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We propose a quantum control scheme with the help of Lyapunov control function in the optomechan-
ics system. The principle of the idea is to design suitable control fields to steer the Lyapunov control
function to zero as t → ∞ while the quantum system is driven to the target state. Such an evolution
makes no limit on the initial state and one needs not manipulate the laser pulses during the evolu-
tion. To prove the effectiveness of the scheme, we show two useful applications in the optomechanics
system: one is the cooling of nanomechanical resonator and the other is the quantum fluctuation
transfer between membranes. Numerical simulation demonstrates that the perfect and fast cooling
of nanomechanical resonator and quantum fluctuation transfer between membranes can be rapidly
achieved. Besides, some optimizations are made on the traditional Lyapunov control waveform and
the optimized bang–bang control fields makes Lyapunov function V decrease faster. The optimized
quantum control scheme can achieve the same goal with greater efficiency. Hence, we hope that this
work may open a new avenue of the experimental realization of cooling mechanical oscillator, quan-
tum fluctuations transfer between membranes and other quantum optomechanics tasks and become an
alternative candidate for quantum manipulation of macroscopic mechanical devices in the near future.
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1 Introduction

As an important platform of quantum mechanics, the
quantum optomechanics system has been widely investi-
gated because of its possible applications in quantum com-
munication and quantum information processing [1, 2].
Due to the splendid characteristics, several nontrivial
quantum phenomena have been realized in optomechan-
ical systems, including near-ground-state cooling [3, 4],
strong-coupling effects [5], squeezing of a mechanical os-
cillator [6–9], and so on. Utilizing these phenomena, lots
of schemes have been proposed to realize quantum infor-
mation tasks under the optomechanical physical model in
the past decades [10–59].

In the quantum information tasks [10–59], cooling a
mechanical resonator to its ground state is the founda-
tion and precondition for the rest of work in quantum op-
tomechanics system. How to cool a mechanical resonator

∗ This article can also be found at http://journal.hep.com.
cn/fop/EN/10.1007/s11467-021-1119-0.

has attracted much attention and various schemes have
been proposed [11–16]. For example, in 2008, Genes et
al. provided a general framework to describe cooling of a
micromechanical oscillator to its quantum ground state
by means of radiation-pressure coupling with a driven
optical cavity [11]. Lately, Nunnenkamp et al. derived
an effective master equation describing two-phonon cool-
ing of the mechanical oscillator and demonstrated how to
achieve mechanical squeezing by driving the cavity with
two beams [12]. Recently, Peterson et al. explored the ra-
diation pressure of light and successfully sideband cooled
a micromechanical membrane resonator to the quantum
back action limit [14]. Among different kinds of cooling
schemes [11–16], the sideband cooling is a common cooling
method where the decay rate of the cavity mode should
be much less than the mechanical frequency. This is a
strict restriction since a high quality factor of the cavity is
needed, or the Stokes heating cannot be well suppressed
and the cooling comes to nothing. Therefore, the strict
restriction is hard to implement in most physical systems
since a perfect cavity is difficult to achieve experimentally.
So it is hard to find a suitable quantum control method
to realize the sideband cooling in most physical systems.
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On the other hand, some significant schemes have been
proposed that it is possible to utilize optomechanical cou-
pling in various applications without cooling the mechan-
ical oscillator to its ground state [44–46]. For example,
Dong et al. experimentally demonstrated an adiabatic
transfer of optical fields between two optical modes of a
silica resonator without cooling the mechanical oscillator
to its ground state [44]. Garg et al. presented a scheme
for the adiabatic transfer of average fluctuations in the
phonon number between two membranes in an optical cav-
ity [45]. Soon after, by invariant-based inverse engineer-
ing [46–51], Chen et al. designed classical driving fields
to transfer quantum fluctuations between two suspended
membranes in an optomechanical cavity system [46]. How-
ever, these previously reported works [44–46] require a cer-
tain initial state or a strict adiabatic condition is satisfied.
These constraints may make it difficult to find a suitable
quantum control method to realize quantum information
processes and obtain a good experimental result.

Thus, whether it is needed to cool the mechanical oscil-
lator to its ground state before we utilize optomechanical
coupling in various applications, some constraints always
hinder the efficiency of quantum information tasks. So it
is important to find a suitable quantum control method in
optomechanics system with a wide range of applications
and few constraints.

In order to solve the problem, various schemes such as
quantum optimal control, quantum Lyapunov control and
Lie group decompositions have been used to design con-
trol laws to drive quantum systems to target states or to
realize some specific operations [36–43, 46, 60–63]. Among
these quantum control schemes [36–43, 46, 60–63], quan-
tum Lyapunov control [40–43, 46, 60–63] plays an impor-
tant role in coherently manipulating quantum systems be-
cause it offers a simple and effective way to design control
fields. A significant advantage of the Lyapunov method is
that the designed control laws would not make the closed-
loop system divergent. In addition, the calculation of con-
trol fields for Lyapunov control is much easier since it does
not need iteration. Another merit of Lyapunov control is
that the shape of control fields is flexible. So the Lya-
punov control method is a flexible and widely applicable
control method.

In quantum Lyapunov control, the function V , called
Lyapunov function of quantum states, is specified to de-
sign time-varying control fields [60–63]. Then, with the
help of control fields, the system converges to the target
state given by V̇ = 0 while V decreases to its minimum
value. Lyapunov control scheme does not need to qual-
ify a particular initial state. Besides, different definitions
of Lyapunov control function may offer different evolu-
tion paths. Thus, manipulating the quantum information
process with Lyapunov control is quite flexible.

In this paper, we present a quantum control scheme
based on Lyapunov control function V = Tr(Pρ) [60] to
manipulate the evolution in the optomechanics system.

(We denote the state of the target resonator by ρ and
P is an Hermitian operator and assumed to be positive
semidefinite in order to satisfy the standard requirement
for a Lyapunov control function, V ≥ 0.) For the sake of
convenience, we call this scheme as Lyapunov-based con-
trol scheme in the rest of paper. In the scheme, different
kinds of quantum information processes can be realized
depending on the different definitions of Lyapunov con-
trol functions V = Tr(Pρ).

Whereafter, we give two applications to verify the va-
lidity of Lyapunov-based control scheme. One is to real-
ize the cooling of mechanical oscillator in linear coupling
(LC) circuit. Different from the previously reported side-
band cooling schemes [16] where the decay rate of the
cavity mode should be much less than the mechanical fre-
quency, the Lyapunov-based control scheme could realize
the cooling of mechanical oscillator in the LC circuit with
relatively loose parameter selection. The other application
is to transfer the quantum fluctuation between two mem-
branes in the cavity optomechanics system. The quantum
fluctuations can be coherently and deterministically trans-
ferred from one mechanical oscillator to the other with
the help of Lyapunov-based control scheme. The evolu-
tion process can start with a random initial state and do
not have to meet the adiabatic condition. This clearly
opens up an avenue of quantum communication between
two truly mesoscopic systems. However, cooling of the res-
onators and the fluctuation transfer between membranes
are just two applications of our control method. There
are many other aspects to which our scheme can be ap-
plied, just like reaching the actual motion of the mechani-
cal membranes [64]. We will give more applications of the
control method in the following work.

Furthermore, in the Lyapunov-based control scheme,
the amplitude of the control fields fn(t) is proportional to
Tn(t) and will still change during the whole evolution pro-
cess. For better practical implementation of the scheme,
we need to manipulate the control fields at each instance of
time and compensate the positive or negative effect caused
by time delay in experiments. Therefore, this kind of am-
plitude may be difficult to control in realistic situations
and errors would be introduced in the complexity regula-
tion because the control fields are a continuous function
of time. Thus, this is a challenging task for practical ap-
plications. To handle this problem, we use the bang–bang
solutions [63] of control fields’ waveform to optimize the
Lyapunov-based control scheme. For convenience, we call
this optimized control scheme as bang–bang-based control
scheme in the rest of paper. Then, we make a numerical
simulation of the fluctuation transfer between two mem-
branes. The simulation shows that it is possible to real-
ize a perfect fluctuation transfer between membranes and
the bang–bang-based control scheme makes the evolution
time significantly reduced, compared with the Lyapunov-
based control scheme. Besides, the optimized design has
the bang–bang type control form which may be easier
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to realize experimentally [65]. Hence, we hope that this
scheme could be a good candidate for the experimental
realization of cooling mechanical oscillator, quantum fluc-
tuations transfer between membranes and other quantum
optomechanics tasks in the near future.

The paper is organized as follows: In Section 2, we first
review the principle of quantum Lyapunov control the-
ory and choose the suitable Lyapunov control function
V = Tr(Pρ) to design the Lyapunov-based control fields.
To prove the effectiveness of the Lyapunov-based control
scheme, two applications are displayed in Section 3 and
Section 4, respectively. That is, in Section 3, we con-
sider a LC circuit to cool a nanomechanical resonator to
its ground state with the help of Lyapunov-based control
scheme. Then, in Section 4, we utilize the Lyapunov-
based control scheme to realize the transfer of quantum
fluctuations between two membranes in a membrane-in-
the-middle (MIM) cavities system. In Section 5, we opti-
mize the Lyapunov-based control scheme with the help of
bang–bang solution for better efficiency and experimental
feasibility. Finally, we summarize the work in Section 6.

2 The quantum Lyapunov control design

In this section, we propose the quantum control scheme
(Lyapunov-based control scheme) based on Lyapunov con-
trol function V [42, 60, 63] in the optomechannics system.
Firstly, we start with a brief introduction of Lyapunov
control function. The definition of quantum Lyapunov
control was proposed in the early 2000s as a good can-
didate for realizing state transfer [40]. Soon after, this
strategy has been widely studied both in theory and ap-
plications because it offers a simple and effective way to
design control fields. Generally, in quantum Lyapunov
control theory, the total Hamiltonian can be written in
two parts, the free Hamiltonian H0 and the external con-
trol Hamiltonian Hc(t) =

∑k
n=1 fn(t)Hn [42, 62]. The

Lyapunov control function V of quantum states is spec-
ified to design time-varying control fields. These corre-
sponding additional control fields should be designed to
ensure V̇ ≤ 0.

However, there are many ways to design control fields to
achieve this goal and designing Lyapunov functions from
some special geometric or physical meanings is a good ap-
proach. Here we consider the following form of Lyapunov
control function V = Tr(Pρ), where P is an Hermitian
operator and assumed to be positive semidefinite in or-
der to satisfy the standard requirement for a Lyapunov
control function, V ≥ 0 [63].

A controlled quantum system can be modeled in dif-
ferent ways, either as a closed system evolving unitarily
governed by a Hamiltonian or as an open system coupling
to its environment. We first consider a closed system and
its dynamics as Markovian. Therefore the dynamics obeys

the Markovian master equation,

ρ̇ = −i[H, ρ],

H = H0 +Hc.
(1)

Before we design the control fields, the time derivative
of V needs to be calculated as [63]

V̇ = Tr(−iP [H0 +

k∑
n=1

fn(t)Hn, ρ])

= Tr(−iρ[P,H0]) +

k∑
n=1

fn(t)Tr(−iρ[P,Hn])

=

m∑
n=1

fn(t)Tn(t),

(2)

where Tn(t) = Tr(−iρ[P,Hn]) is a real function of ρ,Hn,
and P . For simplification, we have used the assumption
that [P,H0] = 0, which can be achieved by constructing P
using the eigenvectors of H0. A simple and conventional
way to design the control fields is to let fn(t) = −KTn

with K > 0. In this case, V̇ (ρ) = −
∑k

n=1 KTn(t)
2 ≤ 0,

so the system converges to the target state ρt given by
V̇ = 0 while V decreases to its minimum value.

After introducing the quantum Lyapunov control the-
ory, we will display two applications of Lyapunov-based
control scheme in the next two sections.

3 The cooling of resonators

The cooling of resonators has become an active research
topic in recent years due to its potential applications
in detecting extremely small displacement and observ-
ing quantum phenomena of macroscopic mechanical ob-
jects [63, 66, 67]. Inspired from the works mentioned
in Refs. [62, 63], we will introduce how to utilize the
Lyapunov-based control scheme to cool a nanomechani-
cal resonator to its ground state in an open system.

3.1 Physical system and the effective Hamiltonian

When studying the cooling of mechanical resonator, it is
not suitable to use the closed system as a cooling environ-
ment. This is not a reasonable consideration because the
losses and dephasing mechanisms and, most importantly,
the flux of energy from the environment to the system
have a great influence on the whole cooling process. For
more reliable discussion, we restrict our discussion to a
N -dimensional open quantum system and consider its dy-
namics as Markovian.

Consider the circuit in Fig. 1, where a nanomechani-
cal resonator capacitively couples with two charge islands
of linear coupling (LC) oscillators, respectively [67]. The
nanomechanical resonator interacts with the circuit with
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movable membranes. In order to find out more intu-
itively where the mechanical resonator is, we use a dot-
ted line around the mechanical resonator to emphasize
it in Fig. 1. Each LC oscillator includes a capacitor
C1(2) and an inductor L1(2). We denote the vibrational
displacement of the nanomechanical mode as x1(2) and
the annihilation operators for the LC oscillators and the
nanomechanical resonators by b1, b2 and a, respectively,
with x1(2) = δx

1(2)
0 (a + a†) and x

1(2)
0 being the quan-

tum displacement of each side. The coupling capacitance
can be expressed as Cx1(x2) = C

1(2)
x0 + C

′

x1(x2)x1(2) where

C
′

x1(x2) =
∂Cx1(x2)

∂x1(2)
. Applying a Lagrangian approach for

quantum circuits, the total Hamiltonian of the resonator
is given by (h̄ = 1) [67]

H = H0 +Hc1 +Hc2,

H0 = ωa†a,

Hc1 =
(PΦ1 + vc1C

′

x1x1)
2

2(C1 + Cg1 + C1
x0 + C

′
x1x1)

+
ϕ2
1

2L1
,

Hc2 =
(PΦ2

+ vc2C
′

x2x2)
2

2(C2 + Cg2 + C2
x0 + C

′
x2x2)

+
ϕ2
2

2L2
,

(3)

where ω is the frequency of nanomechanical resonator,
PΦ is the conjugate momentum of the charge island
which describes the total charge on the island. This
kind of expression is not easy to calculate the effective
Hamiltonian of the system, so we use Ω1(2) to replace
[L1(2)(C1(2)+Cg1(g2)+C

1(2)
x0 )]−1/2 to define the frequency

of the LC oscillator. In this case, the Hamiltonian of
the LC oscillators including the coupling can be rewrit-

Fig. 1 Schematic circuits of a nanomechanical resonator ca-
pacitively linear coupling with a LC oscillator and the res-
onator is indicated as a bar with two contacts. The resonator
interacts with the circuit with a movable membrane. We de-
note the vibrational displacement of the nanomechanical mode
as x and the annihilation operators for the nanomechanical
resonator and LC oscillator by b1 and b2, respectively, with
x = δx0(a+ a†) and x0 being the quantum displacement. The
coupling capacitance can be expressed as Cx = Cx0 + C

′
xx

where C
′
x = ∂Cx

∂x
.

ten as [67]

Hc1 = Ω1b
†
1b1−gr1(a+ a†)b1b

†
1−igl1(a+a†)(b1+b†1),

Hc2 = Ω2b
†
2b2−gr2(a+a†)b2b

†
2−igl2(a+a†)(b2+b†2),

gr1 =
Ω1C

′

x1δx
1
0

2(C1 + Cg1 + C1
x0)

,

gr2 =
Ω2C

′

x2δx
2
0

2(C2 + Cg2 + C2
x0)

,

gl1 = vc1

√
Ω1/2(C1 + Cg1 + C1

x0)(C
′

x1δx
1
0),

gl2 = vc2

√
Ω2/2(C2 + Cg2 + C2

x0)(C
′

x2δx
2
0),

(4)

which includes radiation-pressure-like coupling with the
coupling constant gr1(r2) and Bogoliubov linear coupling
with the coupling constant gl1(l2). When we choose a suit-
able voltage of vc1 = vc2 = 300 mV, the rate of gl/gr ≈ 104

and the radiation-pressure-like coupling can be ignored.
Thus, we can deliver the effective Hamiltonian of the sys-
tem as
H = H0 +Hc(t),

H0 = Ω1b
†
1b1 +Ω2b

†
2b2 + ωa†a,

Hc(t) = gl1(t)(b1 + b†1)(a+ a†)

+ gl2(t)(b2 + b†2)(a+ a†),

(5)

where (b1 + b†1), (b2 + b†2) and (a + a†) are the position
operators of the LC oscillators and the nanomechanical
resonator, respectively. One can modify the coupling rate
gl1(l2)(t) by changing the voltage of the LC circuit [66, 67].

Therefore the dynamics obeys the Markovian master
equation
ρ̇ = −i[H, ρ] + P,

P = κb1 n̄L(b
†
1) + κb1(n̄+ 1)L(b1)

+ κb2 n̄L(b
†
2) + κb2(n̄+ 1)L(b2)

+ κan̄L(a†) + κa(n̄+ 1)L(a),

H = H0 +Hc(t),

L(o) = 2oρo† − o†oρ− ρo†o,

(6)

where κb1 , κb2 and κa are the decay rate of the LC os-
cillators and the nanomechanical resonator, respectively.
Here, n̄ represents the temperature of the thermal bath
coupled to the LC oscillators and the nanomechanical res-
onator.

3.2 Corresponding Lyapunov control function and
control fields

For the sake of convenience, we denote the state of the
target nanomechanical resonator by ρ and use this setting
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Fig. 2 The intensity of control fields versus time for the Lyapunov-based control scheme to cool a nanomechanical resonator
to its ground state. The corresponding parameters are ω = 50 MHz, Ωb1 = 10ω, Ωb2 = 15ω, g1 = g2 = 0.05ω, K = 0.01, n̄ =
1, κb1 = κb2 = κa = 10−5ω. (a) The control function gl1(t) versus time. (b) The control function gl2(t) versus time.

in the rest of paper. Based on the Lyapunov function
V = Tr(Pρ) and the Hamiltonian in Eq. (5) where the free
(internal) Hamiltonian is H0 = Ω1b

†
1b1 + Ω2b

†
2b2 + ωa†a.

Similar to Ref. [63], here we set the Hermitian operator P
as P = a†a, the corresponding Lyapunov control function
is [63]

V (ρ) = Tr(a†aρ) = ⟨na⟩. (7)

In this case, we choose the mean phonon number of the
target nanomechanical resonator as the Lyapunov control
function V , which is non-negative and becomes zero when
the target system is cooled to its ground state. Similar to
the procedure in Section 2, we should calculate the time
derivative of V according to Eqs. (5)–(7),

V̇ = Tr{a†a(−i[H0 +Hc(t), ρ] + P)}

= f1(t)T1(t) + f2(t)T2(t) + Tr(a†aP),

T1(t) = Tr{−iρ[a†a, (b1 + b†1)(a+ a†)]}

= Tr{−iρ(a† − a)(b1 + b†1)},

T2(t) = Tr{−iρ[a†a, (b2 + b†2)(a+ a†)]}

= Tr{−iρ(a† − a)(b2 + b†2)},

(8)

where

Tr(a†aP) = Tr[a†a(κan̄L(a†) + κa(n̄+ 1)L(a)]

= Tr[2κan̄ρaa
† − 2κa(n̄+ 1)ρa†a]

= Tr[2κaρ(n̄− a†a)].

(9)

It is noticed that when we realize the cooling of resonator,
the temperature of the thermal bath n̄ is generally con-
sidered to be higher than the temperature of the target
resonator ⟨a†a⟩. So the term Tr[2κaρ(n̄− a†a)] in Eq. (9)
should be a negative number. Then, we set the time-
dependent coupling strength as f1(2)(t) = −KT1(2)(t)

with K being a positive constant [63]. In this case,
the time derivative of Lyapunov control function V̇ =

Tr{a†a(−i[H0 + Hc(t), ρ] + P)} ≤ 0. Because the time

derivative of Lyapunov control function V is less than or
equal to zero and we choose the mean phonon number
of the target resonator as the Lyapunov control function
V , the phonon number of target resonator will decrease
monotonically. Meanwhile, the target nanomechanical
resonator will be gradually cooled to the ground state.
Next we will use the the Markovian master equation in
Eq. (6) to perform numerical simulation.

3.3 Analysis and numerical simulations

In this subsection, numerical simulation was used to
prove the effectiveness of the cooling of resonators with
Lyapunov-based control scheme. The simulations are per-
formed in the Fock space. For the sake of simplicity,
here we truncate the Fock space of each oscillator up to
15-Fock-states. In order to choose the suitable phonon
number truncation point, we compared the simulations
with 20-Fock-state truncation and the simulations with
15-Fock-state truncation, the improvement of 20-Fock-
state truncation is not significant, so the simulations with
15-Fock-state truncation are reasonable.

Firstly, we assume the target nanomechanical resonator
is initially in a thermal state with average phonon num-
ber ⟨nb1⟩ = 3 and the auxiliary system is prepared in
its ground state. With suitable parameters are chosen
as ω = 50 MHz, Ωb1 = 10ω, Ωb2 = 15ω, g1 = g2 =

0.05ω, K = 0.01, n̄ = 1, κb1 = κb2 = κa = 10−5ω,
the nanomechanical resonator can be rapidly cooled to its
ground state.

The corresponding Lyapunov control fields versus time
are shown in Fig. 2. It is worth noting that to avoid
Tn(t) = 0 at the initial time, we set the control fields gl1(t)
and gl2(t) start with a nonzero small number gl1(0) =

gl2(0) = 0.1ω = 5 MHz. The red and blue solid lines in
Fig. 2 show that the control fields will work during the
evolution and gradually vanish in the end. So the system
will become stable again.

As shown in Fig. 3, the dash blue line represents the
cooling process in a open system. The phonon number
⟨na⟩ of the nanomechanical resonator begins to decrease
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Fig. 3 Phonon number versus time for the Lyapunov-
based control scheme to cool a nanomechanical resonator to
its ground state. The corresponding parameters are ω =
50 MHz, Ωb1 = 10ω, Ωb2 = 15ω, g1 = g2 = 0.05ω, K =
0.01, n̄ = 1, κb1 = κb2 = κa = 10−5ω.

at t = 20 and quickly reduce to ⟨ns⟩ = 0.05 at t = 50.
Comparing the red solid line which represents the cool-
ing process in a closed system and the blue dotted line in
Fig. 3, we find that the decay of the mechanical resonator
and the thermal noise from environment will affect the
cooling process to some extent. However, the cooling of
the mechanical resonator with the Lyapunov-based con-
trol method can still be achieved when we take the open
environment into consideration. The results show that
Lyapunov-based control scheme could be a good candidate
to cool a nanomechanical resonator to its ground state in
current experimental environment.

4 Fluctuation transfer between membranes

In 2010, Tian et al. proposed that high-fidelity conversion
can be realized for states with small photon numbers in
systems with experimentally achievable parameters. The
pulsed conversion process makes it possible to maintain
high conversion fidelity at elevated bath temperatures for
states with small photon numbers and in systems with
experimentally achievable parameters. An optomechani-
cal interface that converts quantum states between opti-
cal fields with different wavelengths opens up a new and
promising avenue for interfacing hybrid quantum systems
and networks [10]. Then, Garg et al. presented a scheme
for the adiabatic transfer of average fluctuations in the
phonon number between two membranes in an optical cav-
ity [45]. Soon after, by invariant-based inverse engineer-
ing, Chen et al. designed classical driving fields to transfer
quantum fluctuations between two suspended membranes
in an optomechanical cavity system [46]. Thus, the ex-
change of the energy fluctuations between two mechanical
systems may pose as a possible quantum communication
protocol. This clearly opens up an avenue of quantum
communication between two truly mesoscopic systems.

Inspired from the previous works [10, 44–46], we pro-
pose a scheme based on Lyapunov control function V to
transfer the energy fluctuations between two membranes.
Different from the reported works [44–46] where a cer-
tain initial state or strict adiabatic condition is needed,
Lyapunov-based control scheme could realize the energy
fluctuations transfer with a random initial state. Besides,
there’s no requirement for the strict adiabatic condition.
So the scheme is much more universal and easier to realize
under the current experimental conditions.

4.1 Physical system and the derivation of effective
linearized Hamiltonian

As shown in Fig. 4, the cavity optomechanical system con-
tains a single-mode cavity of frequency ωc and two sus-
pended membranes. For convenience, we mark the two
suspended membranes as the first and the second mem-
brane, respectively. The decay rate and the frequency of
the two membranes are γm,k and ωm,k (k = 1, 2). Then, a
monochromatic wave Ω is added to drive the modes a. In
this case, the Hamiltonian for the system reads (h̄ = 1)

H = H0 +HI +HD,

H0 = ωca
†a+

∑
k=1,2

ωm,kb
†
kbk,

HI = −g1a
†a(b1 + b†1) + g2a

†a(b2 + b†2),

HD = Ωaeiωlt + H.c..

(10)

In Eq. (10), a is the annihilation operator for the cavity
mode with corresponding frequency ωc, while bk(k = 1, 2)
is the annihilation operator of the mechanical mode with
respective frequency ωm,k, and g1(g2) determines the op-
tomechanical coupling for the first (second) membrane
with cavity mode. In the rotating frame of laser frequency

Fig. 4 Schematic diagram of two membranes inside an opti-
cal cavity. Two membrane oscillators are placed in the middle
of cavity which is driven by a continuous-wave input laser, the
coupling between cavity and membrane is proportional to the
position of the oscillator.
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(∆ = ωc−ωl), the Hamiltonian H takes the following form

H = ∆a†a+Ω(a+ a†) +
∑
k=1,2

ωm,kb
†
kbk

− g1(a
†a)(b1 + b†1) + g2(a

†a)(b2 + b†2).

(11)

In order to study the dynamics of the cavity mode and
the membranes, we use the standard linearization proce-
dure [2], in which one expands all the bosonic operators as
a sum of the average values and the zero-mean fluctuation
as follows: a → α+δa and bk → βk+δbk, where α and βk

are generally complex and denote the steady-state values
of the annihilation operators. Then, an effective Hamilto-
nian for the operator fluctuations (derivation is given in
Appendix C) is given as

Heff = (−g1α
∗δb†1δa+ g2α

∗δb†2δa) + H.c., (12)

where

α =
Ω

−∆′ + iγ/2 . (13)

4.2 Corresponding Lyapunov control function and
control fields

Based on the linearized Hamiltonian of the system
in Eq. (C6) where the free (internal) Hamiltonian is
H0,line = ∆

′
δa†δa +

∑
k=1,2 ωm,kδb

†
kδbk, we utilize the

Lyapunov control function V = Tr(Pρ) to achieve the
fluctuation transfer between membranes. The Hermitian
operator P is chosen as P = δb†2δb2 − δb†1δb1 and the cor-
responding Lyapunov control function is

V (ρ) = Tr(δb†2δb2ρ− δb†1δb1ρ). (14)

Namely, we choose the mean fluctuation excitations from
mode b2 to minus the mean fluctuation excitations from
mode b1 as the Lyapunov control function. In order to
obtain the concrete expression form of effective control
Hamiltonian Hc(t) and design the corresponding control
fields, we calculate the time derivative of V as

V̇ =

k∑
n=1

fn(t)Tn(t),

Tn(t) = Tr{−iρ[δb†2δb2 − δb†1δb1,Hn]},

H1 = −g1α
∗δb†1δa+ H.c.,

H2 = g2α
∗δb†2δa+ H.c.,

T1 = Tr{−iρ(g1α∗δb1δa
† − g1αδb

†
1δa)},

T2 = Tr{−iρ(−g2α
∗δb2δa

† + g2αδb
†
2δa)}.

(15)

When fn(t) is chosen to keep V̇ ≤ 0, the mean fluc-
tuation excitations transfer from mode b1 to mode b2.

After setting the time-dependent coupling strength as
fn(t) = −KTn(t) with K a positive constant, we obtain
the control Hamiltonian Hc(t) as

Hc(t) =

k∑
n=1

fn(t)Hn

=−KT1H1 −KT2H2.

(16)

With control Hamiltonian Hc(t) in Eq. (16), the mean
fluctuation excitations transfer from mode b1 to mode b2
while V decreases to its minimum value.

4.3 Analysis and numerical simulations

In this subsection, we show in details how to transfer fluc-
tuation excitations from mode b1 to mode b2 with the help
of Lyapunov-based control scheme. After linearizing the
Hamiltonian of the system, we only consider the average
quantum fluctuation instead of the actual motion of the
mechanical membranes. Assuming that the decay rates
of the cavity and membranes are much smaller than their
fundamental frequencies such that there is no significant
decay of the photons during the transfer process. (We
verify that the moderate values of decay rates of the sub-
cavity modes and the membranes do not affect the transfer
process much in Appendix A.)

The simulations are performed in the Fock space. For
the sake of simplicity, here we also truncate the Fock space
of each oscillator up to 15-Fock-states and the dissipation
of each resonator is ignored. The reason is similar to that
mentioned in Section 3.

Firstly, we assume the first resonator is initially in a
thermal state with average phonon number ⟨nb1⟩ = 3.35
and the auxiliary system is prepared in its ground state.
For the sake of convenience, we define the final average
excitation fluctuation of the second membrane ⟨δb†2δb2⟩ =
F as the fidelity of the transfer process. For each case,
the control field g(t) starts with a nonzero small number
to avoid fn(t) at the initial time.

With suitable parameters, the Lyapunov-based control
fields versus time are shown in Fig. 5. From Fig. 5 we can
see that with the evolution going on, the control function
f1(t)(f2(t)) gradually decreases and finally disappears at
the end of the evolution. This condition guarantees the
stability of the system because the control fields will van-
ish after a spell of time. Finally, the system is only af-
fected by the original Hamiltonian Heff.

As shown in Fig. 6, we display the evolution of the aver-
age excitation fluctuations of the two membranes by solv-
ing numerically the Langevin equations. The fluctuation
in the first membrane is gradually transferred to the sec-
ond one after we apply the Lyapunov-based control fields
in Eq. (16) to the system. Such a transfer of fluctuations
between two membranes is not perfect because we should
take the effect caused by time delay into consideration.
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Fig. 5 The Lyapunov-based control functions versus time. (a) The control function f1(t) versus time. (b) The control
function f2(t) versus time. The control fields are switched off when b2 mode is equal to 0.99. The corresponding parameters
are ω = 50 MHz, ωm,1 = ωm,2 = ω, ∆

′
= 2ω, g1 = g2 = 0.05ω, K = 0.01, and Ω = 50ω.

4.4 Time delay effect

In this subsection, we should take the non-negligible (pos-
itive or negative) time delay into consideration for better
practical implementation of the scheme. Here we set these
time delays may stem from actuators and electronic de-
vices in the control loop [68].

Consider a cavity optomechanics system with a free evo-
lution Hamiltonian H0,delay and a control Hamiltonian
Hc,delay. For the sake of generality, the free Hamiltonian
H0,delay can be written as

H0,delay =

∞∑
j

δa†δa+

∞∑
j

ωm,jδb
†
jδbj . (17)

Then we choose the target state as the ground state
|ϕ⟩ of H0,delay. The control Hamiltonian Hc,delay is
fully connected, which means for any m and n, we have
⟨ϕn|Hc,delay|ϕm⟩ ̸= 0.

It is obvious that the controlled dynamic is affected by
the delay through the control field f(t − τ) significantly.
In this case, the control problem would be much more
complex and difficult to solve than that without time de-
lay. Thus, we shall use the control fidelity defined by

F = ⟨δb†2b2⟩ to quantify the effect caused by time delay.
After taking the time delay into consideration, the con-
trol fidelity F becomes a function of the delay time τ .
When the delay time τ is small enough to be viewed as
perturbation, the fidelity can be expanded up to the sec-
ond order in τ as F (t, τ) = F (t, τ = 0) + ∂F (t,τ)

∂τ |τ=0 · τ +

1
2
∂2F (t,τ)

∂τ2 |τ=0 ·τ2+ · · · [69]. Here we should notice that the
delay time τ only connects with the control field fn(t), so
we further simplify the function of the control fidelity F

and have ∂F
∂τ = ∂F

∂f
∂f
∂τ and ∂2F

∂τ2 = ∂2F
∂f2

∂f2

∂τ2 . Considering
that ∂F

∂f remains unchanged for the control system regard-
less of the time delay, so we find ∂f

∂τ plays a crucial role
in the time delay effects. With a small time delay τ , the
control field f(t− τ) can be expanded up to second order
in τ2 as f(t − τ) ≈ f(t) − ∂f(t)

∂t τ + 1
2
∂2f(t)
∂t2 τ2. It is ob-

vious that in the presence of time delay, the final control
fidelity depends not only on the delay time, but also on
the initial states. The control fidelity is sensitive to the
time delays so it is quite a challenge to realize the perfect
fluctuation transfer between membranes with Lyapunov-
based control scheme when we take the time delay into
consideration [69].

Fig. 6 (a) The average excitation fluctuations of the first membrane b1 versus time when we use the Lyapunov-based control
scheme. (b) The average excitation fluctuations of the second membrane b2 versus time when we use the Lyapunov-based
control scheme. The corresponding parameters are ω = 50 MHz, ωm,1 = ωm,2 = ω, ∆

′
= 2ω, g1 = g2 = 0.05ω, K = 0.01, and

Ω = 50ω.
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5 Bang–bang solutions of control fields’

waveform

5.1 The bang–bang design of waveform

In the Lyapunov-based control scheme, the amplitude of
the control fields fn(t) is proportional to Tn(t) and will
still change during the whole evolution process. For bet-
ter practical implementation of the scheme, we need to
manipulate the control fields at each instance of time and
compensate the positive or negative effect caused by time
delay in experiments. Therefore, this kind of amplitude
may be difficult to control in realistic situations and errors
would be introduced in the complexity regulation because
the control fields are a continuous function of time. Thus,
this is a challenging task for practical applications. One
solution to this problem is to replace the control field by
a square pulse train called bang–bang control fields.

Bang–bang control is a kind of feedback control method
that switches suddenly between two states. Because of
simplicity or convenience, bang–bang solutions are ubiq-
uitous with applications including atom cooling [70, 71],
transport of trapped-ion qubits [72–74], ground-state
preparation [75], and so on. Besides, this method can
be further extended to solve other problems such as the
simplification of control fields’ waveform. In this case,
the bang–bang control is restricted to switch suddenly be-
tween a lower bound and an upper bound. Therefore, we
try to use the bang–bang solutions to simplify the Lya-
punov control fields and call the optimized fields as op-
timized bang–bang control fields. Similar to Ref. [63],
we consider the following factors about the amplitude of
the control fieldsfn(t): (i) Weak amplitude would lead
to long evolution time. (ii) Strong external control fields
may destroy the approximate condition. (iii) Strong fields
may disturb neighboring quantum systems that we do not
want to be involved in. Based on these factors, we set a
constraint on the strength of each field as Q, and the sim-

plified control fields become [63]

fn(t) =


−Q (Tn(t) > 0),

Q (Tn(t) < 0),

0 (Tn(t) = 0).

(18)

After using the corresponding bang–bang optimization
process in Eq. (18) to modify the Lyapunov control field’s
waveform, the simplified control Hamiltonian Hc(t) be-
comes

Hc(t) =


−QH1 −QH2 (Tn(t) > 0),

QH1 +QH2 (Tn(t) < 0),

0 (Tn(t) = 0).

(19)

This design has the bang–bang type waveform and may be
easy to realize experimentally [69]. The unwilling effect
caused by time delay is successfully eliminated because
there is no need to change the amplitude of the control
fields at each instance of time. Besides, the bang–bang-
based control scheme could maximize the use of energy
because the strength of each field is always at the max
constraint value |Q| during the whole evolution. There-
fore, we cannot help but wonder if the optimized bang–
bang control fields could effectively shorten the time of
evolution. In order to find the answer, we use bang–bang-
based control scheme to realize the fluctuation transfer
between membranes and make a comparison between the
optimized bang–bang control fields and the Lyapunov con-
trol fields in the following numerical simulation.

5.2 Analysis and numerical simulations

In this subsection, we first show in details how to transfer
fluctuation excitations from mode b1 to mode b2 with the
help of bang–bang-based control scheme. Then, in order
to find out whether the bang–bang-based control scheme
has an advantage in terms of evolution rate, we make
a comparison between the transfer effects caused by the
bang–bang-based control scheme and by the Lyapunov-
based control scheme.

Fig. 7 The optimized bang–bang control functions versus time. (a) The control function f1(t) versus time. (b) The control
function f2(t) versus time. The control fields are switched off when b2 mode is equal to 0.99. The corresponding parameters
are ω = 50 MHz, ωm,1 = ωm,2 = ω, ∆

′
= 2ω, g1 = g2 = 0.05ω, K = 0.01, and Ω = 50ω.
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Fig. 8 (a) The average excitation fluctuations of the first membrane b1 versus time when we use the bang–bang-based control
scheme. (b) The average excitation fluctuations of the second membrane b2 versus time when we use the bang–bang-based
control scheme. The corresponding parameters are ω = 50 MHz, ωm,1 = ωm,2 = ω, ∆

′
= 2ω, g1 = g2 = 0.05ω, K = 0.01, and

Ω = 50ω.

Similar to that in Section 4, the simulations are per-
formed in the Fock space. Firstly, we assume the first
resonator b1 is initially in a thermal state with average
phonon number ⟨nb1⟩ = 3.35 and the auxiliary system is
prepared in its ground state. For the sake of convenience,
we define the final average excitation fluctuation of the
second membrane F = ⟨δb†2b2⟩ as the fidelity of the trans-
fer process. For each case, the control field g(t) starts with
a nonzero small number to avoid fn(t) at the initial time.

As shown in Fig. 7, the optimized bang–bang con-
trol fields have the bang–bang waveform with maximum
strength Q = 0.06. (According to Fig. 5, the strength of
each control field is no more than 0.06 so we set the maxi-
mum strength of each field as |Q| = 0.06.) The strength of
each field is always at the max constraint value |Q| = 0.06
during the whole evolution, so the optimized bang–bang
control fields make full use of control fields’ energy and are
easy to realize experimentally. When the final average ex-
citation fluctuation of the second membrane F = ⟨δb†2b2⟩
is larger than 0.99, we turn off the control fields and the
system becomes stable.

After optimizing the control fields, in order to learn
about the fluctuation transfer effect of the bang–bang-
based control scheme, we simulate the evolution of the
average excitation fluctuations of the two membranes by
solving numerically the Langevin equations. As shown in
Fig. 8, complete fluctuation transfer between membranes
can be achieved. The fluctuation in the first membrane is
gradually transferred to the other one after we apply the
bang–bang-based control fields in Eq. (19) to the system.

Noted that when the evolution arrives t = 0.8, the
modes b1 and b2 almost reach 0 and 1, respectively, which
means the process of transfer has basically completed.
There is no need of the further change of f2(t). Mean-
while, when the system is near the target state, the con-
trol fields almost makes no sense to the evolution. So we
can add a judgment statement when we write the code, if
the the mode b2 > 0.99, we turn off the control fields f1(t)
and f2(t) and the fluctuation transfer is obtained.

In the following, in order to demonstrate the advantages
of the bang–bang-based control scheme over the tradi-
tional one, we display the average excitation fluctuations
of the second membrane for these two kinds of control
scheme in Fig. 9.

Figure 9 shows that while the blue dotted line reaches 1,
the red solid line only reaches 0.7. It is obvious that once
we use the bang–bang-based control scheme, the efficiency
of fluctuation transfer has been significantly improved,
compared with the Lyapunov-based control scheme. Be-
cause the bang–bang-based control scheme leads to a
faster decrease of Lyapunov control function V and the
system will evolve to the target state with a faster evo-
lution speed. Besides, the optimized bang–bang control
fields are easy to realize in current experiments without
causing operational errors. So it is seen that the simpli-
fied control fields can be a good candidate for realistic
experimental environment.

Interestingly, when we use the optimized bang–bang
control fields to drive the system, these control fields may
oscillate with very high frequency at the end of evolution.
These oscillations are closely associated with the initial
state, the strength of control fields, and the distance be-

Fig. 9 The evolutions of bang–bang-based control scheme
and Lyapunov-based control scheme. The corresponding pa-
rameters are ω = 50 MHz, ωm,1 = ωm,2 = ω, ∆

′
= 2ω, g1 =

g2 = 0.05ω, K = 0.01, and Ω = 50ω.
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tween the actual and target states. In bang–bang-based
control scheme, fn(t) is designed to take the value Q or
−Q, which makes the state oscillate at almost every step
of simulation. While in Lyapunov-based control scheme,
the control field fn(t) decreases to zero with Tn(t) → 0.
Nevertheless, this problem can be solved by averaging the
control fields over a proper time period and using the re-
shaped fields instead of the oscillating one [63]. By doing
so, the same control fields and results would be obtained.

6 Conclusion

In this paper, we have proposed a quantum control scheme
based on Lyapunov control function V . To demonstrate
the effectiveness of Lyapunov-based control scheme, we
realize the cooling of mechanical oscillator in LC circuit
and successfully transfer the fluctuation between mem-
branes without meeting strict adiabatic conditions or spe-
cific initial state in cavity optomechanics system. The
simulations show that the implementation of Lyapunov-
based control scheme will drive the system gradually to
evolve to the target state with the decrease of Lyapunov
control function V . However, in the Lyapunov-based con-
trol scheme, the amplitude of the control fields fn(t) is
proportional to Tn(t) and will change during the evolu-
tion. To realize such fields in experiments, we need to
manipulate the control fields at each instance of time and
compensate the positive or negative effects caused by time
delay. Therefore, we try to use the bang–bang solutions to
simplify the control fields. Some optimizations are made
on the Lyapunov-based control waveform and the bang–
bang-based control scheme makes Lyapunov control func-
tion V decrease faster. So the evolution time is effectively
reduced. In addition to this, the optimized design of con-
trol fields makes this scheme easier to implement under
current experimental conditions because the unwilling ef-
fect caused by time delay is successfully eliminated. There
is no need to change the amplitude of the control fields at
each instance of time so the errors introduced in the com-
plexity regulation could be reduced.

It is worth emphasizing that the control theory is not
limited to cooling of the resonators and the fluctuation
transfer between membranes, and can also be utilized to
study the actual motion of the mechanical membranes and
other quantum information tasks. Hence, we hope that
the work may open a new avenue of the experimental re-
alization of cooling mechanical oscillator, quantum fluc-
tuations transfer between membranes and other quantum
information tasks in the near future.
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Appendices

A The derivation about the effect of decay

rates of the cavity modes and the
membranes

The Langevin equations for the operator fluctuations can
be obtained as
δȧ = ig1αδb1 − ig2αδb2 − γ/(2δa) +

√
γδain,

δḃ1 = ig1αδa− γm,1/(2δb1) +
√
γm,1δb

in
1 ,

δḃ2 = −ig2αδa− γm,2/(2δb2) +
√
γm,2δb

in
2 .

(A1)

The above equation can be written in a matrix form
as iḞ = MF , where F =

(
δa δb1 δb2

)T and M = −iγ2 g1α −g2α
g1α −iγm,1

2 0
−g2α 0 −iγm,2

2

. We find that the above matrix

M exhibits a zero eigenvalue, in the absence of the decay
terms, with the corresponding eigenmode

ϕD = (g1α)δb2 − (g2α)δb1. (A2)

If we consider the damping terms of our system as a
perturbation, we can obtain the deviation in the eigen-
value �1 from zero, using the first-order perturbation the-
ory. The matrix M can be divided into two parts: one
(Mnodec) without the decay term and the other (Mdecay)
that includes elements involving only the decay rates.
In this case, M = Mnodec + Mdecay, where Mdecay =

−idiag[γ2
γm,1

2
γm,2

2 ].

So the first-order correction of the eigenvalue can be
obtained as

λ
′

1 = ϕT
DMdecayϕD

= −2iγ(g1g2α2)2 − iγm,1

2
(g2α)

2 − iγm,2

2
(g1α)

2,

(A3)

where the zero-eigenvalue eigenmode ϕD is considered in
its matrix form.

Clearly this does not deviate much from the value zero.
This suggests that the moderate values of decay rates of
the subcavity modes and the membranes do not affect the
transfer process much. The transfer is nearly complete in
the presence of the decay of all the modes.

Other important works on undulation transfer also ig-
nore the effect of dissipation because of the small effect of
dissipation on the fluctuation transfer [45, 46].
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B Detecting the fluctuations of the mechanical

membrane

The fluctuation of the mechanical membrane is not easy
to detect because it is quite tiny. However, detecting the
fluctuations of the mechanical membrane is achievable.
Some important work has been proposed or discussed on
how to detect the fluctuations of the mechanical mem-
brane and resonators [76–78].

Vitali et al. showed how stationary entanglement be-
tween an optical cavity field mode and a macroscopic vi-
brating mirror can be generated by means of radiation
pressure [76]. They also showed how the generated op-
tomechanical entanglement can be quantified, and sug-
gested an experimental readout scheme to fully character-
ize the entangled state. They discussed the experimental
detection of the generated optomechanical entanglement.
In order to measure EN at the steady state, one has to
measure all ten independent entries of the correlation ma-
trix V . This has been recently experimentally realized for
the case of two entangled optical modes at the output of
a parametric oscillator. In this case, the measurement of
the field quadratures of the cavity mode can be straightfor-
wardly performed by homodyning the cavity output using
a local oscillator with an appropriate phase. Measuring
the mechanical mode is less straightforward. However,
they considered a second Fabry–Perot cavity C2, adjacent
to the first one and formed by the movable mirror and a
third fixed mirror (see Fig. S1), it is possible to adjust the
parameters of C2 so that both the position and the mo-
mentum of the mirror can be measured by homodyning
the C2 output. By changing the phases of the two local
oscillators and by measuring the correlations between the
two cavity outputs, one can determine all of the entries
of the CM V and from them numerically extract the log-
arithmic negativity EN . Chiara et al. studied a device
formed by a Bose–Einstein condensate (BEC) coupled to
the field of a cavity with a moving end mirror and found a
working point such that the mirror-light entanglement is
reproduced by the BEC-light quantum correlations [78].
This provided an experimentally viable tool for inferring
mirror-light entanglement with only a limited set of as-
sumptions. They proved the existence of tripartite en-
tanglement in the hybrid device, persisting up to temper-
atures of a few milli-Kelvin, and discussed a scheme to
detect it.

From the above works we can see that detecting the
fluctuations of the mechanical membrane is not easy but
achievable.

C Derivation of effective Hamilton in Eq. (14)

Using the above Hamiltonian in Eq. (11) and the input-
output formalism [45, 46], we obtain the following set of

Langevin equations for the relevant operators
ȧ = −(γ/2 + i∆)a+ ig1a(b1 + b†1)− ig2a(b2 + b†2)

−√
γain,

ḃ1 = −(γm,1/2 + iωm,1)b1 + ig1(a†a) +
√
γmbin1 ,

ḃ2 = −(γm,2/2 + iωm,2)b2 − ig2(a†a) +
√
γmbin2 ,

(C1)

where γ is the decay rate of the cavity and γm,k (k = 1, 2)

is the dissipation rate of the kth membrane. The noise
operators ain and bink satisfy

⟨ain(t)a†in(t
′
)⟩ = δ(t− t

′
),

⟨a†in(t)ain(t
′
)⟩ = 0,

⟨bink (t)b†ink (t
′
)⟩ = (n̄th + 1)δ(t− t

′
),

⟨b†ink (t)bink (t
′
)⟩ = (n̄th)δ(t− t

′
),

(C2)

where n̄th = exp[h̄ωm,k/(kBT )]
−1 is the mean thermal

excitation number in the bath, interacting with the me-
chanical oscillator with frequency ωm,k at an equilibrium
temperature T and kB is the Boltzmann constant.

In order to study the dynamics of the cavity mode and
the membranes, we use the standard linearization proce-
dure [2], in which one expands all the bosonic operators as
a sum of the average values and the zero-mean fluctuation
as follows: a → α+δa and bk → βk+δbk, where α and βk

are generally complex and denote the steady-state values
of the annihilation operators. Applying this transforma-
tion to Eq. (C2), we obtain the following equations for the
average value of the operators:

α̇ = −(γ/2 + i∆
′
)α− iΩ,

β̇1 = −(γm,1/2 + iωm,1)β + ig1|α|2,

β̇2 = −(γm,2/2 + iωm,2)β − ig2|α|2,

(C3)

where ∆
′
= ∆ − g1(β1 + β∗

1) + g2(β2 + β∗
2) represents

the modified detuning of the respective cavity mode. The
steady-state solution for α can be found by taking the
time derivatives equal to zero as follows:

α =
Ω

−∆′ + iγ/2 . (C4)

Fig. S1 Schematic description of the proposed experiment,
including the second Fabry–Perot cavity on the right for the
detection of the mechanical motion[76].

32501-12 Yu Wang, et al., Front. Phys. 17(3), 32501 (2022)



Research article

Similarly, the Langevin equations for the fluctuations part
can be obtained using Eq. (C1) as
δȧ = −(γ/2 + i∆

′
)δa− ig1α(δb1 + δb†1)

+ ig2α(δb2 + δb†2) +
√
γδain,

δḃ1 = −(γm,1/2 + iωm,1)δb1 + ig1α(δa+ δa†)

+
√
γm,1δb

in
1 ,

δḃ2 = −(γm,2/2 + iωm,2)δb2 − ig2α(δa+ δa†)

+
√
γm,2δb

in
2 .

(C5)

In order to obtain the linearized Hamiltonian of the sys-
tem, we use the Eq. (C5) to retrodict the linearized Hamil-
tonian Hline

Hline = ∆
′
δa†δa+

∑
k=1,2

ωm,kδb
†
kδbk

− g1(α
∗δa+ αδa†)(δb1 + δb†1)

+ g2(α
∗δa+ αδa†)(δb2 + δb†2).

(C6)

The first line of Hline is the unperturbed part which has
no effect on the evolution, so we make a picture transform
to eliminate the unperturbed part. After performing the
unitary transformation U = exp(−iH0,linet) on Eq. (C6),
where
H0,line = ∆

′
δa†δa+

∑
k=1,2

ωm,kδb
†
kδbk, (C7)

we obtain the Hamiltonian in the interaction picture as
Hi = U†HlineU

= − g1(α
∗δae−i∆

′
t + αδa†ei∆

′
t)

· (δb1e−iωm,1t + δb†1eiωm,1t)

+ g2(α
∗δae−i∆

′
t + αδa†ei∆

′
t)

· (δb2e−iωm,2t + δb†2eiωm,2t).

(C8)

In order to further simplify the physical model, we choose
the laser frequencies in the red sideband region ∆

′
=

ωm,k(k = 1, 2) and consider the weak-coupling condi-
tion [79] ωm,k ≫ |g1α|, |g2α|. The limitations allow us
to take the rotating wave approximation and obtain the
final form of the effective Hamiltonian
Heff =(−g1α

∗δb†1δa+ g2α
∗δb†2δa) + H.c., (C9)

where

α =
Ω

−∆′ + iγ/2 . (C10)
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