V ⟩)(|a′1e1⟩ + |a′2e2⟩). In the other groups,
polarization phase-flip operation σP

z or spatial phase-flip
operation σS

z has to perform on photon E to obtain the
maximally hyperentangled state |φA′E⟩.

If only three or four photon detectors are triggered in
Fig. 2(b) or the photons B′C ′ABCD are detected in the
other cases, the HAHED process is failed, and these cases
should be removed. Therefore, the success probability
of the HAHED scheme assisted by hyperentangled GHZ
state |ϕ⟩BCDE is P 2

1 |αβγδ|2.

4 Discussion and conclusion

In this paper, we present hyperentanglement-assisted hy-
perdistillation schemes for protecting hyper-encoding pho-
ton system form transmission loss and quantum chan-
nel noise using quantum hyper-teleportation method. In
fact, hyperentangled Bell state is the simplest resource
for quantum hyper-teleportation, with which the vacuum
state component caused by transmission loss can be elim-
inated by single-photon-trigger case in the hyperentan-
gled Bell state measurement process of quantum hyper-
teleportation. So far, the efficiency of quantum hyper-
teleportation using hyperentangled Bell state is not high
enough in experiment [73]. Therefore, we choose hyper-
entangled GHZ state, which has potential to be gener-
ated in experiment [74, 75] and can increase the success
probability of quantum hyper-teleportation to 25% in lin-
ear optics, to implement the HASPHD scheme with the
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succuss probability of P0

4 . If the efficiency of quantum
hyper-teleportation is increased to 100% [76], the succuss
probability of HASPHD scheme can achieve P0, which is
the optimal succuss probability to eliminate the vacuum
state component caused by transmission loss.

In HASPHD scheme, the transmission coefficients of
lossy quantum channel for two spatial modes are sup-
posed to be T1 = T2 = T . If the transmission coefficients
are T1 ̸= T2, the state of the single photon may decay
to ρ′0 = (1 − P ′

0)|vac⟩⟨vac| + P ′
0|φ′⟩⟨φ′| by the inevitable

transmission loss, where

|φ′⟩ = (α|H⟩+ β|V ⟩)A(

√
γ2T1

γ2T1 + δ2T2
|a1⟩

+

√
δ2T2

γ2T1 + δ2T2
|a2⟩),

P ′
0 = γ2T1 + δ2T2. (14)

If the transmission coefficients T1 and T2 are known, the
HASPHD scheme can be completed by changing the pa-
rameters of auxiliary hyperentangled GHZ state as shown
in Section 3.1. If the transmission coefficients T1 and T2
are unknown, the HASPHD scheme can also be completed
by the method shown in Section 3.2.

The HASPHD process is important for HAHED
schemes. In the previous hyperentanglement distillation
scheme with only hyperentanglement concentration pro-
cess [64], if the transmission loss is happened in quan-
tum channel, the wight of vacuum state will be increased
after this hyperentanglement distillation process, so the
final state of the scheme will become mixed hyperentan-
gled state instead of maximally hyperentangled state. The
fidelity of hyperentangled state after the hyperentangle-
ment distillation with only hyperentanglement concentra-
tion process (for the case with unkonwn parameters) is
expressed as

P =
T2(T1 + T2)

T2(T1 + T2) + T2(2− T1 − T2) + 4(1− T1)(T1 + T2)
.

(15)

The relationships of the fidelities of hyperentangled states
after (before) the hyperentanglement distillation processes
vs transmission coefficient T (T1 = T2 = T ) are shown in
Fig. 3. P1 represents the fidelity of hyperentangled state
in the initial state ρ2 before hyperentanglement distilla-
tion. P represents the fidelity of hyperentangled state in
final state after hyperentanglement distillation with only
hyperentanglement concentration process. P ′ represents
the fidelity of hyperentangled state in final state after HA-
HED process. In Fig. 3, it is obvious that the fidelity
of hyperentangled state in final state is significantly de-
creased after hyperentanglement distillation with only hy-
perentanglement concentration process. Therefore, it is
necessary to use HASPHD to remove the vacuum state,

Fig. 3 The relationships of the fidelities of hyperentangled
states after (before) the hyperentanglement distillation pro-
cesses vs transmission coefficient T (T1 = T2 = T ). P1 rep-
resents the fidelity of hyperentangled state in the initial state
ρ2 before hyperentanglement distillation. P represents the fi-
delity of hyperentangled state in final state after hyperentan-
glement distillation with only hyperentanglement concentra-
tion process. P ′ represents the fidelity of hyperentangled state
in final state after HAHED process.

which will improve the fidelity of hyperentangled state.
In HAHED scheme, the vacuum state can be completely
removed together with the hyperentanglement concentra-
tion process, so the fidelity of hyperentangled state in fi-
nal state is P ′ = 1, which means the less-entangled mixed
state is recovered to maximally hyperentangled state.

In the hyperentanglement distillation scheme with only
hyperentanglement concentration process [64], the success
probabilities are 4|βγ|2 (|β| < |α| and |γ| < |δ| with
parameter-splitting method) and 4|αβγδ|2 for known-
parameter and unknown-parameter cases, where the vac-
uum state component can not been removed. In order
to remove the vacuum state component simultaneously,
HAHED schemes are introduced with lower success prob-
abilities S1 = 4P1|αβγδ|2 and S2 = P 2

1 |αβγδ|2 for known-
parameter and unknown-parameter cases, where the de-
crease of success probabilities is caused by the process
of removing the vacuum state component. The HAHED
scheme is not the simple combination of HASPHD and hy-
perentanglement concentration. For instance, in the pre-
vious hyperdistillation protocol for amplification [37], the
vacuum state component in hyperentangled mixed state
can be completely eliminated with the success probability
of P1

4 , but the channel noise effect can not be depressed. In
order to depress the channel noise effect and recover the
less-entangled state to maximally hyperentangled state,
the hyperentanglement concentration process should be
performed after the amplification process, and the success
probabilities are S3 = P1|βγ|2 (|β| < |α| and |γ| < |δ| with
parameter-splitting method [64]) and S4 = P 2

1 |αβγδ|2/4
for known-parameter and unknown-parameter cases, re-
spectively, where the vacuum state component caused by
the inefficient detection in parameter-splitting method can
not be removed and more resources are required for re-
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Fig. 4 The relationships of the success probabilities of hy-
perdistillation schemes vs parameters of less-entangled state.
(a) The success probabilities of hyperdistillation schemes vs
|β|2 with T1 = 0.9 and T2 = 0.8. (b) The success proba-
bilities of hyperdistillation schemes vs transmission coefficient
T1 = T2 = T with |β|2 = 0.4.

moving vacuum state components of two copies of less-
entangled state in unknown-parameter case. In our HA-
HED schemes, the HASPHD and hyperentanglement con-
centration processes are performed simultaneously using
quantum hyper-teleportation method, which has largely
increased the success probability of recovering the less-
entangled state to maximally hyperentangled state and
reduced the resource consumption. The relationships of
the success probabilities of hyperdistillation schemes vs
parameters of less-entangled state are shown in Fig. 4.
It is obvious that the success probabilities of recover-
ing the less-entangled state to maximally hyperentangled
state can achieve S5 = 4P1|βγ|2 (|β| < |α| and |γ| < |δ|
with parameter-splitting method) and S6 = 4P 2

1 |αβγδ|2
for known-parameter and unknown-parameter cases with
the efficiency of quantum hyper-teleportation increased to
100%. In order to achieve the optimal succuss probabili-
ties and reduce resource consumption, the HASPHD and
hyperentanglement concentration processes should be per-
formed simultaneously using quantum hyper-teleportation
method as introduced in HAHED schemes instead of
amplification-concentration method.

In the HAHED schemes, we suppose the maximally hy-

perentangled photon system is prepared locally by Alice,
where only one photon of hyperentangled photon system
will be transmitted to the remote party Bob through the
lossy and noisy channel. If the hyperentangled photon
source is prepared by Charlie, who is located in the middle
point of Alice and Bob, the two photons of hyperentangled
photon system will both be transmitted to Alice and Bob
by the lossy and noisy channels to establish the quantum
channel. Suppose that the transmission coefficients of the
channels for spatial modes a1, a2, a′1, and a′2 are T1, T2,
T3, T4 (0 < Tj < 1, j = 1, 2, 3, 4), respectively. Then the
state |ψAA′⟩ will become a mixed hyperentangled state
containing the vacuum state component,

ρ3 =η1|Υ1⟩AA′⟨Υ1|+ η2ρ4 + η3ρ5 + η4|vac⟩AA′⟨vac|,
(16)

where

|Υ1⟩AA′ = (α|HH⟩+β|V V ⟩)⊗ (ε|a1a′1⟩+θ|a2a′2⟩),

ρ4 = (α2|H⟩+ β2|V ⟩)[ϑ2|a1⟩⟨a1|+ ι2|a2⟩⟨a2|]

⊗ |vac⟩A′⟨vac|,

ρ5 = (α2|H⟩+ β2|V ⟩)[κ2|a′1⟩⟨a′1|+ µ2|a′2⟩⟨a′2|]

⊗ |vac⟩A⟨vac|. (17)

The parameters are ε =
√

T1T2

T1T2+T3T4
, θ =

√
T3T4

T1T2+T3T4
,

ϑ =
√

T1(1−T2)
T1(1−T2)+T3(1−T4)

, ι =
√

T3(1−T4)
T1(1−T2)+T3(1−T4)

, κ =√
(1−T1)T2

(1−T1)T2+(1−T3)T4
, µ =

√
(1−T3)T4

(1−T1)T2+(1−T3)T4
, η1 =

1
2 (T1T3 + T2T4), η2 = 1

2 [(1 − T3)T1 + T2(1 − T4)], η3 =
1
2T3(1 − T1) + T4(1 − T2)] and η4 = 1

2 [(1 − T1)(1 − T3) +

(1− T2)(1− T4)], respectively, and the coefficients satisfy
the normalization relation as η1 + η2 + η3 + η4 = 1. In
this situation, the HAHED schemes can also be used to
recover the less-entangled state ρ3 to maximally hyper-
entangled state, where Alice has to perform an additional
HASPHD (in Fig. 1) on photon A′ to remove the vac-
uum state component of photon A′ besides the operations
in Fig. 1 and Fig. 2, and the success probabilities will
become η1|αβεθ|2 and η21 |αβεθ|2/4 for known-parameter
and unknown-parameter cases. If the efficiency of quan-
tum hyper-teleportation is increased to 100%, the success
probabilities of recovering the less-entangled state to max-
imally hyperentangled state can achieve 4η1|βγ|2 (|β| <
|α| and |γ| < |δ| with parameter-splitting method) and
4η21 |αβγδ|2 for known-parameter and unknown-parameter
cases.

In hyperdistillation schemes, the efficiencies of linear
optical elements (e.g., PBSs, BSs and HWPs) are always
assumed to be perfect (approximate to 100%). However,
in a practical condition, the linear optical elements do
not work in an ideal condition, and the imperfect linear
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optical elements will affect the final result of hyperdistil-
lation protocol. In our scheme, hyperdistillation protocol
is based on quantum hyper-teleportation, and there is no
operation performed on the photon E except conditional
operations at last. Therefore, the imperfect linear optical
elements cause little effects on the final result of our pro-
tocol, and the vacuum state can be completely removed.

In summary, we proposed hyperentanglement-assisted
hyperdistillation schemes to protect the hyper-encoding
photon system from transmission loss and channel noise
using quantum hyper-teleportation method, which can in-
crease the success probability of hyperdistillation and re-
duce the resource consumption. In HASPHD scheme, the
vacuum state component casued by transmission loss can
be eliminated completely with high success probability by
enhancing the efficiency of quantum hyper-teleportation.
In the two HAHED schemes, the less-entangled mixed
state can be recovered to maximally hyperentangled state
with high success probability and low resource consump-
tion. As the quantum hyper-teleportation method is
adopted to depress the imperfect effects of optical el-
ements on the final result, these hyperentanglement-
assisted hyperdistillation schemes have potential applica-
tion prospects in the field of practical quantum informa-
tion processing.

Acknowledgements This work was supported by the National
Natural Science Foundation of China under Grant Nos. 11604226,
61901420, and 11804236, the Program of Beijing Municipal Commis-
sion of Education of China under Grant Nos. CIT&TCD201904080
and KM201810028005, Shanxi Province Science Foundation for
Youths under Grant No. 201901D211235, Scientific and Technologi-
cal Innovation Programs of Higher Education Institutions in Shanxi
under Grant No. 2019L0507, Shanxi 1331 Project Key Subjects
Construction, and Capital Normal University classified development
Program.

References

1. N. Gisin, G. Ribordy, W. Tittel, and H. Zbinden, Quantum
cryptography, Rev. Mod. Phys. 74(1), 145 (2002)

2. X. M. Hu, Y. Guo, B. H. Liu, Y. F. Huang, C. F. Li, and G.
C. Guo, Beating the channel capacity limit for superdense
coding with entangled ququarts, Sci. Adv. 4(7), eaat9304
(2018)

3. A. K. Ekert, Quantum cryptography based on bells theo-
rem, Phys. Rev. Lett. 67(6), 661 (1991)

4. D. Bruß and C. Macchiavello, Optimal eavesdropping
in cryptography with three-dimensional quantum states,
Phys. Rev. Lett. 88(12), 127901 (2002)

5. Y. F. Yan, L. Zhou, W. Zhong, and Y. B. Sheng,
Measurement–device–independent quantum key distribu-
tion of multiple degrees of freedom of a single photon,
Front. Phys. 16(1), 11501 (2021)

6. N. J. Cerf, M. Bourennane, A. Karlsson, and N. Gisin,
Security of quantum key distribution using d-level systems,
Phys. Rev. Lett. 88(12), 127902 (2002)

7. C. H. Bennett, G. Brassard, C. Crépeau, R. Jozsa, A.
Peres, and W. K. Wootters, Teleporting an unknown quan-
tum state via dual classical and Einstein-Podolsky-Rosen
channels, Phys. Rev. Lett. 70(13), 1895 (1993)

8. C. H. Bennett and S. J. Wiesner, Communication via one-
and two-particle operators on Einstein-Podolsky-Rosen
states, Phys. Rev. Lett. 69(20), 2881 (1992)

9. X. Liu, G. Long, D. Tong, and F. Li, General scheme
for superdense coding between multiparties, Phys. Rev. A
65(2), 022304 (2002)

10. M. Hillery, V. Bužek, and A. Berthiaume, Quantum secret
sharing, Phys. Rev. A 59(3), 1829 (1999)

11. L. Xiao, G. L. Long, F. G. Deng, and J. W. Pan, Efficient
multiparty quantum-secret-sharing schemes, Phys. Rev. A
69(5), 052307 (2004)

12. G. L. Long and X. S. Liu, Theoretically efficient high
capacity quantum-key-distribution scheme, Phys. Rev. A
65(3), 032302 (2002)

13. F. G. Deng, G. L. Long, and X. S. Liu, Two-step quan-
tum direct communication protocol using the Einstein–
Podolsky–Rosen pair block, Phys. Rev. A 68(4), 042317
(2003)

14. W. Zhang, D. S. Ding, Y. B. Sheng, L. Zhou, B. S. Shi,
and G. C. Guo, Quantum secure direct communication
with quantum memory, Phys. Rev. Lett. 118(22), 220501
(2017)

15. Z. Zhou, Y. Sheng, P. Niu, L. Yin, G. Long, and L. Hanzo,
Measurement–device–independent quantum secure direct
communication, Sci. China Phys. Mech. Astron. 63(3),
230362 (2020)

16. Z. D. Ye, D. Pan, Z. Sun, C. G. Du, L. G. Yin, and G.
L. Long, Generic security analysis framework for quantum
secure direct communication, Front. Phys. 16(2), 21503
(2021)

17. S. S. Chen, L. Zhou, W. Zhong, and Y. B. Sheng, Three–
step three-party quantum secure direct communication,
Sci. China Phys. Mech. Astron. 61(9), 90312 (2018)

18. G. L. Long and H. Zhang, Drastic increase of channel
capacity in quantum secure direct communication using
masking, Sci. Bull. (Beijing) 66(13), 1267 (2021)

19. A. Yabushita and T. Kobayashi, Spectroscopy by
frequency-entangled photon pairs, Phys. Rev. A 69(1),
013806 (2004)

20. C. Schuck, G. Huber, C. Kurtsiefer, and H. Weinfurter,
Complete deterministic linear optics bell state analysis,
Phys. Rev. Lett. 96(19), 190501 (2006)

21. M. Barbieri, G. Vallone, P. Mataloni, and F. De Mar-
tini, Complete and deterministic discrimination of polar-
ization bell states assisted by momentum entanglement,
Phys. Rev. A 75(4), 042317 (2007)

22. G. Vallone, R. Ceccarelli, F. De Martini, and P. Mataloni,
Hyperentanglement of two photons in three degrees of free-
dom, Phys. Rev. A 79(3), 030301 (2009)

31501-9 Peng Wang, et al., Front. Phys. 17(3), 31501 (2022)

https://doi.org/10.1103/RevModPhys.74.145
https://doi.org/10.1103/RevModPhys.74.145
https://doi.org/10.1126/sciadv.aat9304
https://doi.org/10.1126/sciadv.aat9304
https://doi.org/10.1126/sciadv.aat9304
https://doi.org/10.1126/sciadv.aat9304
https://doi.org/10.1103/PhysRevLett.67.661
https://doi.org/10.1103/PhysRevLett.67.661
https://doi.org/10.1103/PhysRevLett.88.127901
https://doi.org/10.1103/PhysRevLett.88.127901
https://doi.org/10.1103/PhysRevLett.88.127901
https://doi.org/10.1007/s11467-020-1005-1
https://doi.org/10.1007/s11467-020-1005-1
https://doi.org/10.1007/s11467-020-1005-1
https://doi.org/10.1007/s11467-020-1005-1
https://doi.org/10.1103/PhysRevLett.88.127902
https://doi.org/10.1103/PhysRevLett.88.127902
https://doi.org/10.1103/PhysRevLett.88.127902
https://doi.org/10.1103/PhysRevLett.70.1895
https://doi.org/10.1103/PhysRevLett.70.1895
https://doi.org/10.1103/PhysRevLett.70.1895
https://doi.org/10.1103/PhysRevLett.70.1895
https://doi.org/10.1103/PhysRevLett.69.2881
https://doi.org/10.1103/PhysRevLett.69.2881
https://doi.org/10.1103/PhysRevLett.69.2881
https://doi.org/10.1103/PhysRevA.65.022304
https://doi.org/10.1103/PhysRevA.65.022304
https://doi.org/10.1103/PhysRevA.65.022304
https://doi.org/10.1103/PhysRevA.59.1829
https://doi.org/10.1103/PhysRevA.59.1829
https://doi.org/10.1103/PhysRevA.69.052307
https://doi.org/10.1103/PhysRevA.69.052307
https://doi.org/10.1103/PhysRevA.69.052307
https://doi.org/10.1103/PhysRevA.65.032302
https://doi.org/10.1103/PhysRevA.65.032302
https://doi.org/10.1103/PhysRevA.65.032302
https://doi.org/10.1103/PhysRevA.68.042317
https://doi.org/10.1103/PhysRevA.68.042317
https://doi.org/10.1103/PhysRevA.68.042317
https://doi.org/10.1103/PhysRevA.68.042317
https://doi.org/10.1103/PhysRevLett.118.220501
https://doi.org/10.1103/PhysRevLett.118.220501
https://doi.org/10.1103/PhysRevLett.118.220501
https://doi.org/10.1103/PhysRevLett.118.220501
https://doi.org/10.1007/s11433-019-1450-8
https://doi.org/10.1007/s11433-019-1450-8
https://doi.org/10.1007/s11433-019-1450-8
https://doi.org/10.1007/s11433-019-1450-8
https://doi.org/10.1007/s11467-020-1025-x
https://doi.org/10.1007/s11467-020-1025-x
https://doi.org/10.1007/s11467-020-1025-x
https://doi.org/10.1007/s11467-020-1025-x
https://doi.org/10.1007/s11433-018-9224-5
https://doi.org/10.1007/s11433-018-9224-5
https://doi.org/10.1007/s11433-018-9224-5
https://doi.org/10.1016/j.scib.2021.04.016
https://doi.org/10.1016/j.scib.2021.04.016
https://doi.org/10.1016/j.scib.2021.04.016
https://doi.org/10.1103/PhysRevA.69.013806
https://doi.org/10.1103/PhysRevA.69.013806
https://doi.org/10.1103/PhysRevA.69.013806
https://doi.org/10.1103/PhysRevLett.96.190501
https://doi.org/10.1103/PhysRevLett.96.190501
https://doi.org/10.1103/PhysRevLett.96.190501
https://doi.org/10.1103/PhysRevA.75.042317
https://doi.org/10.1103/PhysRevA.75.042317
https://doi.org/10.1103/PhysRevA.75.042317
https://doi.org/10.1103/PhysRevA.75.042317
https://doi.org/10.1103/PhysRevA.79.030301
https://doi.org/10.1103/PhysRevA.79.030301
https://doi.org/10.1103/PhysRevA.79.030301


Research article

23. M. Barbieri, C. Cinelli, P. Mataloni, and F. De Mar-
tini, Polarization-momentum hyperentangled states: Re-
alization and characterization, Phys. Rev. A 72(5), 052110
(2005)

24. J. T. Barreiro, N. K. Langford, N. A. Peters, and P. G.
Kwiat, Generation of hyperentangled photon pairs, Phys.
Rev. Lett. 95(26), 260501 (2005)

25. J. T. Barreiro, T. C. Wei, and P. G. Kwiat, Beating the
channel capacity limit for linear photonic superdense cod-
ing, Nat. Phys. 4(4), 282 (2008)

26. T. C. Ralph and A. Lund, Nondeterministic noiseless lin-
ear amplification of quantum systems, in: AIP Conference
Proceedings, 1110(1), 155 (2009)

27. N. Gisin, S. Pironio, and N. Sangouard, Proposal for
implementing device-independent quantum key distribu-
tion based on a heralded qubit amplifier, Phys. Rev. Lett.
105(7), 070501 (2010)

28. D. Pitkanen, X. Ma, R. Wickert, P. van Loock, and N.
Lütkenhaus, Efficient heralding of photonic qubits with
applications to device-independent quantum key distribu-
tion, Phys. Rev. A 84(2), 022325 (2011)

29. C. Osorio, N. Bruno, N. Sangouard, H. Zbinden, N. Gisin,
and R. Thew, Heralded photon amplification for quantum
communication, Phys. Rev. A 86(2), 023815 (2012)

30. S. Kocsis, G. Y. Xiang, T. C. Ralph, and G. J. Pryde,
Heralded noiseless amplification of a photon polarization
qubit, Nat. Phys. 9(1), 23 (2013)

31. M. Curty and T. Moroder, Heralded-qubit amplifiers for
practical device-independent quantum key distribution,
Phys. Rev. A 84(1), 010304 (2011)

32. L. Zhou, Y. B. Sheng, and G. L. Long, Device-independent
quantum secure direct communication against collective
attacks, Sci. Bull. (Beijing) 65(1), 12 (2020)

33. S. Zhang, S. Yang, X. Zou, B. Shi, and G. Guo, Protect-
ing single-photon entangled state from photon loss with
noiseless linear amplification, Phys. Rev. A 86(3), 034302
(2012)

34. G. Y. Xiang, T. C. Ralph, A. P. Lund, N. Walk, and G.
J. Pryde, Heralded noiseless linear amplification and dis-
tillation of entanglement, Nat. Photonics 4(5), 316 (2010)

35. L. Zhou and Y. B. Sheng, Recyclable amplification proto-
col for the single-photon entangled state, Laser Phys. Lett.
12(4), 045203 (2015)

36. F. Monteiro, E. Verbanis, V. C. Vivoli, A. Martin, N.
Gisin, H. Zbinden, and R. Thew, Heralded amplification
of path entangled quantum states, Quantum Sci. Technol.
2(2), 024008 (2017)

37. T. J. Wang, C. Cao, and C. Wang, Linear-optical imple-
mentation of hyperdistillation from photon loss, Phys. Rev.
A 89(5), 052303 (2014)

38. G. Yang, Y. S. Zhang, Z. R. Yang, L. Zhou, and Y.
B. Sheng, Linear-optical heralded amplification protocol
for two-photon spatial-mode-polarization hyperentangled
state, Quantum Inform. Process. 18(10), 317 (2019)

39. D. Y. Chen, Z. Lin, M. Yang, Q. Yang, X. P. Zang, and Z.
L. Cao, Distillation of lossy hyperentangled states, Phys.
Rev. A102(2), 022425 (2020)

40. Y. Y. Jin, S. X. Qin, H. Zu, L. Zhou, W. Zhong, and Y. B.
Sheng, Heralded amplification of single-photon entangle-
ment with polarization feature, Front. Phys. 13(5), 130321
(2018)

41. C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, and W. K.
Wootters, Mixed-state entanglement and quantum error
correction, Phys. Rev. A 54(5), 3824 (1996)

42. J. W. Pan, C. Simon, Č. Brukner, and A. Zeilinger, Entan-
glement purification for quantum communication, Nature
410(6832), 1067 (2001)

43. Y. B. Sheng, F. G. Deng, and H. Y. Zhou, Efficient
polarization-entanglement purification based on paramet-
ric down-conversion sources with cross-Kerr nonlinearity,
Phys. Rev. A 77(4), 042308 (2008)

44. Y. B. Sheng and F. G. Deng, One-step deterministic
polarization-entanglement purification using spatial entan-
glement, Phys. Rev. A 82(4), 044305 (2010)

45. C. Wang, Y. Zhang, and G. S. Jin, Entanglement purifi-
cation and concentration of electron-spin entangled states
using quantum-dot spins in optical microcavities, Phys.
Rev. A 84(3), 032307 (2011)

46. B. C. Ren, F. F. Du, and F. G. Deng, Two-step hyper-
entanglement purification with the quantum-state-joining
method, Phys. Rev. A 90(5), 052309 (2014)

47. M. Zwerger, H. Briegel, and W. Dür, Robustness of hash-
ing protocols for entanglement purification, Phys. Rev. A
90(1), 012314 (2014)

48. G. Y. Wang, T. Li, Q. Ai, A. Alsaedi, T. Hayat, and F. G.
Deng, Faithful entanglement purification for high-capacity
quantum communication with two-photon four-qubit sys-
tems, Phys. Rev. Appl. 10(5), 054058 (2018)

49. L. Zhou, W. Zhong, and Y. B. Sheng, Purification of the
residual entanglement, Opt. Express 28(2), 2291 (2020)

50. P. S. Yan, L. Zhou, W. Zhong, and Y. B. Sheng, Feasible
measurement-based entanglement purification in linear op-
tics, Opt. Express 29(6), 9363 (2021)

51. T. J. Wang, S. C. Mi, and C. Wang, Hyperentanglement
purification using imperfect spatial entanglement, Opt. Ex-
press 25(3), 2969 (2017)

52. P. S. Yan, L. Zhou, W. Zhong, and Y. B. Sheng,
Measurement-based entanglement purification for entan-
gled coherent states, Front. Phys. 17(2), 21501 (2022)

53. C. H. Bennett, H. J. Bernstein, S. Popescu, and B. Schu-
macher, Concentrating partial entanglement by local op-
erations, Phys. Rev. A 53(4), 2046 (1996)

54. Z. Zhao, J. W. Pan, and M. Zhan, Practical scheme for
entanglement concentration, Phys. Rev. A 64(1), 014301
(2001)

55. T. Yamamoto, M. Koashi, and N. Imoto, Concentration
and purification scheme for two partially entangled photon
pairs, Phys. Rev. A 64(1), 012304 (2001)

56. Y. B. Sheng, L. Zhou, and S. M. Zhao, Efficient two-step
entanglement concentration for arbitrary W states, Phys.
Rev. A 85(4), 042302 (2012)

31501-10 Peng Wang, et al., Front. Phys. 17(3), 31501 (2022)

https://doi.org/10.1103/PhysRevA.72.052110
https://doi.org/10.1103/PhysRevA.72.052110
https://doi.org/10.1103/PhysRevA.72.052110
https://doi.org/10.1103/PhysRevA.72.052110
https://doi.org/10.1103/PhysRevLett.95.260501
https://doi.org/10.1103/PhysRevLett.95.260501
https://doi.org/10.1103/PhysRevLett.95.260501
https://doi.org/10.1038/nphys919
https://doi.org/10.1038/nphys919
https://doi.org/10.1038/nphys919
https://doi.org/10.1063/1.3131295
https://doi.org/10.1063/1.3131295
https://doi.org/10.1063/1.3131295
https://doi.org/10.1103/PhysRevLett.105.070501
https://doi.org/10.1103/PhysRevLett.105.070501
https://doi.org/10.1103/PhysRevLett.105.070501
https://doi.org/10.1103/PhysRevLett.105.070501
https://doi.org/10.1103/PhysRevA.84.022325
https://doi.org/10.1103/PhysRevA.84.022325
https://doi.org/10.1103/PhysRevA.84.022325
https://doi.org/10.1103/PhysRevA.84.022325
https://doi.org/10.1103/PhysRevA.86.023815
https://doi.org/10.1103/PhysRevA.86.023815
https://doi.org/10.1103/PhysRevA.86.023815
https://doi.org/10.1038/nphys2469
https://doi.org/10.1038/nphys2469
https://doi.org/10.1038/nphys2469
https://doi.org/10.1103/PhysRevA.84.010304
https://doi.org/10.1103/PhysRevA.84.010304
https://doi.org/10.1103/PhysRevA.84.010304
https://doi.org/10.1016/j.scib.2019.10.025
https://doi.org/10.1016/j.scib.2019.10.025
https://doi.org/10.1016/j.scib.2019.10.025
https://doi.org/10.1103/PhysRevA.86.034302
https://doi.org/10.1103/PhysRevA.86.034302
https://doi.org/10.1103/PhysRevA.86.034302
https://doi.org/10.1103/PhysRevA.86.034302
https://doi.org/10.1038/nphoton.2010.35
https://doi.org/10.1038/nphoton.2010.35
https://doi.org/10.1038/nphoton.2010.35
https://doi.org/10.1088/1612-2011/12/4/045203
https://doi.org/10.1088/1612-2011/12/4/045203
https://doi.org/10.1088/1612-2011/12/4/045203
https://doi.org/10.1088/2058-9565/aa70ad
https://doi.org/10.1088/2058-9565/aa70ad
https://doi.org/10.1088/2058-9565/aa70ad
https://doi.org/10.1088/2058-9565/aa70ad
https://doi.org/10.1103/PhysRevA.89.052303
https://doi.org/10.1103/PhysRevA.89.052303
https://doi.org/10.1103/PhysRevA.89.052303
https://doi.org/10.1007/s11128-019-2432-1
https://doi.org/10.1007/s11128-019-2432-1
https://doi.org/10.1007/s11128-019-2432-1
https://doi.org/10.1007/s11128-019-2432-1
https://doi.org/10.1103/PhysRevA.102.022425
https://doi.org/10.1103/PhysRevA.102.022425
https://doi.org/10.1103/PhysRevA.102.022425
https://doi.org/10.1007/s11467-018-0823-x
https://doi.org/10.1007/s11467-018-0823-x
https://doi.org/10.1007/s11467-018-0823-x
https://doi.org/10.1007/s11467-018-0823-x
https://doi.org/10.1103/PhysRevA.54.3824
https://doi.org/10.1103/PhysRevA.54.3824
https://doi.org/10.1103/PhysRevA.54.3824
https://doi.org/10.1038/35074041
https://doi.org/10.1038/35074041
https://doi.org/10.1038/35074041
https://doi.org/10.1103/PhysRevA.77.042308
https://doi.org/10.1103/PhysRevA.77.042308
https://doi.org/10.1103/PhysRevA.77.042308
https://doi.org/10.1103/PhysRevA.77.042308
https://doi.org/10.1103/PhysRevA.82.044305
https://doi.org/10.1103/PhysRevA.82.044305
https://doi.org/10.1103/PhysRevA.82.044305
https://doi.org/10.1103/PhysRevA.84.032307
https://doi.org/10.1103/PhysRevA.84.032307
https://doi.org/10.1103/PhysRevA.84.032307
https://doi.org/10.1103/PhysRevA.84.032307
https://doi.org/10.1103/PhysRevA.90.052309
https://doi.org/10.1103/PhysRevA.90.052309
https://doi.org/10.1103/PhysRevA.90.052309
https://doi.org/10.1103/PhysRevA.90.012314
https://doi.org/10.1103/PhysRevA.90.012314
https://doi.org/10.1103/PhysRevA.90.012314
https://doi.org/10.1103/PhysRevApplied.10.054058
https://doi.org/10.1103/PhysRevApplied.10.054058
https://doi.org/10.1103/PhysRevApplied.10.054058
https://doi.org/10.1103/PhysRevApplied.10.054058
https://doi.org/10.1364/OE.383499
https://doi.org/10.1364/OE.383499
https://doi.org/10.1364/OE.420348
https://doi.org/10.1364/OE.420348
https://doi.org/10.1364/OE.420348
https://doi.org/10.1364/OE.25.002969
https://doi.org/10.1364/OE.25.002969
https://doi.org/10.1364/OE.25.002969
https://doi.org/10.1007/s11467-021-1103-8
https://doi.org/10.1007/s11467-021-1103-8
https://doi.org/10.1007/s11467-021-1103-8
https://doi.org/10.1103/PhysRevA.53.2046
https://doi.org/10.1103/PhysRevA.53.2046
https://doi.org/10.1103/PhysRevA.53.2046
https://doi.org/10.1103/PhysRevA.64.014301
https://doi.org/10.1103/PhysRevA.64.014301
https://doi.org/10.1103/PhysRevA.64.014301
https://doi.org/10.1103/PhysRevA.64.012304
https://doi.org/10.1103/PhysRevA.64.012304
https://doi.org/10.1103/PhysRevA.64.012304
https://doi.org/10.1103/PhysRevA.85.042302
https://doi.org/10.1103/PhysRevA.85.042302
https://doi.org/10.1103/PhysRevA.85.042302


Research article

57. Y. B. Sheng, L. Zhou, S. M. Zhao, and B. Y. Zheng, Ef-
ficient single-photon-assisted entanglement concentration
for partially entangled photon pairs, Phys. Rev. A 85(1),
012307 (2012)

58. F. G. Deng, Optimal nonlocal multipartite entanglement
concentration based on projection measurements, Phys.
Rev. A 85(2), 022311 (2012)

59. Y. B. Sheng, F. G. Deng, and H. Y. Zhou, Nonlocal en-
tanglement concentration scheme for partially entangled
multipartite systems with nonlinear optics, Phys. Rev. A
77(6), 062325 (2008)

60. X. Yan, Y. F. Yu, and Z. M. Zhang, Entanglement concen-
tration for a non-maximally entangled four-photon cluster
state, Front. Phys. 9(5), 640 (2014)

61. A. P. Liu, L. Y. Cheng, Q. Guo, S. L. Su, H. F. Wang, and
S. Zhang, Heralded entanglement concentration of nonlo-
cal photons assisted by double-sided optical microcavities,
Phys. Scr. 94(9), 095103 (2019)

62. S. S. Chen, H. Zhang, Q. Ai, and G. J. Yang, Phononic en-
tanglement concentration via optomechanical interactions,
Phys. Rev. A100(5), 052306 (2019)

63. J. Liu, L. Zhou, W. Zhong, and Y. B. Sheng, Logic bell
state concentration with parity check measurement, Front.
Phys. 14(2), 21601 (2019)

64. B. C. Ren, F. F. Du, and F. G. Deng, Hyperentanglement
concentration for two–photon four-qubit systems with lin-
ear optics, Phys. Rev. A 88(1), 012302 (2013)

65. B. C. Ren and G. L. Long, General hyperentanglement
concentration for photon systems assisted by quantum-dot
spins inside optical microcavities, Opt. Express 22(6), 6547
(2014)

66. L. L. Fan, Y. Xia, and J. Song, Efficient entanglement
concentration for arbitrary less-hyperentanglement multi–
photon W states with linear optics, Quantum Inform. Pro-
cess. 13(9), 1967 (2014)

67. X. H. Li and S. Ghose, Hyperentanglement concentration
for time-bin and polarization hyperentangled photons,

Phys. Rev. A 91(6), 062302 (2015)
68. C. Cao, T. J. Wang, S. C. Mi, R. Zhang, and C. Wang,

Nonlocal hyperconcentration on entangled photons using
photonic module system, Ann. Phys. 369, 128 (2016)

69. H. J. Liu, Y. Xia, and J. Song, Efficient hyperentanglement
concentration for N -particle Greenberger–Horne–Zeilinger
state assisted by weak cross-Kerr nonlinearity, Quantum
Inform. Process. 15(5), 2033 (2016)

70. B. C. Ren, H. Wang, F. Alzahrani, A. Hobiny, and F. G.
Deng, Hyperentanglement concentration of nonlocal two-
photon six-qubit systems with linear optics, Ann. Phys.
385, 86 (2017)

71. M. Wang, J. Xu, F. Yan, and T. Gao, Entanglement con-
centration for polarization–spatial–time–bin hyperentan-
gled bell states, Europhys. Lett. 123(6), 60002 (2018)

72. H. Wang, B. C. Ren, A. H. Wang, A. Alsaedi, T. Hayat,
and F. G. Deng, General hyperentanglement concentra-
tion for polarization–spatial–time–bin multi-photon sys-
tems with linear optics, Front. Phys. 13(5), 130315 (2018)

73. X. Wang, X. Cai, Z. Su, M. Chen, D. Wu, L. Li, N. Liu,
C. Lu, and J. W. Pan, Quantum teleportation of multiple
degrees of freedom of a single photon, Nature 518(7540),
516 (2015)

74. W. B. Gao, C. Y. Lu, X. C. Yao, P. Xu, O. Gühne, A.
Goebel, Y. A. Chen, C. Z. Peng, Z. B. Chen, and J. W.
Pan, Experimental demonstration of a hyper-entangled
ten-qubit Schrödinger cat state, Nat. Phys. 6(5), 331
(2010)

75. X. L. Wang, Y. H. Luo, H. L. Huang, M. C. Chen, Z.
E. Su, C. Liu, C. Chen, W. Li, Y. Q. Fang, X. Jiang, J.
Zhang, L. Li, N. L. Liu, C. Y. Lu, and J. W. Pan, 18-qubit
entanglement with six photons three degrees of freedom,
Phys. Rev. Lett. 120(26), 260502 (2018)

76. Y. B. Sheng, F. G. Deng, and G. L. Long, Complete
hyperentangled-Bell-state analysis for quantum communi-
cation, Phys. Rev. A 82(3), 032318 (2010)

31501-11 Peng Wang, et al., Front. Phys. 17(3), 31501 (2022)

https://doi.org/10.1103/PhysRevA.85.012307
https://doi.org/10.1103/PhysRevA.85.012307
https://doi.org/10.1103/PhysRevA.85.012307
https://doi.org/10.1103/PhysRevA.85.012307
https://doi.org/10.1103/PhysRevA.85.022311
https://doi.org/10.1103/PhysRevA.85.022311
https://doi.org/10.1103/PhysRevA.85.022311
https://doi.org/10.1103/PhysRevA.77.062325
https://doi.org/10.1103/PhysRevA.77.062325
https://doi.org/10.1103/PhysRevA.77.062325
https://doi.org/10.1103/PhysRevA.77.062325
https://doi.org/10.1007/s11467-014-0435-z
https://doi.org/10.1007/s11467-014-0435-z
https://doi.org/10.1007/s11467-014-0435-z
https://doi.org/10.1088/1402-4896/ab021f
https://doi.org/10.1088/1402-4896/ab021f
https://doi.org/10.1088/1402-4896/ab021f
https://doi.org/10.1088/1402-4896/ab021f
https://doi.org/10.1103/PhysRevA.100.052306
https://doi.org/10.1103/PhysRevA.100.052306
https://doi.org/10.1103/PhysRevA.100.052306
https://doi.org/10.1007/s11467-018-0866-z
https://doi.org/10.1007/s11467-018-0866-z
https://doi.org/10.1007/s11467-018-0866-z
https://doi.org/10.1103/PhysRevA.88.012302
https://doi.org/10.1103/PhysRevA.88.012302
https://doi.org/10.1103/PhysRevA.88.012302
https://doi.org/10.1364/OE.22.006547
https://doi.org/10.1364/OE.22.006547
https://doi.org/10.1364/OE.22.006547
https://doi.org/10.1364/OE.22.006547
https://doi.org/10.1007/s11128-014-0789-8
https://doi.org/10.1007/s11128-014-0789-8
https://doi.org/10.1007/s11128-014-0789-8
https://doi.org/10.1007/s11128-014-0789-8
https://doi.org/10.1103/PhysRevA.91.062302
https://doi.org/10.1103/PhysRevA.91.062302
https://doi.org/10.1103/PhysRevA.91.062302
https://doi.org/10.1016/j.aop.2016.03.003
https://doi.org/10.1016/j.aop.2016.03.003
https://doi.org/10.1016/j.aop.2016.03.003
https://doi.org/10.1007/s11128-016-1258-3
https://doi.org/10.1007/s11128-016-1258-3
https://doi.org/10.1007/s11128-016-1258-3
https://doi.org/10.1007/s11128-016-1258-3
https://doi.org/10.1016/j.aop.2017.07.013
https://doi.org/10.1016/j.aop.2017.07.013
https://doi.org/10.1016/j.aop.2017.07.013
https://doi.org/10.1016/j.aop.2017.07.013
https://doi.org/10.1209/0295-5075/123/60002
https://doi.org/10.1209/0295-5075/123/60002
https://doi.org/10.1209/0295-5075/123/60002
https://doi.org/10.1007/s11467-018-0801-3
https://doi.org/10.1007/s11467-018-0801-3
https://doi.org/10.1007/s11467-018-0801-3
https://doi.org/10.1007/s11467-018-0801-3
https://doi.org/10.1038/nature14246
https://doi.org/10.1038/nature14246
https://doi.org/10.1038/nature14246
https://doi.org/10.1038/nature14246
https://doi.org/10.1038/nphys1603
https://doi.org/10.1038/nphys1603
https://doi.org/10.1038/nphys1603
https://doi.org/10.1038/nphys1603
https://doi.org/10.1038/nphys1603
https://doi.org/10.1103/PhysRevLett.120.260502
https://doi.org/10.1103/PhysRevLett.120.260502
https://doi.org/10.1103/PhysRevLett.120.260502
https://doi.org/10.1103/PhysRevLett.120.260502
https://doi.org/10.1103/PhysRevLett.120.260502
https://doi.org/10.1103/PhysRevA.82.032318
https://doi.org/10.1103/PhysRevA.82.032318
https://doi.org/10.1103/PhysRevA.82.032318

	Introduction
	Hyperentanglement-assisted single-photon hyperdistillation for polarization and spatial qubits
	Hyperentanglement-assisted polarization-spatial hyperentanglement distillation
	HAHED scheme for less-entangled mixed state with known parameters
	HAHED scheme for less-entangled mixed state with unknown parameters

	Discussion and conclusion
	References

