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We employ the Lippmann—Schwinger formalism to derive the analytical solutions of the transmission
and reflection coefficients through a one-dimensional open quantum system, in which particle loss or
gain on one lattice site located at x = 0, or particle loss and gain on the lattice sites located at x = i%
are considered respectively. The gain and loss on the lattice site are modeled by the delta potential with
positive and negative imaginary values. The analytical solution reveals the underlying physics that
the sum of the transmission and reflection coefficients through an open quantum system (even a P7-
symmetric open system) may not be 1, i.e., qualitatively explains that the number of particles is not
conserved in an open quantum system. Furthermore, we find that the resonance states can be formed
in the PT-symmetric delta potential, which is similar to the case of real delta potential. The results
of our analysis can be treated as the starting point of studying quantum transport problems through
a non-Hermitian system using Green’s function method, and more general cases for high-dimensional
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systems may be deduced by the same procedure.
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1 Introduction

Conventional quantum systems are typically described by
Hermitian Hamiltonians because Hermiticity guarantees
a real energy spectrum and the probability-preserving of
the particle in the entire space. However, the Hermiticity
is only a sufficient but not necessary condition. Bender
and collaborators [1-3] have found that a non-Hermitian
Hamiltonian satisfying parity—time (P7) symmetry can
still display a real spectrum. In the series of articles
by Mostafazadeh [4-6], the underlying reason is shown
that PT-symmetric non-Hermitian Hamiltonians actually
belong to the class of pseudo-Hermitian Hamiltonian, in
which there exists a similarity transformation deforming
the non-Hermitian Hamiltonian to Hermitian form. Since
such an analog system was first realized experimentally
in optical waveguide structures [7], other systems, such as
flat microwave cavities [8] and optical cavities [9-11, 16],
electronic circuits [13-15] and even single-spin quantum
system [16] described by PT-symmetric non-Hermitian
effective Hamiltonians, then have been extensively inves-
tigated.

*This article can also be found at http://journal.hep.com. 3
en/fop/EN/10.1007/s11467-021-1061-1.

Generally, the time evolution of the open quantum sys-
tems can be determined by solving the master equation
like the Lindblad equation [17-20]. However, a short-
time evolution can often be approximately described by
the effective non-Hermitian Hamiltonians [21, 22]. The
PT-symmetric non-Hermitian systems are open systems
with balanced gain and loss, which can be realized by
a pair of imaginary potentials with the opposite value.
Since the imaginary potential can give rise to the non-
conservation of the flow of probability [23], a great deal
of effort has been devoted to investigating the quan-
tum transport properties of non-Hermitian systems with
PT-symmetric imaginary potentials. It has been shown
that PT-symmetric imaginary potentials provide a novel
method to control and engineer the Fano resonance line
shape [24-30]. And a PT-symmetric imaginary poten-
tial can give rise to the formation of bound states inside
the bandgap in strongly coupled bilayer lattices [31]. In
Dirac systems, the non-Hermitian defects affect the spatial
distribution of the local density of states and change the
frequency dependence of the density of states [32]. In one-
dimensional PT-symmetric quasicrystals, the localization
transition induced by a non-Hermitian quasiperiodic po-
tential is found. Thus the fundamental consequence of the
PT-symmetric potential is to create two different kinds of
electronic states: localized and extended states [33, 34].
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The nonequilibrium Green’s function (NEGF) method
is a popular and powerful tool to study quantum elec-
tron transport phenomena [35]. However, scattering cen-
ters with pure imaginary potential bring new challenges
to it. Especially the positive imaginary potential may give
rise to the transition of Green function from retarded one
to advanced one, which leads to the failure of causality.
When transmission and reflection coefficients are calcu-
lated, the poles of it may be induced and some unexplain-
able results physically could be present.

In the present paper, from the Lippmann—Schwinger
formalism, we derive the analytical solutions of the trans-
mission and reflection coefficients when free particle mov-
ing in a one-dimensional system is scattered by one or two
delta functions like imaginary potential. Our obtained
analytical solution reveals the underlying physics that the
sum of the transmission and reflection coefficients through
an open quantum system may not be 1, i.e., qualitatively
explains that the number of particles is not conserved in
an open quantum system. Furthermore, we find that the
resonance states are formed in the P7T-symmetric delta
potential, which is similar to the case of real delta po-
tential. The results of our analysis can be treated as the
starting point of studying quantum transport problems
through the non-Hermitian system using Green’s function
method.

The rest of the paper is organized as follows. In Sec-
tion 2, we briefly present the Lippmann—Schwinger formal-
ism, which is one of the most used equations to describe
particle scattering in quantum mechanics. As an exam-
ple, the transmission and reflection coefficients for a delta
imaginary potential with positive and negative values are
derived in Section 3. Section 4 shows our derived analyt-
ical solutions for P7T-symmetric non-Hermitian systems,
it is found that the resonance states can be formed. Fur-
thermore, we also present what the condition of balanced
gain and loss is and how the particle-number conservation
is broken in a P7-symmetric non-Hermitian system. At
last, the results are summarized in Section 5.

2 Lippmann-Schwinger equation

We start by considering a free particle with mass m mov-
ing along a one-dimensional system, the Hamiltonian of
which is Hy = f%%(h is Planck constant). When the
free particle hits the potential V| the general form of the
Schrodinger equation is given by

(E = Ho)|¢) =V [¢), (1)
where |¢) is the wavefunction of free particle. The Green
equation defining the Green operator G associated to the
Schrédinger’s equation above is

(E — Ho)Go(E) = 1. (2)
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We can obtain the Green function by inverting (E — Hy)
as

A 1
Go(E) = o — -
- 0

Supposing the homogeneous solution of the Schréinger
equation above |1)g), we write the equation
(E — Ho) [th) =0,
and obtain
|¥) = [tho) + Go(E)V [9) , (5)

which is called the Lippmann—Schwinger formalism [36].
In the z-representation, we can rewrite Eq. (5) as

3)

(4)

(xli) = {zlbo) + / Ao’ (2| Go(B) |2) (| V|4, (6)

where |x) is the eigenvector of the position operator. Here
we would like point out that the |z) can form a complete
orthonormal basis (z|z’) = §(x —z'), which can constitute
an abstract Hilbert space. Thus (2| Go(E) |2/) means that
the Green function of position coordinates x and z’ is
defined in the single particle Hilbert space. Based on the
above conditions, we can rewrite the Eq. (2) in the basis
|z) as

d2
<dl9:2 +
where we define Go(E;z,2') = (z|Go|2'). By solving

above equation, the unperturbed Green’s function can be
given by [37]

(7)

k:2> Go(E;z,2") = 2—?5(1 —a'),

im

Rk

Go(E;z,2') = — ikla—a’| (8)

where the wave vector k is equal to Q;L"E with the incident
energy E > 0. The Lippmann—Schwinger equation in one
dimension is therefore

(@l6) = (alin) = 2ge [ eV (@ Vi), ()

3 Application to single delta imaginary
potential

In previous work, the quantum scattering problem of the
real 0 function has been considered [38]. Now we consider
the single § negative imaginary potential V' (z) localized
at x = 0, which can be written as

V(z) = —ir(), (10)

where i is the imaginary unit and A is the potential
strength. If we take the position eigenkets |z) with a real
eigenvalue x as basis vector, the above potential can be
written as in the bra-ket formalism [39, 40]

V(z) = —ix|z =0) (x =0]. (11)
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For simplicity, we will abbreviate | =0) as |0) in the
following derivation. After we simply substitute Eq. (11)
into Eq. (5) and multiply the result from the left by the
bra (z|, the wave functions of particles in the scattered
final-state can be obtained

(z[)) = (zltho) —iX (x| Go(E) [0) (O¢))

where (z|¢y) is the initial wave function presenting
a free plane wave function €**. In the ordinary a-
representation, the above relation can be written as fol-
lows:

Y(x) = e —iAGo(E; 2,0)1(0).

(12)

(13)

Obviously, if we want to obtain the explicit form for ¢(x),
we need to find ¥(0), which can be solved by replacing x
by 0 in above equation

¥(0) = ! S (14)
T 14iMGo(E;0,0) B2k +m)\
Thus we can get the explicit form for ¢ (x)
ikz mA ik|z|
= e — ———¢ . 15
Vi) 12k + mA (15)

We assume that an electron is incident from the left on
a delta potential located at x = 0. Thus the general forms
of wave functions 1 (x) for two regions x < 0 and = > 0
can be written

. A .
ik _ hz}gnj"— m/\elkm, T > 07

U(w) = o (16)
ikxz

- e hT g <.

Rk 4+ mA
Once the scattered wave functions are solved, we may ob-
tain the analytical solutions of the transmission and re-
flection coefficients

P Ak
T=1-—" S : (17)
ok +mA (h°k + mA)?
and
2 212
mA m-A
R=|-— =-— > (18)
Rk +mA (R°k +mA)
It is easy to show that the total probability is
A2 + m2\2
T+R=—F———, 19
(AWK +mA)2 (19)

which is always less than 1 except for A = 0. It can be
illustrated that the negative imaginary potential describes
the case of particle loss in an open quantum system. While
electron incoming from the left terminal hits the negative
imaginary potential, it is possible that electron flows out
to an external environment and the number of electrons
indeed decays.

In physics, the disappearance of incident particle may
appear in nuclear reactions where incident particles get
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absorbed by nuclei. Also the imaginary potential is used
to described the dissipative effects in quantum optics. The
disappearance or dissipation of particles can be character-
ized by the electronic absorption coefficient A [41]

_J@=+400) = J(z = —00)
A= Jin(x = —00)
J(x =+00) — J(x=—00
_ ( + )M( )7 (20)

where J(x) = 52

(V*Vip — V™) is the probability flux

and Ji,(x = Egé) is the incident probability flux. Ac-
cording to Eq. (16), we know the incident wave-function
is Yin(7) = %% so Ji,(z = —o0) = % . Therefore, the
electronic absorption coefficient for the model is
2
A 2w o
(h°k +mA)?

Obviously, transmission, reflection and absorption coeffi-
cients satisfy T+ R+ A = 1.

By same procedures, we can derive the transmission and
reflection coeflicients of the electron hitting the single pos-
itive imaginary potential V(z) = iAdé(x), which can be

present as
mAx |? ik
T=11+ = , 22
R2k —mA (R%k — m\)? (22)
and
mA 2 m2\2
R=|-— - = 5 (23)
hk —mA (h°k — mA)

It is obvious that the total probability T'+ R is always
greater than 1, except for A = 0. The reason is that the
positive imaginary potential describes the case of particle
gain, which indicates that more particles can flow into the
quantum system from an external environment. Thus the
conservation of total probability is broken in the system.

To see the impact of positive/negative delta-like imag-
inary potential on transmission coefficients more intu-
itively, in Fig. 1, we plot the transmission coefficients as
a function of the wave vector k with different imaginary
potential strength A. It can be seen that the transmis-
sion coefficients will somewhat decrease with the increase
of potential strength A\ for negative imaginary potential,
which indicates that the number of the particle may flow
out to an external environment when electrons transport
through a negative imaginary potential. Intuitively, we
think that the transmission coefficient T should be larger
than 1 for the positive imaginary potential, because those
electrons flow into the quantum system from an external
environment. However, in Fig. 1(b), one can see that the
transmission coefficients are below unity when the wave
vector k is less than mA\/ 2h?%. Here the positive imaginary
potential has two competing effects: one is to scatter the
incident electrons and make the T smaller; the other is to
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Fig. 1 Transmission coefficients as a function of the wave
vector k for different strength of potential while electron trans-
port through single negative imaginary delta potential (a) and
positive imaginary potential (b). The other system parameters
are set as h = 1, m = 1/2. And the red, blue, cyan, magenta
and black lines correspond to the results for A = 0, A = 1,
A =2 A=3, and A = 4, and the corresponding dashed lines
are the vertical asymptote expressing the infinity, respectively.

inject particles into the system to make the T larger. For
the small incident wave vector k, the former dominates, so
that the transmission coefficient 7T is less than 1. As k ap-
proaches mA/ h2, the transmission coefficients will sharply
increase and arrive at the value of infinity, which can be
illustrated that the denominator of Eq. (14) is approach-
ing to zero. While k is greater m\/ h?, the transmission
coefficients will decrease from the value of infinity, but it
always exceeds unity 1. Furthermore, with the increasing
of positive imaginary potential strength A, the transmis-
sion coefficients increase and more particles flow into the
system from an external environment.

4 Application to P7T-symmetric potential

With the above two examples as a bedding, now we can
consider the PT-symmetric potential described by

V(z) =iNo(z + %) —iX(z — £), (24)

2
where ) is the potential strength. Here A can be positive or
negative. When the ) is positive, this means that the gain
is at the site —%, and the loss is the site at % Otherwise,
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when the A is negative, the loss is at 7% and the gain
is at % The PT-symmetric potential in Eq. (24) can be
written in the bra-ket formalism

L L L L
S [ e B Y b e 2
Vi) = -5) (-5~ Al (] (25)
Substituting Eq. (25) into Eq. (5) and multiplying the
result from left by the bra (z|, we can obtain the wave
function of particle

(al) = (o) + 1 (2] Go(B) |- 2) (~ 5 14}
i (2l GolB) 1) (5 1) (26)

In the ordinary z-representation, Eq. (26) can be rewritten
as

. L L
P(x) = +iAGo(E; , —§)¢(—§)
. L L
—iAGo(E; §)¢(§) (27)
Now we set = = —% and z = % in above relation, by

simple derivation, the relationship between 1/1(—%) and
¥(%) can be reduced to

L L L
1-—1 E—— —= ——
(1 - AGo(B; — 5~ 5 )(~)
i L L Lo —ikL
+1>\GO(Ea 5,§)¢(§) =€ ) (28)
and
L L L
1+1 J D p—— —
( +1AG0( 72a2))w(2)
i L L L _ ik%
_1)‘GO(Ea 5) §)¢( 5) =¢e (29)
This relation can be written in a matrix form
1—iAGo(E;—%,-%) iAGo(E;-%, %
—IAGo(E; L, -L) 1+iXGo(E; &, L)
W(=5) _ [e7*2
= L 30
(d}(S) etz (30)

Thus we only need to multiply the inverse of matrix on
the left in order to successfully obtain ¢(—%) and (%)

(w(—é)) _ (1—1AG0<E;—S,—3> iAGo<E;—5’§>>1
SIAGo(E; L =LY 14+iMGo(E; L, L)

e—ik%
\ k% )

Then we can obtain the final scattered wave function

_ik L ik L ik 3L
%le ik 5 + ae ik —aelkz

1+ a2(e¥rl —1)

w(x) :eikw + aeik|x+

Ying-Tao Zhang, et al., Front. Phys. 16(4), 48508 (2021)
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s L
elkf

1+ a2<62ikL _ 1)’

i _L
_ qeiblo—%1

(32)

where the dimensionless parameter o = mz. For the case

FLT
of x < —%, the wave function can be deduced to

ik o —ikL ikL
P(x) =™ + 15 a2(eXFE — 1) [(e — ™)
n a(e—ikL . eikL)}e—ik:c’ (33)
and for case x > g, the wave function is
1 ikx
P(x) e, (34)

T 1+ a2(ePRL 1)
Then, we can find the reflection and the transmission
coefficients
402(1 + a)?sin’*(kL)
R= ) ;
1 —4a?(1 — o?)sin®(kL)

(35)

and
1

r= 1 —402(1 — a?)sin*(kL)’ (36)

It is obvious that transmission coefficients are always
greater than 1 while the condition satisfies 0 < a? < 1,
and transmission coefficients are always less than 1 while
the condition satisfies a? > 1. Besides, for a®> = 1 or
k = =F, transmission coefficients will be always 1, which
indicate that the quantum system is the balanced state
in this case and the gain of electron is equal to the loss
electron. This means that the gain and loss are balanced
only under special parameters. Finally we can successfully
obtain the total probability

1+ 4a?(1 4 a)?sin?(kL)

T+R= .
N 1 —4a2(1 — a2)sin®(kL)

(37)

Here we can find a special case of @ = —1, in which the
total probability T'+ R is always 1 irrespective of the en-
ergy. The reason is that by choosing @ = —1, we can
obtain perfect transmission state for given k value.

Now we have derived the analysis results of transmis-
sion and reflection coefficients transmitting through a pair
of PT-symmetric delta-like potentials, and our obtained
results are consistent with previous works by H. F. Jones
[42]. By analyzing Eq. (37), we find that the numera-
tor and denominator are always a non-negative value, so
T+ R > 0. But T + R could be less than, greater than,
or equal to 1, due to the competition of gain and loss. To
show the property of T'+ R more intuitively, in Fig. 2(a)
we plot the T+ R as function of k& while the A is set to
be 0, +2, +4, £8. As a reference, for A = 0, it can be seen
that 7'+ R is always be 1 satisfying the conservation law
for probability current. While X is set to be the positive
value with 2,4,8, we can see that the 7'+ R shows the
periodic oscillation with the increasing of the wave vector
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k. Except for a few special points, the 7'+ R equals to
1, T + R is always greater than 1, because the incident
electron from the left side first hit the gain at z = —%
and the gain dominates. On the other hand, while A is
set to be the negative value with —2, —4, —8, with the in-
creasing of k, the T'+ R is reduced to less than 1 at the
beginning and will be greater than 1 as k continues to
increase. For a < —1, 0 < T+ R < 1, whereas a > —1,
T+ R > 1. Although both quantum systems with A taking
the positive and negative values maintain P7T symmetry,
the results of T+ R are different under the two conditions.
Whether X is set to be a positive value or negative value,
the 7'+ R will not be 1 except for a few points (k = “* or
a = —1), which indicates the breaking of the conservation
law of probability current in this case. In the previous re-
searches work, people always hope that the PT-symmetric
potential can balance gain and loss. However, according

THR

(b)

Fig. 2 The sum of the transmission and reflection coeffi-
cients (a) and transmission coefficients (b) as a function of
k for different strength of potential while electron transports
through the P7T-symmetric a pair of delta like potential. The
system parameters as set as h = 1, m = 1/2, and L = 3. In
figure (a), the dotted magenta line, dotted black line and dot-
ted blue line correspond to the results for A = —8, A = —4
and A = —2, the red line, blue line, black line and magenta
line correspond to the results for A = 0, A = 2, A = 4, and
A = 8. In figure (b), the red line, blue line, cyan line, magenta
line and black line correspond to the results for A =0, A =1,
A=2, A2=3,and A =4.
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to our obtained analytical solution Eq. (37), the balance
between gain and loss (i.e., T+ R = 1) can only exist at
a few special parameters, k = % or a« = —1. In fact,
the effects of the incident electron to first hit the gain or
to first hit the loss are different. As a result, the balance
between gain and loss is destroyed usually.

It is well known that bound states correspond to poles
of the scattering matrix, which has been postulated to
provide a fundamental physical viewpoint [43]. However,
the case of PT-symmetric potentials is an exception[44].
From Fig. 2, one can see that T'+ R keeps a certain value
as a function of k, which indicates PT-symmetric poten-
tials cannot form the bound state and localize the electron
completely.

According to Eq. (36), we also plot the transmission co-
efficients as the function of the wave vector k for a pair
of PT-symmetric delta-like potential. In Fig. 2(b), it can
be observed that the transmission coefficients are always
less than 1 for the conditions satisfying o? > 1, and show
resonant transmission points for A = 2,3,4. On the other
hand, for 0 < a? < 1, the transmission coefficients are
larger than 1, which is consistent with our above analy-

sis. While a = @ and kL = (n + 1/2)7, the denomina-
tor of Eq. (36) is approaching to zero, the transmission
coefficients reach a oo value. Furthermore, the transmis-
sion coefficients show periodic oscillation behavior with
the minimum value of 1 and the amplitudes of oscillation

decrease with decreasing of o from V2

5=, i.e., with increasing
of k from /2 ’g—f‘ Generally, we hope that PT-symmetric
quantum system is a stationary state with balanced gain
and loss of particles. According to our above analysis, we
would like to point out that only the condition of k = 7+
or = —1 is satisfied, transmission coefficients will be al-
ways 1, in this case, this open system is a stationary state

with balanced gain and loss of particles.

(@) 3.0 (b)3.0-
2.0 2.0
T T A
1.0 1.0
0.0 T 1 T T T T T T T 0.0 r—r T 1 T 1T T T T T
0 2 4 6 8 10 0 2 4 6 8 10
k k
(¢) 3.0 (d)3.0
2.0 2.0
1.0 1.0
0.0\\\\\\\\\\ 0.0’\\\\\\\\\\
0 2 4 6 8 10 0 2 4 6 8 10
k k

Fig. 3 Transmission coefficients as a function of k for dif-
ferent distance between two potential while electron transport
through the P7T-symmetric a pair of delta like potential. The
distance between two delta potential is set as L = 3 (a), L = 4
(b), L =5 (c) and L = 6 (d). The system other parameters
are h =1, m=1/2, and A = 5.
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In Fig. 2(b), it has been found that there exists one res-
onance peak for the case A = 4. Now it turns to focus
our attention on what elements will affect the resonant
peaks of transmission coefficients. In Fig. 3 we plot the
transmission coefficients as a function of k for the different
L. Tt can be seen that the peaks of the transmission coef-
ficient can be modulated by the two potential separated
distance L, the numbers of resonant peaks increase with
the increasing length of L, which indicate the more than
one resonance states formed in a pair of PT-symmetric
delta-like potentials. This point is similar to the case of
real value delta function potential, in which there exist
the discrete energy spectrum and possible resonance states
[45, 46], corresponding to the resonant peaks of the trans-
mission coefficient.

5 Conclusions

In summary, we have employed the Lippmann—Schwinger
formalism to derive an analytical solution of the transmis-
sion and reflection coeflicients through an one-dimensional
open quantum system, in which particle loss or gain on one
lattice site, or particle loss on one lattice and gain on the
other lattice site are considered respectively. The gain and
loss on the lattice site are modeled by the delta potential
with two opposite imaginary value. According to the an-
alytical solution and computing results, we find that the
total probability of T+ R is less/greater than 1 for the neg-
ative/positive imaginary potential, due to the particular
flowing out/into the system to/from an external environ-
ment. Furthermore, we investigate the transport property
of electron transmitting through a pair of P7T-symmetric
delta potentials. It is found that 7'+ R is not equal to 1 in
usual. This indicates that the balance between gain and
loss is usually destroyed in the transport P7T-symmetric
non-Hermitian system, which is different from the previ-
ous expectations. In addition, the resonance states can be
formed by P7T-symmetric potential and transmission co-
efficients can be modulated by the strength of potential,
which may be below or above 1. The results of our analysis
can be treated as the starting point of studying quantum
transport problems through a non-Hermitian system, and
more general cases for high-dimensional systems may be
deduced by the same procedure. And we plan to follow up
the research results on the based of our proposed simple
6 potential model, study the case of a single finite-range
potential like the Poschl-Teller potential by the numerical
calculation method in the next research work.
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