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Zirconia has many important phases with Zr coordination varying from six-fold in the orthorhombic
phase to eight-fold in the cubic and tetragonal phases. Development of empirical potentials to describe
these zirconia phases is an important but long-standing challenge, and it is a bottleneck for theoretical
investigation of large zirconia structures. Here, instead of using the standard core—shell model, we
developed a new potential for zirconia by combining the long-range Coulomb interaction and bond-
order Tersoff model. The bond-order characteristic of the Tersoff potential enables it to be well suited to
describe the zirconia phases with different coordination numbers. In particular, the complex monoclinic
phase with two inequivalent oxygen atoms, which is difficult to describe with most existing empirical
potentials, is well described by this newly developed potential. This potential provides reasonable
predictions of most of the static and dynamic properties of various zirconia phases. Besides its clear
physical essence, this potential is at least one order of magnitude faster than core—shell based potentials
in molecular dynamics simulation. This is because it does not include an ultralight shell that requires
an extremely small time step. We also provide potential scripts for the widely used simulation packages
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GULP and LAMMPS.
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1 Introduction

Zirconia-based ceramics are important industrial mate-
rials with high thermal stability and high strength [1].
Yttria-stabilized zirconia acts as a thermal barrier coat-
ing material to protect the substrate components from hot
gases in turbines and engines [2]. Zirconia can be used as
an oxygen sensor or high quality oxygen ion channels, and
artificial diamonds can be produced based on zirconia [3].

Owing to its industrial and military importance, zir-
conia and zirconia-based materials have attracted intense
global research interest. Many properties of zirconia-based
materials were first discovered by experiments rather than
theory. For instance, application of yttria-stabilized zirco-
nia as a thermal barrier coating material was achieved by
experiment [2], while theoretical achievements lag behind
experimental achievements. With the increase of com-
puter power, an increasing number of ab initio calculations
have been performed to study various properties of zirco-

*arXiv: 2007.13947. This article can also be found at http://
journal.hep.com.cn/fop/EN/10.1007/s11467-020-1044-7.

nia [4-10]. Ab initio calculations have high accuracy, but
they are computationally expensive. Empirical potentials
are desirable for investigating systems with a very large
number of degrees of freedom.

As long as reliable empirical potentials remain the foun-
dation of theoretical research, significant efforts will be de-
voted to developing empirical potentials for zirconia. Zir-
conia is an ionic oxide, so its interactions are dominated by
Coulomb interactions. Classically, the long-range attrac-
tive Coulomb interaction is balanced by the short-range
Born-Mayer repulsive interaction [11], which originates
from Pauli repulsion from overlap of the electron den-
sity [12]. Several parameter sets of the Born—-Mayer model
for zirconia are available in the literature [13-15].

Combining Coulomb and Born—Mayer interactions can
provide a basic description of some of the properties of cu-
bic zirconia, but it cannot describe the important tetrago-
nal and monoclinic phases. The stability of the tetragonal
phase is closely related to the instantaneous polarization
of the ions. A standard approach to describe a polariz-
able ion is to divide the ion into a core and a shell [16].
The core—shell model of zirconia has been parameterized
in several studies [17-19]. The effect of polarizable charges
can also be considered by introducing a phenomenologi-
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cal charge-dipole term [20]. The instability of the cubic
phase and the resultant cubic—tetragonal transition can
also be predicted by introducing additional Born—Mayer
interactions among the oxygen ions [13].

The monoclinic phase is even more complicated than
the tetragonal phase because it contains two inequivalent
oxygen ions [1]. The existence of two inequivalent oxy-
gen ions originates from charge redistribution between the
oxygen ions in zirconia [21]. To correctly simultaneously
describe all of the zirconia phases, the Coulomb interac-
tion, Born—Mayer potential, core—shell model, and charge
redistribution effect need to be combined [21].

Other empirical potentials to describe the atomic inter-
actions in zirconia are also available, including the tight-
binding model [22], reactive force field model [23], and
neural network model [24].

Rather than using the core—shell model, we analyzed
the interactions by examining the bond-order properties
of zirconia. As mentioned by Smirnov et al. [21], dioxides
with relatively large cations (e.g., Th, Ce, and U) are sta-
ble in fluorite-like lattices with eight-fold cation coordina-
tion, while dioxides with relatively small cations (e.g., Pb,
Sn, Ti, and W) are stable in the structures with six-fold
cation coordination. Differing from these dioxides, the co-
ordination varies among the different zirconia phases. The
lowest-energy state is the monoclinic phase with seven-
fold cation coordination. The cubic and tetragonal phases
have eight-fold cation coordination, while the orthorhom-
bic phase has six-fold cation coordination. The energy
order of these zirconia phases is monoclinic < tetragonal
< cubic < orthorhombic, which explicitly shows a strong
correlation between the energy and the coordination [1].
In other words, the configuration of zirconia depends on
the bond order of the Zr atom. From this bond-order de-
pendence, we believe that the atomic interactions in zirco-
nia can be described by bond-order empirical potentials.
The Tersoff model is a widely used empirical potential that
possesses an explicit bond-order dependence in its func-
tional form [25]. We propose to combine the Coulomb
interaction and Tersoff potential to describe the atomic
interactions of zirconia.

In this study, we propose to use the Coulomb and
Tersoff (CT) potential to describe the different zirconia
phases in terms of the bond order of Zr atoms, while
the traditional core—shell concept is avoided. As a conse-
quence, the CT potential is at least one order of magnitude
faster than standard core—shell-based empirical potentials,
while the clear physical essence is maintained. By taking
advantage of the bond-order property in the Tersoff poten-
tial, the CT potential can predict the correct energy order
of the various zirconia phases, with the monoclinic phase
being the lowest energy phase. The instability of the cu-
bic zirconia phase is also predicted by the CT potential.
We also applied the CT potential to systematically in-
vestigate some static and dynamic properties of different
zirconia phases.

(b) Tetra
q
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Coordination
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Fig. 1 Symmetric unit cells of the atomic configurations of
(a) cubic, (b) tetragonal, (¢) monoclinic, and (d) orthorhom-
bic ZrOsz. The Zr—O bond lengths are also shown. The color
bar indicates the coordination of each atom. Note that the
color bar is introduced to show the difference in the coordina-
tion of the Zr and O atoms in the different zirconia phases,
although the coordination number is discontinuous. Mono-
clinic ZrO2 in (c) contains inequivalent O atoms: O with
three bonds and O’! with four bonds.

2 Structure

Many zirconia phases have been experimentally observed
or theoretically discussed [1]. The present work focuses on
the four most studied zirconia phases shown in Fig. 1: the
cubic, tetragonal, monoclinic, and orthorhombic phases.
In cubic zirconia, the Zr atoms occupy the face-centered
cubic lattice sites, while the O atoms are in tetrahedral
positions. Each Zr atom is coordinated to eight O atoms
in a symmetric manner. In tetragonal zirconia, the eight
O atoms around the Zr atom are divided into two groups
and relatively shifted by Az along the ¢ axis, and the sym-
metric unit cell is elongated along this principal axis. The
monoclinic phase has a more complex configuration with a
monoclinic lattice [Fig. 1 (¢)]. The Zr atom has seven-fold
coordination. There are two inequivalent O atoms, one
with three-fold coordination and another with four-fold
coordination. In the orthorhombic phase, the Zr atoms
have six-fold coordination, while the O atoms have three-
fold coordination [Fig. 1 (d)]. The orthorhombic ZrOs
phase only exists under high pressure [26], so this phase
should have higher energy than the other zirconia phases.

3 Potential model

3.1 Born-Mayer potential

The interactions in ZrOs are usually described by the long-
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range attractive Coulomb interaction and the short-range
repulsive Born—Mayer interaction [12]:

_QiQy

Vi = + Ae™Mmid

(1)

Tij

where r;; is the distance between atoms i and j. The first
term is the Coulomb interaction between charges @; and
Q;. The second term is the Born-Mayer interaction with
the two parameters A and A;. It has been shown that
there is a constraint relation between these two parame-
ters [21], which can be obtained as follows. The force of
the repulsive term is

F = AAle_Alr. (2)

The equilibrium Zr—-O bond length of the cubic ZrOs
phase is 7o = 2.2 A. In the equilibrium configuration, the
force from the repulsive term is

Fo = AA1€7/\1T0. (3)

The repulsive force from Eq. (3) is balanced by the attrac-
tive Coulomb force. We require that the structure of the
cubic ZrO phase is the same for different parameters (A,
A1), so the attractive Coulomb force does not vary. Con-
sequently, the repulsive force in Eq. (3) does not change
either owing to the equilibrium condition. As a result,
Eq. (3) becomes a constraint relationship for parameters
A and A;. This constraint relation is shown in Fig. 2(a).
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Fig. 2 Relation between the parameters of the repulsive
Born-Mayer interaction. (a) Constraint relation between A
and A1. (b) Energies of the cubic and orthorhombic ZrOs
phases for different sets of parameters (A, A1) obeying the
constraint relation.

For each set of parameters (A, A1), the energies of the
cubic and orthorhombic ZrOs phases are compared in
Fig. 2(b). It is reasonable to presume that the orthorhom-
bic ZrOs phase has higher energy than the cubic ZrOs
phase because the orthorhombic ZrOs phase only exists
under high pressure [26]. A reasonable parameter set is
A = 3.05 A1 and A = 2023.6003 eV according to the
constraint relation.

The combination of the Coulomb attractive interaction
and Born—Mayer repulsive interaction captures the funda-
mental ionic characteristic features of ZrO5. As a conse-
quence, several phases of ZrOy can be obtained by struc-
ture relaxation with this potential, including the cubic, or-
thorhombic, and monoclinic phases. The tetragonal phase
can also be obtained by introducing an additional Born—
Mayer repulsive interaction between the oxygen ions [13].
However, using only Coulomb and Born-Mayer interac-
tions, it is not possible to obtain the correct order of the
energies of the different phases because this potential does
not contain the underlying mechanism of the stability for
the tetragonal and monoclinic phases. Many studies have
revealed that polarization of the oxygen ion is the physi-
cal mechanism driving the cubic—tetragonal phase transi-
tion [17-19], that is, polarization of the oxygen ion stabi-
lizes the tetragonal phase of ZrOs. The core—shell model is
usually adopted to describe polarizable ions. Some stud-
ies have proposed that charge redistribution over these
two inequivalent oxygen ions is the key mechanism to sta-
bilize the monoclinic ZrO5 phase, and a variable charge
model has been developed to describe the stability of the
monoclinic ZrOs phase [21].

3.2 Tersoff potential

Instead of using the core—shell model and variable charge
model, we suggest to describe the zirconia phases by the
CT potential, which combines the Coulomb interaction
and Tersoff potential. The most significant characteristic
of the Tersoff potential is its bond-order property, that is,
the strength of each bond depends on its chemical environ-
ment. In particular, the bond strength explicitly depends
on the coordination numbers of the two atoms forming
the bond. As a result, the energy of each atom is depen-
dent on its coordination. Considering that the Zr atoms
have different coordination numbers in different zirconia
phases, the Tersoff potential is suitable for describing the
interactions in zirconia.
The CT potential takes the following form:

Tij

where the first term is the standard Coulomb interac-
tion. The parameters related to the Coulomb interaction
are listed in Table 1. Summation of the long-range elec-
trostatic interactions was performed by the truncation-
based summation approach initially proposed by Wolf et
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Table 1 Parameters of the Coulomb interactions in zirconia.

QZr QO a (Ail)
3.8 -1.9 0.3

Cut off (A)
10.0

al. in 1999 [27] and further developed by Fennell and
Gezelter in 2006 [28]. We chose the damping parame-
ter & = 0.3 A~!, which is used in the truncation-based
summation approach. We chose the cut-off distance of
7. = 10.0 A. These two parameters (a, r.) have been used
in several previous studies [29, 30].

The second term in Eq. (4) is the Tersoff potential. This
potential was proposed by Tersoff in 1986 [25], modified in
1988 [31], and then generalized to multi-component sys-
tems in 1989 [32]. There are some minor differences in the
notations of different versions. The present work uses the
following functional form of the Tersoff potential:

Vi = fo (rij) [fr (rij) + bij fa (rij)] - (5)

The cut-off function is

1, r<R
1 1 r—R

felr)= 2+2COS(7TSR)7 R<r<S (6)
0, r>S.

The repulsive and attractive terms are

fr (rij) = Ae™ 745 (7)
fa(rij) = —Be™ 2", (8)

It should be noted that the repulsive term in the Tersoff
potential is exactly the same as the Born—Mayer potential.
Hence, the values of the parameters A and A\ in the Tersoff
potential are set to the same as those of the Born-Mayer
potential, that is, A = 3.05 A~! and A = 2023.6003 €V.
Following the Morse potential [33], the Ay parameter
in the attractive term can be set to A2 = A;/2 (ie.,
Aoy = 1.525 A). To determine the energy parameter B,
it should be noted that both the Coulomb interaction and
the fa term in the Tersoff potential are attractive inter-
actions. The ionic bond model is most suitable for ionic
crystals consisting of atoms from columns I and VII in
the periodic table, such as NaCl. This is because the en-
ergy of the valence electron in a metallic atom is much
higher than that in a chlorine-like atom, so valence elec-
tron transfer is nearly complete, while electron coupling is
only a small perturbation. Zirconia consists of a transition
metal from column IT and oxygen from column VI, both
of which are closer to the center of the periodic table than
Na and Cl in NaCl. Thus, the energy difference between
the valence electrons of the Zr and O atoms is smaller,
so valence electron transfer is slightly weakened. As a
result, the covalent component will increase, but the ion-
icity still dominates, which will be reflected by reduction
of the ionic charges to the effective charges [34]. Indeed,

the charges of the Zr cations and O anions are slightly
reduced from their normal values to +3.8 and —1.9, which
indicates that a small portion of the ionic interaction is
replaced by a covalent interaction. The variation of the
charge is chosen to be the same as that in the charge
redistribution model, in which approximately 5% of the
charges are transferred between oxygen ions [21]. The B
parameter was fitted to the structure of cubic zirconia.
The fitted parameter (B = 17.3376 eV) is around two or-
ders of magnitude smaller than the A parameter, which
further confirms that the interaction is mostly ionic.

The characteristic feature of the Tersoff potential is the
bond-order term

o

bij = (1 +ﬂn Z) e (9)
The effective coordination (;; includes the local environ-
ment effect through the following expression:

Gij = Z fo(rir) g (Bip,) 5 (ra =)™

k#i,5

(10)

where the summation ), is over other bonds i-k around
atom i. The coordination of atom ¢ is closely related to
Cij, which is regarded as the effective coordination of atom
i. The three-body term is

c? c?

Oijr) =14+ — — .
9 (0ijk) 42 d2+(hfcos,9ijk)2

(11)

Before presenting the parameters of the Tersoff poten-
tial, we will discuss the suitability of the Tersoff potential
for describing the monoclinic phase by taking advantage
of its bond-order characteristic. Let us consider a simple
situation with ¢(6;;x) = 1 and A3 = 0.0 in Eq. (10), so the
actual coordination of atom 7 is (;; + 1. Because of this
close relationship between (;; and the coordination num-
ber, (;; is usually called the effective coordination number.
The energy minimum position r,, is determined by

GVZ’; 0 12
8’1" |7':’f‘m - ( )
which gives
1 AN
= —— . 13
" N = A | bBA (13)
The corresponding energy minimum is
m — A1 Tm —A2Tm
Vit = Ae " —bBe ", (14)

Assuming that all of the bonds around atom 7 have the
same energy, the total energy of atom i can be determined
by
Vi(Q) =V x ((+1)
= (Ae™M"™ —bBe ™) x (C+1).

(15)
(16)
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Table 2 Parameters of the Tersoff potential of zirconia.

Two-body
AV) B(eV) M (AYH x(AYH) RA) S (A)
2023.6003 17.3376  3.0500 1.5250 2.85 3.15
Three-body for Zr
m A3 (A1 B8 n c d h
3 0 0.2403 5.0062 0.0 0.0 0.0

Three-body for O
m A3 (A1 B8 n c d h
3 0 0.0601 2.2611  2.0204 0.1093 -0.4112

The subscripts ¢ and j have been omitted. Note that
b is also a function of ¢, as can be observed in Eq. (9).
For a given set of parameters (n, 8), the energy V;(¢) is
an explicit function of the effective coordination number
¢. The function V;(¢) is shown in Fig. 3, which shows
that the minimum of V;(¢) with respective to ¢ can be
tuned by varying the parameters n and 8. The energy
Vi(¢) is minimum at ¢ = 6 (i.e., actual coordination of 7)
for n = 5 and f = 0.24. Thus, the bond-order charac-
teristic of the Tersoff potential is able to ensure that the
monoclinic phase (with seven-fold coordination of Zr) is
the lowest energy configuration among all of the zirconia
phases. We have thus shown that the stability of mono-
clinic zirconia among the different phases (with different
Zr coordination) can be well described by the Tersoff po-
tential using its bond-order property. The parameters n
and S for the Zr atom are primarily determined according
to Fig. 3. It should be noted that in zirconia phases with
inequivalent bond lengths, the bonds around an atom will
have different energies, so the assumption in Eq. (16) does
not hold in this situation. Consequently, the final n and g
parameters slightly deviate from the ideal values in Fig. 3.

We emphasize that Tersoff potential contains both re-

-0.14 4

—0.16

Vi (eV)

-0.18 4

Fig. 3 Dependence of the atomic energy (V;) on the effective
coordination ((;;) for the Tersoff potential with n = 5.0 and
different 5 values. Note that the energy minimum is around
Cij = 6 (the actual coordination is 7) for g = 0.24.

pulsive and attractive terms. The repulsive term in the
Tersoff potential is exactly the same as the usual Born—
Mayer potential, both of which describe Pauli repulsion
owing to overlap of the electron density. The novelty of
the CT potential lies in the bond-order dependent attrac-
tive term in the Tersoff potential. The bond-order attrac-
tive term is only a small fraction of the whole CT po-
tential, but this is the key component that provides good
descriptions of both the tetragonal and monoclinic phases.

Here, we summarize some of the major steps in the pa-
rameterization process of the CT potential. Normally, the
parameters of empirical potentials are numerically fitted
to some quantities by minimizing the square root error. In
contrast to this numerical fitting procedure, the present
CT potential was parameterized in a physical manner,
similar to that used in developing the variable charge
model [21]. More specifically, the effective charges of the
cation (+3.8) and anion (~1.9) were determined by consid-
ering the amount of charge redistribution in the variable
charge model [21]. The damping factor and the cut-off in
the Coulomb summation are typical numerical parameters
that have been successfully used in previous studies. Pa-
rameters A and \; were determined by the Born-Mayer
model because the repulsive term in the Tersoff potential
is the same as the Born—Mayer model. The parameter Ao
was determined following the Morse model [33], which is
a typical treatment of the Tersoff potential [25]. Param-
eters n and (B are the two most important parameters of
the Tersoff potential because these two parameters deter-
mine the bond-order property of the Tersoff potential. We
fitted n and B in a physical manner, as shown in Fig. 3,
where n and 3 were fitted to ensure that the monoclinic
phase was the lowest energy zirconia structure. The final
three parameters ¢, d, and h were fitted to the correct
energy order of the different phases of zirconia.

The parameters of the Tersoff potential of ZrOs are
listed in Table 2. The Tersoff potential files for GULP [35]
and LAMMPS [36] are available from the personal website
of the corresponding author (jiangjinwu.org).

4 Application of the CT potential

We applied the CT potential to predict some of the typical
properties of the different zirconia phases, and then com-
pared the results with available experimental or ab initio
results.

4.1 Monoclinic phase

The CT potential includes both the long-range Coulomb
interaction and bond-order Tersoff potential. The Tersoff
potential has been implemented in most lattice dynamics
and molecule dynamics (MD) simulation packages, such
as GULP [35] and LAMMPS [36]. In the present work,
the GULP [35] package was used to calculate the static

Run-Sen Zhang, et al., Front. Phys. 16(8), 33505 (2021)
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Table 3 Structural properties of monoclinic ZrO2. The first row is the lattice constants in angstroms (A) B is the tilt angle

in degrees.
Exp. [3] ab initio [6] VCM [21] CT, this work
a, b, ¢ 5.145, 5.210, 5.312 5.242, 5.305, 5.410 5.167, 5.157, 5.323 5.4238, 4.9774, 5.3329
B 99.2 99.23 97.2 95.2
Zr 0.2751, 0.0404, 0.2081 0.2765, 0.0421, 0.2090 0.2806, 0.0176, 0.2194 0.2777, 0.0414, 0.2102
of 0.0770, 0.3351, 0.3437 0.071, 0.337, 0.342 0.0468, 0.2973, 0.3812 0.0755, 0.3275, 0.3960
of! 0.5480, 0.2425, 0.5250 0.550, 0.242, 0.521 0.5303, 0.2470, 0.5163 0.5391, 0.2686, 0.5205
Zr-O' 2.0371, 2.0838, 2.1391 2.0915, 2.1017, 2.1972 2.0533, 2.0974, 2.2620 2.0870, 2.0995, 2.1238
20011 2.1446, 2.1548, 2.1923, 2.2067, 2.0969, 2.1412, 2.1104, 2.1795,

2.2548, 2.2782

2.2919, 2.2963

2.2117, 2.2828

2.3388, 2.3669

properties of the different zirconia phases, including the
structural properties, energy barrier, phonon dispersion,
Young’s modulus, and Poisson’s ratio.

The structural properties of monoclinic zirconia calcu-
lated with the present CT potential are in good agreement
with experimental or ab initio results (Table 3), which in-
dicates that the CT potential can successfully describe
the monoclinic phase. Furthermore, the monoclinic phase
has the lowest energy among all of the zirconia phases
(Table 6). The energy barrier between the tetragonal
and monoclinic phases AEy,, = 80.27 meV /molecule is
in good agreement with experimental [3] and ab initio
results [6, 37]. The volume of the monoclinic zirconia
is clearly larger than those of the cubic and tetragonal
phases, which agrees well with previous studies. These
results confirm that the CT potential correctly predicts
that the monoclinic zirconia phase is the most stable phase
among the different zirconia phases.

4.2 Tetragonal phase

While the success of the CT potential in describing the
monoclinic phase is expected considering the bond-order
feature of the Tersoff potential, the Tersoff potential does
not have any specific features to guarantee transition of
the cubic phase to the more stable tetragonal phase. How-
ever, the present CT potential also predicts this transition.
To illustrate this fact, the phonon dispersion of cubic zir-
conia is shown in Fig. 4. A primitive unit cell containing

Table 4 Static properties of the different phases of zirconia.

Wave vector X

Fig. 4 Phonon dispersion of cubic ZrO» calculated with the
primitive unit cell of one Zr atom and two O atoms. An imag-
inary branch (blue line) exists around the boundary X of the
Brillouin zone. The bottom figure shows the vibrational mor-
phology of the phonon mode at the X point (i.e., the X5 mode).

one Zr atom and two O atoms was used for the calculation.
The phonon dispersion was calculated with GULP [35].
These phonon branches show similar behavior to the re-

Volume Cubic-tetragonal Imaginary Energy barrier Method and
(A3 /molecule) distortion mode (cm~1) (meV /molecule) reference
Ve Vi Vin Az “xg AEq AFE¢m
33.1 33.5 35.0 0.033 31.2 74.9 ab initio [37]
32.9 33.7 35.1 0.06 56.2 62.4 Exp. [3]
34.3 35.9 37.1 0.050 81.1 99.9 ab initio [6]
32.7 33.1 35.2 0.039 1120 16.2 15.6 VCM [21]
33.66 33.70 35.84 0.013 i155.8 3.05 80.27 CT, this work
33505-6 Run-Sen Zhang, et al., Front. Phys. 16(8), 33505 (2021)
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sults from ab initio calculations [5, 7-9]. The most signif-
icant feature in the phonon dispersion is the softening of
one optical branch, which eventually becomes imaginary
for wave vectors around the X point in the Brillouin zone.
Note that the convention is to show an imaginary value as
a negative value for the frequency in phonon dispersion,
like in Fig. 4.

The vibrational morphology corresponding to the imag-
inary mode at the X point (i.e., the X5 mode) is shown
at the bottom of Fig. 4. This figure was plotted with the
XCRYSDEN package [38]. The Zr atom does not vibrate,
while the eight surrounding oxygen atoms are divided into
two groups. These two groups of oxygen atoms vibrate in
opposite directions. The cubic phase will be distorted into
the tetragonal phase by deformation following the vibra-
tional morphology of the X5 mode. The X; mode is the
origin of the transition from cubic zirconia to tetragonal
zirconia.

The imaginary mode at the X point can be attributed
to instantaneous polarization of the Zr cation or O an-
ions, which can be described by the core—shell model.
Adding additional Born-Mayer interactions among the
oxygen ions can also provide correct prediction of this
imaginary mode. Here, we have provided a third solution
for the X5 imaginary mode, that is, by the bond-order
Tersoff potential.

To further explore the relationship between the cubic
and tetragonal phases, we investigated evolution of the
structure from the cubic phase to the tetragonal phase.
We introduce the parameter 7 for evolution of the struc-
ture according to the expression R L8 77R + H" R,
where ]:fc and Et represent, the structures of the cublc
and tetragonal phases, respectively. The structure with
7n = —1 is the cubic phase, while the structure with n = +1
corresponds to the tetragonal phase. For an arbitrary 7,
the structure ﬁn is constructed based on the cubic and

5
4
O)
§ Cubic
S 31
£
>
o
E 21
L‘u‘“
=
l -
Tetragonal
0 T T T
-2 -1 0 1 2

n

Fig. 5 Energy of the structure transforming from cubic to
tetragonal ZrOs. An arbitrary structure corresponding to 7 is
described by R, = 57 R. + 21 R;, where R. and R; are the
structures of the cublc and tetragonal phases, respectively.

Table 5 Young’s modulus (Y, in GPa) and Poisson’s ra-
tio (v) of different phases of ZrO,. The Young’s modulus is
anisotropic with three different values along the x, y, and z
directions.

c t m
Y v Y v Y v
464.5 0.234 0.251 633.3 — 0.247 0.119
479.7 0.243 464.5 0.234 — 0.251 3925 0.399 — 0.280
382.7 0.305 0.305 — 430.1 0.175 0.256 —

tetragonal configurations. Evolution of the energy of the
structure by varying 7 is shown in Fig. 5. The cubic phase
is located at a local maximum energy position, while the
tetragonal phase is at a local minimum energy position.
As a result, the cubic phase is unstable and will transform
to the tetragonal phase.

4.3 Static and mechanical properties

The structural and energy properties of the zirconia
phases are listed in Table 6. The magnitude of the fre-
quency of the X, mode is comparable to previous calcu-
lations, which again verifies the instability of the cubic
phase. The quantity Az shown in Fig. 1 quantifies the
magnitude of cubic-tetragonal distortion. Az from the
present work is smaller than those from previous stud-
ies [3, 6, 21, 37], which indicates that cubic—tetragonal
distortion is underestimated by the present CT potential.
For the same reason, the energy barrier AF. between
the cubic and tetragonal phases is underestimated by the
present CT potential. These results show that the present
CT potential can only provide a qualitative description of
distortion of the cubic phase to the tetragonal phase. The
actual magnitude of the distortion is underestimated with
the CT potential.

The Young’s modulus and Poisson’s ratio for the differ-
ent zirconia phases are compared in Table 5. We applied
the present CT potential to predict the properties of or-
thorhombic zirconia (Table 4). The energy of orthorhom-
bic zirconia is much higher than the other zirconia phases,
so the orthorhombic phase is relatively unstable. This is
consistent with the fact that orthorhombic ZrO5 only ex-
ists under high pressure [26].

4.4 Dynamic properties

We then used the CT potential for MD simulations. The
MD simulations were performed using the publicly avail-
able simulation code LAMMPS [36]. The OVITO package
was used for visualization of the MD snapshots [39]. The
standard Newton equations of motion were integrated in
time using the velocity Verlet algorithm with a time step
of 1.0 fs. The structure contained 2 x 2 X 2 symmetric
unit cells. A larger structure of 4 x 4 x 4 symmetric unit
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Table 6 Properties of the orthorhombic ZrO2 phase predicted with the CT potential.

a, b, ¢ (A) Zr-O bond (A) Volume (A /molecule) Energy barrier (GPa) Eo — Ej meéV/molecule Young’s modulus

Poisson’s ratio

5.339
5.010
5.584

2.1225 37.3

306.9 — 0.360 0.249
680.54 209.9 0.526 — 0.526
364.0 0.210 0.300 —

cells was also simulated and similar results were obtained.
Periodic boundary conditions were applied in all three di-
rections.

We simulated the heating process of monoclinic zirco-
nia. The change of the volume during this process is shown
in Fig. 6(a). There was an abrupt decrease in the volume
at around 747 K, which indicates a possible monoclinic—
tetragonal phase transition considering the smaller vol-
ume of the tetragonal phase. The Zr coordination number
increased from seven to eight after this phase transition
[Fig. 6(b)], which further confirms the transition from the
monoclinic phase (with seven-fold Zr coordination) to the
tetragonal phase (with eight-fold Zr coordination). Note
that the decrease of the coordination in the high tempera-
ture range is due to strong thermal vibration at high tem-
perature, where some neighboring oxygen atoms vibrate
to a distance far from the Zr atom.

To explore the structural transition in more detail, the
atomic displacement caused by the phase transition is

~
~

~
[O%)
~

36

35

Volume (A3/molecule)

34

T T
0 1000 2000
Temperature (K)

3000

—_~
=
~
oo

7.5

Zr coordination

0 1000 2000
Temperature (K)

3000

Fig. 6 Phase transition of monoclinic ZrO2 by increasing
the temperature. (a) Temperature dependence of the volume
of ZrO;. (b) Temperature dependence of the Zr coordination
number. There is an obvious phase transition at around 747 K.

Phase

transition

N 8 3
Coordination

S0

VAN AWAN

Fig. 7 MD snapshots of ZrO; just before and after the phase
transition at around 747 K in Fig. 6. The arrow attached
to each atom indicates the atomic displacement induced by
the phase transition. The color bar indicates the coordination
number.

shown in Fig. 7. The color bar indicates the coordination
number of each atom. It clearly shows the structure tran-
sition from the monoclinic phase to the tetragonal phase.
The arrow on each atom represents its displacement in-
duced by the phase transition. The oxygen atoms Of
with three-fold coordination were seriously reconstructed
by large displacements and eventually deformed to four-
fold coordination.

It should be noted that the critical temperature for the
monoclinic-tetragonal transition predicted by the present
CT potential is lower than the experimental value [1]. Fur-
thermore, there was no obvious tetragonal-cubic phase
transition at high temperature, which occurs at ap-
proximately 2377 K in the experiment [1]. This is be-
cause cubic—tetragonal distortion is underestimated by the
present CT potential, so cubic-tetragonal distortion can-
not take effect at high temperature.

5 Comparison with existing potentials

In this section, the CT potential developed in the present
work is compared to some existing empirical models for
zirconia.

5.1 CT potential versus the core—shell model: Simulation
efficiency

To quantify the efficiency of the CT potential, we per-
formed comparative MD simulations with the CT poten-
tial and the widely used core—shell model. A series of zir-
conia systems were investigated by MD simulations with
either the CT potential or the Coulomb and core—shell
model. The simulation parameters of the CT potential
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have been described in previous sections. The parame-
ters of the core—shell model were taken from a previous
study [21]. In the core—shell model, each ion is constructed
by a core and shell pair, which are connected by a spring.
The ion’s charge and mass are divided into the core and
shell. The relative motion of the shell with respective to
the core mimics the polarization of the cation. Consider-
ing that the polarization process is very fast, a very small
mass must be set for the shell so that the shell can follow
the core’s motion in a quasi-adiabatic manner. In other
words, the shell moves very fast so that it can rapidly re-
spond to the motion of the core. To accurately simulate
the shell’s fast motion, the time step At used for numerical
integration of Newton’s equations of motion must be rel-
atively small. As a consequence, the computational cost
of a MD simulation with the core—shell model is very ex-
pensive. The time step should be properly chosen in MD
simulations. A small time step can reduce numerical er-
rors in integration of Newton’s equations of motion, but
it requires a long simulation time. In contrast, a large
time step can reduce simulation time, but it will cause
large numerical errors and may even lead to artificial col-
lapse of the simulated structure. We introduce the critical
value At. as the upper limit of the time step, above which
the simulated structure will artificially collapse. The At,
values for the time step in MD simulations with the CT
potential and core—shell model are compared in Fig. 8.
In this set of simulations, for a given time step, we ran
MD simulations for 2 x 10* steps and checked whether the
structure collapsed. Zirconia does not melt for tempera-
tures below 2500 K, so such collapse (if it occurs) is an
artificial effect induced by a large time step. We can thus
determine the critical value of the time step. We found
that the critical time step decreases with increasing tem-
perature because of stronger thermal vibration at higher
temperature. A distinct feature is that the critical time
step for the core—shell model is approximately one order of
magnitude smaller than At, for the CT potential. For ex-
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Fig. 8 Comparison of the critical time steps (At.) in MD
simulations with the CT potential and core—shell model.
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Fig. 9 Comparison of the MD simulation times for the CT
potential and core—shell model.

ample, at 2000 K, the critical time step for the core—shell
model is 0.35 fs, which is around 20 times smaller than the
value of 7.25 fs for the CT potential. As a result of the
extremely small time step, a much longer simulation time
is needed for MD simulations using the core—shell model.
We directly compared the actual simulation times for
the CT potential and core—shell model. We simulated sev-
eral zirconia structures with total atom numbers ranging
from 102 to 10*. All structures were simulated for 10 ps
at room temperature. According to Fig. 8, the time step
was chosen to be 1.0 fs and 0.05 fs for MD simulations
with the CT potential and core—shell model, respectively.
The simulation time was proportional to the size of the
structure (Fig. 9). This shows that the CT potential is
approximately one or two orders of magnitude faster than
the core—shell model. The higher efficiency of the CT po-
tential is mainly because an extremely small time step is
not required, but it is required for the core—shell model.

5.2 CT potential versus the Born-Mayer potential:
Surface reconstruction

Free surfaces have important properties for ionic crystals
like zirconia. We applied the CT potential and Born—
Mayer potential to study the typical free surfaces of zir-
conia. The parameters of the Born—-Mayer potential were
taken from a previous study [13]. The surface energy is a
useful quantity that determines many physical properties
of a free surface. The surface energy measures the energy
excess caused by the appearance of a free surface. It can
be calculated as follows:

E, - E,

y= 2t (17)

where A is the total area of the two surfaces created, and
FEy and E, are the energy of bulk zirconia and the energy
of zirconia with free surfaces, respectively.

We performed two calculations of each zirconia system
with given dimensions of [, x I, x [,. In the first calcu-
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Fig. 10 Thickness dependence of the surface energies of the
(001), (010), and (100) surfaces of monoclinic zirconia using
the CT potential.

lation, bulk zirconia was mimicked by applying periodic
boundary conditions in all directions. The bulk zirconia
was relaxed by minimizing its potential energy with the
conjugate gradient algorithm. The total potential energy
gives the value of Ep. In the second calculation, two free
surfaces perpendicular to the z axis were generated by ap-
plying the free boundary condition along the z direction,
while periodic boundary conditions were applied in the x
and y directions. The structure was first relaxed by min-
imizing the potential energy with the conjugate gradient
algorithm. The free surface was not sufficiently relaxed by
the energy minimization process because of the symmetry
constraints in the conjugate gradient algorithm. The free
surface was thus further optimized by MD simulation at
a very low temperature of 4.2 K with the NPT (constant
number of particles, pressure, and temperature) ensem-
ble. The randomness in the MD simulation was able to
assist relaxation of the free surface to its lowest energy
configuration. An extremely low temperature was used so
that the temperature-induced variation in the potential
energy was negligible. The MD simulation was performed
for 100 ps. The final potential energy gives E, in Eq.17.

(a) (b)
(001) (100)

Fig. 11 Reconstruction of the (a) (001), (b) (100), and (c)
(010) free surfaces of monoclinic zirconia.

Table 7 Surface energies of monoclinic zirconia using the
CT potential.

Surfaces CT potential (meV/A?) DFT (meV/A?)
m-001 144 113
m-100 178 115
m-010 235 154

The thickness dependence of the surface energies cal-
culated with the CT potential is shown in Fig. 10. The
monoclinic phase is the most stable structure of zirconia
at low temperature. We thus simulated monoclinic zir-
conia with the CT potential. The dimensions of zirconia
were I, = 51.5 A and l, = 52.0 A, and the thickness 1,
was increased from 5.2 A to 131.2 A. Note that [, ly, and
I, are the sizes along the directions of the three lattice
vectors in the monoclinic phase. The surface energies of
the (001) and (100) surfaces are not sensitive to the thick-
ness. Reconstruction of the (001) and (100) surfaces is
weak (Fig. 11) because both surfaces are non-polarized.
Approximately half of the neighboring atoms are removed
for atoms within the surface region because of the appear-
ance of the free surface. The energies of the atoms within
the surface region will increase, which is the main origin of
the surface energies of the (001) and (100) surfaces. The
(010) surface energy decreases with increasing thickness
and converges to a constant value at large thickness. This
size dependence is closely related to surface reconstruc-
tion, as shown in Fig. 11(c), which is because of polariza-
tion of this surface. Surface reconstruction is more serious
for thinner zirconia because of the larger surface to volume
ratio. At large thickness, reconstruction is localized at the
surface region, so the surface energy becomes constant at
large thickness.

An overall feature of Fig. 10 is that the surface energy
calculated with the CT potential depends on the thickness
l,, but it converges to a constant value at large thickness

200

100

Surface energy (meV/A2)

-100 T T \
20 40 60 80

Thickness (A)

100 120

Fig. 12 Thickness dependence of the surface energies of the
(100), (101), (001), (110), and (111) surfaces of tetragonal zir-
conia using the Born—Mayer potential.
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Table 8 Surface energies of tetragonal zirconia obtained
with the Born—Mayer potential.

Surfaces Born-Mayer (meV/A?) DFT (meV/A?)
t-100 131 105
t-101 — 106
t-001 — 99
t-110 161 96
t-111 88 7

for all of the surfaces. This indicates the suitability of
the CT potential in describing the free surfaces of mono-
clinic zirconia. These converged values are compared with
the results from first-principles calculations in Table 7.
The results obtained with the CT potential are generally
larger than those obtained by first-principles calculations.
However, the CT potential predicts that the (001) surface
is the lowest energy surface, which is the same as first-
principles calculations.

The thickness dependence of the surface energies calcu-
lated with the Born—-Mayer potential is shown in Fig. 12.
We used the Born—Mayer potential to calculate the sur-
face energies of tetragonal zirconia, which is the most
stable phase of zirconia using the Born—Mayer potential.
The oxygen-terminated surface is energetically more fa-
vorable than the Zr or double oxygen layer (O-O) ter-
minated surfaces [37, 40]. For the (100) and (001) sur-
faces, the ideal surfaces are polar and can be turned into

(b)

BRI

Fig. 13 Thickness dependence of surface reconstruction of
the (100) surface of tetragonal zirconia. (a) Structure relax-
ation induced phase transition for thin tetragonal zirconia. (b)
Surface reconstruction localized within the surface region for
thick zirconia.

33505-11

Fig. 14 Surface reconstruction of the (001) (a) and (101)
(b) surfaces of tetragonal zirconia.

neutral surfaces by removing half of the oxygen atoms of
the outermost atomic layer [41]. The surface energies of
the (111), (110), and (100) free surfaces converge with in-
creasing thickness [,. The (111) and (110) surfaces are
non-polarized, so their surface energies do not depend on
the thickness. There is a sharp increase in the surface en-
ergy of the (100) free surface around the critical thickness
of 80 A, below which the surface energy is sensitive to the
thickness of zirconia. The underlying mechanism for this
critical thickness is a transition from the tetragonal phase
to the orthorhombic phase in thin zirconia, as shown in
Fig. 13(a). For thick zirconia, the energy gained from sur-
face reconstruction is not able to induce the tetragonal—
orthorhombic phase transition, so reconstruction is local-
ized in the surface region [Fig. 13(b)]. The surface ener-
gies of the (101) and (001) surfaces do not converge at
large thickness. This is because reconstruction of the two
surfaces is so strong that a tetragonal-orthorhombic tran-
sition is induced (Fig. 14). This is different from previous
first-principles calculations, which predicted convergence
of these two surface energies. The surface energies ob-
tained with the Born—Mayer potential are compared to the
results from first-principles calculations in Table 8. The
surface energies obtained with the Born-Mayer potential
are generally larger than those obtained by first-principles
calculations.

6 Conclusion

Before concluding, we will make some general remarks
about the positive and negative features of the present CT
potential to help readers decide whether the CT potential
is suitable for their research. The most significant fea-
ture of the CT potential is substitution of the bond-order
Tersoff potential for the core—shell model. Both positive
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and negative features of the CT potential directly result
from this substitution. We list these positive and negative
features below.

Positive features. (i) The CT potential predicts the
correct energy order of the four zirconia phases, with the
monoclinic phase as the lowest energy structure. A clear
monoclinic—tetragonal phase transition is observed in MD
simulation. (ii) The CT potential is at least one order of
magnitude faster than the core—shell model in MD simu-
lation. This is because, to mimic an adiabatic response of
the shells to the cores, the shells must have a very small
mass and thus require a very small time step in MD sim-
ulation. (iii) The Tersoff potential is widely used in the
computational community and it has been implemented
in most simulation packages, so the CT potential can be
conveniently used.

Negative features. (i) The magnitude of the cubic—
tetragonal distortion is weaker than experiment, and con-
sequently the tetragonal-cubic phase transition is not ob-
served in MD simulation. (ii) The polarization effect is
effectively treated by the Tersoff potential without intro-
ducing shells, so the effect of an external electric field on
polarization of the shells cannot be simulated by the CT
potential.

In summary, we have developed a potential by combin-
ing the Coulomb interaction and Tersoff potential to de-
scribe the atomic interactions of zirconia. The bond-order
property of the Tersoff potential means that this potential
is suitable for describing the well-known zirconia phases.
In particular, this potential predicts that monoclinic zir-
conia is the most stable phase in the low-temperature re-
gion. The cubic phase is not stable and spontaneously
transforms to the tetragonal phase. The orthorhombic
phase has the highest energy and only exists under high
pressure. These predictions agree reasonably well with
experiments or ab initio calculations. We also used this
potential to predict various static and dynamic properties
of the zirconia phases. The potential scripts for GULP
and LAMMPS are available from the website of the cor-
responding author (jiangjinwu.org).
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