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With the rapidly increasing integration density and power density in nanoscale electronic devices, the
thermal management concerning heat generation and energy harvesting becomes quite crucial. Since
phonon is the major heat carrier in semiconductors, thermal transport due to phonons in mesoscopic
systems has attracted much attention. In quantum transport studies, the nonequilibrium Green’s
function (NEGF) method is a versatile and powerful tool that has been developed for several decades.
In this review, we will discuss theoretical investigations of thermal transport using the NEGF ap-
proach from two aspects. For the aspect of phonon transport, the phonon NEGF method is briefly
introduced and its applications on thermal transport in mesoscopic systems including one-dimensional
atomic chains, multi-terminal systems, and transient phonon transport are discussed. For the aspect of
thermoelectric transport, the caloritronic effects in which the charge, spin, and valley degrees of free-
dom are manipulated by the temperature gradient are discussed. The time-dependent thermoelectric
behavior is also presented in the transient regime within the partitioned scheme based on the NEGF
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method.
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1 Introduction

As transistor gate lengths are scaled down into the 10-
nm regime with the rapid development of nanotechnology,
millions of transistors are fabricated within a square mil-
limeter in the integrated circuit chip [1]. With the increas-
ing transistor density in chips, the power density raises
rapidly, which becomes the roadblock for the continued
miniaturization of integrated circuits since the enhanced
chip temperature prevents the reliable performance of in-
tegrated circuits. In order to design next-generation de-
vices with low energy consumption, it is crucial to study
the thermal transport in nanostructures to understand
heat generation and dissipation. Recently, numerous re-
searchers have proposed various theoretical models to
study the fundamental physics in thermal transport and
carried out experiments on low-dimensional nanomaterials
to show their potential applications in thermal engineer-
ing [2-5].

Phonon, the physical quasiparticle representing the me-
chanical vibrations, is responsible for the transmission of
heat in solids. Understanding and controlling the trans-
port properties of phonons provide opportunities to reduce
heat consumption and utilize waste heat. Various proto-
typical phononic devices such as thermal diodes [6], ther-
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mal transistors [7, 8], thermal logic gates [9], and thermal
memories [10] have been proposed to manipulate the heat
flow at the nanoscale. Recently, the chirality of phonons
has been observed experimentally in monolayer tungsten
diselenide [11]. The discovery of chiral phonons has re-
ceived wide attention in emerging fields such as valleytron-
ics [12, 13] and topological states [14]. Therefore, explor-
ing the mechanisms of phonon transport and scattering
in nanoscale phononic devices is of great importance for
artificially tuning thermal transport properties for future
heat management in electronic devices and specific appli-
cations in phononic devices.

Apart from phonon transport, the thermoelectric effect
which describes a direct conversion from heat energy to
electric energy and vice versa, is another major concern
in the field of thermal transport due to its potential ap-
plications in harvesting and recovering heat. The perfor-
mance of thermoelectric materials at a certain temper-
ature is evaluated by the dimensionless figure of merit
(ZT). The big challenge lying behind the thermoelectric
technology is the improvement of ZT value of thermoelec-
tric materials, namely, simultaneous enhancement in the
electrical conductivity and reduction in the lattice thermal
conductivity [15, 16]. In the past decades, the thermoelec-
tric behavior of a series of low-dimensional materials has
been theoretically predicted and experimentally studied,
which exhibits huge potential in the application of high-
performance thermoelectric devices [17-20]. However, it
is still an open question and a long way to search for bet-
ter thermoelectric materials and further improve the ZT
value.

The method of nonequilibrium Green’s function
(NEGF) is a versatile and powerful tool to study both
electronic and phononic transport properties in nanoscale
materials. The NEGF method was used to investigate
quantum electric transport by Caroli et al. for the first
time in 1971 [21]. An explicit formula for the transmission
coefficient and tunneling current was derived in terms of
the Green’s function. A Landauer formula for the cur-
rent through an interacting electron region was derived
by Meir and Wingreen, which provided a modern frame-
work to study the electronic transport in mesoscopic sys-
tems [22]. The general formula of time-dependent electric
current through the interacting and noninteracting meso-
scopic systems was derived using the Keldysh NEGF tech-
nique [23]. Besides the electronic transport, the NEGF
method was used to treat the phonon transport in solid
junctions by Wang et al. and the formula of ther-
mal current due to atomic vibrations was presented in
terms of Green’s function [24, 25]. Within the NEGF ap-
proach, many-body effects in quantum transport such as
electron—phonon and electron—electron interactions can
be included through self-energies without deviating the
framework [26-30]. The NEGF method was also combined
with the density functional theory (DFT) which is an
art-of-the-state technique for modeling and predicting the
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electronic transport properties of nanomaterials [31, 32].
In this review, we aim to give a brief summary of theo-
retical studies on thermal transport including the phonon
and thermoelectric transport in mesoscopic systems by us-
ing the NEGF method. In Section 2, we first introduce
the phonon NEGF method and its applications on ther-
mal transport. The interfacial thermal transport in one-
dimensional atomic chains, phonon transport in multi-
terminal systems, and time-dependent phonon transport
in the transient regime are discussed. In Section 3, the
basic concepts of thermoelectricity are introduced. The
dc thermoelectric transport and its application on spin
and valley caloritronics are discussed within the linear re-
sponse theory. The time-dependent thermoelectric trans-
port in the transient regime within the partitioned scheme
was also presented. Finally, a brief conclusion and outlook
are given in Section 4.

2 Phonon transport

2.1 NEGF method for phonon transport

Various methods have been used to study the phonon
transport, such as molecular dynamics (MD) [2, 33-35]and
Boltzmann transport equation (BTE) method [36-38].
The MD method can incorporate nonlinearity. However,
it is only valid at high temperatures and becomes not ac-
curate at low temperatures due to its classical nature. The
BTE method is usually used to study the thermal conduc-
tivities for bulk materials and can not be used for systems
without translational invariance. For the mesoscopic sys-
tem in which quantum effects dominate the phonon trans-
port, NEGF is an effective approach in a whole diffusive
to ballistic regime [24, 25, 39, 40]. In this section, we first
give a quick review of the NEGF technique in phononic
systems.

2.1.1 Phonon current

We consider a nonconducting solid that only the vibra-
tional degrees of freedom are treated. The Hamiltonian is
given by [24, 25]

H = Z H, +uTLVLcuC —i—uEVCRuR,
a=L,C,R

(1)

where L,C, R denotes the left lead, central region, and
right lead, respectively, and

H, = 3 lata + §uaKaua, (2)
where u, is the column vector consisting of all displace-
ment variables in region « and 1, is the corresponding
conjugate momentum. K, is the spring constant matrix.
Veor = VLTC and Vog = V;;C are the coupling matrices of
the central region to the left and right leads, respectively.
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The dynamic matrix for a full linear system can be written
as

Ky, Vie O
K=|Vor Ko Ver|. (3)
0 Vre Kgr

The phonon current flow from the left lead to the central
region can be defined as [24, 25]

Jp = —(H(1)). (4)

By using the Heisenberg equation of motion, we can obtain

Jp = (i} (t)Vicuc(t)). (5)

By defining the following lesser Green’s function [24, 25],

G&p(t,t) = —i{ur(t)uc(t)")”, (6)
we have
0
J, = 1%Tr[GéL(t,t')VLC] L (7)

After the Fourier transformation, the current can be ex-
pressed as

0 dw <
Jr =— - %OJTY[GCL(W)VL(/*]. (8)

In order to solve G, (w) in the above equation, we can
relate Goe to Gy by using the Dyson equation [41]:

Geop(r,m1) = / drGeoc(t, 7))V gr (12, 1), (9)
c

Here, the integral is along the contour. gy, is the contour-

ordered Green’s function for the isolated left lead in equi-

librium. By employing the analytic continuation, we can
obtain [41]

G&p(w) = Goew)Vergr (W) +G5o(w)Vergr (w). (10)

Substituting Eq. (10) into Eq. (8), the expression of the
phonon current becomes

+00 quw
Ju== [ SETHG @I ) + G @) )

— 00

(11)

where II] = Vorg] Vie (v = r,a,<,>) is the self-energy
due to the interaction with leads. By taking (J; + J5)/2,
we can obtain [24, 25]

+o0 w
== [T 6 @) - G @)

+G= (w) [T (w) — I (w)]

— 00

(12)
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which can be further written in the form of Meir—
Wingreen formula [22, 40]

+oo d
J== [ ReTHET @I ) - 6 @ ()
(13)
The retarded Green’s function in the frequency domain
for a steady-state transport can be written as [24, 25]
G" = [(w+i0T) - K¢ — 11"~ (14)
Here, T represents the identity matrix and 0% is an in-
finitesimal positive number. The lesser Green’s function
satisfies the Keldysh equation [41],

G< =G'II~G". (15)

Now we introduce the phonon bandwidth function,

A, = i(IT), — II2). (16)
then Eq. (12) can be expressed as the Landauer for-
mula [40, 42],

(17)

where n,(w) = 1/[exp(w/Ty) — 1] is the Bose-Einstein
distribution function in lead « (kg = 1 for simplicity)
and

E(w) = TI‘(GTALGO’AR), (18)
is the phonon transmission coefficient in the form of the
Caroli formula [21]. More details of the basic definition
and properties of phonon NEGF can be found in Refs. [39]
and [40].

We define the phonon thermal conductance as [25]

lim J

AT=0 AT’ (19)

KRph =
where AT is the temperature difference of two leads. For
ballistic transport, the phonon conductance can be ex-
pressed in the form of Landauer-like formula [43]

T dw _, On
KRph = — W=
0

- (w) 7 (20)

2.1.2 Nonlinear systems

In the following, we discuss the quantum self-consistent
mean-field theory based on the NEGF method to deal with
nonlinear thermal transport. We introduce the quartic in-
teraction term into the Hamiltonian as an example, which
can be given by [24]

1
H, = 1 ZTijklUC,iUC,kUC,jUC,l~ (21)

ijkl
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We can also handle the cubic interaction term for the
thermal transport. By applying the equation of motion,
the Green’s function with the nonlinearity can be written
as [44]

82
ﬁgim(ﬂ 1) + Z K¢ ,ijGijm/(T,71)

J

+ E T3kt G i (7, 7,7, 71)
ikl

:_6(7'_7—1)67;7-”_2/dTQHij(T,TQ)Gjm(TQ,7—1), (22)

where G(71, 72,73, 74) = —I{Teu(r)u(r2)u(rs)u(rs)) with
T, the time-order operator is the four-point Green’s func-
tion. Within the mean-field approximation, the four-point
Green’s function can be represented by the two-point
Green’s function [40],

—iG (71, 72,73, 74) = G(71,72)G(T3,74)
+G(11,73)G(T2,74)
+G(11,74)G (12, 73).

Then we can obtain

82
ﬁGim(ﬂ )+ Zj: K¢ ,ijGjm/(T,71)

+ 312 Tij1Gri(0)Gp (7, 71)
Jkl
= 75(7‘7’7’1)51171 — Z/dTQHij(T,TQ)Gjm(TQ,Tl).
J

Therefore, we can account the nonlinearity by the follow-
ing self-energy,

1L, 5 = 312 TijGri(0) =3 Z Tijra(urur), (24)
Kl Kl
where
[ dw
(uguy) = 1/0 %G<(w). (25)

We note that this nonlinear self-energy is real and it only
shifts the frequencies of phonon modes.

By introducing the nonlinear self-energy, the retarded
Green’s function with nonlinearity can be then written as

G" = [(w+i0") T - K€ - 11" — 11, . (26)
With the help of the Keldysh equation, i.e., Eq. (15), the
retarded Green’s function can be solved self-consistently.
Since we are considering an effectively harmonic problem,
the phonon current can be still calculated from Eq. (17).

2.1.3 Electron—phonon interaction
For thermal transport through the metal-semiconductor

interface, energy must transfer between electrons and
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phonons.  Therefore, it is highly desirable to under-
stand the heat dissipation for thermal transport through
the interface with the electron—phonon interaction. The
electron—phonon coupling in the central region can be de-
scribed by [41]

HF" =" edld; + Y Mfydldjuy,
i ijk

(27)

where d!(d;) is the electron creation (annihilation) op-
erator and ¢; is the electron energy level in the central
region. MZ@ is the electron—phonon coupling matrix ele-
ment. Since the Landauer formula of phonon current is
only applicable to quasi-ballistic transport, one needs to
use the Meir-Wingree formula, i.e., Eq. (13), to calculate
the phonon current of inelastic processes, including the
electron—phonon scattering.

The electron—phonon interaction is included as a per-
turbation. The full retarded Green’s function within the
electron—phonon coupling can be obtained from the Dyson
equation [41],

G =G+ GTnghG*T, (28)
where G" given in Eq. (14) is the bare phonon re-
tarded Green’s function without electron—phonon interac-
tion. The Keldysh equation for the system with electron—
phonon coupling becomes

G< =G (I + 11

eph)éa' (29)
Under the Born approximation, we can obtain the non-
linear self-energy due to the electron—phonon interaction

up to the second order [45, 46],

sagm de n
M5y, = MG} [ SEGEOGH(E -0, (30
and
T sagm de T
eph,mn — _lMlk /%[ ki(e)Gj<l(€ - UJ)
+Gi ()G (e — w)] M. (31)

From Egs. (28)—(31), we perform iterations under the
self-consistent Born approximation by replacing the bare
Green’s function G with the full Green’s function G.
Finally, the phonon energy current with the electron—
phonon interaction can be given in the form of Meir—
Wingreen formula [25, 45],

—+o0 w _ _
Jr :_/ %wTr[G<(W)Hz (w)=G~ (W)} ()] (32)

— 00

2.2 Interfacial thermal transport in one-dimensional
atomic chains

In thermal transport, the interfacial thermal scattering
becomes extremely important as the dimension of ther-
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mal devices shrinks to the nanoscale. In low dimensional
system, it was found that the interfaces can dramatically
affect the thermal transport [5, 47, 48]. In recent years,
interfacial thermal transport has been extensively studied
by both classical and quantum approaches. To study the
interfacial thermal transport, the most widely used models
are the acoustic mismatch model [49] and the diffuse mis-
match model [50]. However, both models are lack of accu-
racy in calculating the interfacial thermal resistance since
they neglect the atomic details of actual interface struc-
tures. The NEGF approach, which is a powerful method
to treat nonequilibrium and interacting systems, has been
extensively applied to study interfacial thermal transport.
Moreover, the NEGF method can offer a straightforward
way to treat nonlinear systems.

One-dimensional atomic chain model has been exten-
sively used to study the interfacial thermal transport,
which can provide fundamental physical pictures for prac-
tical thermal devices. The one-dimensional atomic chain
consists of two semi-infinite leads and a central region, as
shown in Fig. 1. The left and right leads are in equilib-
rium at different temperatures 77, and Tg, respectively.
The central region is coupled with the left and right leads
by harmonic springs with constant strength k1o and kas,
respectively. The left lead, central region, and right lead
are all harmonic chains with the spring constant and mass
k1, m1, ko, ma, ks, ms, respectively. The total Hamilto-
nian of the one-dimensional atomic chain can be given
by [51]

1 1
H = Z Ha+*/€12($L,1—170,1)2+§k323(13c,Nc—$R,1)2-

2
a=L,C,R

(33)

Here,

2

DO =

a

H, = ka(Tai — Tait1)?,  (34)

DN =

No—1
.2
Moy ; + E
i=1

where 2,,; is the relative displacement of ith atom in part
a. N, is the number of atoms in part a. Note that for
the semi-infinite leads, N, and Ny are infinite.

The simplest model of the one-dimensional atomic chain
is the single-junction case, namely, two semi-infinite leads

i=1

be o NC
9000, 00000000
my, ky : my, ky : ms, ky

Fig. 1 Schematic of the one-dimensional atomic chain
model. The central region is coupled with the left and right
leads by harmonic springs with constant strength k12 and ka3,
respectively. The left lead, central region, and right lead are
all harmonic chains with the spring constant and mass ki1, m1,
ka2, ma, ks, ms, respectively.
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are directly connected by a spring with a constant strength
k1. For the Hamiltonian of the single-junction case, we
can set ko = 0, N¢ = 0, and replace z¢1 by zgr1 in
Eq. (33). Within the NEGF approach, the transmission
coefficient can be given by [51]

- B2C,Cy
Here,
A== oy - (36)
k12
= W7 (37)
w
Ci = Eq / 4kzml — wgm?, (38)

(2

where \; = el%% with g; the wave vector and a; the inter-
atomic spacing.

Figure 2 presents the thermal conductance as a function
of interfacial coupling k12 in the single-junction model. It
is found that the thermal conductance initially increases
with the increasing interfacial coupling k12 and reaches
a maximum value. It then decreases slightly and finally
approaches a constant value. Zhang et al. found that the
maximum thermal conductance occurs when the interface
spring equals the harmonic average of the spring constants
in two semi-infinite leads, namely, k12 satisfies [51]

2k1ks

kio = kigm = otk (39)

Besides, the effect of impurity mass and mechanical ad-
hesion on phonon transport was investigated by Salton-
stall et al. by introducing an impurity mass and variable
bonding into the single-junction model [52]. For the case
of interface mass, it is found the maximum transmission

0.3
0.2
b - — -—
0.1
— — k0.7, my=2.3
- k3.5, my=0.3
— - -k,=3.5, my,=2.3
0.0
0.01 0.1 1 10 100
k12

Fig. 2 Thermal conductance o as a function of interface
coupling k12 in the single-junction model. Here k; = 1.0 and
m1 = 1.0. Reproduced with permission from Ref. [51].
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occurs when the interface mass equals the arithmetic mean
of the mass on either side of the interface. For the case of
the interface spring, one can maximize the transmission
when the interface spring is set to the harmonic mean of
the spring constants in two semi-infinite leads, namely,
klZ,m-

The single-junction model can be extended to the two-
junction model which involves a central part. In the
two-junction model, the transmission wave is scattered by
two boundaries, which results in multiple reflections. The
transmission behavior can be considered as the combina-
tion of the transmission in the single-junction model and
the oscillatory behavior due to the multiple scattering.
For the two-junction model with homogenous mass and
coupling in the central part, it is found that the phonon
transmission oscillates with frequency in the envelope lines
of minimum and maximum transmission which can be
determined by the single-junction model [51]. The in-
terfacial thermal conductance of two-junction model for
various mass-graded and coupling-graded materials was
investigated by Xiong et al. [53]. The optimized ho-
mogenous coupler [54], the arithmetic mass-graded and
coupling-graded coupler, the geometric mass-graded and
coupling-graded coupler, and the coupler with both geo-
metric graded mass and coupling were studied. Relative
to the optimized homogenous couplers, the mass-graded
or coupling-graded structures were found to be applica-
ble to improve the interfacial thermal conductance of two
lead materials with both mismatched impedance and mis-
matched cutoff frequencies [53]. For the couplers with
both geometric graded mass and geometric graded cou-
pling, the interfacial thermal conductance can be maxi-
mum enhanced nearly up to sixfold compared to the opti-
mized homogenous case. They also found that the inter-
facial thermal conductance decreases with the increasing
cutoff frequency ratios for all six cases due to the increas-
ing mismatch of the cutoff frequency [53].

In the above, we discuss the interfacial thermal trans-
port in one-dimensional atomic chains with only linear
coupling interactions. However, the nonlinear effect at
the interface is another crucial issue for further under-
standing the fundamental physical mechanism of phonon
transport. Zhang et al. introduced a fourth-order non-
linear interaction into the one-dimensional atomic chain
model and studied the thermal transport through a solid-
solid interface [44]. By using the quantum self-consistent
mean-field theory based on the NEGF method, they found
that the nonlinear interaction A\ plays a role to modulate
the interfacial linear coupling k12 and the effective inter-
facial coupling can be given by [44]

2

k12,eff = k12 + 3)\ <<u1> _9 <U1U2>
mq mimso

+ <U%>> . (40)

ma

It was also found that in the weak-interfacial-coupling
regime, the interfacial thermal transport is enhanced by
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the nonlinearity, while the enhancement vanishes in the
strong-interfacial-coupling regime.

The phonon transport with the weak electron—phonon
interaction was also studied in one-dimensional atomic
chains. Based on the NEGF method. Lii et al. derived
the electrical and energy current of the coupled electron—
phonon system by introducing the electron—phonon inter-
action within the adiabatic Born—-Oppenheimer approxi-
mation [45]. They showed that the self-consistent Born
approximation fulfills the electrical and energy current
conservation. Zhang et al. studied the thermal conduc-
tance and thermal rectification across the metal-insulator
interface with electron—phonon interaction by using the
NEGF method [46]. They found the thermal conductance
has a nonmonotonic behavior as a function of the average
temperature of both phonon leads. Moreover, by consid-
ering the same temperature of left and right phonon leads
and setting k12 = 0, the phonon contribution in metal was
excluded to avoid divergence. Figure 3(a) presents that
the thermal rectification changes its sign with the increase
of temperature at a relatively larger electron—phonon in-
teraction. While the thermal rectification remains nega-
tive at a very weak electron—phonon interaction, as shown
in Fig. 3(b). The reverse of thermal rectification can be ex-
plained by the relation of thermal currents in the forward
and backward directions. At a weak electron—phonon in-
teraction, the forward thermal current is smaller than the
backward one, which results in the negative thermal rec-
tification, as presented in Fig. 3(c). When the electron—
phonon interaction is strong, the forward thermal current
becomes larger than the backward one since more elec-
trons far away from the Fermi surface contribute to the
thermal energy, leading to the positive thermal rectifica-
tion.

Besides, the interfacial thermal transport was stud-
ied across anharmonic systems via the one-dimensional
atomic chain model. He et al. developed a quantum
self-consistent approach to renormalize the anharmonic
Hamiltonian to an effective harmonic one, which was used
to calculate the interfacial phonon transport within the
framework of NEGF method [55]. Fang et al. studied the
anharmonic phonon transport across interfaces in nonlin-
ear one-dimensional lattice chains based on the equilib-
rium MD simulation. An efficient method to calculate the
frequency-dependent anharmonic phonon transmission co-
efficients was proposed based on the linear response the-
ory [56].

Recently, interfacial phonon transports have been ex-
tensively studied across the interfaces based on vari-
ous nanostructures such as single-molecule junctions [57—
59], self-assembled monolayer interfaces [60-62], one-
dimensional nanotube junctions [63, 64], and two-
dimensional heterojunctions [65-69]. These studies on
thermal conductance through actual interfaces confirms
the general rules obtained from the NEGF method in
the one-dimensional atomic chains. Hu et al. [60] investi-
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peocccceccc? ° Fig. 4 (a) Scaled thermal conductance at 300 K of m-
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154 .: \ scaled thermal conductance is defined as the ration of ther-
. H mal conductance of m-PUCNT(n,n) to the thermal conduc-
-024 & ol . tance of a pristine (n,n) carbon nanotube. m is the number of
g .: zigzag carbon atom chains in the unzipped part. (b) Phonon
5. M transmissions of m-PUCNT(10,10) as a function of phonon fre-
° quency. The highest (lowest) value is represented by red (blue)
°
0 . color. (c¢) Phonon local density of states of a 7-PUCNT(6,6) at
0001 0004 0007 0010 H w = 1000 cm ™. Reproduced with permission from Ref. [63].
°
0.3 Ver .
o
0.01 0.1 I
To

Fig. 3 (a) Thermal rectification R of the metal-insulator
interface as a function of temperature Ty for different tempera-
ture gradients with an electron—phonon interaction V¢, = 0.01.
(b) Thermal rectification R as a function of electron—phonon

interaction Ve, at different temperatures.

(¢) Thermal cur-
rent in the forward (solid line) and backward (dashed line)

transport a function of electron—phonon interaction Ve, at
To = 0.25. Reproduced with permission from Ref. [46].

gated the phonon transport across a self-assembled mono-
layer of alkanethiol molecules sandwiched between gold

and silicon substrates using the MD simulation.

They
found that the transmission coefficients exhibit strong

and oscillatory dependence on frequency, which agrees

of the unzipped graphene nanoribbon region implies that

the key factor determined the phonon conduction is the
width of the central part.

2.3  Multi-lead systems
In Egs. (13) and (17), the thermal currents of systems

with two leads are derived. These formulas can be used in
the same form for systems with multiple leads when there

are no interactions between leads. Similar to the theory
of Bittiker on the electronic transport in systems with

multiple leads, the thermal current flowing out the « lead
can be given by [70-72]

“+oo
- [ 0 Y Zpa()(na — ),

Ba

(41)

with the phonon transmission behavior in the two-junction
model [51]. The interfacial thermal conductance of par-
tially unzipped carbon nanotubes was studied by using the
NEGF method [63]. The armchair carbon nanotube was
longitudinally unzipped to obtain curved zigzag graphene
nanoribbons in its central part, as shown in Fig. 4(c). In
Fig. 4(a), Chen et al. presented that the thermal con-
ductance exhibits a linear dependence on the width of
the unzipped graphene nanoribbon region. This can be
explained by the enhanced phonon transport channels of
carbon nanotubes with a wider width of the unzipped re-
gion from the phonon transmission of partially unzipped
carbon nanotubes (PUCNTS) shown in Fig. 4(b). Such a
linear behavior of the thermal conductance to the width
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where

Ega(w) = Tr(G"AG*Ag), (42)
is the transmission coefficient between the o and S leads.
The ballistic thermal transport in three-terminal junc-
tions was studied by Zhang et al. in which the thermal
current of the third lead is set to be zero by adjusting its
bath temperature [73]. The thermal rectification is found
in asymmetric three-terminal junctions due to the incoher-
ent phonon scattering from the control lead. By introduc-
ing the spin-phonon interaction, the thermal rectification
can be found in symmetric three-terminal junctions with
an external magnetic field. The ballistic thermal rectifica-

-Huan Xiong, and Li-Fa Zhang, Front. Phys. 16(4), 43201 (2021)
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tion effect was also studied analytically and numerically
in asymmetric three-terminal mesoscopic dielectric sys-
tems [74]. The model of three-terminal junctions is widely
extended to study the thermal transport in various two-
dimensional nanomaterials [75-77]. For instance, Ouyang
et al. studied the phonon rectification effect of asym-
metric three-terminal graphene nanojunctions [75]. They
found that the rectification efficiency is strongly depen-
dent on the asymmetry of graphene nanojunctions, which
can be significantly improved by increasing the width dif-
ference between left and right leads. Moreover, the mode-
dependent phonon transport in three-terminal graphene
nanojunctions was investigated by Gu et al. based on the
NEGF method and the acoustic modes were found to con-
tribute higher transmission coefficients between the zigzag
graphene nanoribbon and the third lead [77].

In electronic transport, four-terminal devices have been
extensively used to study the spin Hall effect for two-
dimensional mesoscopic systems in which a transverse
charge accumulation is induced by a longitudinal elec-
tric field [79-81]. Analogous to the electric Hall effect,
the phonon Hall effect where a transverse heat flow in di-
electrics is induced by a longitudinal temperature differ-
ence has been discovered experimentally in 2005 [82]. Us-
ing the NEGF approach, Zhang et al. studied the phonon
Hall effect for paramagnetic dielectrics in four-terminal
nanojunctions [78]. Figure 5 presents the Hall tempera-
ture difference for the honeycomb and square lattices with
nearest-neighbor couplings under different magnetic filed
at the temperature of T = 5.45 K. For the honeycomb
lattice, it is found that the Hall temperature difference ex-
hibits the linear relation to the magnetic field lesser than
40 T. The fitted slope is about 3 x 1075 K-T~!, which
is comparable to the experimental results [82]. When the
magnetic field is extremely large, the Hall temperature
difference decreases slightly with the increasing magnetic
field. However, the phonon Hall effect can not be obtained
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Fig. 5 Hall temperature difference R as a function of mag-

netic filed B at temperature T = 5.45 K. Reproduced with
permission from Ref. [78].
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in the square lattice with nearest-neighbor couplings due
to the mirror reflection symmetry of the dynamic ma-
trix. Once the next-neighbor couplings is considered in
the square lattice, the phonon Hall effect can then be ob-
tained.

2.4 Time-dependent phonon transport in the transient
regime

In the past decade, most of the theoretical works on ther-
mal transport focus on the calculation of steady-state phe-
nomena. However, the time-dependent phonon current in
the transient regime is also an important question. Re-
cently, the transient phonon transport was studied in ar-
bitrary harmonic systems connected to phonon baths by
abruptly turning on the coupling between leads within the
partition scheme based on the NEGF method [83, 84].

Considering a single-junction one-dimensional chain
model in which the left and right leads are initially un-
coupled. Before ¢t = 0, it is assumed that the left and
right leads are in thermal equilibrium with temperature
Ty, and Tg, respectively. The coupling between the left
and right leads is suddenly switched on at ¢ = 0 by an
interparticle harmonic potential with a spring constant
k. The time-dependent phonon current in the transient
regime can be expressed as [83]

(43)

RL,<
Jo(t) = kIm [W} )
t1=to=t

Oty
Here, the time-derivative of GTX<(t;,t5) is given by [83]

8GRL7<(t1,t2)
Ot
t RL,<
:—k/ dtaGRL’T(tl,ta)—aGl (ta, t2)
0 3252
t RL,a
—k/ dtaGf‘L‘(tl,ta)iaG (ta, 2)
0 ot
t t
+k2/ dta/ Aty GRET (1, t,) G = (14, 1)
0 0

OGELa(ty 1)
Oto

N OGIE < (1, 15)

X
Oty ’

(44)
where

t
G?L7<<t17t2) = k/ dta {gR7T(t1 - ta)gL7<(ta - t2)
0

+g" S (t — ta)g" (ta — 12) | (45)

and

t
GRLA(ty,ty) = —k / AtaGIEP (11,8,)GTEP (8, 1)
0

+GIEB (1, 15), (46)
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with 8 = r,;a. The first-order term of Eq. (46) can be
expressed as

¢
GREP (1), ty) = —k/ dtag™P (t1—ta)g" P (ta—t2). (47)
0

In order to calculate the time-dependent phonon cur-
rent, the time variable is discretized into a large numbers
of segments. Since the analytic expressions for the equilib-
rium surface Green’s function g7 and gf7 (v = r, a, <)
in Eqgs. (45) and (47) have been given in the frequency
domain [25], the corresponding time-dependent surface
Green’s functions can be numerically calculated by Fourier
transform to obtain GfL’V(tl,tg). Then one can solve

RL,a
GEET(t1,t,) and E’Géitit‘“tz) required in Eq. (44) from
Eq. (46) by transforming the integral into a sum. Fi-
nally, by solving the time-derivative of the Green’s func-
tion GTE<(t1,t,) in Eq. (44), the time-dependent phonon
current in the transient regime can be calculated.

Figure 6 plots the time-dependent phonon current in
the transient regime by setting the temperatures of left
and right leads to be T, = 330 K and Ty = 270 K, re-
spectively. Once the coupling between left and right leads
is switched on, the transient currents of both leads flow in
an unexpected direction, namely, flow from the colder lead
to the hotter one. The transient currents then increase
to positive and gradually approach the steady-state that
can be calculated directly from the Landauer formula in
the long-time limit. The time-dependent currents exhibit
oscillatory behavior and the oscillation frequency is com-
parable to the highest phonon frequencies available in the
system.

In addition, the transient behavior of time-dependent
phonon current can also be studied by the full-counting
statistics of heat transport in harmonic junctions based
on the NEGF technique [86-88]. Wang et al. derived
the generating function of energy counting statistics for
phononic junctions which can be expressed in terms of
contour-ordered Green’s function as [86]

1 A

InZ(&) = —iTer In(1 — GIT*?). (48)
Here, the notation Tr; - represents the trace in both space
index j and contour time 7. G is the Green’s function
defined on the Keldysh contour and IT4 is obtained from
the difference of the original lead self-energy and the lead
energy shifted by the contour time arguments. In the long-
time limit, the cumulant generating function for large ¢y,
can be expressed using Green’s functions in the frequency
domain,

T duw . .
InZ(¢) = —tM/ Elndet{l — GG 1Ir

x[(e* — 1)ng 4 (e7 — 1)ng

+(e'Y — 7Y _ nrngl}. (49)
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Fig. 6 Time-dependent phonon current flowing out of the
(a) left and (b) right leads in the transient regime. The red
lines are the results when only the first-order term in the per-
turbation is used in the calculation. The temperatures of the
left and right leads are set to be T, = 330 K and Tr = 270 K,
respectively. Reproduced with permission from Ref. [85].

This formalism is first given by Saito and Dhar [89, 90]
and satisfies the steady-state fluctuation theorem. Agar-
walla et al. then investigated the full counting statistics
of heat transferred in harmonic chains in the presence of
both temperature gradients and time-dependent driving
forces [87]. The cumulant generating function for heat
transferred from the leads to the central region was calcu-
lated based on the two-time measurement concept using
the NEGF method. The transient behavior and steady-
state fluctuations were studied in atomic chains with dif-
ferent initial conditions and the results were generalized
for systems with multiple heat baths.

3 Thermoelectric transport

3.1 dc thermoelectric transport

Since the observation of the Seebeck effect which revealed
the interplay between thermal gradient and electric poten-
tial, thermoelectricity has attracted much attention due to
its potential applications in power generation and refrig-
eration. Recently, the Seebeck effect was studied in vari-
ous nanostructures which provides new opportunities for
designing thermoelectric devices with high ZT values [91—
101]. The Seebeck coefficient has been successfully mea-
sured in molecular junctions by trapping molecules be-
tween two gold electrodes, which offers a promising way
to study the fundamental physics in thermoelectric energy
conservation [93]. A significant ZT value of 0.6 is achieved
experimentally at room temperature in one-dimensional
silicon nanowires with rough surfaces which exhibits a 100-
fold reduction of thermal conductivity due to the efficient
phonon scattering [92].

In dc transport, the thermopower is related to the
electric conductance of nanodevices which can be simply

Zhi-Zhou Yu, Guo-Huan Xiong, and Li-Fa Zhang, Front. Phys. 16(4), 43201 (2021)
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modeled by the well-known Landauer—Biittiker formalism
within the NEGF approach. Similar to the phonon energy
current, the electric current and the electric heat current
for spin-degenerate systems can be given by (h = e =1
for simplicity) [102, 103]

+o° 4¢
= [ ST~ o). (50
and

+°° de
P [ e T~ ) 61)

Here, fo(€) = 1/[exp(=F#=)+1] is the Fermi-Dirac distri-
bution function with p, the chemical potential in lead «
(kg = 1 for simplicity). T(E) is the electric transmission

spectrum

T(E) =Tr(G'TLGTR), (52)
where I, and G"(@ are the electric bandwidth function
of lead a and the electric retarded (advanced) Green’s
function, respectively.

In the linear response, namely, under small bias voltage
and small temperature gradient, the electric current can
be linearly expanded [104]

B oo de of of (e—u
1_/ “T() [—&AV—&<T)AT}

— 00

L
= LoAV + ?IAT. (53)

Here, AV = V;, — Vi and AT = T, — T are the bias
difference and temperature difference between the left and
right leads, respectively, and

- j Trae-n ().

(54)
Similarly, the electric heat current can be expanded as

L
" = LAV + %AT. (55)
The Seebeck coefficient, also called thermopower, which
measures the magnitude of AV to balance the electric
current along the reverse direction due to AT, is defined
as

AV
S = AT (56)
1=0
From Eq. (53), it is easy to obtain
1L,
S = “TI, (57)

We can also define the thermal conductance of electrons
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Ke; When the electric current is zero. From I = 0 and

I" = kAT, we obtain

1 L3
e =—(Lo—FL).
wa=7 (- 2)
By further defining the electron conductance from Ohm’s

law G = I/AV = Ly, we can replace L,, in Egs. (53) and
(55) by G, S, and k; and obtain the following relation [4]:

(58)

I\ _( G GS AV
1" ) “\GST ka+GS2T ) \ AT |-

Moreover, we can describe the thermoelectric effect by
the figure of merit, ZT, which gives the maximum effi-
ciency of energy conservation in thermoelectric devices.
It can be calculated by

(59)

GS?

T = ——
Rel +"’€ph

(60)

Based on the NEGF method, the thermoelectric prop-
erties were extensively investigated in low-dimensional
nanostructures [94-98]. Gunst et al. studied the thermo-
electric properties of graphene antidot structures by using
the m-tight-binding model. They found that the ZT can
exceed 0.25 at room temperature and it is highly sensitive
to the structure of antidot edges [94]. Chen et al. stud-
ied the thermoelectric properties of graphene nanoribbons,
junctions, and superlattices [95]. Their findings indicate
that the thermoelectric behavior is controlled by the width
of the narrower part of graphene junctions. Moreover, the
thermoelectric transport was studied in hybrid graphene
and boron nitride nanoribbons and it was found that
the ZT value can be significantly enhanced by periodi-
cally embedding hexagonal boron nitride into graphene
nanoribbons [96]. Besides, the effect of electron—phonon
coupling and electron—electron interaction on thermoelec-
tric transport was studied in a single molecular junction
and it was found that ZT can be enhanced by increasing
electron—phonon coupling and Coulomb repulsion [105].

In 2008, the spin Seebeck effect which generates the spin
voltage from temperature gradient has been observed ex-
perimentally in a metallic magnet by Uchida et al [106].
How to manipulating and control the spin degrees of free-
dom in thermal ways has attracted much attention. Spin
caloritronics concerning coupled spin, charge, and energy
transport in magnetic structures was introduced to focus
on the relations between spin and heat current [107, 108].
In spin caloritronics, various nonequilibrium phenomenons
driven by thermal gradient have been investigated such as
thermal spin transfer torque [109, 110], spin-polarized cur-
rents [100, 111], and pure spin currents [112-114]. Using
the first-principles calculation combined with the NEGF
method, a strongly spin-polarized current due to tem-
perature difference was obtained in magnetized zigzag
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graphene nanoribbons by breaking the electron—hole sym-
metry [111]. The spin current can be completely polarized
by tuning the gate voltage. Moreover, a pure spin current
was generated in a triangulene-based molecular junction
on a large scale by changing the temperature gradient and
gate voltage [114].

Apart from the charge and spin degrees of freedom,
the valley degree of freedom can be used in valleytron-
ics for the application of information processing simi-
lar to spin used in spintronics [115-119]. A complete
valley polarized electronic current has been obtained by
simply introducing the line defect in graphene [118].
The generation of a pure bulk valley current without
net charge current through quantum pumping has also
been reported in graphene by using the well-known Dirac
Hamiltonian [119]. Analogous to spin caloritronics, valley
caloritronics, a combination of valleytronics and thermo-
electrics, has been proposed to generate a valley polarized
current or a pure valley current using thermal means [120—
122].

The valley Seebeck effect was first proposed in gate tun-
able zigzag graphene nanoribbons by Yu et al. using the
tight-binding model within the NEGF framework [120],
as shown in Fig. 7(a). From the unique band structure of
zigzag graphene nanoribbons, one can find that the mo-
mentum and valley index of electrons in the first subband
are locked together. Therefore, the left- and right-moving
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~0.05 0.10

Fig. 7 (a) Schematic diagram of zigzag graphene nanorib-
bons with two semi-infinity leads (blue shadow). Two static
gate regions with vg; = 0.5 V (red shadow) and vge (orange
shadow) is tunable in the central region. (b) Valley current as
a function of vgo under different temperature gradients with
fixed Tr = 0 K. Reproduced with permission from Ref. [120].
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electrons have valley index K and K’, respectively. Since
at given energy the sign of f;, — fr determines the di-
rection of electron flow and the valley index, the valley
current of zigzag graphene nanoribbons can be simply ex-
pressed as [120]

L= [ Gosen(f = fa)(fi ~ S T(E). (61)

A pure valley current can be generated by the thermal
gradient as well as the external bias. In order to control
the pure valley current, the gate voltage vgo applied in the
central region is modulated. Figure 7(b) presents the pure
valley current as a function of vy at different temperature
gradient with Tr = 0 K. It is found there is a threshold
gate voltage to open the valley current. Both the thresh-
old gate voltage and on valley current are proportional to
the temperature gradient and the valley current reaches
the maximum value at the neutral gate voltage. These
behaviors suggest the potential applications as a valley
field-effect transistor driven by the temperature gradient.

Moreover, the dephasing effect and doping effect on the
valley Seebeck effect in zigzag graphene nanoribbons were
studied [110]. It was found that the dephasing effect only
reduces the magnitude of pure valley current. While the
valley polarized current occurs by random doping of boron
and nitrogen atoms and the valley polarization can be ef-
fectively tuned by the doping concentration. Both the
valley polarized current and pure valley current can also
be obtained in wedge-shaped zigzag graphene nanoribbon
junctions [122]. In addition to graphene-based nanos-
tructures, valley and spin thermoelectric transport has
also been investigated in silicene junctions [123, 124] and
group-IV monolayers [125].

3.2 Time-dependent thermoelectric transport in the
transient regime

Besides the static thermoelectric behavior, time-
dependent thermoelectric transport is also an important
issue that may provide fundamental insights to un-
derstand the thermal response of mesoscopic systems.
Generally, there are two different schemes to study
time-dependent quantum electronic transport. One
is the partition-free scheme (Cini scheme) in which
the initial state of the system is assumed to be at
equilibrium that can be described by a thermal density
matrix [126, 127]. Then the system can be perturbed by
applying a time-dependent voltage bias. Another way is
the partitioned scheme (Caroli scheme) which assumes
that the two-probe system is disconnected initially and
the coupling between the scattering region and two leads
is treated as the time-dependent perturbation [21, 128].
In the following, we will discuss the time-dependent
thermoelectric transport in the transient regime using the
NEGF method within the Caroli scheme.

Within the Caroli scheme, the leads are assumed to at
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equilibrium states with the temperature T, and applied
bias V,, before ¢ = 0 and the couplings between leads
and the central region are turned on at t = 0. The exact
solution of the transient electric current that beyond wide-
band limit (WBL) can be given by [129]

Iu(t) = / g—;Tr[A(e, 5% () By (e, )+A(e, )55 (6)]+hec.

(62)

where A is the spectral function defined as
t _ )
Ale,t) = / A'GT (¢, ¢')ete 1), (63)
0

which can be expressed by Green’s functions in energy
domain within the Caroli scheme,

A i, de’ e—i(e'—e)t . A
(G,t) =g (@'f’/ﬁmg (E)a (6 )
and
de’ ei(e'—e)t
B — a( /! Za ! .
et = [ SO 69)

In order to study the transient thermoelectric trans-
port, the applied biases of left and right leads are assumed
to be Vi, = AV and Vi = 0, respectively. A tempera-
ture difference AT of two leads are introduced by setting
T, =Ty + AT and Tr = Typ. We can found that A(e,t)
and BX(e, t) only depend on the applied bias while X7 (¢)
depends on both the applied bias AV and the temperature
gradient AT.

In the linear response regime, the retarded Green’s func-
tion of electrons in the steady state G"(€) can be expanded
to the first order in AV according to the Dyson equa-
tion [130],

057(e) 5

G7(6) = G"(0) " () =L DG () AV (66)
Here, the superscript “~” is used to denote the quantities
in the absence of applied bias and temperature gradient.
Similarly, the Fermi-Dirac distribution can be expanded

as

5 0 €0
fole+ AV) = f(e) + afAV—?a—fAT, (67)
Then, the transient electric current in the left lead can be

expressed as

Ip(t)

Here, Iy (t) is the equilibrium transient electric current of
the left lead in the absence of voltage gradient and temper-
ature gradient. It is solely contributed from the switching
of the coupling between the quantum dot and leads. Gy (t)

= I(t) + Gv () AV + Gr(t)AT (68)
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is the electric conductance of the left lead [129, 131]

gv(t)—/deTr[Av(e H5<(e) B (e, 1)

+A(e, )T ‘f/( €)Bp(e,t) + A(e, t)2<(¢) By (e, )
+ Ay (6, )55 (6) + A(e, )55 ()] 4+ hoc.,  (69)

and Gr is the thermal coefficient due to electrons of the
left lead

0r(t) = [ SETHlAEF (O Bule

+A(e, )25 (€)] + h.c. (70)
Here,
e~ ST e -~ efi(elfe)t

Av(e, t) = / % |:gr(6/) aEaLe(l )gr(el):| — o7 ,

(71)
s aia,o(el) i€’ —e)t

+G°(¢) ge’ } e—¢€ +i0*’ (72)
m(o = 22, (73
S5 (0 = ify(0 = 20 (74)

where T'z(¢) is the linewidth function of left lead with
AV =0.

By setting AIL(t) = Ip(t) — IL(t) = 0, the time-
dependent Seebeck coefficient in the transient regime can
be obtained from Eq. (68),

AV Gr(t)

S =~ X7 = g

(75)

The time-dependent Seebeck coefficient was then stud-
ied in the transient regime for a single-level quantum dot
with Lorentzian linewidth by Yu et al. [129]. Figure 8(a)
presents the transient Seebeck coefficient with different
energy levels of the quantum dot under a fixed reference
temperature. It was found that the transient Seebeck co-
efficient oscillates in time and the oscillation frequency is
inversely promotional to the energy level of the quantum
dot. The time-dependent Seebeck coefficient exhibits a
significant enhancement in the transient regime and the
enhancement can be improved by the increasing energy
level of the quantum dot. The transient Seebeck coef-
ficient can also be enhanced by the reference tempera-
ture in the linear response regime and the enhancement
grows significantly with the increasing reference temper-
ature, as shown in Fig. 8(b). These results show the in-
trinsic damped oscillatory behavior in the time-dependent
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Fig. 8 (a) Time-dependent Seebeck coefficient in the tran-
sient regime with different energy levels of quantum dot €.
The reference temperature of leads is set to be Ty = 0.1
(b) Time-dependent Seebeck coefficient in the transient regime
with different reference temperatures Tp. The energy level of
quantum dot is set to be ¢g = 0.5I". The bandwidth is set to
be W = 10I'. Reproduced with permission from Ref. [129].

Seebeck coefficient in the transient regime and the en-
hancement of transient Seebeck coefficient can be tuned
by either the energy level of quantum dot or the reference
temperature of leads.

The transient spin current under a thermal switch is
also investigated within the partitioned scheme using the
NEGF method and an ultrafast enhancement of the spin
current in the transient regime is observed [132]. Besides
the Caroli scheme, the time-dependent charge and heat
currents driven by temperature gradients were studied by
using the Luttinger-field approach within the Cini scheme
in which the Luttinger thermomechanical potential was
employed to simulate a sudden change of temperature in
leads [133-135]. An enhanced thermopower was obtained
in nanoscale devices under a time-dependent gate voltage
by using the NEGF method within the wide-band limit
based on the Cini scheme [136]. The time-dependent ther-
moelectric transport was also studied in multi-terminal
noninteracting systems by tight-binding models within
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a gauge-invariant theoretical framework which is similar
to the Caroli scheme [137]. Moreover, the Caroli and
Cini schemes to study the time-dependent transport in
mesoscopic systems have been compared by using the
NEGF approach and it was proved that the formulas of
lesser Green’s function and time-dependent electric cur-
rent obtained by the Cini and Caroli scheme are equiva-
lent [138, 139)].

In addition to the Seebeck coefficient, the time-
dependent thermal transport also focuses on the energy
and heat currents driven by external biases as well as
temperature gradients in the transient regime. The ex-
pressions of transient energy and heat currents in meso-
scopic systems were obtained by using the NEGF method
with the wide-band limit [136, 140]. An exact solution of
transient heat current was also derived that goes beyond
the wide-band limit and a time-dependent framework to
study the transient heat current in realistic nanoscale de-
vices from first principles was proposed [141].

Based on the path-integral NEGF method, the full-
counting statistic calculations were applied as another way
to study the time-dependent energy currents and ther-
modynamic transport in the transient regime [142-146].
The cumulate generating function for full-counting statis-
tics of transferred energy in the transient regime was de-
rived with a two-time measurement scheme by using the
Keldysh NEGF approach and the transient behavior and
fluctuations of transferred energy were studied for both
single- and double-quantum-dot systems [141]. The ther-
mal rectification and negative differential effects of full-
counting statistics, as well as the heat engine performance
were investigated in a spin Seebeck engine [146]. The cu-
mulant generating functions of heat and spin currents were
obtained which were demonstrated to obey special fluctu-
ation symmetry relations.

4 Conclusion

In this review, we focus on the thermal transport in meso-
scopic systems studied by using the NEGF approach. We
first give a brief introduction to the phonon NEGF method
and the detailed formalism of phonon current is presented
in terms of phonon Green’s function. Various theoreti-
cal investigations on quantum thermal transport in meso-
scopic systems are discussed, which covers the interfa-
cial thermal transport in one-dimensional atomic chains,
the effect of nonlinearity and electron—phonon coupling
on the interfacial thermal conductance, phonon transport
in multi-terminal systems, and time-dependent phonon
transport in the transient regime. We also introduce the
application of the NEGF method on the thermoelectric
transport within the linear response theory. The formal-
ism of the Seebeck coefficient and ZT value in the dc
thermoelectric transport are given and they are extended
to the spin and valley caloritronics. The time-dependent
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thermoelectric transport in the transient regime is further
discussed within the Caroli scheme.

There are still many issues that deserve future investiga-
tion in the field of thermal transport. For instance, manip-
ulating phonons in two- and three-dimensional interfaces
to achieve low interfacial thermal conductance, controlling
the chirality of phonon in topological insulators, control-
ling other (quasi)particles such as magnons and skyrmions
by the means of thermal, and discovering new materials
with low thermal conductance and high electric conduc-
tance for optimized thermoelectric performance. From the
aspect of the development of the NEGF method, time-
dependent thermal transport, higher-order fluctuations
of thermal current, and the NEGF-DFT framework for
phonon transport, are still open to address. We hope this
brief review can inspire more investigations on quantum
thermal transport and provide helpful guidance on ther-
mal engineering and applications.
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