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The second law of thermodynamics dictates that heat simultaneously flows from the hot to cold bath
on average. To go beyond this picture, a range of works in the past decade show that, other than the
average dynamical heat flux determined by instantaneous thermal bias, a non-trivial flux contribution
of intrinsic geometric origin is generally present in temporally driven systems. This additional heat
flux provides a free lunch for the pumped heat and could even drive heat against the bias. We review
here the emergence and development of this so called “geometric heat pump”, originating from the
topological geometric phase effect, and cover various quantum and classical transport systems with
different internal dynamics. The generalization from the adiabatic to the non-adiabatic regime and
the application of control theory are also discussed. Then, we briefly discuss the symmetry restriction
on the heat pump effect, such as duality, supersymmetry and time-reversal symmetry. Finally, we
examine open problems concerning the geometric heat pump process and elucidate their prospective
significance in devising thermal machines with high performance.
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1 Introduction

According to the second law of thermodynamics, a system
in steady state generally exhibits a directional flow on av-
erage driven by the thermodynamic bias, incurring an in-
crease of entropy. This statement is universal regardless
of the particular nature that the flow bears. For instance,
particle/heat flows along the descending direction of the
concentration/temperature in the steady state. Relaxing
the restriction on the two-terminal flow direction requires
breaking both the equilibrium and non-equilibrium steady
state (NESS) conditions. This can be readily achieved
by involving the time-dependent parametric driving. The
effect of parametric driving on transport behaviors was
originally unraveled in electron [1] and Brownian particle
systems [2]. In electron pump studies, Coulomb block-
ade effect was found to be an essential ingredient in the
generation of directed current in the adiabatic regime [3].
Independently, the flashing ratchet model was proposed to
study the Brownian motor phenomena [2]. As the driving
process is away from the adiabatic limit by having a fi-
nite frequency, intriguing results can be established, such
as the photon-assisted tunneling [4], the coherent destruc-
tion of tunneling [5], and non-adiabatic pumping [6–8],
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etc. There are also universal restrictions and no-pumping
theorems on the pump effect, regardless of the driving fre-
quency and amplitude [9–11].

In parallel, the profound ideas of geometric phase [12],
also termed Berry phase, brought forth a surge of research
aiming at defining gauge-invariant geometric observables
and elucidating their effect in time-dependent systems,
with Thouless pump [13, 14] being one of the most impor-
tant examples. Thouless formulated the linear response
current integrated along one adiabatic driving period in
a geometric expression, which is topologically quantized
when the system is in a non-trivial zero temperature in-
sulating phase. The Thouless pump can be intuitively
understood as the quantum version of the well known
Archimedes’ pump. While the above geometric pump
research only concerns closed systems with extended di-
mensions, fluctuation of transport properties can be safely
ignored. Later, this paradigm was generalized to cover
open mesoscopic systems in matter/energy exchange with
macroscopic reservoirs. The full characteristics of the fluc-
tuating transport, encoded in the corresponding cumulant
generating function(CGF), can be interpreted as a phase
in the Berry–Sinitsyn–Nemenman sense [15, 16]. In this
way, the total CGF splits into the dynamic and geometric
phase-like parts, in parallel with the argument of Berry
phase. This geometric viewpoint offers a systematic clas-
sification of the pump effect and works as the basis of
further analyses.

The above works mainly concentrate on the geometric
pump effect of charges and particles, without consider-
ing the thermodynamics of these processes. Nowadays,
with the rapidly growing field termed stochastic thermo-
dynamics, it is instrumental to explore the heat transport
properties of mesoscopic/microscopic devices subject to a
temporal driving, as shown in Fig. 1, which pumps heat
from a cold to a hot bath. Although the heat pump ef-
fect has been demonstrated in different systems [17–20],
an overall framework and systematic ways of studying are
indispensable. Inspired by the geometric phase concept,
it was pointed out in a series of research that the driving-
induced heat pump has a universal geometric contribu-
tion [21–23]. The geometric heat pump has been shown
to exist in anharmonic molecular junctions [21], classical
oscillator systems [22], quantum spin-boson systems [23],
etc. Considering the ubiquity of the geometric heat pump,
it is demanding to further unveil the effect of various fac-
tors on its performance. In particular, the crossover of
the system-bath interaction strength from weak to strong
regimes [24] and the driving frequency from adiabatic to
non-adiabatic regimes [25, 26] have been thoroughly stud-
ied. Also, the method developed in the search for shortcut
to adiabaticity [27] and quantum control theory [28] have
been adapted to study the geometric pump effect [29, 30].

In this review, we mainly focus on the geometric heat
pump effect in miscellaneous systems with different micro-
scopic dynamics. In Section 2, we review the theoretical
framework of two-point measurement stochastic thermo-

Fig. 1 A schematic diagram of heat pump. The overall sys-
tem is composed of two heat reservoirs and the middle system.
A time-dependent driving protocol λ(t) is introduced to pump
heat flow from the cold reservoir to the hot reservoir, character-
ized as the temperatures Tc and Th, respectively. The driving
parameter λ(t) is either driven along a continuous contour or
switched periodically between discrete values (A and B). The
middle system can be a two-level system (TLS), a chain, etc.
This figure is inspired by the Archimedes’ screw.

dynamics and the separation of CGF into the dynamic and
geometric parts. In Section 3, we make the general formal-
ism specific by concentrating on the situation of quantum
heat pump. The novel phenomenon of fractionally quan-
tized heat pump is discussed. Also, we discuss the effect of
the system-bath interaction strength on geometric pump.
In Section 4, we review the analogous effect found in clas-
sical systems. In Section 5, we review the non-adiabatic
geometric phase concept and show how the pump effect
is modulated by the driving frequency. The application
of control theory and shortcut methods is discussed. Fur-
thermore, in Section 6, the restriction on the pump effect
by the symmetry arguments, such as duality, supersym-
metry and time-reversal symmetry, is briefly illustrated.
It is generally valid in the non-adiabatic regime, regard-
less of the driving protocol’s detailed time dependence.
Finally, in Section 7, we summarize and try to point out
further open questions. We mention here that, for the
sake of clarity, the reduced Planck constant h̄ and the
Boltzmann constant kB are set to 1 hereafter.

2 General formulation

Whenever considering the mesoscopic dynamics, the noise
with both the quantum and thermal nature is inevitable
to study the transport properties of physical systems.
Based on the well developed subjects termed counting
statistics in both electron [31, 32] and photon [33, 34]
communities, we can ask questions concerning the full
probability distribution of the transported carrier number,
which contains more information beyond linear response
regime [35]. As an example, the full counting statistics
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(FCS) of electrons transported can shed light on the in-
trinsic coherent dynamics [36]. Recently, the FCS tech-
nique has been utilized to study the fluctuating heat/work
in non-equilibrium systems, especially leading to a unified
understanding of fluctuation theorems [37, 38].

To study the FCS of heat transport, the essence is to
assign a measure and the associated heat exchange to ev-
ery possible trajectory [39]. This is transparent in the
classical case, where the phase space trajectory concept
is legitimate. Whereas, in the quantum regime, the tra-
jectory is not well defined because of the uncertainty re-
lations. Also, heat and work are not direct observables
represented by Hermitian operators[40].

Nevertheless, the formalism of two-point measurement
exactly resolves this issue [37, 41, 42]. In this framework,
the work done by the time-dependent driving can be al-
ways well defined as the total energy change of the over-
all system, while the definition of heat seems problem-
atic in the strong coupling regime [43]. The controversy
about the heat definition is settled if we concentrate on
the weak coupling situation, where the heat exchange can
be identified as the change of the reservoir energy. By
introducing two projective measurements on the energy of
reservoirs, we can define the characteristic function of the
transported heat [37]

Z(χ, t) =

∫
dq0 dqteχ(qt−q0)

· trS(
∣∣∣⟨qt|Û(t, 0)|q0⟩

∣∣∣2 ⟨q0|ρ̂0|q0⟩), (1)

where Û(t, 0) is the propagator from time 0 to t, ful-
filling the Schrödinger equation i ∂

∂t Û(t, 0) = Ĥ(t)Û(t, 0)

(Ĥ being the total system Hamiltonian). ρ̂0 is the ini-
tial density matrix. The notation trS represents taking
trace over the middle system’s degrees of freedom. Here,
two measurements on a heat bath are carried out before
and after the temporal evolution from time 0 to time
t. The two-measurement results are denoted as q0 and
qt, which are the transport quantities of prime interest
observed at the initial and final measurements, respec-
tively. |q0⟩ / |qt⟩ is the corresponding energy eigenstate
of the reservoir immediately after the initial/final mea-
surement. In accordance with the quantum measurement
postulate,

∣∣∣⟨qt|Û(t, 0)|q0⟩
∣∣∣2 is the conditional probability

of obtaining qt given the initial q0. This result is generally
valid, but may difficult to calculate directly. For conve-
nient calculations, we make the assumption of the validity
of Born–Markov approximation and the tensor product
form of interactions. Accordingly, by taking the second-
order perturbation with respect to the system-bath cou-
pling strength in the interaction picture and tracing out
the bath variables, the twisted quantum master equation
can be derived. It has a form of Eq. (2) when written in
the Liouville space using super-operators [44]. The main
steps are re-derived in Appendix A. The corresponding
derivation in classical systems is also given in Appendix

B.
The heat transport problem is simplified under the

above coarse-grained assumptions. The quantum and
classical description attains a kind of similarity on this
level. The evolution of distribution is described by the
twisted Fokker–Planck/master equation as

∂

∂t
|ρ(χ, t)⟩ = L̂(χ, t) |ρ(χ, t)⟩ , (2)

where χ is the auxiliary counting field. Vector |ρ(χ, t)⟩ de-
scribes simultaneously the statistics of the reduced middle
system and the transported heat. It relates to the twisted
density matrix in the quantum case and the distribution
function in the classical case. The operator L̂(χ, t) governs
the Markovian stochastic dynamics among different con-
tinuous/discrete states. In the situation with χ = 0 the
equation is reduced to the traditional Fokker–Planck equa-
tion/master equation. The auxiliary parameter χ works
as a convenient tool in obtaining the CGF of the trans-
ported heat. The way in which χ enters the equation
is explicitly introduced in Appendix A for the quantum
case and Appendix B for the classical case. Notably, the
Fokker–Planck and master equation apply to the diffusive
and jump dynamics, respectively [45].

In the temporally driven heat transport systems, the
characteristic function of the accumulated heat is

Z(χ) = ⟨−|
←−
T e

∫ t
0

dt′L̂(χ,t′)|ρ0⟩ , (3)

where ←−T is the time-ordering operator. ⟨−| is the nor-
malized uniform distribution. |ρ0⟩ is the initial state of
the middle system’s reduced density matrix/probability
distribution. An inner product with ⟨−| amounts to mak-
ing a summation/integral in the classical equations and
to taking a trace in the quantum formulations. The cor-
responding CGF is G(χ, t) = lnZ(χ, t). It generates all
the n-th order cumulants of the accumulated transported
heat by taking derivatives

⟨Qn⟩c =
∂nG(χ)

∂χn

∣∣
χ→0

. (4)

The cumulants introduced here are closely connected
to the fluctuating thermal properties measurable in ex-
periments. The first and second order cumulants quan-
tify the mean heat flow ⟨Q⟩c ≡ ⟨Q⟩ and the shot noise〈
Q2

〉
c
≡

〈
Q2

〉
−⟨Q⟩2 in the thermal transport [46], respec-

tively. Here, we denote the n-th cumulants (moments) of
one stochastic variable X by ⟨Xn⟩c (⟨Xn⟩). Recently,
the development of technology enables a direct extraction
of single-shot statistics of the thermodynamic quantities
from the experimental observations [47]. Research along
this line would further compare the theoretical calculation
results concerning the ensemble averages with an average
over a series of identical experimental realizations.

One constructive insight could be gained by observing
that the CGF in driven systems is analogous to the phase
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Fig. 2 The schematic diagram of geometric phase in CGF.
The twisted distribution on the parameter surface λ at initial
time is cyclically evolved into a vector parallel to itself, except
for a non-trivial phase Ggeo(χ, Tp). This phase has a geometric
origin, since it only depends on the path traversed.

accumulated by a quantum mechanical system under pe-
riodic driving [15], as shown schematically in Fig. 2. This
idea originates from the Floquet generalization of Berry
phase [48]. The essence of this reasoning is briefly intro-
duced in the appendix C. Suppose now the distribution
|ρ(χ, t)⟩ = eG(χ,t) |ϕ(χ, t)⟩, where |ϕ(χ, t+ Tp)⟩ = |ϕ(χ, t)⟩
is a cyclic solution of the master equation. The total
CGF after one driving period is G(χ, Tp). If a dual cyclic
bra vector ⟨ϕ̃(χ, t)| satisfying ⟨ϕ̃(χ, t)|ϕ(χ, t)⟩ = 1 exists,
G(χ, Tp) is separated into the dynamical and geometric
contributions G(χ, Tp) = Gdyn + Ggeo. These two CGF’s
are respectively

Gdyn =

∫ Tp

0

dt⟨ϕ̃(χ, t)|L̂(χ, t)|ϕ(χ, t)⟩,

Ggeo = −
∫ Tp

0

dt⟨ϕ̃(χ, t)| ∂
∂t
|ϕ(χ, t)⟩.

(5)

Through a simple variable substitution, the geometric con-
tribution can be equivalently written in a form depending
on the driven parameter contour from λ(0) at time 0 to
λ(Tp) at time Tp:

Ggeo = −
∫ λ(Tp)

λ(0)

⟨ϕ̃(χ, λ)| ∂
∂λ
|ϕ(χ, λ)⟩ · dλ. (6)

Here the vector λ is composed of the set of driven system
parameters. This formula manifests the geometric origin
of this component. The vector A = ⟨ϕ̃(χ,λ)| ∂∂λ |ϕ(χ,λ)⟩
is termed the geometric connection [12, 48]. The Stokes
formula renders the expression Ggeo = −

∫
Ω
F · dΩ, where

F = ∇ ×A is of the geometric nature of curvature, and
the integration is over the parameter surface Ω enveloped
by the parameter contour and Ω is the unit normal vec-
tor on Ω. One can easily check that the geometric phase
contribution of CGF in the cyclic driving condition has a
kind of “gauge”-like invariance, i.e., when performing the

“gauge” transformation

|ϕ′(χ, t)⟩ = ef(χ,t) |ϕ(χ, t)⟩ ,
⟨ϕ̃′(χ, t)| = e−f(χ,t) ⟨ϕ̃(χ, t)| ,

(7)

where f(χ, t) is a single valued periodic function of t.
The general expression of dynamic and geometric CGF,

Eq. (5), works in both adiabatic and non-adiabatic
regimes. And it provides an equal treatment of both quan-
tum and classical systems. Specifically, the dynamical and
geometric parts can be naturally distinguished by their
different scaling behaviors with respect to the driving pe-
riod in the adiabatic regime, in parallel with the Berry
phase [12]. Obviously, the dynamical part is of the same
order as Tp. In contrast, the geometric part is independent
of the length of Tp (also, the driving velocity) as long as
the adiabatic condition is satisfied. This certifies the con-
cept of the geometric heat flux. Also, the geometrically
transported heat has no steady state counterpart, since
the geometric contribution to the CGF is zero when no
driving is applied. Strictly speaking, in the non-adiabatic
regime, the geometric part not only depends the length
of time period, but also the detailed driving protocol, like
the situation in non-adiabatic Aharonov–Anandan (AA)
phase [48]. Nevertheless, the term “geometric” is pre-
served at non-adiabatic cases due to the expression of
curvature. The only difference is that the curvature is
defined on the state space that is locally defined by the
Floquet state, dependent on the traversed driving parame-
ters. When driving is very slow, the Floquet state reduces
to the instantaneous eigenstate that generates the tradi-
tional adiabatic geometric curvature.

For later convenience, we emphasize that although gen-
erally the cyclic bras ⟨ϕ̃(χ, t)| and kets |ϕ(χ, t)⟩ are left for
the treatment of the Floquet method, they can be univer-
sally approximated by the instantaneous steady states if
we are interested in the adiabatic regime. We denote the
steady states by ⟨l0| and |r0⟩ in the following discussion,
with the subscript 0 denoting the steady state. They cor-
respond to the right and left steady state, specified by the
eigenvalue equation L̂ |r0⟩ = E0 |r0⟩ and ⟨l0| L̂ = ⟨l0|E0,
where E0 is the eigenvalue with the largest real compo-
nent.

The above formulation is restricted to the driving with
continuous protocol, which can be also adapted to dis-
crete switching models, in a similar way of Berry phase’s
definition [49]. The geometric CGF induced by the in-
stantaneously switching system parameter from λ(A) to
λ(B) reads

Ggeo = ln ⟨l0(χ, λ(B))|r0(χ, λ(A))⟩ . (8)

Since in open systems the operator L̂ is generally non-
Hermitian, the geometric phase contribution by cycli-
cally switching between A and B is non-trivial: Ggeo =
ln(⟨l0(χ, λ(B))|r0(χ, λ(A))⟩ ⟨l0(χ, λ(A))|r0(χ, λ(B))⟩) ̸=
0. This effect has been utilized in constructing thermal-
electric conversion machine [50].
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We note that the discrete geometric phase effect is
naturally related to the continuous one [49]. By taking
the infinitesimal protocol variation ∆λ = λ(A) − λ(B)
limit and neglecting higher-order terms, |r0(χ, λ(A))⟩ =
|r0(χ, λ(B))⟩+∆λ ∂

∂λ |r0(χ, λ)⟩ |λ=λ(B). The evaluated ge-
ometric phase Ggeo in Eq. (8) is up to first order Ggeo =
∆λ ⟨l0(χ, λ)| ∂∂λr0(χ, λ)⟩ |λ=λ(B). By performing a cyclic
loop integral, we achieve the adiabatic counterpart of the
same form of the geometric CGF given by Eq. (6).

3 Quantum geometric heat pump

The fascinating advancement of nano-technology has been
largely stimulated by the ever-growing desire for more
powerful functional devices. The miniaturization of de-
vices inevitably renders the underlying quantum nature
more pronounced than ever before. The analysis of their
thermodynamics remains a challenging and rewarding
task. The rewards are represented by quantum engines
controlling and harnessing the thermal energy with a high
performance [51–55].

A general twisted quantum master equation given in
Appendix A simultaneously governs the evolution of the
dynamics and the counting statistics of heat transport. It
is valid as long as the relatively weak coupling condition
between the middle system and the baths is assumed. It
works as an efficient technique in describing non-harmonic
transport phenomena, in contrast to the non-equilibrium
Green’s function approach [31]. Recent research on quan-
tum geometric heat pump has considered the molecular
junction system [21], the spin-boson systems [23, 24], and
the optomechanical systems [56] using the twisted mas-
ter equation formalism in various basis. In the paper [56],
the correspondence between the quantum master equation
and a generalized Fokker–Planck equation in the coherent
state basis is utilized.

The quantum master equation in super-operator Liou-
ville space [44] is given by the linear equation Eq. (2). The
operator L̂(χ, t) determines a set of instantaneous eigen-
values and eigenvectors by equations

L̂(χ, λ) |rn(χ, λ)⟩ = En(χ, λ) |rn(χ, λ)⟩ ,
⟨ln(χ, λ)| L̂(χ, λ) = En(χ, λ) ⟨ln(χ, λ)| .

(9)

Here λ is the system parameters implicitly time-
dependent.

The quantum master equation in the energy-level basis
has a simple form if the quantum coherence effect is negli-
gible. This is the effective dynamics in the long time and
weak coupling limit [24]. For a middle system with two
energy levels, this twisted Pauli master equation has the
twisted transition matrix [21]

L̂(χ) =

(
−kL0→1 − kR0→1 kL1→0 + kR1→0eχ
kL0→1 + kR0→1e−χ −kL1→0 − kR1→0

)
, (10)

where the physical meaning is illustrated in Fig. 3. The

subscripts 0 and 1 are the states of the middle system,
while the superscripts R and L are the two transition
channels. If the transition with R happens, the energy
of the middle system is transmitted into or absorbed from
the right reservoir in an energy conserving manner. So the
counting field χ counts the net number of system’s spon-
taneous and stimulated transitions by exchanging energy
quanta with the right reservoir. This gives us an intu-
itive sense of the physical process in full-counting the heat
transport.

The eigenvalues of L̂(χ) can be sorted in the decreas-
ing order of the real part of the corresponding eigenval-
ues. En(χ, t) is the sorted result. The largest eigenvalue
E0(χ, t) gives the dominant CGF in the long-time limit,
according to the large deviation theory [57]. This ac-
counts for the full fluctuation properties of heat transport
in the steady states. ∆E(χ, t) = E0(χ, t)−E1(χ, t) is the
eigenvalue difference of the first two states. Its inverse

1
∆E(χ=0,t) characterizes the time-scale of reaching to the
steady states if the system parameters are fixed to the
value λ(t) at time t. If the time-scale of driving is much
larger than 1

∆E(χ=0,t) , the adiabatic limit of the geometric
heat pump is reached. In this regime, the time-dependent
distribution is equal to the instantaneous steady states at
each time. So the right and left eigenvectors |r0(χ, t)⟩,
⟨l0(χ, t)| define the natural cyclic basis (discussed in Ap-
pendix C). The CGF of pumped heat is separated as

Gdyn =

∫ Tp

0

E0(χ, t) dt,

Ggeo = −
∫ λ(Tp)

λ(0)

⟨l0(χ,λ(t))|
∂

∂λ
|r0(χ,λ(t))⟩ · dλ.

(11)

The geometric part is expressed in a Berry-phase-like
form. It is a line integral of the geometric connection
Aλi

= ⟨l0(χ,λ)| ∂
∂λi
|r0(χ,λ)⟩. Using the Stokes formula,

when involving two parameters this can be identified as
a surface integral of gauge-invariant Berry curvature con-
tribution

Ggeo = −
∫
Ω

dλ1 dλ2Fλ1,λ2 ,

with Fλ1,λ2
=

∂

∂λ1
Aλ2
− ∂

∂λ2
Aλ1

, (12)

where Ω is the surface area encircled by the driving
protocol in the parameter space and the curvature can
be rewritten as Fλ1,λ2 = ⟨ ∂

∂λ1
l0(χ,λ)| ∂

∂λ2
r0(χ,λ)⟩ −

⟨ ∂
∂λ2

l0(χ,λ)| ∂
∂λ1

r0(χ,λ)⟩.
The research [21] first showed that, by modulating tem-

peratures of the two reservoirs TL and TR, a non-trivial
Berry curvature leads to a non-vanishing geometric heat
pump phenomenon, as shown in Fig. 3. Remarkably,
the geometric contribution breaks the typical form of the
steady state fluctuation theorem and encircling the whole
parameter surface gives a novel fractional quantization of
heat pump. Several following studies showed the simi-
lar effect in various quantum systems [23, 24, 56]. One

13201-5 Zi Wang, et al., Front. Phys. 17(1), 13201 (2022)



Topical review

Fig. 3 The geometric heat pump effect in a molecular junc-
tion system. (a) The system setup. The molecule can ex-
change heat with the two baths, via transitions between two
energy levels. The transition rates (k) correspond to differ-
ent possible events. (b) The geometric structure of the open
system on the parameter surface of left and right temperature
values. The colorbar shows the Berry curvature of the local
ground state. A geometric heat pump can be induced by en-
circling a non-trivial region. (c) The time averaged geometric
part of the pumped heat versus the driving frequency. The
linearity verifies its geometric origin. Figures are reproduced
from Ref. [21].

of the most important discoveries along this line is the
unveiling of the role of system-bath coupling strength in
the geometric heat pump [24]. It demonstrated an in-
triguing behavior in the coupling’s modulation effect. As
illustrated in Fig. 4, when there is no Zeeman energy split-
ting in the middle system, the geometric pump effect is
gradually eliminated by increasing the system-bath cou-
pling strength. But in presence of the energy splitting,
Qgeo has the largest absolute values and opposite signs in
the weak and strong coupling limit, while crossing zero in
an intermediate system-bath coupling regime, indicating
a coupling-strength-induced geometric heat flux reversal.
A full discussion of more diverse system parameters’ in-
fluence is useful for future practical experiments and ap-
plications.

Also, the geometric pump effect can be transplanted
into interacting systems with multi-degrees of transport
carriers. As shown in the past research [50], a novel
thermal-electric conversion mechanism can be fueled by
the geometric phase contribution in temporally driven sys-
tems. This work indicates a future profitable application
of the geometry concept to devising energy harvesting ma-
chines.

4 Classical geometric heat pump

The amplitude of the noise depends strongly on the tem-
perature of heat baths. As the temperature is raised to
a point where the thermal noise becomes dominant, the

Fig. 4 The dependence of geometric heat pump effect on
the coupling strength α between the middle system and heat
baths. As reviewed in the main text, the non-equilibrium
polaron-transformed Redfield equation (NE-PTRE) method
is valid in the crossover regime between weak (Redfield) and
strong(NIBA) coupling limits. (a) A sketch of the driven spin-
boson system. (b) When there is no Zeeman energy level split-
ting, the geometric heat pump effect vanishes as increasing the
system-bath coupling strength. (c) When there is a given finite
Zeeman term, the geometric heat pump effect is strong in the
two limits of extremely weak and strong coupling, while the re-
versal of geometric heat pump effect occurs in an intermediate
regime. Figures are reproduced from Ref. [24].

heat conduction process can be well described by a set of
classical equations.

Classical heat transport turns out to be sufficient in
modeling a whole range of systems [58] and quite helpful
in discovering devices with novel functions, like thermal
diode, thermal memory, etc. [51]. In addition to these
steady state studies, it was found that the time-dependent
driving in classical systems can be a convenient way of
heat manipulation [18, 20, 59, 60]. These research works
demonstrated the existence of heat pump effect in simple
models. Notably, a non-zero heat flow can be maintained
by the driving at strict zero temperature bias [20].

In order to study the heat pump phenomenon where
more than one time-dependent parameter are involved,
the concept of classical geometric heat pump was put
forward [22, 61]. Using an analytically solvable classical
model, the non-trivial geometric phase contribution was
explicitly identified. In the coupled overdamped Langevin
oscillator systems depicted in Fig. 5(a), the equation of
motion is [22]

γ1ẋ1 +
∂

∂x1
V (x1, x2) = ξ1,

γ2ẋ2 +
∂

∂x2
V (x1, x2) = ξ2.

(13)

V (x1, x2) =
1
2k(x1 − x2)

2 is the interaction potential be-
tween two oscillators. Following the general method and
notation given in Appendix B, the twisted Fokker–Planck
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Fig. 5 Two platforms of the classical geometric heat pump. (a) A coupled Brownian oscillator system. The geometric pumped
heat per driving time period is independent of the driving frequency in the adiabatic (large Tp) limit, which on the other hand
approaches zero in the fast driving limit Tp → 0. (b) A coupled classical electric circuit system. The geometric pumped heat
shows similar behaviors. Here ∆T is the driving amplitude of time dependent temperatures. Figures are reproduced from
Ref. [22].

equation is of the same form as Eq. (2), with the twisted
Fokker–Planck operator given by

L̂(χ, t) = (
T1
γ1

+
T2
γ2

)
∂2

∂y2
+ k(

1

γ1
+

1

γ2
− 2T1

γ1
χ)y

∂

∂y

+k2(
T1
γ1
χ2− χ

γ1
)y2+k(

1

γ1
+

1

γ2
− T1
γ1
χ), (14)

where the variable y = x1 − x2. Similarly to the
quantum situation in Section 3, the left and right
eigenvectors of L̂(χ, t) provide a natural local ba-
sis of cyclic state in the adiabatic regime. Denote
the eigenvalues, bi-orthogonal left and right eigen-
vectors as En(χ, t), ⟨ln(χ, t)| and |rn(χ, t)⟩ respec-
tively. L̂(χ, t) |rn(χ, t)⟩ = En(χ, t) |rn(χ, t)⟩ and
⟨ln(χ, t)| L̂(χ, t) = En(χ, t) ⟨ln(χ, t)|. n = 0 corresponds
to the non-equilibrium steady state. As such, the geo-
metric and dynamical components of the CGF phase are
respectively

Gdyn =

∫ Tp

0

dtE0(χ, t),

Ggeo = −
∫ Tp

0

dt ⟨l0(χ, t)|
∂

∂t
|r0(χ, t)⟩ .

(15)

Remarkably, the geometric part is independent of the
driving period. It is uniquely determined by the geometric
structure on the parameter space and the traversed con-
tour. This extra contribution does not vanish in the infi-
nite slow driving limit. Similar to the quantum situation,
the modulation of two temperatures produces a non-trivial
geometric pump [22]. If the dynamics of the middle sys-
tem is non-linear, its effective parameters in the effective
harmonic dynamics are temperature-dependent [62]. This
makes the application of the geometric heat pump effect

more versatile. The direct generalization applies to the
noisy RLC circuit [22] and the classical chain system [61].
Studies concerning other classical systems is necessary for
making contact with the current fabrication technology of
thermal devices.

There are also a variety of studies demonstrating the
heat pump effect without realizing the role of geomet-
ric phase effect plays in the process. As we concen-
trate on the geometric heat pump, we merely mention
some of them, with no attempt at a thorough covering.
The stochastic-resonance-like heat pump [20], the passive
phonon pump [17], the heat pump approaching Carnot
efficiency [19], and radiative heat pump effect [63], as
prominent examples, have been proposed and analyzed.
It is foreseeable that the geometric concepts would instill
further insights into these theoretical modeling [64] and
the future experimental design of heat engines.

The length scale of the studied system is also an im-
portant factor. The well studied size effect in stationary
nanophononic systems [51] has its analogy in the driven
heat pump systems. As an example, by changing the sys-
tem size, it is possible to reverse the direction or opti-
mize the magnitude of the pumped heat flow in an an-
harmonic lattice system [20]. As the system size is raised,
the characteristic frequency of its collective dynamics will
decrease. Therefore, for a given driving frequency, the
change of system size will cause the change between adi-
abatic and non-adiabatic regime when comparing to the
changing characteristic frequency.

Also, we would like to point out that the geometric
heat pump effect in classical cases with Langevin baths
is much more like that in quantum cases with the weak
system-bath coupling limit, where driving system-bath
couplings arbitrarily does not produce any non-trivial geo-
metric pump effect [21, 22]. Since the strong system-bath
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coupling in quantum cases modifies the effective spectrum
of heat baths, we speculate that in classical cases the dif-
ferent heat baths with different spectrum will have dif-
ferent impact on the geometric heat pump effect, which
deserves further studies. Moreover, the effect of classical-
to-quantum crossover on the geometric heat pump is also
interesting to study in the future.

5 Non-adiabatic geometric pump effect

The universal adiabatic limit of pumping will be broken
if finite rate driving protocols are allowed. The effect can
be understood as originating from transitions from the
initial (steady, eigen) state to other possible states dur-
ing the driving process. This fact is reminiscent of the
celebrated Fermi golden rule, the Landau–Zener formula,
etc, in conventional quantum mechanics [65]. Due to the
non-adiabatic transitions from the instantaneous steady
state, the non-adiabatic geometric pump effect may be not
solely determined by the geometric structures of the time-
independent parameter space. This can be manifested in
the deviation from the adiabatic behavior. The pumped
quantity is determined by the explicit form of the time
dependence of driving protocols, aside from the contour
of passed parameters [25, 26, 29, 30, 66].

Nevertheless, the separation of pumped heat into the
geometric and dynamical parts is well defined using the
Floquet cyclic state [25, 66]. The details are given in Ap-
pendix C. It is expected that the geometric contribution
is connected to the excess entropy production, which may
be an essential quantifier in non-equilibrium fluctuation-
dissipation theorems [67, 68].

The non-adiabatic geometric formulation is quite ele-
gant, and works as a general framework for all driving
frequencies. But the results generally depend on both the
driving speed and the driving contour in a complicated
way. It lacks an intuitive geometric picture. In addition,
as shown in Fig. 6(d), the geometric part is gradually
diminished in the large frequency (fast driving) regime,
strongly restricting the power of the geometric pump as a
practical way of charge/heat manipulation.

As shown by the recent research, the shortcut to
adiabaticity method based on the control theory can
be adopted in controlling the non-adiabatic geometric
pump [29, 30]. The original shortcut method mainly con-
centrates on achieving a fast and robust generation of
a given state in closed systems [27]. Its guiding prin-
ciple is adding an auxiliary pre-designed time-dependent
Hamiltonian Ĥc(t) to the bare Hamiltonian Ĥ0(t), so as
to smoothly go from an eigenstate of Ĥ0(0) to that of
Ĥ0(t) [69]. In stead of rapidly preparing a final eigenstate
of a certain Hamiltonian, the non-adiabatic control over
the geometric pump robustly enhances the performance of
fast pumping.

Here we briefly review the spirit of these works [29, 30].

We first focus on the near-adiabatic regime, although the
general generalization should be formulated by adopt-
ing the Floquet formalism. The general master/Fokker–
Planck Eq. (2) can be comprehended as an eigenvalue
equation (L̂(t) − ∂

∂t ) |ρ1(t)⟩ = 0. Near adiabatic limit,
the operator − ∂

∂t can be considered as a perturbation.
The zeroth order (no time-dependent driving) solution of
the perturbed equation is the instantaneous steady state
|r0(t)⟩. The adiabatic perturbation theory [70] formulates
the first order correction as |δr0(t)⟩ = L̂−1 |∂tr0(t)⟩, where
L̂−1 is the pseudo-inverse of L̂(t). Therefore, |ρ1(t)⟩ =
|r0(t)⟩ + |δr0(t)⟩. Here, this geometric contribution can
also be related to the adiabatic gauge potential [70].

The non-adiabaticity of the driving induces the de-
viation from this first order approximation, since non-
adiabatic driving L̂(t) generates distribution higher than
the first order approximation valid approximately in the
near adiabatic regime. To eliminate this deviation, an
additional L̂cont(t) can be devised to generate the equiv-
alent distribution as in adiabatic driving. L̂ + L̂cont acts
as a generator of the evolution from time t to t+ δt (δt is
infinitesimal):

[1 + (L̂(t) + L̂cont(t))δt](|r0(t)⟩+ |δr0(t)⟩)

Fig. 6 The non-adiabatic control of geometric pump effect.
(a) The schematic setup of the stochastic pump. The super-
scripts of transition rates imply particle’s entering/leaving the
middle system, while the subscripts denote two transition chan-
nels (left/right). (b) The different components of pumped cur-
rent versus the driving frequency. Jd, the dynamical compo-
nent of pumped heat, is strictly zero in this setup. In this way,
the geometric part Jg would be the only present current. The
adiabatic description Jad fails in the large frequency regime.
(c) Controlling over the geometric pump. The solid line is for
the uncontrolled driving protocol, while the dashed line rep-
resents the situation where the control is adopted. (d) The
performance of non-adiabatic control. The geometric pump is
enormously enhanced in the large frequency regime, by taking
advantage of the control protocol. Figures are reproduced from
Refs. [29, 30].
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= |r0(t+ δt)⟩+ |δr0(t+ δt)⟩ . (16)

The specific form of L̂cont is of no concern here, but it
should be noted that the applied control extends enor-
mously the geometric pump regime, as shown in Fig. 6(d).
As long as the form of |ρ(t)⟩ is preserved, the pumped heat
in one driving period is

Q =

∫ Tp

0

dt(⟨−|Ĵ |r0(t)⟩+ ⟨−|Ĵ L̂−1|∂tr0(t)⟩). (17)

Ĵ is the current operator, which is normally independent
of time. |−⟩ is a uniform distribution. The contribution∫ Tp

0
dt ⟨−|Ĵ L̂−1|∂tr0(t)⟩ =

∫ λTp

λ0
dλ ⟨−|Ĵ L̂−1|∂λr0(λ)⟩ is

independent of the duration of the driving protocol λ(t).
Thus it is of the geometric origin, similar to the general
remarks given in Section 2. The existent studies concern-
ing controls over the geometric pump have only been fo-
cused on the non-adiabatic control over the average cur-
rent, with only the uncontrolled fluctuation of current dis-
cussed numerically [30].

6 Symmetry constraint on non-adiabatic
pump

The non-adiabatic pump regime promises fruitful future
applications, as illustrated by the non-adiabatic control
method. Therefore, a general conclusion valid across
this vast regime would be significantly instructive. Impor-
tantly, general restrictions on stochastic pumps based on
symmetry arguments are proposed [10]. The intertwined
implication of supersymmetry, duality, time-reversal sym-
metry is systematically discussed. Basically speaking, the
duality interchanges the space of states/positions (poten-
tial local minima) and fluxes (potential barriers), and the
time-reversal maps one time-dependent realization into
another with the reversed driving protocol and the re-
versed stochastic trajectory. Meanwhile, the supersym-
metry is a combination of the above two symmetries, as
shown in Fig. 7. Specifically, the master/Fokker–Planck
operator in a stochastic dynamics can be split as the mul-
tiplication of two parts: the current operator Ĵ(χ) and the
divergence operator Q̂(χ). Here χ is the counting param-
eter for the transported quantity forming the stochastic
flow. The action of Ĵ(χ) on a distribution evaluates the
stochastic current flow, while the divergence Q̂(χ) acting
on the current flow leads to the changing rate of probabil-
ity distribution. By identifying L̂(χ) = Q̂(χ)Ĵ(χ) as the
original system, we can obtain the other three derivative
systems, by the transformed operators as shown in Fig. 7,
which are L̂d = Q̂T (χ)ĴT (χ) (duality), L̃d = Ĵ(χ)Q̂(χ)
(supersymmetry), and L̃ = ĴT (χ)Q̂T (χ) (time reversal),
respectively [10].

We note here that, the operator after time-reversal
transformation defined here is closely related to the back-
ward Fokker–Planck/Kolmogorov equation in the diffusive

systems, so called adjoint operator [71]. An additional
similarity transformation could be required in the form of
PstL̃P

−1
st , in order to make the connection with physically

achievable systems as the time-reversal counterpart. Here
Pst is the steady state distribution of the original sys-
tem [39, 72]. This similarity transformation is suppressed
in the schematic Fig. 7 to stay succinct. These symmetry
transformations would provide us a wide range of exact
consequences and convenient analysis. Here we mention
some of the interesting ones.

Consider one potential landscape with a set of local
meta-stable states. The kinetics is basically described by
a set of potential well depth and barrier height. We sketch
the action of symmetries in this example in Fig. 7. If only
the barrier is temporally modulated, there would be no net
pumping current since the distribution keeps unchanged,
as demanded by the unchanged local detailed balance con-
dition. Using a duality mapping between wells and bar-
riers, it is shown that wells are barriers are exchanged so
that the potential landscape is up-side-down. As such, the
sole driving of potential wells is equivalent to the sole driv-
ing of barriers in the dual system, which can not provide
net directional current even though the system is highly
non-equilibrium [10]. Therefore, simultaneous driving of
the wells and barriers is a necessary condition for inducing
non-vanishing net pumping.

In addition, symmetry similarly helps nail down the

Fig. 7 Symmetries in stochastic pump effect. The pumped
systems is described by an operator L̂χ, with the auxiliary
parameter χ playing the role of counting field for the stochas-
tic flow. The operators are composed of the current opera-
tor Ĵχ and the divergence operator Q̂χ (their dependence on
the counting parameter χ suppressed). The symmetry rela-
tions between the four operators are shown. The superscript
d implies applying the duality transformation. The operators
with hat/tilde above are related by the time-reversal symme-
try. The superscript T denotes taking the transposed operator.
Here, the blue potential landscape and the orange current ar-
row schematically illustrate the action of various symmetries
on a pumped Brownian systems. Figures are reproduced from
Ref. [10].
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stochastic distribution properties. If the detailed fluctua-
tion theorem (FT) PF (J)

PB(−J) = eAJ is verified in one system,
it is simultaneously proved that its dual system has the
FT given by Pd

F (J)

Pd
B(−J)

= e−AJ . Here, the subscripts F and
B stands for the forward and backward driving protocols,
and the superscript d represents the duality transforma-
tion. A is the thermodynamic affinity and J is the stochas-
tic flux.

The examples given here illustrate the power and ele-
gance of symmetry arguments, since one theorem leads to
a series of conclusions exactly true, regardless of the driv-
ing details. More related research following this logic in
the future would be fruitful.

7 Conclusions and perspectives

In conclusion, the geometric heat pump effect pervades
a whole range of dissipative open systems, for different
underlying microscopic dynamics. As long as the coarse
grained stochastic Markovian description is guaranteed,
the separation of the pumped heat into the dynamical
and geometric phase components is universally formu-
lated. This theoretical framework has been utilized to
study the molecular junction systems [21], the spin-boson
systems [23, 24], quantum Brownian systems [73], the
coupled chain systems [22, 61], the opto-mechanical sys-
tems [56], etc. In spite of the vast scope of these studies
and the far-reaching possible applications, there are still
some perspective open questions to be addressed in the
future research. Here we list some of them as the end of
this review.

• Searching for more physical platforms
The investigated setups are restricted to the two-
terminal systems, in which there is often only one
kind of carrier of the transported heat. It is possi-
ble that the incorporation of more than two termi-
nals would provide us more bizarre phenomena of
heat pump. One of the questions along this line
is about the non-Hermitian heat pump [74]. How
would the introduction of the gain and loss chan-
nel affect the fluctuation properties of the pumped
heat? Another question to be answered regards the
influence of interaction between multiple degrees of
freedom, like in the hybridized systems [75], ther-
mal radiation systems [63], and multi-component sys-
tems [50]. Also, the geometric heat pump effect in the
strong system-bath coupling regime [43] is an inter-
esting topic. These future studies would help us in
proposing more functional thermal devices realizable
in experiments. The experimental realization of the
geometric heat pump is also a task to be fulfilled in
future studies.

• With thermodynamic uncertainty relation and non-

equilibrium response theory
The geometric contribution can be utilized to con-
struct heat engines [64, 76–78]. The geometric heat
pump process would incur excess entropy produc-
tion [79] and this would leave signature in the power-
efficiency relations [19, 80]. In view of the recently
discovered series of thermodynamic uncertainty rela-
tions (TUR) [81], it would be important in discussing
the restriction on the geometric heat pump exerted
by the TUR. Also important is the connection of the
geometric contribution in driven systems to their non-
equilibrium response theory [68, 79].

• Non-adiabatic control over quantum geometric heat
pump
The non-adiabatic control paradigm has been suc-
cessfully demonstrated in the classical stochastic
pump systems [29, 30]. In the non-adiabatically
driven quantum systems, the effect of quantum co-
herence becomes significant [24]. The application of
non-adiabatic control tools to quantum systems is not
a straightforward task, but it would pay off in its ap-
plication to the advancement of quantum technology.
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Appendices

A The general twisted master equation

The total Hamiltonian of an open system in contact with
two heat baths can be divided into Ĥ = ĤS + ĤL+ ĤR+
ĤSL + ĤSR, where the subscripts S, L and R denote
the middle system, the left bath and the right bath re-
spectively. The interaction part ĤSL + ĤSR has a tensor
product form: ĤSL = â1

⊗
b̂1 and ĤSR = â2

⊗
b̂2. Oper-

ators â’s act on the system and b̂’s act on the baths. This
model describes the heat transport process of a nano-scale
system embedded in macroscopic heat baths. The trans-
ported heat in a given time duration is usually much larger
than the energy of the middle system and its interaction
with heat baths. Under this assumption, the FCS of the
transported heat from the left heat bath to the system
can be well described by the CGF of the change of ĤL.
The two-point measurement technique is well suited in the
calculation [37].
ĤL has a set of eigenvalues and eigenvectors given by

ĤL |n⟩ = En |n⟩. Two measurements of the left bath en-
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ergy are carried out at time 0 and t. The probability of
their being m and n is given by the measurement postulate
of quantum mechanics:

P (n, t;m, 0) = ⟨n|Û(t, 0)|m⟩ ⟨m|ρ̂0|m⟩ ⟨m|Û†(t, 0)|n⟩ ,
(A1)

where ρ̂0 is the initial density matrix evaluated at time 0.
The operator Û(t, 0) is the propagator from time 0 to time
t, with the defining property i ∂

∂t Û(t, 0) = Ĥ(t)Û(t, 0).
The heat entering the interested bath is equal to the en-
ergy difference En − Em. Therefore, the characteristic
function of heat is

Z(χ, t) ≡ ⟨eχ(En−Em)⟩ =
∑
m,n

eχ(En−Em)P (n, t;m, 0)

= tr
{
Ũ(χ, t)ρ̃0Ũ

†(χ, t)
}
, (A2)

where the angle bracket denotes evaluating the average,

Ũ(χ, t) = eχĤL/2Û(t, 0)e−χĤL/2 (A3)

is the twisted propagator, tr{Â} means calculating
the trace of an arbitrary operator Â, and ρ̃0 =∑

m |m⟩ ⟨m|ρ̂0|m⟩ ⟨m| is the initial density matrix pro-
jected along the energy eigenstates of the baths {|m⟩}.
This projection is automatically done if the baths are
initially thermalized, since its density matrix is diag-
onal in the energy basis. We can define ρ̃(χ, t) =
Ũ(χ, t)ρ̃0Ũ

†(χ, t) as the density matrix with auxiliary
counting field in the Schrödinger picture, so that Z(χ, t) =
tr{ρ̃(χ, t)}. Using these elegant definitions, the similarity
between the quantum and classical formulation is man-
ifest. Back to the interaction picture for later conve-
nience, ρ̂I(χ, t) = ei(HS+HL+HR)tρ̃(χ, t)e−i(HS+HL+HR)t is
the twisted density matrix, where the superscript I means
being in the interaction picture.

The twisted Liouville equation for ρ̂I(χ, t) is

∂

∂t
ρ̂I(χ, t) = −i{(ĤI

SR + eχĤ
I
L/2ĤI

SLe−χĤI
L/2)ρ̂I(χ, t)

−ρ̂I(χ, t)(ĤI
SR + e−χĤI

L/2ĤI
SLeχĤ

I
L/2)}.

(A4)

This integro-differential equation can be transformed into
a non-Markovian master equation by firstly using the Born
approximation and then taking trace over the bath vari-
ables. If the weak coupling and large thermalized reservoir
limit are assumed, the total density matrix can be written
in a tensor product form ρ̂I(χ, t) = ρ̂IS(χ, t)

⊗
ρ̂IL

⊗
ρ̂IR.

The density matrices of two reservoirs can be taken to be
of the Gibbs form. Averages ⟨b̂1⟩ = ⟨b̂2⟩ = 0. If additional
time scale separation between the baths and the system
is assumed, the Markovianity is ensured [34]. The twisted
Markovian master equation has the general form:

∂

∂t
ρ̂IS(t) =

∫ ∞

0

dt′{âI2(t− t′)ρ̂IS(t)âI2(t)
〈
b̂I2(t)b̂

I
2(t− t′)

〉
+âI1(t−t′)ρ̂IS(t)âI1(t)

〈
e−χĤL/2b̂I1(t)eχĤL b̂I1(t−t′)e−χĤL/2

〉
+âI2(t)ρ̂

I
S(t)â

I
2(t− t′)

〈
b̂I2(t− t′)b̂I2(t)

〉
+âI1(t)ρ̂

I
S(t)â

I
1(t−t′)

〈
e−χĤL/2b̂I1(t−t′)eχĤL b̂I1(t)e−χĤL/2

〉
− âI2(t)âI2(t− t′)ρ̂IS(t)

〈
b̂I2(t)b̂

I
2(t− t′)

〉
− âI1(t)âI1(t− t′)ρ̂IS(t)

〈
eχĤ

I
L/2b̂I1(t)b̂

I
1(t− t′)e−χĤL/2

〉
− ρ̂IS(t)âI2(t− t′)âI2(t)

〈
b̂I2(t−t′)b̂I2(t)

〉
− ρ̂IS(t)âI1(t−t′)âI1(t)

〈
e−χĤL/2b̂I1(t− t′)b̂I1(t)eχĤL/2

〉
}.

(A5)

The angle brackets denotes taking the ensemble average.
Setting the counting field χ = 0, we can recover the
trace-preserving master equation. Either by going into the
super-operator formalism or by ignoring the coherence ef-
fect and adopting the twisted Pauli master equation, the
twisted master equation can be simplified to

∂

∂t
|ρ(χ, t)⟩ = L̂(χ, t) |ρ(χ, t)⟩ . (A6)

Here the vector |ρ(χ, t)⟩ is the vector representation of the
twisted density matrix. |ρ(χ, t = 0)⟩ |χ=0 is identified with
the vector form of the matrix trLtrR{ρ̃0}, where trLtrR
means tracing over all baths variables. The characteristic
function of the conducted heat is, formally analogous to
the classical case, Z(χ, t) = ⟨−|ρ(χ, t)⟩.

B The general twisted Fokker–Planck
equation

Here we assume the stochastic characteristics of the micro-
scopic dynamics of coupled oscillators. This phenomeno-
logical approach is powerful both in doing numerical cal-
culations and deriving analytical results [39]. Specifically,
the time evolution of the reduced degrees of freedom of
the middle system is described by the following Langevin
equation:

ẋn = pn =
∂H

∂pn
,

ṗn = − ∂H
∂xn

+ (−Γ1p1 + ξ1)δn1 + (−ΓNpN + ξN )δnN ,

(B1)

where H is the Hamiltonian of the middle system. Two
heat baths, acting on the 1st particle and Nth particles of
the middle system respectively, are of the Langevin form,
with the noise being Gaussian and white. ⟨ξi(t)⟩ = 0 and
⟨ξi(t1)ξj(t2)⟩ = 2ΓiTiδijδ(t1−t2). In the above equations,
δij and δ(t1 − t2) are Kronecker delta and Dirac delta
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respectively. The dynamical equations describe an open
classical systems, coupled to the left and right thermal
baths via the 1st and Nth particle respectively, with other
degrees of freedom only directly modulated by the conser-
vative Hamiltonian H. Additionally, the total transported
heat Q1 entering from the left bath into the middle system
accumulates following Q̇1 = p1(−Γ1p1 + ξ1). The defini-
tion of Q̇1 can be understood as the fluctuating power
exerted by the left bath, which is the multiplication of the
velocity and the force [82]. We note that, in the long time
limit, the heat leaving the left bath should be equal to the
that entering the right bath. This is due to the first law of
thermodynamics and the energy of the middle system be-
ing bounded. Also the statistics of Q1 and QN approaches
each other in the long time limit. We no longer discrim-
inate between them and denote them as Q in the follow-
ing discussion. The joint distribution P (x,Q, t) is totally
determined by the initial condition and the generalized
Fokker–Planck equation ∂

∂tP (x, p,Q, t) = L̂0P (x, p,Q, t).
The operator L̂0 can be derived using the method of
stochastic Liouville equation [83]. In our interested classi-
cal system connected to two thermal baths, the operator
L̂0 is

L̂0 = {H, }+
N∑
i=1

(ΓiTi
∂2

∂p2n
+ Γn

∂

∂pn
pn)

+Γ1(T1+p
2
1)

∂

∂Q
+2p1Γ1T1

∂2

∂Q∂p1
+Γ1T1p

2
1

∂2

∂Q2
,

(B2)

where {H, } is the Poisson bracket. The summation is over
the 1st and Nth particles, which are directly connected to
the baths.

By defining ρ(x, p, χ, t) =
∫∞
−∞ dQP (x, p,Q, t)eχQ, the

characteristic function of Q can be written as

Z(χ, t) ≡ ⟨eχQ⟩ =
∫ ∞

−∞
dx dpρ(x, p, χ, t). (B3)

Here, the angle bracket indicates taking the average.
Thus, calculating ρ(x, p, χ, t) is sufficient to derive the
full CGF of transported heat in the given time period.
The twisted Fokker–Planck equation ∂

∂tρ(x, p, χ, t) =

L̂ρ(x, p, χ, t) does exactly this task. L̂ = eχQL̂0e−χQ. For-
mally, it is related to L̂0 via the substitution ∂

∂Q → −χ.
L̂(χ) has the explicit form of

L̂ = {H, }+
N∑
i=1

(
ΓiTi

∂2

∂p2i
+ Γi

∂

∂pi
pi

)
− 2Γ1T1χp1

∂

∂p1
− Γ1T1χ+ Γ1p

2
1χ(χT1 − 1). (B4)

The first part contains the Poisson bracket, generating
the deterministic dynamics of the middle system. The
stochastic influence of the heat baths enters the dynamics
via the latter additional terms.

C Geometric and dynamic phases in Floquet
systems

Consider a linear evolution equation

∂

∂t
|ψ(t)⟩ = L̂ |ψ(t)⟩ , (C1)

where time-dependent L̂(t) changes cyclically in a time pe-
riod Tp under external driving. According to the Floquet
theory, its solution can be written in the form of

|ψ(t)⟩ = eG(t) |ϕ(t)⟩ , (C2)

where |ϕ(t+ Tp)⟩ = |ϕ(t)⟩ is a cyclic state. This
ansatz implies that the Floquet state only accumulates
a phase-like factor G(Tp) [thinking about Eq. (C1) as the
Schrödinger equation in the imaginary time domain] rel-
ative to the initial state when one driving period is ac-
complished. We define a cyclic bra ⟨ϕ̃(t)| with property
∂
∂t ⟨ϕ̃(t)|ϕ(t)⟩ = 0. By differentiating Eq. (C2) with re-
spect to t and taking the inner product of both sides with
⟨ϕ̃(t)|, we arrive at the equation for λ(t)

dG(t)
dt = −

⟨ϕ̃(t)| ∂∂tϕ(t)⟩
⟨ϕ̃|ϕ⟩

+
⟨ϕ̃(t)|L̂(t)|ϕ(t)⟩

⟨ϕ̃|ϕ⟩
. (C3)

Therefore, following the spirit of Aharonov–Anandan
(AA) phase [48], the total phase change across each period
can be split into the dynamic and geometric contributions
G(Tp) = Gdyn +Ggeo with the two contributions given by

Gdyn = (⟨ϕ̃|ϕ⟩)−1

∫ Tp

0

dt⟨ϕ̃(t)|L̂(t)|ϕ(t)⟩,

Ggeo = −(⟨ϕ̃|ϕ⟩)−1

∫ Tp

0

dt⟨ϕ̃(t)| ∂
∂t
|ϕ(t)⟩.

(C4)

References

1. P. W. Brouwer, Scattering approach to parametric pump-
ing, Phys. Rev. B 58(16), R10135 (1998)

2. P. Hänggi and F. Marchesoni, Artificial Brownian motors:
Controlling transport on the nanoscale, Rev. Mod. Phys.
81(1), 387 (2009)

3. I. L. Aleiner and A. V. Andreev, Adiabatic charge pumping
in almost open dots, Phys. Rev. Lett. 81(6), 1286 (1998)

4. T. H. Oosterkamp, L. P. Kouwenhoven, A. E. A. Koolen,
N. C. van der Vaart, and C. J. P. M. Harmans, Photon
sidebands of the ground state and first excited state of a
quantum dot, Phys. Rev. Lett. 78(8), 1536 (1997)

5. F. Grossmann, T. Dittrich, P. Jung, and P. Hänggi, Co-
herent destruction of tunneling, Phys. Rev. Lett. 67(4), 516
(1991)

6. S. Rahav, J. Horowitz, and C. Jarzynski, Directed flow in
nonadiabatic stochastic pumps, Phys. Rev. Lett. 101(14),
140602 (2008)

13201-12 Zi Wang, et al., Front. Phys. 17(1), 13201 (2022)

https://doi.org/10.1103/PhysRevB.58.R10135
https://doi.org/10.1103/PhysRevB.58.R10135
https://doi.org/10.1103/RevModPhys.81.387
https://doi.org/10.1103/RevModPhys.81.387
https://doi.org/10.1103/RevModPhys.81.387
https://doi.org/10.1103/PhysRevLett.81.1286
https://doi.org/10.1103/PhysRevLett.81.1286
https://doi.org/10.1103/PhysRevLett.78.1536
https://doi.org/10.1103/PhysRevLett.78.1536
https://doi.org/10.1103/PhysRevLett.78.1536
https://doi.org/10.1103/PhysRevLett.78.1536
https://doi.org/10.1103/PhysRevLett.67.516
https://doi.org/10.1103/PhysRevLett.67.516
https://doi.org/10.1103/PhysRevLett.67.516
https://doi.org/10.1103/PhysRevLett.101.140602
https://doi.org/10.1103/PhysRevLett.101.140602
https://doi.org/10.1103/PhysRevLett.101.140602


Topical review

7. M. Braun and G. Burkard, Nonadiabatic two-parameter
charge and spin pumping in a quantum dot, Phys. Rev.
Lett. 101(3), 036802 (2008)

8. F. Cavaliere, M. Governale, and J. König, Nonadiabatic
pumping through interacting quantum dots, Phys. Rev.
Lett. 103(13), 136801 (2009)

9. V. Y. Chernyak and N. A. Sinitsyn, Pumping restriction
theorem for stochastic networks, Phys. Rev. Lett. 101(16),
160601 (2008)

10. J. Ren, V. Chernyak, and N. Sinitsyn, Duality and fluctu-
ation relations for statistics of currents on cyclic graphs,
J. Stat. Mech. 2011(05), P05011 (2011)

11. S. Asban and S. Rahav, No-pumping theorem for many
particle stochastic pumps, Phys. Rev. Lett. 112(5), 050601
(2014)

12. M. V. Berry, Quantal phase factors accompanying adia-
batic changes, Proc. Math. Phys. Eng. Sci. 392, 45 (1984)

13. D. J. Thouless, Quantization of particle transport, Phys.
Rev. B 27(10), 6083 (1983)

14. S. Nakajima, T. Tomita, S. Taie, T. Ichinose, H. Ozawa,
L. Wang, M. Troyer, and Y. Takahashi, Topological Thou-
less pumping of ultracold fermions, Nat. Phys. 12(4), 296
(2016)

15. N. A. Sinitsyn and I. Nemenman, Universal geometric the-
ory of mesoscopic stochastic pumps and reversible ratchets,
Phys. Rev. Lett. 99(22), 220408 (2007)

16. N. Sinitsyn, The stochastic pump effect and geometric
phases in dissipative and stochastic systems, J. Phys. A
Math. Theor. 42(19), 193001 (2009)

17. C. Chamon, E. R. Mucciolo, L. Arrachea, and R. B. Capaz,
Heat pumping in nanomechanical systems, Phys. Rev. Lett.
106(13), 135504 (2011)

18. R. Marathe, A. M. Jayannavar, and A. Dhar, Two simple
models of classical heat pumps, Phys. Rev. E 75(3), 030103
(2007)

19. D. Segal, Stochastic pumping of heat: Approaching the
Carnot efficiency, Phys. Rev. Lett. 101(26), 260601 (2008)

20. J. Ren and B. Li, Emergence and control of heat current
from strict zero thermal bias, Phys. Rev. E 81(2), 021111
(2010)

21. J. Ren, P. Hänggi, and B. Li, Berry-phase-induced heat
pumping and its impact on the fluctuation theorem, Phys.
Rev. Lett. 104(17), 170601 (2010)

22. J. Ren, S. Liu, and B. Li, Geometric heat flux for classical
thermal transport in interacting open systems, Phys. Rev.
Lett. 108(21), 210603 (2012)

23. T. Chen, X. B. Wang, and J. Ren, Dynamic control of
quantum geometric heat flux in a nonequilibrium spin-
boson model, Phys. Rev. B 87(14), 144303 (2013)

24. C. Wang, J. Ren, and J. Cao, Unifying quantum heat
transfer in a nonequilibrium spin-boson model with full
counting statistics, Phys. Rev. A 95(2), 023610 (2017)

25. J. Ohkubo, The stochastic pump current and the non-
adiabatic geometrical phase, J. Stat. Mech. 2008(02),
P02011 (2008)

26. C. Uchiyama, Nonadiabatic effect on the quantum heat
flux control, Phys. Rev. E 89(5), 052108 (2014)

27. D. Guéry-Odelin, A. Ruschhaupt, A. Kiely, E. Tor-
rontegui, S. Martínez-Garaot, and J. G. Muga, Shortcuts
to adiabaticity: Concepts, methods, and applications, Rev.
Mod. Phys. 91(4), 045001 (2019)

28. D. d’Alessandro, Introduction to Quantum Control and
Dynamics, CRC Press, 2007

29. K. Funo, N. Lambert, F. Nori, and C. Flindt, Shortcuts
to adiabatic pumping in classical stochastic systems, Phys.
Rev. Lett. 124(15), 150603 (2020)

30. K. Takahashi, K. Fujii, Y. Hino, and H. Hayakawa, Nona-
diabatic control of geometric pumping, Phys. Rev. Lett.
124(15), 150602 (2020)

31. A. Kamenev, Field Theory of Non-Equilibrium Systems,
Cambridge University Press, 2011

32. L. S. Levitov and G. B. Lesovik, Charge distribution in
quantum shot noise, JETP Lett. 58, 230 (1993)

33. P. L. Kelley and W. H. Kleiner, Theory of electromagnetic
field measurement and photoelectron counting, Phys. Rev.
136(2A), A316 (1964)

34. C. W. Gardiner and P. Zoller, Quantum Noise: A
Handbook of Markovian and Non-Markovian Quantum
Stochastic Methods with Applications to Quantum Op-
tics, Springer Science & Business Media, 2004

35. D. Andrieux and P. Gaspard, A fluctuation theorem
for currents and non-linear response coefficients, J. Stat.
Mech. 2007(02), P02006 (2007)

36. P. Stegmann, J. König, and S. Weiss, Coherent dynamics
in stochastic systems revealed by full counting statistics,
Phys. Rev. B 98(3), 035409 (2018)

37. M. Esposito, U. Harbola, and S. Mukamel, Nonequilibrium
fluctuations, fluctuation theorems, and counting statistics
in quantum systems, Rev. Mod. Phys. 81(4), 1665 (2009)

38. M. Campisi, P. Hänggi, and P. Talkner, Quantum fluctu-
ation relations: Foundations and applications, Rev. Mod.
Phys. 83(3), 771 (2011)

39. R. J. Harris and G. M. Schütz, Fluctuation theorems
for stochastic dynamics, J. Stat. Mech. 2007(07), P07020
(2007)

40. P. Talkner, E. Lutz, and P. Hänggi, Fluctuation theorems:
Work is not an observable, Phys. Rev. E 75(5), 050102
(2007)

41. W. De Roeck and C. Maes, Quantum version of free-
energy–irreversible-work relations, Phys. Rev. E 69(2),
026115 (2004)

42. M. Esposito and S. Mukamel, Fluctuation theorems for
quantum master equations, Phys. Rev. E 73(4), 046129
(2006)

43. P. Talkner and P. Hänggi, Statistical mechanics and ther-
modynamics at strong coupling: Quantum and classical,
Rev. Mod. Phys. 92(4), 041002 (2020)

44. M. Silaev, T. T. Heikkilä, and P. Virtanen, Lindblad-
equation approach for the full counting statistics of work
and heat in driven quantum systems, Phys. Rev. E 90(2),
022103 (2014)

45. C. W. Gardiner, et al., Handbook of Stochastic Methods,
Vol. 3, Springer Berlin, 1985

13201-13 Zi Wang, et al., Front. Phys. 17(1), 13201 (2022)

https://doi.org/10.1103/PhysRevLett.101.036802
https://doi.org/10.1103/PhysRevLett.101.036802
https://doi.org/10.1103/PhysRevLett.101.036802
https://doi.org/10.1103/PhysRevLett.103.136801
https://doi.org/10.1103/PhysRevLett.103.136801
https://doi.org/10.1103/PhysRevLett.103.136801
https://doi.org/10.1103/PhysRevLett.101.160601
https://doi.org/10.1103/PhysRevLett.101.160601
https://doi.org/10.1103/PhysRevLett.101.160601
https://doi.org/10.1088/1742-5468/2011/05/P05011
https://doi.org/10.1088/1742-5468/2011/05/P05011
https://doi.org/10.1088/1742-5468/2011/05/P05011
https://doi.org/10.1103/PhysRevLett.112.050601
https://doi.org/10.1103/PhysRevLett.112.050601
https://doi.org/10.1103/PhysRevLett.112.050601
https://doi.org/10.1098/rspa.1984.0023 
https://doi.org/10.1098/rspa.1984.0023 
https://doi.org/10.1103/PhysRevB.27.6083
https://doi.org/10.1103/PhysRevB.27.6083
https://doi.org/10.1038/nphys3622
https://doi.org/10.1038/nphys3622
https://doi.org/10.1038/nphys3622
https://doi.org/10.1038/nphys3622
https://doi.org/10.1103/PhysRevLett.99.220408
https://doi.org/10.1103/PhysRevLett.99.220408
https://doi.org/10.1103/PhysRevLett.99.220408
https://doi.org/10.1088/1751-8113/42/19/193001
https://doi.org/10.1088/1751-8113/42/19/193001
https://doi.org/10.1088/1751-8113/42/19/193001
https://doi.org/10.1103/PhysRevLett.106.135504
https://doi.org/10.1103/PhysRevLett.106.135504
https://doi.org/10.1103/PhysRevLett.106.135504
https://doi.org/10.1103/PhysRevE.75.030103
https://doi.org/10.1103/PhysRevE.75.030103
https://doi.org/10.1103/PhysRevE.75.030103
https://doi.org/10.1103/PhysRevLett.101.260601
https://doi.org/10.1103/PhysRevLett.101.260601
https://doi.org/10.1103/PhysRevE.81.021111
https://doi.org/10.1103/PhysRevE.81.021111
https://doi.org/10.1103/PhysRevE.81.021111
https://doi.org/10.1103/PhysRevLett.104.170601
https://doi.org/10.1103/PhysRevLett.104.170601
https://doi.org/10.1103/PhysRevLett.104.170601
https://doi.org/10.1103/PhysRevLett.108.210603
https://doi.org/10.1103/PhysRevLett.108.210603
https://doi.org/10.1103/PhysRevLett.108.210603
https://doi.org/10.1103/PhysRevB.87.144303
https://doi.org/10.1103/PhysRevB.87.144303
https://doi.org/10.1103/PhysRevB.87.144303
https://doi.org/10.1103/PhysRevA.95.023610
https://doi.org/10.1103/PhysRevA.95.023610
https://doi.org/10.1103/PhysRevA.95.023610
https://doi.org/10.1088/1742-5468/2008/02/P02011
https://doi.org/10.1088/1742-5468/2008/02/P02011
https://doi.org/10.1088/1742-5468/2008/02/P02011
https://doi.org/10.1103/PhysRevE.89.052108
https://doi.org/10.1103/PhysRevE.89.052108
https://doi.org/10.1103/RevModPhys.91.045001
https://doi.org/10.1103/RevModPhys.91.045001
https://doi.org/10.1103/RevModPhys.91.045001
https://doi.org/10.1103/RevModPhys.91.045001
https://doi.org/10.1103/PhysRevLett.124.150603
https://doi.org/10.1103/PhysRevLett.124.150603
https://doi.org/10.1103/PhysRevLett.124.150603
https://doi.org/10.1103/PhysRevLett.124.150602
https://doi.org/10.1103/PhysRevLett.124.150602
https://doi.org/10.1103/PhysRevLett.124.150602
http://www.jetpletters.ac.ru/ps/1186/article_17907.pdf 
http://www.jetpletters.ac.ru/ps/1186/article_17907.pdf 
https://doi.org/10.1103/PhysRev.136.A316
https://doi.org/10.1103/PhysRev.136.A316
https://doi.org/10.1103/PhysRev.136.A316
https://doi.org/10.1088/1742-5468/2007/02/P02006
https://doi.org/10.1088/1742-5468/2007/02/P02006
https://doi.org/10.1088/1742-5468/2007/02/P02006
https://doi.org/10.1103/PhysRevB.98.035409
https://doi.org/10.1103/PhysRevB.98.035409
https://doi.org/10.1103/PhysRevB.98.035409
https://doi.org/10.1103/RevModPhys.81.1665
https://doi.org/10.1103/RevModPhys.81.1665
https://doi.org/10.1103/RevModPhys.81.1665
https://doi.org/10.1103/RevModPhys.83.771
https://doi.org/10.1103/RevModPhys.83.771
https://doi.org/10.1103/RevModPhys.83.771
https://doi.org/10.1088/1742-5468/2007/07/P07020
https://doi.org/10.1088/1742-5468/2007/07/P07020
https://doi.org/10.1088/1742-5468/2007/07/P07020
https://doi.org/10.1103/PhysRevE.75.050102
https://doi.org/10.1103/PhysRevE.75.050102
https://doi.org/10.1103/PhysRevE.75.050102
https://doi.org/10.1103/PhysRevE.69.026115
https://doi.org/10.1103/PhysRevE.69.026115
https://doi.org/10.1103/PhysRevE.69.026115
https://doi.org/10.1103/PhysRevE.73.046129
https://doi.org/10.1103/PhysRevE.73.046129
https://doi.org/10.1103/PhysRevE.73.046129
https://doi.org/10.1103/RevModPhys.92.041002
https://doi.org/10.1103/RevModPhys.92.041002
https://doi.org/10.1103/RevModPhys.92.041002
https://doi.org/10.1103/PhysRevE.90.022103
https://doi.org/10.1103/PhysRevE.90.022103
https://doi.org/10.1103/PhysRevE.90.022103
https://doi.org/10.1103/PhysRevE.90.022103


Topical review

46. S. Larocque, E. Pinsolle, C. Lupien, and B. Reulet, Shot
noise of a temperature-biased tunnel junction, Phys. Rev.
Lett. 125(10), 106801 (2020)

47. O. Maillet, P. A. Erdman, V. Cavina, B. Bhandari, E. T.
Mannila, J. T. Peltonen, A. Mari, F. Taddei, C. Jarzyn-
ski, V. Giovannetti, and J. P. Pekola, Optimal probabilis-
tic work extraction beyond the free energy difference with
a single-electron device, Phys. Rev. Lett. 122(15), 150604
(2019)

48. Y. Aharonov and J. Anandan, Phase change during a
cyclic quantum evolution, Phys. Rev. Lett. 58(16), 1593
(1987)

49. R. Resta, The insulating state of matter: A geometrical
theory, Eur. Phys. J. B 79(2), 121 (2011)

50. J. Ren, The third way of thermal-electric conversion be-
yond Seebeck and pyroelectric effects, arXiv: 1402.3645
(2014)

51. N. Li, J. Ren, L. Wang, G. Zhang, P. Hänggi, and B. Li,
Phononics: Manipulating heat flow with electronic analogs
and beyond, Rev. Mod. Phys. 84(3), 1045 (2012)

52. M. Josefsson, A. Svilans, A. M. Burke, E. A. Hoffmann,
S. Fahlvik, C. Thelander, M. Leijnse, and H. Linke, A
quantum-dot heat engine operating close to the thermo-
dynamic efficiency limits, Nat. Nanotechnol. 13(10), 920
(2018)

53. S. Seah, S. Nimmrichter, and V. Scarani, Maxwell’s lesser
demon: A quantum engine driven by pointer measure-
ments, Phys. Rev. Lett. 124(10), 100603 (2020)

54. P. Abiuso and M. Perarnau-Llobet, Optimal cycles for low-
dissipation heat engines, Phys. Rev. Lett. 124(11), 110606
(2020)

55. A. Marcos-Vicioso, C. Löpez-Jurado, M. Ruiz-Garcia, and
R. Sánchez, Thermal rectification with interacting elec-
tronic channels: Exploiting degeneracy, quantum super-
positions, and interference, Phys. Rev. B 98(3), 035414
(2018)

56. W. Nie, G. Li, X. Li, A. Chen, Y. Lan, and S. Y. Zhu,
Berry-phase-like effect of thermo-phonon transport in op-
tomechanics, Phys. Rev. A 102(4), 043512 (2020)

57. H. Touchette, The large deviation approach to statistical
mechanics, Phys. Rep. 478(1–3), 1 (2009)

58. A. Dhar, Heat transport in low-dimensional systems, Adv.
Phys. 57(5), 457 (2008)

59. D. Torrent, O. Poncelet, and J. C. Batsale, Nonrecipro-
cal thermal material by spatiotemporal modulation, Phys.
Rev. Lett. 120(12), 125501 (2018)

60. D. Segal and A. Nitzan, Molecular heat pump, Phys. Rev.
E 73(2), 026109 (2006)

61. L. Arrachea, E. R. Mucciolo, C. Chamon, and R. B. Capaz,
Microscopic model of a phononic refrigerator, Phys. Rev.
B 86(12), 125424 (2012)

62. N. Li and B. Li, Temperature dependence of thermal con-
ductivity in 1D nonlinear lattices, EPL 78(3), 34001 (2007)

63. H. Li, L. J. Fernández-Alcázar, F. Ellis, B. Shapiro, and
T. Kottos, Adiabatic thermal radiation pumps for thermal
photonics, Phys. Rev. Lett. 123(16), 165901 (2019)

64. B. Bhandari, P. T. Alonso, F. Taddei, F. von Oppen, R.
Fazio, and L. Arrachea, Geometric properties of adiabatic
quantum thermal machines, Phys. Rev. B 102(15), 155407
(2020)

65. L. D. Landau and E. M. Lifshitz, Quantum Mechanics:
Non-relativistic Theory, Vol. 3, Elsevier, 2013

66. J. Ohkubo and T. Eggel, Noncyclic and nonadiabatic ge-
ometric phase for counting statistics, J. Phys. A Math.
Theor. 43(42), 425001 (2010)

67. T. Harada and S. I. Sasa, Equality connecting energy dissi-
pation with a violation of the fluctuation-response relation,
Phys. Rev. Lett. 95(13), 130602 (2005)

68. E. Lippiello, M. Baiesi, and A. Sarracino, Nonequilib-
rium fluctuation-dissipation theorem and heat production,
Phys. Rev. Lett. 112(14), 140602 (2014)

69. A. del Campo, Shortcuts to adiabaticity by counterdia-
batic driving, Phys. Rev. Lett. 111(10), 100502 (2013)

70. M. Kolodrubetz, D. Sels, P. Mehta, and A. Polkovnikov,
Geometry and non-adiabatic response in quantum and
classical systems, Phys. Rep. 697, 1 (2017)

71. H. Risken, in: The Fokker–Planck Equation, Springer,
1996

72. J. Kurchan, Fluctuation theorem for stochastic dynamics,
J. Phys. Math. Gen. 31(16), 3719 (1998)

73. M. Carrega, P. Solinas, A. Braggio, M. Sassetti, and U.
Weiss, Functional integral approach to time-dependent
heat exchange in open quantum systems: General method
and applications, New J. Phys. 17(4), 045030 (2015)

74. H. Xu, D. Mason, L. Jiang, and J. G. E. Harris, Topo-
logical energy transfer in an optomechanical system with
exceptional points, Nature 537(7618), 80 (2016)

75. C. Wang, L. Q. Wang, and J. Ren, Managing quantum
heat transfer in a nonequilibrium qubit-phonon hybrid sys-
tem with coherent phonon states, Chin. Phys. Lett. 38(1),
010501 (2021)

76. S. K. Giri and H. P. Goswami, Geometric phase-like effects
in a quantum heat engine, Phys. Rev. E 96(5), 052129
(2017)

77. Y. Hino and H. Hayakawa, Geometrical Formulation of
Adiabatic Pumping as a Heat Engine, Phys. Rev. Research
3(1), 013187 (2021)

78. K. Brandner and K. Saito, Thermodynamic geometry of
microscopic heat engines, Phys. Rev. Lett. 124(4), 040602
(2020)

79. T. Sagawa and H. Hayakawa, Geometrical expression of
excess entropy production, Phys. Rev. E 84(5), 051110
(2011)

80. N. Shiraishi, K. Saito, and H. Tasaki, Universal trade-
off relation between power and efficiency for heat engines,
Phys. Rev. Lett. 117(19), 190601 (2016)

81. J. M. Horowitz and T. R. Gingrich, Thermodynamic un-
certainty relations constrain non-equilibrium fluctuations,
Nat. Phys. 16(1), 15 (2020)

82. K. Sekimoto, Microscopic heat from the energetics of
stochastic phenomena, Phys. Rev. E 76(6), 060103 (2007)

83. R. Kubo, M. Toda, and N. Hashitsume, Statistical Physics
II: Nonequilibrium Statistical Mechanics, Vol. 31, Springer
Science & Business Media, 2012

13201-14 Zi Wang, et al., Front. Phys. 17(1), 13201 (2022)

https://doi.org/10.1103/PhysRevLett.125.106801
https://doi.org/10.1103/PhysRevLett.125.106801
https://doi.org/10.1103/PhysRevLett.125.106801
https://doi.org/10.1103/PhysRevLett.122.150604
https://doi.org/10.1103/PhysRevLett.122.150604
https://doi.org/10.1103/PhysRevLett.122.150604
https://doi.org/10.1103/PhysRevLett.122.150604
https://doi.org/10.1103/PhysRevLett.122.150604
https://doi.org/10.1103/PhysRevLett.122.150604
https://doi.org/10.1103/PhysRevLett.58.1593
https://doi.org/10.1103/PhysRevLett.58.1593
https://doi.org/10.1103/PhysRevLett.58.1593
https://doi.org/10.1140/epjb/e2010-10874-4
https://doi.org/10.1140/epjb/e2010-10874-4
https://doi.org/10.2172/1120714.
https://doi.org/10.2172/1120714.
https://doi.org/10.2172/1120714.
https://doi.org/10.1103/RevModPhys.84.1045
https://doi.org/10.1103/RevModPhys.84.1045
https://doi.org/10.1103/RevModPhys.84.1045
https://doi.org/10.1038/s41565-018-0200-5
https://doi.org/10.1038/s41565-018-0200-5
https://doi.org/10.1038/s41565-018-0200-5
https://doi.org/10.1038/s41565-018-0200-5
https://doi.org/10.1038/s41565-018-0200-5
https://doi.org/10.1103/PhysRevLett.124.100603
https://doi.org/10.1103/PhysRevLett.124.100603
https://doi.org/10.1103/PhysRevLett.124.100603
https://doi.org/10.1103/PhysRevLett.124.110606
https://doi.org/10.1103/PhysRevLett.124.110606
https://doi.org/10.1103/PhysRevLett.124.110606
https://doi.org/10.1103/PhysRevB.98.035414
https://doi.org/10.1103/PhysRevB.98.035414
https://doi.org/10.1103/PhysRevB.98.035414
https://doi.org/10.1103/PhysRevB.98.035414
https://doi.org/10.1103/PhysRevB.98.035414
https://doi.org/10.1103/PhysRevA.102.043512
https://doi.org/10.1103/PhysRevA.102.043512
https://doi.org/10.1103/PhysRevA.102.043512
https://doi.org/10.1016/j.physrep.2009.05.002
https://doi.org/10.1016/j.physrep.2009.05.002
https://doi.org/10.1080/00018730802538522
https://doi.org/10.1080/00018730802538522
https://doi.org/10.1103/PhysRevLett.120.125501
https://doi.org/10.1103/PhysRevLett.120.125501
https://doi.org/10.1103/PhysRevLett.120.125501
https://doi.org/10.1103/PhysRevE.73.026109
https://doi.org/10.1103/PhysRevE.73.026109
https://doi.org/10.1103/PhysRevB.86.125424
https://doi.org/10.1103/PhysRevB.86.125424
https://doi.org/10.1103/PhysRevB.86.125424
https://doi.org/10.1209/0295-5075/78/34001
https://doi.org/10.1209/0295-5075/78/34001
https://doi.org/10.1103/PhysRevLett.123.165901
https://doi.org/10.1103/PhysRevLett.123.165901
https://doi.org/10.1103/PhysRevLett.123.165901
https://doi.org/10.1103/PhysRevB.102.155407
https://doi.org/10.1103/PhysRevB.102.155407
https://doi.org/10.1103/PhysRevB.102.155407
https://doi.org/10.1103/PhysRevB.102.155407
https://doi.org/10.1088/1751-8113/43/42/425001
https://doi.org/10.1088/1751-8113/43/42/425001
https://doi.org/10.1088/1751-8113/43/42/425001
https://doi.org/10.1103/PhysRevLett.95.130602
https://doi.org/10.1103/PhysRevLett.95.130602
https://doi.org/10.1103/PhysRevLett.95.130602
https://doi.org/10.1103/PhysRevLett.112.140602
https://doi.org/10.1103/PhysRevLett.112.140602
https://doi.org/10.1103/PhysRevLett.112.140602
https://doi.org/10.1103/PhysRevLett.111.100502
https://doi.org/10.1103/PhysRevLett.111.100502
https://doi.org/10.1016/j.physrep.2017.07.001
https://doi.org/10.1016/j.physrep.2017.07.001
https://doi.org/10.1016/j.physrep.2017.07.001
https://doi.org/10.1088/0305-4470/31/16/003
https://doi.org/10.1088/0305-4470/31/16/003
https://doi.org/10.1088/1367-2630/17/4/045030
https://doi.org/10.1088/1367-2630/17/4/045030
https://doi.org/10.1088/1367-2630/17/4/045030
https://doi.org/10.1088/1367-2630/17/4/045030
https://doi.org/10.1038/nature18604
https://doi.org/10.1038/nature18604
https://doi.org/10.1038/nature18604
https://doi.org/10.1088/0256-307X/38/1/010501
https://doi.org/10.1088/0256-307X/38/1/010501
https://doi.org/10.1088/0256-307X/38/1/010501
https://doi.org/10.1088/0256-307X/38/1/010501
https://doi.org/10.1103/PhysRevE.96.052129
https://doi.org/10.1103/PhysRevE.96.052129
https://doi.org/10.1103/PhysRevE.96.052129
https://doi.org/10.1103/PhysRevResearch.3.013187
https://doi.org/10.1103/PhysRevResearch.3.013187
https://doi.org/10.1103/PhysRevResearch.3.013187
https://doi.org/10.1103/PhysRevLett.124.040602
https://doi.org/10.1103/PhysRevLett.124.040602
https://doi.org/10.1103/PhysRevLett.124.040602
https://doi.org/10.1103/PhysRevE.84.051110
https://doi.org/10.1103/PhysRevE.84.051110
https://doi.org/10.1103/PhysRevE.84.051110
https://doi.org/10.1103/PhysRevLett.117.190601
https://doi.org/10.1103/PhysRevLett.117.190601
https://doi.org/10.1103/PhysRevLett.117.190601
https://doi.org/10.1038/s41567-019-0702-6
https://doi.org/10.1038/s41567-019-0702-6
https://doi.org/10.1038/s41567-019-0702-6
https://doi.org/10.1103/PhysRevE.76.060103
https://doi.org/10.1103/PhysRevE.76.060103

	Introduction
	General formulation
	Quantum geometric heat pump
	Classical geometric heat pump
	Non-adiabatic geometric pump effect
	Symmetry constraint on non-adiabatic pump
	Conclusions and perspectives
	The general twisted master equation
	The general twisted Fokker–Planck equation
	Geometric and dynamic phases in Floquet systems
	References

