
Frontiers of Physics
https://doi.org/10.1007/s11467-021-1063-z

Front. Phys.
16(5), 53601 (2021)

Research article

Quantum deleting and cloning in a pseudo-unitary system

Yu-Cheng Chen1, Ming Gong2, Peng Xue3, Hai-Dong Yuan4, Cheng-Jie Zhang1,5,†

1School of Physical Science and Technology, Ningbo University, Ningbo 315211, China
2Key Laboratory of Quantum Information, University of Science and Technology of China, CAS, Hefei 230026, China

3Beijing Computational Science Research Center, Beijing 100084, China
4Department of Mechanical and Automation Engineering, The Chinese University of Hong Kong, Hong Kong, China

5School of Physical Science and Technology, Soochow University, Suzhou 215006, China
Corresponding author. E-mail: †chengjie.zhang@gmail.com

Received October 30, 2020; accepted February 22, 2021

In conventional quantum mechanics, quantum no-deleting and no-cloning theorems indicate that two
different and nonorthogonal states cannot be perfectly and deterministically deleted and cloned, re-
spectively. Here, we investigate the quantum deleting and cloning in a pseudo-unitary system. We first
present a pseudo-Hermitian Hamiltonian with real eigenvalues in a two-qubit system. By using the
pseudo-unitary operators generated from this pseudo-Hermitian Hamiltonian, we show that it is pos-
sible to delete and clone a class of two different and nonorthogonal states, and it can be generalized to
arbitrary two different and nonorthogonal pure qubit states. Furthermore, state discrimination, which
is strongly related to quantum no-cloning theorem, is also discussed. Last but not least, we simulate
the pseudo-unitary operators in conventional quantum mechanics with post-selection, and obtain the
success probability of simulations. Pseudo-unitary operators are implemented with a limited efficiency
due to the post-selections. Thus, the success probabilities of deleting and cloning in the simulation
by conventional quantum mechanics are less than unity, which maintain the quantum no-deleting and
no-cloning theorems.
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1 Introduction

Quantum no-deleting and no-cloning theorems are fun-
damental for quantum information science, which states
that deleting and creating identical copies of an arbitrary
unknown quantum state are impossible since the linearity
of quantum operations forbids such a replication [1–3].

Quantum no-cloning theorem was found by Wootters,
Zurek, and Dieks in 1982 [2, 3], and has profound impli-
cations in quantum computing and related fields [4, 5].
It can be proved in two different ways for quantum no-
cloning theorem. One is by using the linearity of quan-
tum mechanics, which is first proposed in Refs. [2, 3].
The other one is by using the properties of unitary op-
eration, which is first presented by Yuen [6]. The second
proof of the no-cloning theorem in conventional quantum
mechanics indicates that two different and nonorthogonal
states cannot be perfectly and deterministically cloned.
Furthermore, Duan and Guo proposed a different quan-
tum cloning strategy: perfect cloning of linearly indepen-
dent quantum states (e.g., two different and nonorthogo-
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nal states) can be achieved only with a success probability
p that is less than unity. This kind of quantum cloning is
called probabilistic quantum cloning [7].

The quantum no-deleting theorem is first introduced by
Pati and Braunstein [1], which states that it is impossible
to delete an unknown quantum state |ψ⟩ against a copy,
i.e.,

Udel |ψ⟩ |ψ⟩ |A⟩ = |ψ⟩ |Σ⟩ |Aψ⟩ , (1)

the above unitary operation Udel to delete one of two
copies of |ψ⟩ does not exist, where |ψ⟩ is an arbitrary un-
known qubit state, |A⟩ is the initial state of ancilla, |Aψ⟩ is
the final state of ancilla which may depend on |ψ⟩, and |Σ⟩
is some standard final state of the qubit. The quantum
no-deleting theorem indicates that one cannot delete one
of two copies of two different and nonorthogonal quantum
states by the same unitary operation.

It is well known for a long time that some non-Hermitian
Hamiltonians have real eigenvalues. For example, Bender
and his collaborators introduced a class of non-Hermitian
Hamiltonians with PT -symmetry, which have infinite,
discrete, and entirely real and positive spectrum [8–10]:
H = p2 − (ix)N , where N is a real number and not less
than 2. Recently, PT -symmetry has been observed in
classical optics [11–24], and non-Hermitian Hamiltonian
with real eigenvalues has attracted much interest [25–39].
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In the quantum regime, some experimental results have
been reported to simulate non-Hermitian system in an
open conventional quantum system [29–31]. For example,
an experimental investigation has been reported by using
an open quantum system to simulate the PT -symmetric
system as a part of the full Hermitian system [29].

In this work, the quantum deleting and cloning will be
investigated in a pseudo-unitary system. We first present
a pseudo-Hermitian Hamiltonian with real eigenvalues in
a two-qubit system, which has recently been reported
in an experimental simulation [31]. Here, we extend its
theoretical part. By using the pseudo-unitary operators
generated from this pseudo-Hermitian Hamiltonian, one
can show that it is possible to delete and clone a class
of two different and nonorthogonal states, and it can be
generalized to arbitrary two different and nonorthogonal
pure qubit states. The cloning has already been simu-
lated in the experiment [31]. Furthermore, quantum state
discrimination, which is strongly related to quantum no-
cloning theorem, will also be discussed. Last but not
least, we simulate these pseudo-unitary pseudo-unitary
operators in conventional quantum mechanics with post-
selection, and obtain the success probability of simula-
tions. Pseudo-unitary operators are implemented with a
limited efficiency due to the post-selections. Thus, the
success probabilities of deleting and cloning in the simu-
lation by conventional quantum mechanics are less than
unity, which does not violate quantum no-deleting and
no-cloning theorem. Investigating quantum deleting and
cloning in a pseudo-Hermitian system will provide insight
into the physical content and mathematical structure of
pseudo-Hermitian quantum mechanics.

2 Pseudo-Hermitian Hamiltonian with real
spectrum

We focus on one kind of non-Hermitian Hamiltonian, the
pseudo-Hermitian Hamiltonian. Recall that a Hamilto-
nian H is pseudo-Hermitian if and only if there exists a
metric operator η which has its inverse matrix η−1, such
that [32–34]

H† = ηHη−1. (2)

The pseudo-Hermitian can be viewed as a natural gen-
eralization from Hermitian, since when η = 1 pseudo-
Hermitian reduces to Hermitian. The metric operator η,
which is usually Hermitian and invertible, defines a new
inner product [32–34],

⟨ψ1|ψ2⟩η := ⟨ψ1|η|ψ2⟩. (3)

For a pseudo-Hermitian Hamiltonian H with real eigen-
values, we can see H ̸= H† if η ̸= 1. So the pseudo-unitary
operator reads [32–34]

U(t) = e−iHt/h̄, (4)

without loss of generality we assume h̄ = 1. In a direct
consequence, it can be found that if η ̸= 1 then

U†(t)U(t) = eiH†te−iHt ̸= 1. (5)

Instead, U(t) is pseudo-unitary satisfying [32–34]

U†(t)ηU(t) = η, (6)

since H is a pseudo-Hermitian Hamiltonian. Thus, one
may find that for some special states, the cloning of two
different and nonorthogonal states is possible by pseudo-
unitary operators.

We first review a two-qubit pseudo-Hermitian Hamil-
tonian with every eigenvalue being real, which has been
proposed in Ref. [31],

H =
1

4

(
aσz − ibσy

)
⊗

(
21−

√
2σx − c∗σy − d∗σz

)
+

1

4
1⊗

(
21−

√
2σx + cσy − dσz

)
, (7)

where 1, σx, σy and σz are identity and Pauli matri-
ces, a = cosh θ, b = sinh θ, c = cosh θ + i

√
2 sinh θ,

d =
√
2 cosh θ − i sinh θ. The (right) eigenvalues, E =

1/2,−1/2, 2, 0, are real, corresponding to the (right) eigen-
states,

|E1⟩ =
1√
2


a− ib− 1

−i(1 + a+ b)
i(1− a) + b
a− ib+ 1

 , (8)

|E2⟩ =
1√
2


a+ ib− 1

i(1 + a+ b)
i(a− 1) + b
a+ ib+ 1

 , (9)

|E3⟩ =
1

4− 2
√
2


(1−

√
2)(a+ 1) + b

a+ (1−
√
2)b− 1

a+ (1−
√
2)b+ 1

(1−
√
2)(a− 1) + b

 , (10)

|E4⟩ =
1

4 + 2
√
2


(1 +

√
2)(a+ 1) + b

a+ (1 +
√
2)b− 1

a+ (1 +
√
2)b+ 1

(1 +
√
2)(a− 1) + b

 . (11)

These eigenstates are not orthogonal to each other in
conventional quantum theory. The pseudo-Hermitian
Hamiltonian Eq. (7) actually belongs to pseudo-Hermitian
Hamiltonians [32–34], i.e., satisfying Eq. (2) with

η = η⊗2
0 = (a1− bσx)

⊗2, (12)

and the (right) eigenstates {|Ei⟩} satisfy

⟨Ei|Ej⟩η = ⟨Ei|η|Ej⟩ = δij , (13)

i.e., these (right) eigenstates {|Ei⟩} are orthogonal to each
other and normalized under the new inner product defined
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by η. Furthermore, similar to the conventional quantum
mechanics, the pseudo-unitary operator for such a system
is given by

U(t) ≡ e−iHt, (14)

where we assume h̄ = 1.

3 Quantum deleting with pseudo-unitary
operator

The quantum no-deleting theorem is first introduced by
Pati and Braunstein [1], which states that one cannot
delete one of two copies of two different and nonorthogo-
nal quantum states by the same unitary operation. The
main idea is to choose a special pseudo-Hermitian Hamil-
tonian such that two different and nonorthogonal states
in conventional quantum mechanics can be orthogonal
with respect to the new definition of inner product de-
termined by that pseudo-Hermitian Hamiltonian. To sim-
ulate this pseudo-unitary operator in conventional quan-
tum mechanics, one needs post-selections which lead to
the success probability of deleting less than unity.

Suppose there exists a deleting machine which can per-
fectly delete two different and nonorthogonal quantum
states with two copies |α1⟩A ⊗ |α1⟩B and |α2⟩A ⊗ |α2⟩B
in system AB. In order to make deleting, one needs to
obtain the blank state |+⟩B = (|0⟩ + |1⟩)/

√
2 in system

B after deleting. It is worth noticing that the blank state
|+⟩B is independent of the choice of |α1⟩ and |α2⟩ in sys-
tem A, since we have no prior knowledge of |α1⟩ or |α2⟩
in system A. Thus, the final states after deleting are then
described by the tensor product, i.e., |αi⟩A ⊗ |+⟩B with
i = 1, 2.

In conventional quantum systems, one cannot delete
one of two copies of two different and nonorthogonal quan-
tum states by the same unitary operation Udel. How-
ever, in pseudo-Hermitian systems, it is possible. Suppose
there exists a perfect deleting machine which can perfectly
delete two different and nonorthogonal quantum states
|α1⟩ and |α2⟩. We choose the pseudo-Hermitian Hamilto-
nian as

H′ = −H, (15)

where H is present in Eq. (7). The (right) eigenvalues
of H′ are real, i.e., E′ = −1/2, 1/2,−2, 0. In order to
perfectly delete |α1⟩ and |α2⟩, we set the time of evolution
to τ = π/2 in Eq. (14). Therefore, the pseudo-unitary
operator Udel(τ) is as follows:

Udel(τ) = e−iH′π/2

=
1

2
√
2

(
aσz − ibσy

)
⊗
[
− 1+ σx + (a+ b)(σz − iσy)

]
+

1

2
√
2
1⊗

[
1+ σx + (a− b)(σz + iσy)

]
. (16)

Consider the process of deleting machine as the pseudo-
unitary operator Udel(τ), then we have

Udel(τ)|α1⟩A|α1⟩B ∝ |α1⟩A|+⟩B , (17)
Udel(τ)|α2⟩A|α2⟩B ∝ |α2⟩A|+⟩B , (18)

where the two different and nonorthogonal quantum states
|α1⟩ and |α2⟩ are as follows [31]:

|α1⟩ =
1√

cosh θ

(
cosh θ

2

sinh θ
2

)
, (19)

|α2⟩ =
1√

cosh θ

(
sinh θ

2

cosh θ
2

)
. (20)

One can easily check [31]

⟨α1|α2⟩ = tanh θ, (21)
⟨α1|α2⟩η0 = ⟨α1|η0|α2⟩ = 0, (22)

with η0 being given in Eq. (12), i.e., |α1⟩ and |α2⟩ are
not orthogonal in conventional quantum mechanics, but
they are orthogonal under the new defined inner prod-
uct. Thus, the pseudo-unitary operator Udel(τ) coming
from the pseudo-Hermitian Hamiltonian Eq. (15) can be
used to perfectly delete two different and nonorthogonal
quantum states |α1⟩ and |α2⟩, since |α1⟩ and |α2⟩ are or-
thogonal under the new inner product defined by η0.

Our approach works for arbitrary two different and
nonorthogonal pure qubit states. Consider two arbitrary
different and nonorthogonal pure qubit states |ψ1⟩ and
|ψ2⟩, there always exists an unitary matrix V and θ such
that V |ψ1⟩ = |α1⟩ and V |ψ2⟩ = |α1⟩ [7]. Thus, we can
construct a new pseudo-Hermitian Hamiltonian H′

V and
its time-evolution operator UV (τ) from Eqs. (15) and (16),

H′
V = V † ⊗ V †H′V ⊗ V, (23)

UV (τ) = V † ⊗ V †Udel(τ)V ⊗ V. (24)

Therefore, one has

UV (τ)|ψ1⟩A|ψ1⟩B ∝ |ψ1⟩A|+′⟩B , (25)
UV (τ)|ψ2⟩A|ψ2⟩B ∝ |ψ2⟩A|+′⟩B , (26)

where |+′⟩B = V †|+⟩B , and |+′⟩ is still independent of
the choice of |ψ1⟩ and |ψ2⟩ in system A.

4 Quantum cloning with pseudo-unitary
operator

Here, for the sake of integrity, we review quantum cloning
in a pseudo-unitary system, which has already been ex-
perimentally simulated in Ref. [31].

In order to perfectly clone |α1⟩ and |α2⟩, we set the
time of evolution to τ = π/2 in Eq. (14). Therefore, the
pseudo-unitary operator Uclone(τ) is as follows [31],

Uclone(τ) = e−iHπ/2
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=
1

2
√
2

(
aσz − ibσy

)
⊗
[
− 1+ σx + (a− b)(σz + iσy)

]
+

1

2
√
2
1⊗

[
1+ σx + (a+ b)(σz − iσy)

]
. (27)

Consider the process of cloning machine as the pseudo-
unitary operator Uclone(τ), then we have [31]

Uclone(τ)|α1⟩A|+⟩B ∝ |α1⟩A|α1⟩B , (28)
Uclone(τ)|α2⟩A|+⟩B ∝ |α2⟩A|α2⟩B , (29)

where the two different and nonorthogonal quantum states
|α1⟩ and |α2⟩ are as Eqs. (19) and (20). One can easily
check ⟨α1|α2⟩ = tanh θ. Thus, the pseudo-unitary opera-
tor Uclone(τ) coming from the pseudo-Hermitian Hamilto-
nian Eq. (7) can be used to perfectly clone two different
and nonorthogonal quantum states |α1⟩ and |α2⟩, since
|α1⟩ and |α2⟩ are orthogonal under the new inner product
defined by η0.

5 State discrimination

In conventional quantum mechanics, the state discrimi-
nation is a well-known problem, in which we would like
to distinguish optimally between a given set of quan-
tum states with one measurement. For instance, suppose
that the state is known to be one of two possible pure
states |ψ1⟩ and |ψ2⟩ with associated probabilities p1 and
p2 (p1+p2 = 1), respectively. If |ψ1⟩ and |ψ2⟩ are orthogo-
nal, one can perfectly determine the state by choosing the
project measurements π̂1 = |ψ1⟩⟨ψ1| and π̂2 = |ψ2⟩⟨ψ2|
(π̂1 + π̂2 = 1). However, if |ψ1⟩ and |ψ2⟩ are not or-
thogonal, there is a strategy in which successful state dis-
crimination can be achieved with a single measurement
but only with a success probability psucc that is less than
unity. The minimum probability of making an error is
given by the so-called Helstrom bound [40, 41],

perr =
1

2
(1−

√
1− 4p1p2| ⟨ψ1|ψ2⟩ |2), (30)

which minimizes the error probability associated with a
single measurement.

However, in pseudo-Hermitian Hamiltonian systems,
one may perfectly clone the two nonorthogonal states Eqs.
(19) and (20). Without perfectly cloning, the minimum
error probability for |α1⟩ in Eq. (19) and |α2⟩ in Eq. (20)
would be

p′err =
1

2

(
1−

√
1− 4p1p2 tanh2 θ

)
. (31)

If one used Uclone(τ) in Eq. (27) for N − 1 times, the
two possible pure states become to |α1⟩⊗N and |α2⟩⊗N ,
and distinguishing between |α1⟩ and |α2⟩ is equivalent to
distinguishing between |α1⟩⊗N and |α2⟩⊗N . Therefore,
the Helstrom bound for |α1⟩⊗N and |α2⟩⊗N would be

p′′err =
1

2

(
1−

√
1− 4p1p2 tanh2N θ

)
, (32)

where p′′err < p′err since | tanh θ| < 1. Furthermore, one
has p′′err → 0 whenN → +∞, which means one can almost
perfectly distinguish between |α1⟩ and |α2⟩ with infinity
copies.

6 Simulation in conventional quantum
mechanics with post-selection

Actually, the pseudo-unitary operators U(τ) in Eqs. (16)
and (27) can be effectively simulated by a conventional
quantum gate with post-selection. This is very similar to
the cases in Refs. [29, 36, 37]. Since the evolution of U(τ) is
pseudo-unitary, an ancilla and a post-selecting projection
operation are necessary. Suppose that the initial state of
the system is |ψI⟩. To realize U(τ) in conventional quan-
tum mechanics, one needs an ancilla qubit |0⟩. Therefore,
the initial state of the total system, including the ancilla
qubit, is |ψI⟩ ⊗ |0⟩.

Suppose that the singular value decomposition of U(τ)
is U(τ) = UΣV †, where U and V are unitary matrices,
and Σ = diag{λ1, λ2, λ3, λ4} is a diagonal matrix with
{λi} being singular values of U(τ) [42]. There are two
situations as follows.

a) If the maximal singular value λmax := max{λ1,λ2,
λ3,λ4} is greater than 1, we define a normalized U(τ) as

Ũ(τ) := U(τ)
λmax

, (33)

and construct a new matrix

V := UΣ′V † (34)

with

Σ′ = diag{λ′1, λ′2, λ′3, λ′4} (35)

and

λ′i =

√
1− λ2i

λ2max
. (36)

b) If λmax ≤ 1, then we define

Ũ(τ) := U(τ) (37)
V := U Σ̃′V † (38)

with

Σ̃′ = diag{λ̃′1, λ̃′2, λ̃′3, λ̃′4} (39)

and

λ̃′i =
√
1− λ2i . (40)

It is worth noticing that for the above two cases we can
always prove

Ũ(τ)Ũ(τ)† + VV† = 1, (41)
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Ũ(τ)†Ũ(τ) + V†V = 1, (42)
Ũ(τ)V† − VŨ† = 0, (43)
V†Ũ(τ)− Ũ†V = 0. (44)

Thus, one can construct an unitary evolution of the total
system, which can be expressed as

Utot =Ũ(τ)⊗ |0⟩⟨0|+ V ⊗ |1⟩⟨0|

− V ⊗ |0⟩⟨1|+ Ũ(τ)⊗ |1⟩⟨1|, (45)

where Ũ(τ) and V are defined as above. Based on Eqs.
(41-44), we can easily check that the unitary evolution of
the total system Utot is unitary, i.e.,

UtotU
†
tot = U†

totUtot = 1, (46)

which means Utot can be realized in conventional quan-
tum mechanics. Then the initial state |ψI⟩ ⊗ |0⟩ after the
unitary evolution Utot is Utot|ψI⟩ ⊗ |0⟩. We choose the
projection operator on the ancilla qubit as P = 1⊗|0⟩⟨0|.
Thus, the evolution after the projection operator (or post-
selection) can be calculated as

PUtot|ψI⟩ ⊗ |0⟩ =
(
Ũ(τ)|ψI⟩

)
⊗ |0⟩. (47)

So for an arbitrary initial state of the system |ψI⟩, the
evolution after the projection operator (or post-selection)
is Ups = Ũ(τ) ∝ U(τ).

In the following, we will calculate the success proba-
bility of the above simulation. It is worth noticing that
the initial state of the system |ψI⟩ is normalized in con-
ventional quantum mechanics, i.e., ⟨ψI |ψI⟩ = 1, and
Utot|ψI⟩ ⊗ |0⟩ is still normalized in conventional quantum
mechanics, since Utot is unitary. Thus,

Utot|ψI⟩ ⊗ |0⟩

= Ũ(τ)|ψI⟩ ⊗ |0⟩+ V|ψI⟩ ⊗ |1⟩

=
√
N1

Ũ(τ)|ψI⟩√
N1

⊗ |0⟩+
√
N2

V|ψI⟩√
N2

⊗ |1⟩, (48)

where N1 := ⟨ψI |Ũ(τ)†Ũ(τ)|ψI⟩ and N2 := ⟨ψI |V†V |ψ⟩
are the normalization factors. Moreover, from Eq. (42),
we can see that

N1 +N2 = ⟨ψI |
(
Ũ(τ)†Ũ(τ) + V†V

)
|ψI⟩ = 1. (49)

Based on Eq. (48), one can get the success probability p
after the projection operator P = 1⊗|0⟩⟨0| on the ancilla
qubit as

p = ⟨ψI | ⊗ ⟨0|U†
totPUtot|ψI⟩ ⊗ |0⟩

= ⟨ψI |Ũ(τ)†Ũ(τ)|ψI⟩
= N1. (50)

On the other hand, the probability of failure is 1 − p =
N2, and in this cas one can only get V|ψI⟩ rather than
Ũ(τ)|ψI⟩.

Therefore, a simulation experiment can, in principle, be
realized by conventional quantum mechanics with post-
selection. Since the post-selection is necessary in the
conventional quantum mechanics simulation, the success
probability is less than unity. Thus, this simulation can be
regarded as probabilistic quantum deleting and cloning.

7 Discussion and conclusions

Actually, Ref. [27] has already discussed the state dis-
crimination problem in PT -symmetry systems. The dif-
ferences and novelties between this work and Ref. [27]
are as follows: i) In Ref. [27], the used Hamiltonian
is PT -symmetric with real eigenvalues; but in this
work, the Hamiltonian we used is pseudo-Hermitian with-
out PT symmetry. In general, finite-dimensional PT -
symmetric Hamiltonian with real eigenvalues must be
pseudo-Hermitian, but conversely it may not be true. ii)
In Ref. [27], they proposed two different but related solu-
tions to the non-Hermitian simulated unambiguous state-
discrimination problem. In this work, we propose another
different solution by using the quantum cloning. iii) In
this work, we have presented a general method to sim-
ulate pseudo-unitary operators in conventional quantum
mechanics with post-selection, which has not being in-
volved in Ref. [27].

The experimental simulation of quantum cloning has
been demonstrated in Ref. [31]. One may want to know
the difference for the experimental realizations on quan-
tum deletion and quantum cloning. The differences are
as follows: i) The initial states are different. For the ex-
perimental realization on quantum deleting, one needs to
prepare |αi⟩A|αi⟩B (i = 1, 2) as the initial state, but for
the experimental realization on quantum cloning, the ini-
tial state should be |αi⟩A|+⟩B (i = 1, 2). ii) The pseudo-
unitary operators are different. The pseudo-unitary oper-
ator for quantum deleting is Udel(τ) = e−iH′π/2, but for
quantum cloning it is Uclone(τ) = e−iHπ/2. iii) The simu-
lations for pseudo-unitary operators Udel(τ) and Uclone(τ)
in conventional quantum mechanics with post-selection
are different.

Investigation of quantum deleting and cloning in a
pseudo-unitary system is an interesting topic. It allows us
to imagine another universe which has almost the same
quantum mechanics but with a different inner product.
Furthermore, our work presents a general method to sim-
ulate pseudo-unitary operators in that universe, and pro-
vides a platform to study pseudo-unitary operators in con-
ventional quantum mechanics.
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