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Asymmetric conductivity of the Kondo effect in cold atomic systems
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Motivated by recent theoretical and experimental advances in quantum simulations using alkaline earth
(AE) atoms, we put forward a proposal to detect the Kondo physics in a cold atomic system. It has
been demonstrated that the intrinsic spin-exchange interaction in AE atoms can be significantly en-
hanced near a confinement-induced resonance (CIR), which facilitates the simulation of Kondo physics.
Since the Kondo effect appears only for antiferromagnetic coupling, we find that the conductivity of
such system exhibits an asymmetry across a resonance of spin-exchange interaction. The asymmetric
conductivity can serve as the smoking gun evidence for Kondo physics in the cold atom context. When
an extra magnetic field ramps up, the spin-exchange process near Fermi surface is suppressed by Zee-
man energy and the conductivity becomes more and more symmetric. Our results can be verified in
the current experimental setup.
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1 Introduction

In past decades, cold atom physics have achieved a plenty
of remarkable triumphs on quantum simulation, including
fermionic pairing, Bose and Fermi Hubbard model, topo-
logical phase and topological transition, etc. [1–6]. Mean-
while, thanks to the high controllability of cold atom,
lots of new universal physics have been unveiled apart
from that established in the condensed matter counter-
part, such as BCS–BEC crossover and quench dynam-
ics [7–13]. As a result, cold atom system has become an
ideal platform to discover new physics even in the well-
established model, such as the Kondo model [14–29].

Kondo effect refers to the anomalous increase of resis-
tivity below a particular temperature (Kondo tempera-
ture) in a metal with magnetic impurities. In this sys-
tem, a spatially localized magnetic impurity is embed-
ded in a cloud of electronic gas, and the spins of impu-
rity and itinerant electrons can be exchanged via colli-
sion. According to the poor man scaling scenario [30], in
the low-temperature regime, the lower is the temperature,
the stronger is the effective antiferromagnetic spin interac-
tion, which favors the Kondo effect. However, for the fer-
romagnetic spin interaction, the situation is significantly
different and the Kondo effect does not exist. A pioneer-
ing work by Kondo [31] discovered that the third-order
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perturbation is crucial for the understanding of Kondo ef-
fect. Specifically, the third-order perturbation shows that
the resistivity is logarithmically dependent on the temper-
ature below Kondo temperature, which has become the
hallmark of the Kondo effect.

In order to simulate the Kondo model in cold atom sys-
tem, several requirements have to be satisfied. First of
all, two species atoms should have very different ac polar-
ization. Hence, one of them can be spatially localized by
a deep optical lattice playing the role of impurity while
the other one retains its mobility. Secondly, there has to
be a spin-exchange interaction between the impurity and
itinerant atoms. At last, if the spin-exchange interaction
is weak, the Kondo temperature will be orders of magni-
tude lower than the Fermi temperature, which is hardly
achievable in current cold atom experiment. For this rea-
son, the spin-exchange interaction should be significantly
strong so as to enhance the Kondo temperature.

Alkaline-earth (AE) atom features the coexistence of a
stable ground state 1S0 (labeled as |g⟩) and a meta-stable
clock state 3P0 (labeled as |e⟩) which can be defined as
the orbit degree of freedom. The ac polarization for these
two orbital states is generally different except for the laser
with a magic wavelength [32, 33]. In the presence of a
particular laser, the |e⟩-atom can be spatially localized
while the |g⟩-atoms are freely moving. Thereupon, the
|e⟩-atom plays the role of impurity and the |g⟩-atoms play
the role of the itinerant majority. Furthermore, the nu-
clear spin of the fermionic AE atom is nonzero and it
has been demonstrated that there is an intrinsic spin-
exchange interaction between the ground state and the
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clock state [34–37]. To one’s delight, both theoretical and
experimental works have verified that the spin-exchange
interaction can be resonantly enhanced by a confinement-
induced resonance(CIR) [24, 38–40]. On these accounts,
cold AE atoms system has become the most promising
platform to explore the Kondo physics [41].

Up to now, the problem demanding an urgent solution
is how to detect the Kondo effect in cold atoms if it was
realized. The prevailing wisdom for detecting the Kondo
effect in magnetic metal is to measure the resistivity of the
itinerant electrons with various temperature [42]. How-
ever, it is difficult to perform such a measurement in cold
atom experiment. In this manuscript, we addressed this
problem by studying the transport properties of one di-
mensional Kondo model with a tunable coupling strength.
Our results show that the conductivity of itinerant atoms
exhibits an obvious asymmetry with respect to the loca-
tion of a resonance of spin exchange interaction, which can
serve as a smoking gun for Kondo effect in this system.
When an extra magnetic field is ramped up, the conduc-
tivity becomes more symmetric, since the possibility of
spin exchange process near Fermi surface is suppressed by
the Zeeman energy.

2 Conductivity of one-dimensional Kondo
model

Inspired by recent experiments [38], we start with the one
dimensional Kondo system schematized in Fig. 1, which
can be described by a 1D Hamiltonian Ĥ1D = Ĥ0 + Ĥint
with

Ĥ0 =
∑

k,σ=↑,↓

ϵk ĉ
†
k,σ ĉk,σ, (1)

Ĥint =
J1
Ns

∑
k,k′

Ŝ · ŝkk′ +
J2
Ns

∑
k,k′,σ=↑,↓

nimpn̂kk′σ. (2)

where the dispersion of the itinerant atoms reads ϵk =
−2t cos(ka) with t denoting the hopping strength of itin-
erant atoms, a is the lattice constant, J1 and J2 are cou-
pling parameters which can be tuned in current experi-
ment, Ns denotes the site number, Ŝ and ŝkk′ denote the
spin operator for impurities and itinerant atoms respec-
tively (ŝ+kk′ = ĉ†k↑ĉk′↓ and ŝ−kk′ = ĉ†k↓ĉk′↑), nimp is the
impurity concentration, and n̂kk′σ = ĉ†kσ ĉk′σ is the itin-
erant atoms density. Here, we would like to point out
that different from the original Kondo model, there is a
density-density interaction described by the second term
in Eq. (2). The expected phase diagram for this system
should be more rich.

Utilizing the Kubo formula, one can straightforwardly
obtain the direct conductivity of the itinerant atoms. In
the dilute impurity limit, it can be expressed as [43]

lim
nimp→0

σ =
2

m2

∫ dp
2π

p2τ(p)

[
−∂nF (ϵp)

∂ϵp

]
, (3)

Fig. 1 Illustration of the spin-exchange interaction between
impurities and itinerant atoms. For instance, in 173Yb Fermi
gas, blue and red ball denote the ground state 1S0 and clock
state 3P0 atom, respectively. The arrows associated with
atoms are two of the N components of nuclear spin. (a) Both
1S0 and 3P0 state atoms are simultaneously trapped by magic
wavelength laser (MWL) in the transverse direction. Shined
by an orbit-dependent laser (ODL) in the axial direction, 3P0

state atoms experience a deep lattice, and hence are spatially
localized, while 1S0 state atoms feel a much shallower lattice
and still keep its mobility. (b) The nuclear spin of these two
states can be exchanged via collision.

where m denotes the atomic mass, nF (ϵp) is the Fermi
distribution, and the relaxation τ(p) is defined as following

1

τ(p)
= 2πnimp

∫ dp′

2π
|Tpp′ |2δ(ϵp − ϵp′)

(
1− p · p′

p2

)
(4)

with |Tpp′ | denoting the determinant of the scattering T -
matrix element between the Fermi sea of the itinerant
atoms and the localized impurity atom. The energy con-
servation is manifested by the presence of δ-function. We
would like to emphasis that ∂nF (ϵp)/∂ϵp factor in Eq. (3)
indicates only these itinerant atoms near the Fermi surface
contribute significantly to conductivity.

It is known that for a many-body system, the exact T -
matrix is generally formidable. However, if the qualitative
behavior of the conductivity is concerned, one can use the
prevailing perturbation theory to calculate the T -matrix
elements in Eq. (4). In our calculation, we assume that
the itinerant atoms are half-filling and only consider the
scattering between the impurity atom and the itinerant
atoms near the Fermi surface. A straightforward calcula-
tion gives the first-order of T -matrix elements as follows:

⟨p, ↑|T |p′, ↑⟩(1) =
J1
Ns

Sz +
J2
Ns

, (5a)

⟨p, ↓|T |p′, ↓⟩(1) = − J1
Ns

Sz +
J2
Ns

, (5b)

⟨p, ↑|T |p′, ↓⟩(1) =
J1
Ns

S−, (5c)

⟨p, ↓|T |p′, ↑⟩(1) =
J1
Ns

S+. (5d)

One can see that the leading order of |Tpp′ |2 ∝ J2
1 , J

2
2 ,

hence is independent on the sign of J1. It makes sense
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Fig. 2 Two typical second-order contributions to the T -
matrix. S+ and S− are spin operators for impurities.
(a) Contribution by extracting a particle from the Fermi sea.
A spin up incident atom with momentum k interacts with an
impurity by exchanging spin, thus it becomes spin down with
momentum q. And then it interacts with the same impurity
by exchanging spin again, at last it keeps spin up and emit
with momentum k′. (b) Contribution by occupying a hole in
the Fermi sea. A spin up atom with momentum k′ and a spin
down with momentum q hole are created, and this atom emit.
Then a spin up incident atom with momentum k annihilate
with this hole.

because one has to resort to the third order perturbation
to manifest the Kondo effect. If the density-density inter-
action is turned off, i.e., J2 = 0, Eq. (5) will recover the
results given by the original Kondo model.

Compared to the first-order T -matrix, the derivation of
second-order T -matrix is much more involved. In Fig. 2,
we show two typical scattering processes which contribute
to the second-order T -matrix elements. It should be no-
ticed that when the magnetic field is present, the de-
generacy of the itinerant atoms with different spin will
be lifted by the Zeeman energy. Here we adopt ϵk↑ =
−2t cos(ka) + h and ϵk↓ = −2t cos(ka) − h to distinguish
dispersions of itinerant atoms with h being the Zeeman
energy. Since only scattering taking place near the Fermi
surface contributes to the T -matrix, it is reasonable to
perform the approximation of k = k′ ≈ kF with k and
k′ denote the incident and outing momentum of itiner-
ant atom and kF is the Fermi momentum. By setting
the zero energy as the Fermi energy, one can straightfor-
wardly obtain the contributions of processes illustrated in
Fig. 2(a),(b), which can be explicitly expressed as

J2
1

N2
s

∑
q

S+S− nF (ϵq,↓)

ϵp + iδ − ϵq,↓
, (6a)

J2
1

N2
s

∑
q

S−S+ 1− nF (ϵq,↓)

ϵp + iδ − ϵq,↓
, (6b)

respectively. Summing up all of the possible contributions
and using the relations that S−S+ = 1/2 − Sz, S+S− =
1/2 + Sz, S−Sz = S−/2, SzS− = −S−/2, S+Sz =

S+/2, SzS+ = S+/2, one finally obtains the second-order
T -matrix elements:

⟨k, ↑|T |k′, ↑⟩(2) =Sz [g↓(ϵp) + Szδn(ϵp)] , (7a)
⟨k, ↓|T |k′, ↓⟩(2) =Sz [g↑(ϵp) + Szδn(ϵp)] , (7b)

⟨k, ↑|T |k′, ↓⟩(2) =S−
[
g↑(ϵp) + g↓(ϵp)

2

]
, (7c)

⟨k, ↓|T |k′, ↑⟩(2) =S+

[
g↑(ϵp) + g↓(ϵp)

2

]
. (7d)

where I denotes the 2 × 2 identity matrix. g↑(↓)(ϵp) and
δn(ϵp) are defined as

g↑(↓)(ϵp) ≡
J2
1

N2
s

∑
q

2nF (ϵq,↑(↓))

ϵp + iδ − ϵq,↑(↓)
, (8)

δn(ϵp) ≡
J2
1

N2
s

∑
q

nF (ϵq,↑)− nF (ϵq,↓)

ϵp + iδ , (9)

respectively. Here, we would like to point out that since
only the states near Fermi surface contribute to the con-
ductivity, and the itinerant atoms are half-filling, the con-
tribution of all the terms containing

∑
q(ε+ iδ−ϵq,↑(↓))

−1

has been ignored in our derivation. Collecting Eq. (7) and
Eq. (5) together and substituting them into Eq. (4), one
can obtain the conductivity of the itinerant atom which
can be the measured quantity under current experiment
condition.

3 Asymmetry of the conductivity

Due to spin-exchange interaction, the resistivity of mag-
netic metal is logT -dependent in the low-temperature
regime. While, the phonon excitation leads to a T 5-
dependence in the high-temperature regime, As a result,
the resistivity takes its minimum at the Kondo temper-
ature [42]. The conventional wisdom for detecting the
Kondo effect in condensed matter counterpart is to mea-
sure the temperature dependency of the resistivity. How-
ever, it is difficult to perform such a measurement in cold
atom system. First of all, since there is no phonon ex-
citation in the optical lattice, the T 5-dependency of con-
ductivity is absent in cold atom system. On the other
hand, the available temperature window of Kondo effect
in cold atoms is not clear yet. In the present manuscript,
we propose that the Kondo effect can be manifested by
the asymmetric conductivity of the itinerant atoms across
a resonance of the spin-exchange interaction.

Kondo effect only takes place in the antiferromagnetic
regime. In this regime, as the temperature decreases the
effective spin-exchange interaction becomes stronger and
stronger. The spin of the impurity will be screened by
itinerant atomic cloud, which leads to an enhancement of
the itinerant atom scattering. Hence, the conductivity can
be significantly suppressed. This picture, interestingly,
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Fig. 3 (a) Conductivity of itinerant atoms across a res-
onance of the coupling strength with nimp = 5 × 10−4n,
kBT = 0.2t and h = 0. When the spin-exchange interac-
tion is turned off (J1 = 0), the conductivity across non-spin-
exchange resonance is symmetric as shown by the blue solid
curve. When the non-spin-exchange interaction is turned off
(J2 = 0), the conductivity across the spin-exchange resonance
exhibits an obvious asymmetry. The suppression of conduc-
tivity in the antiferromagnetic regime is due to the Kondo ef-
fect. The perturbation theory is not applicable to the gray re-
gion. (b) The asymmetry σ+/σ− as function of the reciprocal
coupling strength t/|J1|. The asymmetry is quite prominent
(σ+/σ− ≪ 1) near the resonance and eventually disappear
(σ+/σ− → 1) when the spin-exchange interaction is too weak.

will be distorted in the ferromagnetic regime where the
Kondo effect does not exist. Hence there is no suppression
for the conductivity anymore. In cold atoms, one can
take the advantage of scattering resonance technique to
adiabatically drive the system from ferromagnetic regime
to antiferromagnetic regime. The expected conductivity
should be asymmetric with respect to the location of the
resonance as long as the temperature is lower than the
Kondo temperature.

In Fig. 3, we present the conductivity of the itinerant
atoms across a resonance of spin-exchange interaction. As
a benchmark, we firstly turn off the spin-exchange inter-
action (J1 = 0) and only keep the non-spin-exchange in-

teraction (J2 ̸= 0). In such a case, there is no Kondo effect
and the conductivity is symmetric with respect to the lo-
cation of the non-spin-exchange interaction resonance as
shown by the blue solid curve in Fig. 3(a). However, if
the spin-exchange interaction is turned on (J1 ̸= 0), the
Kondo effect will appear in the antiferromagnetic regime.
Our results show that in such case the conductivity ex-
hibits an explicit asymmetry. Compared to that in the
ferromagnetic regime (J1 < 0), conductivity in the anti-
ferromagnetic regime (J1 > 0) is strongly suppressed. The
underlying reason for such phenomenon is that the term
proportional to J3

1 plays an essential role in the Kondo ef-
fect. In other words, the sign of the spin-exchange interac-
tion can lead to a significant difference of conductivity for
the same interaction strength |J1|. We would like to point
out that the perturbation theory is valid in the regime of
|t/J1,2| > 1, so our results are reliable in this regime. Nev-
ertheless, at the resonance point t/J1,2 → 0, our results
are reasonable as well, since the impurity is impenetrable
in the Tonks–Girardeau gas limit, which means that the
conductivity should decay to zero.

The asymmetry of the conductivity can be quanti-
fied by the ratio of σ+/σ−, where σ+ ≡ σ(|J1|) and
σ+ ≡ σ(−|J1|) symbolize the conductivity in the anti-
ferromagnetic and ferromagnetic regime. In Fig. 3(b),
we present the σ+/σ− as function of t/|J1|. It is clear
that near the resonance, the asymmetric is very promi-
nent, σ+/σ− ≪ 1. While when |J1| becomes smaller and
smaller, σ+/σ− → 1, which means the symmetric conduc-
tivity restores eventually.

In currents experiments, near a confinement-induced
resonance, both J1 and J2 are enhanced significantly. We
would like to point out that, up to the second order per-
turbation of scattering matrix, the overlap of scattering
matrix between two scattering channels is zero, as a re-
sult of the traceless property of Pauli matrices, which is
shown in Eq. (7). Therefore, when the coupling, J1 and
J2, are both nonzero, the resistance is the summation of
the resistances generated solely by J1 and by J2. Because
of the asymmetric resistance by J1, the total resistance is
still asymmetry.

We apply an extra magnetic field to demonstrate that
the asymmetry of conductivity results from spin exchange
interaction. As shown in Fig. 4, the symmetry of con-
ductivity restores gradually when the Zeeman energy in-
creases. In the presence of a magnetic field, the itinerant
atom is partially polarized. In other words, the density-
of-state near Fermi sea for one of the spin components
decreases dramatically. As a consequence, the possibility
for the spin-exchange is suppressed, which is detrimental
to the Kondo effect. If the magnetic field is so strong that
the itinerant atoms are totally polarized, there will be no
spin-exchange process and the Kondo effect will disappear.
Hence the conductivity becomes symmetric as shown by
the black dash-dot curve in Fig. 4. In our calculation, we
set J2 = 0 for simplicity.
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Fig. 4 The conductivity of itinerant atoms near a resonance
with magnetic field. In the presence of a magnetic field, the
possibility of spin-exchange process is suppressed by the Zee-
man energy, which is detrimental to the Kondo effect. Thus,
the symmetry of the conductivity restores as the magnetic field
ramps up. In our calculation, we set J2 = 0 for simplicity and
the parameters of nimp = 5× 10−4n, kBT = 0.2t are adopted.

We would like to point out that in the presence of the
repulsive interaction between itinerant atoms, the effect
coupling strength may also flow to the strong antiferro-
magnetic coupling regime even for the ferromagnetic case,
which can be obtained by the poor man’s scaling [44].
As such, the Kondo effect may occur even for the ferro-
magnetic coupling when the interaction between itinerant
atoms is repulsive. Nevertheless, in our case, the inter-
action between the atoms in the 1S0 states is weak, and
s-wave scattering length between is agg = 199.4�a0 with a0
being the Bohr’s radius. Near a confinement-induced res-
onance, the spin-exchange interaction and density-density
interaction are much larger than the interaction between
the itinerant atoms, so the later one can be safely ignored.

4 Summary and outlook

In summary, by studying transport properties, we find the
conductivity of itinerant atoms in one dimension Kondo
model exhibits an asymmetric behavior across a resonance
of coupling strength, which can serve as a smoking gun
for the Kondo effect in this system. Recent works have
demonstrated that the spin-exchange interaction can be
tuned by a CIR, hence the spin-exchange interaction can
be antiferromagnetic or ferromagnetic. In the antiferro-
magnetic regime, the conductivity of the itinerant atoms
can be strongly suppressed by the Kondo effect, which
gives rise to the asymmetric conductivity. In the presence
of a magnetic field, the possibility for spin-exchange pro-
cess near Fermi surface is suppressed by the Zeeman en-
ergy, and the symmetric conductivity of itinerant atom re-
stores gradually when the magnetic field becomes stronger
and stronger.

Our results can be verified by current experimental
setup. By tilting the optical lattice in the axial direc-
tion, one can measure Bloch oscillation amplitude and
frequency of the itinerant atoms and extract the infor-
mation of conductivity. Another possible strategy is to
detect the dipolar oscillation of the itinerant atoms [16],
from which the information of conductivity might be ex-
tracted as well. Utilizing the CIR technique, one can also
quench the system from ferromagnetic regime to antifer-
romagnetic regime to study the non-equilibrium dynamics
of Kondo effect [45, 46]. Though for simplicity, we take
the 1D Kondo model as an example, the approach illus-
trated in present manuscript can be extended to the high
dimensional Kondo model [25].
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