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We investigate the cyclotron dynamics of Bose—Einstein condensate (BEC) in a quadruple-well po-
tential with synthetic gauge fields. We use laser-assisted tunneling to generate large tunable effective
magnetic fields for BEC. The mean position of BEC follows an orbit that simulated the cyclotron or-
bits of charged particles in a magnetic field. In the absence of atomic interaction, atom dynamics may
exhibit periodic or quasi-periodic cyclotron orbits. In the presence of atomic interaction, the system
may exhibit self-trapping, which depends on synthetic gauge fields and atomic interaction strength. In
particular, the competition between synthetic gauge fields and atomic interaction leads to the genera-
tion of several discontinuous parameter windows for the transition to self-trapping, which is obviously

different from that without synthetic gauge fields.
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1 Introduction

The Bose—Einstein condensate (BEC) constitutes a unique
platform to explore new physical regimes in condensed
matter systems due to the remarkable feature of a high
degree controlled environment [1]. The interplay between
magnetic fields and interacting charged particles can ex-
hibit seminal quantum many-body phenomena, such as
topological insulators [2—4], the integer [5], and the frac-
tional [6, 7] quantum Hall effects. BEC can exploit effec-
tive synthetic gauge fields by implementing complex hop-
ping amplitudes characterized by a Peierls phase [8-11],
which has been achieved in experiments [12-15]. Several
schemes have been proposed to realize synthetic gauge
fields, such as using rotating optical lattices [12, 16-20],
laser-assisted tunneling in an optical superlattice [21-24],
implementing synthetic dimensions [25-27], periodic driv-
ing of the optical lattice [28—30], and extension to engineer
density-dependent gauge fields [31-34]. BEC with strong
synthetic gauge fields has been realized by laser-assisted

* arXiv: 2105.09487. This article can also be found at
http://journal.hep.com.cn/fop/EN/10.1007/s11467-021-
1078-5.

tunneling processes in a tilted lattice potential [35].
Cyclotron orbit is one of the typical dynamic charac-
teristics of charged particles moving in a magnetic field.
Since the neutral atoms can be operating as charged par-
ticles by engineering artificial gauge potentials, quantum
cyclotron orbits of charged neutral ultracold atom have
been observed experimentally [21, 23, 24]. Since the cy-
clotron orbital motion play an essential role in the emer-
gence of several novel phenomena, it would be significant
to further study the characteristics of cyclotron dynam-
ics of ultracold atoms with synthetic gauge fields. In the
current work, we propose a possible scheme to study cy-
clotron dynamics of a BEC in a quadruple-well poten-
tial with synthetic gauge fields. We are focused primarily
on the significance of atomic interaction to cyclotron dy-
namics. In the absence of atomic interaction, we analyti-
cally provide the conditions for the occurrence of periodic
and quasi-periodic cyclotron orbits. In the presence of
atomic interaction, the periodicity of cyclotron dynamics
disappears completely. With sufficiently strong interac-
tions, cyclotron dynamics is completely suppressed, and
the bosons form a dynamically localized state, analogous
to self-trapping effects observed in BEC in double-well
potentials [36-39]. The phase diagrams of transition to
self-trapping are obtained, which are affected by synthetic
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gauge fields and atomic interaction strength. In particu-
lar, there are several discontinuous parameter windows for
the transition to self-trapping, which is obviously different
from the situation without synthetic gauge fields.

The paper is organized as follows. In Section 2, we intro-
duce the model and Hamiltonian of a BEC in a quadruple-
well potential with the presence of synthetic gauge fields.
In Section 3, we study cyclotron dynamics both in the ab-
sence of atomic interaction and in the presence of atomic
interaction. Finally, we present a summary and conclu-
sion in Section 4.

2 Physical model and Hamiltonian

We consider a BEC trapped in a two-dimensional
quadruple-well potential.  The quadruple-well poten-
tial can be created by the superposition of two sets of
double-well potentials [40] along with both the z- and
y-directions. For simplicity, we assume the double-well
potential along the y-direction to be symmetric as shown
in Fig. 1, with each well having the same harmonic trap-
ping frequency w,. The double-well potential along the
z-direction generates a tilted potential with amplitude A.
The four wells of the quadruple-well are denoted as 1, 2,
3, 4 as shown in Fig. 1. Such a quadruple-well poten-
tial created by superposition double-well potential can be
generated in experiments [40], with the form
2 2\2 2 22 A

Vi(z,y) = Voo (2% = 20)" + Vou (y”" —m0)" = 52 (1)
where the parameters Vp, and Vy, are both tunable in
the experiments [40]. Expanding the first and sec-
ond terms in V(z,y) near txy and =ty in z- and y-
directions respectively, one obtains the harmonic form as
V(xz) = dmw?(z £ 20)?, V(Ly) = %mwg(y + 10)?, with
m indicating the mass of an atom. Thus Vp, = mw?/(822)
and Vo, = mw§/8y(2). Besides, in the third term in V' (z,y),
a magnetic field gradient along the z-direction is used to
generate the energy offset of A between two wells along
the z-direction, as shown in Fig. 1, and normal tunneling
is inhibited along the z-direction due to the energy offset
of A. A pair of Raman lasers with frequency difference
w = w1 —ws = A/h induce resonant tunneling along the z-
direction while hopping along the y-direction is controlled
by the depth of the potential along this direction.

The system can be described by the following Hamilto-
nian in the interaction picture,

H = —K("%alay + '/%ala, + H.c.)

ita | ata U L
—J(abas +alay + H.c.) + 5 an(nj -1). (2
J
Here the operator d; (dj-) is the bosonic annihilation (cre-
ation) operator, n; = dfdj is the local number operator

j
on the j-well. .J is the regular tunneling term, Ke*i¢/2
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Fig. 1 Schematic diagram showing the system under consid-
eration. The quadruple-well potential can be equivalently with
a four-site plaquette in an optical lattice, which was achieved
by applying superlattice potentials along both the z- and y-
directions, so that all dynamics is restricted to four sites with-
out any coupling between plaquettes. The potential along the
y-direction is symmetric, and the bare tunneling occurs along
the y-direction with amplitude J. The potential along the x-
direction generates a tilted potential with amplitude A, which
inhibits the bare tunneling along the z-direction. Then, an
additional pair of lasers with wave vectors ki 2 and frequency
difference wiy — w2 = A/h induced resonant tunneling along
the z-direction with complex amplitude K(R) whose phase
depends on position.

is the Raman laser induced tunneling term, and U is the
on-site interaction strength with positive (negative) values
denoting repulsive (attractive) interaction.

When N — oo, the semiclassical limit of the second-
quantized Hamiltonian can be achieved by the mean-field
model. Then, one can replace the annihilation and cre-
ation operators by their respective expectation values with
complex numbers,

aj =~ (ag) =, al~ (@l) =yl (3)
Since the complex numbers commute in contrast to the
quantum mechanical operators, we will begin on the many
particle side with the mean-field model Hamiltonian in
the following. Note that the mean-field wave function is
normalized as 3 [¢;|* = 1.

Then, we obtain the energy functional of the Hamilto-
nian Eq. (2) as given by

E = —K(ei¢/21/}f1/12 + ei¢/21/}§1/14 +c.c.)

U
—J (3¢ + Pivn +ec) + 5 zj: 51 (4)

The time evolution of the complex-valued mean-field am-

plitudes can be obtained by i% = g f}_,

which gives the
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following coupled Gross—Pitaevskii equations,

63? = —Ke'/2py — Jipy + Ultpy|*hn,
63%52 = —Ke %y — Jups + Ulths|*¢hs,
8(%3 = —Ke/%py — Jipy + Ults|*hs,
08— ey — gy Ul )

It is worth emphasizing that the quadruple-well poten-
tial can also be realized equivalently with a four-site pla-
quette in an optical lattice in experiments [21, 23, 24].
Following the experimental realization of strong tunable
effective magnetic fields in an optical superlattice [21,
23, 24], the four-site plaquette was isolated in a two-
dimensional optical lattice, which was achieved by ap-
plying superlattice potentials along both the z- and y-
directions, so that all dynamics is restricted to four sites
without any coupling between plaquettes [21, 23, 24].

3 Cyclotron dynamics

We now study the cyclotron dynamics of a BEC in a
quadruple-well potential to exhibit the influences of the
synthetic gauge field and atomic interaction on the parti-
cle flow.

3.1 Cyclotron dynamics in the absence of atomic
interaction

3.1.1 Phase diagram of periodic and quasi-periodic
cyclotron orbits

We first consider the strong coupling-tunneling regime,
so that the atomic interaction term is neglected, i.e.,
U = 0. For this linear case, the system is analyti-
cally solvable. The solutions of 1,%2,%3,1, are de-
termined by the initial conditions. For the initial con-
ditions that we are concerned with in this paper, i.e.,

¥1(0) = v0.5,92(0) = 0,¢3(0) = 0,94(0) = —v0.5, they
are given by
1
P = cos at + ——= cos Bt + ¢1 sin at + c5 sin St
2\/— \/—
1
Py = — cos at + cos Bt + ¢ sinat — co sin Gt

1
13 = —=cosat — cos Bt + ¢q sin at — ¢y sin St

2v/2

1
Py = ———=cosat —

2V2

\/_
\/_

cos Bt + ¢y sin at + co sin St.

(6)
Here, ¢; = i[J + Kexp(ip/2)]/(2v20), = i[J —
Kexp(ig/2)]/(2V28), o = /K2 +J2+2KJCOS(¢/2),

and 3= /K2 + J? — 2K J cos (¢/2).
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Fig. 2 Contour plot of the rate /8 as a function of syn-
thetic gauge fields ¢/7 and rescaled tunneling amplitude K /J.
Periodic and quasi-periodic dynamic cyclotron orbits can be
analyzed by the principle of commensurability between a and
B. When these two frequencies o and 8 are commensurable,
the dynamics of the system presents periodic cyclotron orbits.
However, when the two frequencies are incommensurable, the
dynamics of the system presents quasi-periodic cyclotron or-
bits. Typical frequency ratios are shown in the figure.

Cyclotron orbits of the average particle position ob-
tained from the mean atom positions,

ze = (x) /0 = —[1]* + |Wa2|* + [¥3]* — |1a]?,
Ye = () /yo = [1]* + 2] — [¥3]* — [a]?. (7)

From Egs. (6) and (7), one can obtain

K? - J?
r. = ———— sinat sin St — cos at cos St
af
Ksi 2 Ksi 2
Ye = % cos at sin Bt—M cos [t sin at.
«@

(8)

Eq. (8) shows that particle flow is significantly affected by
synthetic gauge field.

It can be determined from Eq. (8) that the dynamic
cyclotron orbit significantly depends on the values of the
two frequencies v and 3. Periodic and quasi-periodic dy-
namic cyclotron orbit can be analyzed by the principle of
commensurability between a and S. When these two fre-
quencies a and [ are commensurable, the dynamics of the
system presents periodic cyclotron orbits. However, when
the two frequencies are incommensurable, the dynamics
of the system presents quasi-periodic cyclotron orbits.

In Fig. 2, we show the rate o/ as function of synthetic
gauge fields ¢/m and rescaled tunneling amplitude K/J.
In this parameter space, the commensurable density of the
two frequencies « and (3 is related to both the synthetic
gauge fields and rescaled tunneling amplitude. This ra-
tio /8 shows a periodic change to synthetic gauge fields,
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and the period is 47. In a period, as shown in Fig. 2, the
ratio is symmetric about ¢ = 2. When ¢ is equal to an
odd multiple of 7w, a/8 = 1 no matter how the rescaled
tunneling amplitude K/.J changes. It means that the dy-
namics of the system always present a periodic cyclotron
orbit. Typical frequency ratios are shown in Fig. 2. For
a certain synthetic gauge field ¢, one can always find a
series of tunneling amplitude K/J, such that the system
exhibit a periodic cyclotron orbit.

It is worth noting that although sometimes the ultracold
atoms in the artificial gauge field might be similar to the
electrons in the magnetic field, their physical schemes are
quite different. For example, considering electrons mov-
ing in a two-dimensional square lattice, the corresponding
Hamiltonian can be described by the celebrated Harper
Hamiltonian [41, 42]. If we also consider the motion of
an electron in the four site square plaquette lattice un-
der a uniform magnetic field, the cyclotron motion of
an electron may be periodic or quasi-periodic, depend-

ing on the ratio of parameters & = J/2 + 2 cos (¢/2) and
B = J\/2—2cos(¢/2). Here, J is the tunnel energy to

nearest neighbors in the absence of a magnetic field. In
both systems, whether their motions are periodic or quasi-
periodic depend on the commensurability of these two pa-
rameters. However, for an electron in a uniform magnetic
field, both the parameters & and 8 depend on J and ¢.
While, for the ultracold atoms under artificial gauge field,
the parameters o and 8 depend on both J and K as well
as ¢. With considering the additional parameter K and
changing the ratio of K/J, one can manipulate the cy-
clotron motion and observe the phase transitions accord-
ing to our phase diagram of Fig. 2.

In Fig. 3, we show the periodic and quasi-periodic orbits
for the typical frequencies o and 8 as shown in Fig. 2. For
the rate a/8 = 2/1 at ¢ = 0.57, there are two sets of K/J
values (one is marked as the black triangle and another is
marked as the black point in Fig. 2). The dynamics of the
system indeed present a periodic cyclotron orbit at these
two sets of K /J values [shown in Fig. 3(a)]. However, the
two periodic cyclotron orbits are obviously different. In
Fig. 3(a), the periodic cyclotron orbit of the red solid line
with the black arrow corresponds to the black triangle on
the @/ = 2/1 line in Fig. 2. The periodic cyclotron orbit
of the black dashed line with the black arrow corresponds
to the black point on the o/ = 2/1 line in Fig. 2. For
the rate a/3 = 1/2 at ¢ = 1.5, there are also two values
of K/J (one is marked as the red triangle and another is
marked as a red point in Fig. 2). In Fig. 3(a), the red
solid line with the red arrow corresponds to the red tri-
angle on the a/8 = 1/2 line in Fig. 2; the black dashed
line with the red arrow corresponds to the red point on
the a/B = 1/2 line in Fig. 2. Tt is very interesting that for
different values of a/8 = 2/1 and o/ = 1/2, the periodic
cyclotron orbits can be the same, but their directions are
opposite. In fact, these results can be obtained by analyz-
ing the symmetry of Eq. (8). One can get the following
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Fig. 3 The typical periodic and quasi-periodic orbits, the
direction of the arrow represents the evolution direction of the
orbit. (a) Periodic orbits for a/8 = 1/2 and o/ = 2/1. (b)
Periodic orbits for a/8 = 1/3 and «/f = 3/1. In (a), the
red solid line with the black arrow corresponds to the black
triangle on the a/8 = 2/1 line in Fig. 2; the black dashed line
with the black arrow corresponds to the black point on the
a/B = 2/1 line in Fig. 2; the red solid line with the red arrow
corresponds to the red triangle on the a/8 = 1/2 line in Fig. 2;
the black dashed line with the red arrow corresponds to the red
point on the /8 = 1/2 line in Fig. 2. (b) has an analogous
conrrespondence for a/f = 3/1,1/3. (¢, d) Quasi-periodic
orbits for a/f = v/3/1 at ¢ = 0.5m. (c) for the quasi-periodic
cyclotron orbit corresponds to the black triangle on the o/ =
v/3/1 line in Fig. 2. (d) for the quasi-periodic cyclotron orbit
corresponds to the black point on the a/8 = v/3/1 line in
Fig. 2.

relationship, z.(«, 8) = z.(8,a) and y.(a, 8) = y.(8, a).
Therefore, for the same value of K/J, the cyclotron orbit
should be the same for a/8 = 2/1 and o/ = 1/2. Due to
the synthetic gauge fields difference m between /8 = 1/2
and /8 = 2/1, the directions of the periodic cyclotron
orbits in the y-direction are opposite [shown in Fig. 3(a)].

We also show the periodic cyclotron orbit for the rates
of frequency a/8 = 3/1 and o/ = 1/3 in Fig. 3(b).
Compared with the case of o/ = 2/1 or a/f = 1/2,
the periodic cyclotron orbits in the cases a/8 = 3/1 or
a/f = 1/3 are completely different. In Fig. 3(b), the pe-
riodic cyclotron orbit of the red solid line with the black
arrow corresponds to the black triangle on the a/8 = 3/1
line in Fig. 2. The periodic cyclotron orbit of the black
dashed line with the black arrow corresponds to the black
point on the a/f = 3/1 line in Fig. 2. The red solid
line with the red arrow corresponds to the red triangle
on the a/f = 1/3 line in Fig. 2. The black dashed line
with the red arrow corresponds to the red point on the
a/f = 1/3 line in Fig. 2. In fact, a large number of nu-
merical results exhibit that although the dynamics of the
system can show periodic orbits when the two frequen-
cies are commensurate, the shapes of the orbits are quite
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different for different of frequency ratios a/f.

Periodic and quasi-periodic dynamic cyclotron orbits
can be analyzed by the principle of commensurability be-
tween a and 8. When the two frequencies are incom-
mensurable, the dynamics of the system presents a quasi-
periodic cyclotron orbit. In Figs. 3(c, d), we show the
typical quasi-periodic orbits for a/3 = v/3/1 at ¢ = 0.57.
Figure 3(c) for the quasi-periodic cyclotron orbit corre-
sponds to the black triangle on the a/3 = v/3/1 line in
Fig. 2. Figure 3(d) for the quasi-periodic cyclotron orbit
corresponds to the black point on the a/8 = v/3/1 line
in Fig. 2. These results further confirm our analysis of
quasi-periodic cyclotron orbits.

3.1.2  Various quasi-periodic cyclotron orbits

Due to the presence of the synthetic gauge fields, the mean
atom position follows an orbit that is a quantum analog of
the cyclotron orbits for charged particles. This behavior is
reminiscent of the Lorentz force acting on a charged parti-
cle in a magnetic field. Now, we carefully study the influ-
ences of both the rescaled tunneling amplitude K /J and
synthetic gauge fields ¢ on the quasi-periodic cyclotron
dynamics.

In Fig. 4, we show various quasi-periodic cyclotron or-
bits induced by rescaled tunneling amplitude K/J at
¢ = 0.5m. The surrounding properties of quasi-periodic
cyclotron orbits can be varied by the tunneling amplitude.
There is a critical rescaled tunneling amplitude K./J = 1.
When K < K., the mean atom position presents the tra-
jectory of an elliptical ring solenoid, which means that it
never reaches balance in x and in y directions at the same
time. Meanwhile, the volume of the mean atom position in
the phase space expands as the K/J increases [as shown
in Figs. 4(a, b)]. When K > K, the mean atom posi-

(b)1.0+ i

0.5 &S
0.0

0 05 00

Fig. 4 Various quasi-periodic cyclotron orbits induced by
rescaled tunneling amplitude K/J. The surrounding proper-
ties of quasi-periodic cyclotron orbits are significantly affected
by tunneling amplitude.
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Fig. 5 Various quasi-periodic cyclotron orbits induced by
synthetic gauge fields ¢. The surrounding properties of quasi-
periodic cyclotron orbits cannot be changed by synthetic gauge
fields. The volume of the phase space is affected by the syn-
thetic gauge fields ¢.

tion exhibits the trajectory of a cylindrical solenoid, and
the volume of the mean atom position in the y-direction
decreases as the K/J increases [as shown in Fig. 4(d)].
When the value of K/J is large enough, then the volume
of the mean atom position in the phase space along the
y-direction would be suppressed.

The effect of synthetic gauge fields ¢ on the quasi-
periodic cyclotron orbit is shown in Fig. 5. Compared
with the effect of rescaled tunneling amplitude K /J, the
surrounding properties of quasi-periodic cyclotron orbit
cannot be changed by synthetic gauge fields ¢.

The study of the cyclotron motion of neutral ultracold
atoms has received great interest, such as the Gaussian
wave packet of the noninteracting atoms in optical lattices
subjected to an additional harmonic trap potential [43].
The authors shown that the harmonic trap potential plays
a key role in modifying the equilibrium state properties
of the system and stabilizing the cyclotron orbits of the
condensate. Using the Gaussian ansatz which defines a
Gaussian distribution of the atoms centered at the optical
lattices and assuming the widths of the condensate un-
changed with time. The authors obtained approximately
cyclotron orbits under the condition of small cyclotron ra-
dius. Both physical model and mathematic treatment are
completely different from ours even though the authors
also study the periodic and quasi-periodic cyclotron mo-
tions.

3.2 Cyclotron dynamics in the presence of atomic
interaction: Transition to self-trapping

In the presence of atomic interaction, the system Eq. (5)
is no longer analytically solvable. It is found that the dy-
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Fig. 6 Complex dynamic cyclotron orbit with atomic inter-
action. (a) U/J = 20, (b) U/J = 21. The other parameters
are ¢ = 0.5m and K/J = 1. The inset in (b) is enlarged for
more clear display.

namics of a BEC can be strongly modified by the nonlin-
ear atomic interaction [44-48]. Our numerical simulations
for the effects of atomic interaction, tunneling amplitude,
and synthetic gauge fields on the cyclotron dynamics have
been displayed in Figs. 6-9.

When considering the atomic interaction, the system
presents a rather complex dynamical cyclotron orbit. In
Fig. 6, we show dynamic cyclotron orbit for atomic in-
teractions U/J = 20 and U/J = 21, respectively. For
¢ = 0.5m, numerous numerical experiments show that
there is a critical atomic interaction U, for certain rescaled
tunneling amplitude K/J and synthetic gauge fields ¢.
When atomic interaction is less than the critical value, al-
though the cyclotron orbit is very complicated, the mean
atom position is expanded in the phase space. How-
ever, when atomic interaction is greater than the critical
value, the complex cyclotron orbits exhibit obvious local
characteristics in the phase space. This means that the
self-trapping appears. It is known that the coupling of
two macroscopic quantum states through a tunnel bar-
rier gives rise to Josephson physics. When the interaction
energy is stronger enough than the coupling energy, the
transfer of particles from one macroscopic quantum state
to the other is quenched, and most of the particles remain
localized in one of the macroscopic quantum states. This
out of equilibrium is called self-trapping [36, 49], which has
been observed for BEC in a double-well potential [37].

In order to more clearly show the effects of atomic in-
teraction and synthetic gauge fields on the transition to
self-trapping, we show the average of x. versus with the
rescaled interaction strength U/.J at ¢ = 0.57 in Fig. 7(a).
Obviously, there is a critical atomic interaction U./J for
certain rescaled tunneling amplitude K /J and synthetic
gauge fields ¢ in Fig. 7(a). When U/J is less than the criti-
cal value, the average value (x.) is near zero, and the mean
atom position is expanded in the phase space. However,
when U/J is greater than the critical value, the average
value (z.) is near —1, and then self-trapping occurs.

In Fig. 7(b), we show the influences of the synthetic
gauge fields on the average mean atom position (z.).
When the synthetic gauge fields are not considered, there
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Fig. 7 The average of x. versus the rescaled interaction
strength U/J: (a) for different K/J at ¢ = 0.57, (b) for
different ¢ at K/J = 0.5.

is only a critical atomic interaction U./J for certain
rescaled tunneling amplitude K/J. The average value
(z.) is near zero when atomic interaction is less than the
critical value. The average value (z.) is near —1 when
atomic interaction is greater than the critical value. How-
ever, considering the magnetic field, there will be several
windows for the transition to self-trapping. Obviously, the
synthetic gauge magnetic field exerts a significant effect
on the self-trapping.

The critical behaviors of the transition to self-trapping

ulJ

0.0 0.5 1.0 1.5 2.0 2.5 3.0
KlJ

Fig. 8 Phase diagram of transition to self-trapping with
rescaled tunneling amplitude K/J and rescaled interaction
strength U/J at ¢ = 0.57. The dashed line indicates the simple
analytical results from Eq. (10) with considering a double-well
potential approximation.
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depend on atomic interaction, tunneling amplitude, and
synthetic gauge magnetic fields. In Fig. 8, we show a phase
diagram of the transition to self-trapping with rescaled
tunneling amplitude K /J and rescaled atomic interaction
strength U/J at ¢ = 0.5m. We can clearly see the param-
eter boundary of transition to self-trapping. It is a very
interesting fact that the critical atomic interaction of tran-
sition to self-trapping is non-monotonic with the change
of rescaled tunneling amplitude K /J. That is, for some
rescaled tunneling amplitude K /J, as atomic interaction
strength increases, there will be several discrete windows
of self-trapping occurs.

In Fig. 9, we show the effect of synthetic gauge fields
¢ and rescaled atomic interaction strength U/J on the
transition to self-trapping. We can see that for a cer-
tain rescaled tunneling amplitude K /J, when the rescaled
atomic interaction strength U/J is large enough, the self-
trapping always occurs regardless of the change in the
gauge field. Whereas, in the relatively weak atomic in-
teraction strength regime, the critical atomic interaction
of transition to self-trapping is periodically modulated by
synthetic gauge fields with a period of 2. Compared with
the absence of synthetic gauge fields, once the synthetic
gauge fields are considered, there is always be several pa-
rameter windows for self-trapping. This is a significant
feature of the influence of the synthetic gauge fields on
the transition to self-trapping.

In the above discussion, we chose a particular initial
state. In fact, for any initial state, the transition to self-
trapping occurs at some interaction parameter, and the
critical behavior in a double-well potential has been stud-
ied in our previous work [50]. We now look into a simple
analytical expression with considering a double-well po-
tential approximation in this system. Taking into account

35
(Xe)
0
28
~0.2
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~ _
= 0.4
14
~0.6
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¢l

Fig. 9 Phase diagram of transition to self-trapping with syn-
thetic gauge fields ¢ and rescaled atomic interaction strength
U/J at K/J = 0.5. The dashed line indicates the simple an-
alytical results from Eq. (10) with considering a double-well
potential approximation.
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the above numerical results, when self-trapping occurs,
the particles are all trapped in the left two wells. There-
fore, we only focus on the two sets of double-well poten-
tials in the xz-direction. Let us express ¢; as ¢; = \/rTjeigf,
where the particle numbers n; = [¢;|* and phases 6; are
all time-dependent in general. Then we further intro-
duce the population difference s, = (ng — n1)/(n2 + nq)
and sq = (ng — n4)/(ns + n4), and the relative phase
0, = 02 — 0, and 05 = 03 — 04, using the constraint
> ;nj =1, we can get the classical Hamiltonian,

K
H= —5\/1 — 52 cos(f, + ¢/2) + 1%53
K 5 U,
—51/1—sdcos(9d+¢/2)+ﬁsd. 9)

Following the idea of our previous work [50], the critical
point is expressed as

(IZ’)CT =8 [1 + MCos(lgu,i +¢/2) /Sz,r (10)

In the above critical relation, s, ;,, and 6, ; denoted any
initial state. From the above approximate analytic ex-
pression, we see that an initial state with smaller pop-
ulation difference requires stronger nonlinearity so that
self-trapping occurs. Moreover, the critical point can be
adjusted by the relative phase between the two sets of
double-well potentials and synthetic gauge fields. For ex-
ample, for the case of the initial state what we considered
in the above numerical results, the critical point approxi-
mates to U/K = 8. For comparison purposes, in Figs. 8
and 9, the dashed line indicates the simple analytical ex-
pression with considering a double-well potential approx-
imation. It is worth emphasizing that since the system
of quadruple-well potential with synthetic gauge fields is
non-integrable, exact analytical results of critical behav-
iors are difficult to be obtained.

4 Discussion

In summary, we investigate the cyclotron dynamics of a
BEC in a quadruple-well potential with synthetic gauge
fields. We use laser-assisted tunneling to generate large
tunable effective synthetic gauge fields. The mean atom
position of a BEC follows an orbit that is a quantum
manifestation of the classical cyclotron orbits of charged
particles in a magnetic field. Without considering the
atomic interaction, the mean atom position of a BEC
shows periodic and quasi-periodic cyclotron orbits. We
analytically give the conditions for the occurrence of pe-
riodic and quasi-periodic cyclotron orbits. Considering
atomic interaction, the system exhibits transition to self-
trapping. Due to the competition between synthetic gauge
fields and atomic interaction, there are several discontinu-
ous parameter windows for the transition to self-trapping,
which is obviously different from that without synthetic
gauge fields.

Wen-Yuan Wang, Ji Lin, and Jie Liu, Front. Phys. 16(5), 52502 (2021)
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Experimentally, the quadruple-well potential can be im-
plemented by two possible ways. One using optical poten-
tials [21, 23, 24], the other using magnetic traps. Although
these two methods are quite different in experimental im-
plementation, our results are consistent for these two ex-
perimental methods [40]. Cyclotron orbits of the average
particle position have been observed experimentally for
measurement time about 13 ms [21]. During the mea-
surement time, more than four cycles of cyclotron orbits
were observed. In previously reported realizations of self-
trapping of BEC in double-well potentials [38] the time
scale can reach on the order of 50 ms. Our theory pre-
dicts the periodic and quasi-periodic cyclotron orbits as
well as transition to self-trapping of a BEC with synthetic
gauge fields. We hope our discussion will stimulate further
experiments.
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