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Measuring the orbital angular momentum (OAM) of vortex beams, including the magnitude and
the sign, has great application prospects due to its theoretically unbounded and orthogonal modes.
Here, the sign-distinguishable OAM measurement in optomechanics is proposed, which is achieved by
monitoring the shift of the transmission spectrum of the probe field in a double Laguerre—Gaussian (LG)
rotational-cavity system. Compared with the traditional single LG rotational cavity, an asymmetric
optomechanically induced transparency window can occur in our system. Meanwhile, the position of
the resonance valley has a strong correlation with the magnitude and sign of OAM. This originally
comes from the fact that the effective detuning of the cavity mode from the driving field can vary
with the magnitude and sign of OAM, which causes the spectral shift to be directional for different
signs of OAM. Our scheme solves the shortcoming of the inability to distinguish the sign of OAM in
optomechanics, and works well for high-order vortex beams with topological charge value £45, which
is a significant improvement for measuring OAM based on the cavity optomechanical system.
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1 Introduction

Vortex beams, such as Laguerre-Gaussian (LG) beam,
possess an azimuthal phase structure e, which can carry
a well-defined orbital angular momentum (OAM) of I per
photon, with ¢ and [ being its azimuthal angle and topo-
logical charge value [1, 2]. This type of beams can be gen-
erated by diffracting a non-helical beam off a spiral phase
plate [3, 4] or off a computer-generated hologram [5, 6].
Recently, the generation and detection of OAM-tunable
vortex microlaser on the photonic chip were realized [7, 8].
Due to their quantized OAM and their dynamic charac-
teristics, these helically phased beams are widely used in
many fields, such as quantum information technologies [9],
optical communications [10, 11], optical trapping [12], op-
tical tweezers [13, 14], and so on. Thus, it is of great
importance to measure OAM of vortex beams (or its topo-
logical charge value) accurately, including the magnitude
and the sign.

*arXiv: 2005.08769. This article can also be found at http://
journal.hep.com.cn/fop/EN/10.1007/s11467-020-1030-0.

To measure OAM of vortex beams, in general, we can
analyze the related interference patterns directly, for ex-
ample, the interference pattern between the spiral wave
front and a flat wave front [15], or the interference pat-
tern between a vortex beam and its mirror image [16].
With the use of a triangular aperture and an annular aper-
ture, the measurements of the topological charge value
with { = £7 and |I| = 9 based on the diffraction pattern
were also reported, respectively [17, 18]. Besides, the mea-
surable value of the topological charge was raised to +14
and +25 by using a tilted convex lens [19] and annular
gratings [20]. Recently, based on the optomechanically
induced transparency (OMIT) phenomenon [21-23] gen-
erated in a single LG rotational-cavity system, the topo-
logical charge value ranging from 0 to 42 can be measured
in theory [24], but this scheme cannot distinguish the sign
of OAM.

In this paper, we propose a scheme to measure OAM,
with a distinguishable sign and a wider range, in a dou-
ble LG rotational-cavity optomechanical system. The
LG rotational-cavity system, composed of spiral phase
plates [3, 4], was first proposed by Bhattacharya and
Meystre to trap and cool the rotational motion of a mir-
ror [25]. In this type of cavity optomechanical system,
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the intracavity radiation field can exchange linear and an-
gular momentum with the mirror, which is the difference
from the traditional cavity optomechanical system [26—
30]. And later, many interesting physical effects have been
also studied, such as the entanglement phenomenon based
on the LG rotational-cavity system [31-33], the ground-
state cooling of the rotational mirror in the unresolved
sideband regime [34], and OMIT [24, 35]. However, the
traditional single LG rotational-cavity system can only
distinguish the magnitude of OAM, but not its sign [24].
Then, the OAM measurement in the LG rotational-cavity
optomechanical system, with a distinguishable sign and a
wider range, will be interesting and valuable in the field
of quantum sensing.

In our system, we show that the effective detuning of
the cavity mode from the driving field can vary with the
magnitude and sign of OAM simultaneously, which is dif-
ferent from that of the traditional single LG rotational-
cavity system [24, 25]. In the single LG rotational-cavity
system, the effective cavity detuning is only related to the
magnitude of OAM but not to its sign, so with the shift
of the OMIT window in Ref. [24], only the magnitude
of OAM can be measured. Compared with the traditional
single LG rotational cavity, we also find that an asymmet-
ric OMIT window can occur in our system. Meanwhile,
the position of the resonance valley has a strong correla-
tion with the magnitude and sign of OAM. By monitoring
the position of the resonance valley, the measurable topo-
logical charge value can reach to £45 in our scheme. We
would like to point out that the measurement of OAM by
monitoring the shift of the transmission spectrum of the
probe field in our paper can be seen as the measurement
of the optorotational coupling between radiation field and
rotational mirror [25], which is similar to the optovibra-
tional coupling in the traditional optomechanical system
with linear momentum exchange. This type of optome-
chanical coupling was also estimated based on the fisher
information in a recently published work [36]. Further-
more, the manufacturing requirements of the spiral phase
plate in the LG rotational-cavity optomechanical system
are quite severe [3, 4], which may cause the OAM trans-
ferred from the rotational mirror to the beams to deviate
from the expected value. Therefore, it is very necessary to
measure the OAM carried by the output fields. In short,
our scheme solves the shortcoming of the inability to dis-
tinguish the sign of OAM in optomechanics, which is a
significant improvement for measuring OAM based on the
cavity optomechanical system.

This paper is organized as follows. In Section 2, we in-
troduce our system model and derive the dynamical equa-
tion. In Section 3, we discuss in detail the transmission
spectrum of the probe field in the double LG rotational
cavity, and compare it with the case of single LG rota-
tional cavity. In Section 4, we propose our scheme to
measure the magnitude and sign of OAM. Finally, we
summarize our conclusions in Section 5.
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2 Theoretical model

In our scheme, we consider a double LG rotational-cavity
optomechanical system shown in Fig. 1, which consists of
two input couplers (IC1 and IC2) and a rotational mir-
ror (RM). IC1 (IC2) and RM are all spiral phase ele-
ments, which can modify the azimuthal structure of laser
beams [3, 4]. RM can be seen as a thin disk with the mo-
ment of inertia I = M R?/2 (M and R being its mass and
radius). We assume that the input fields injected to the
system are all Gaussian (G) fields with topological charge
0, whose charges do not change when passing through IC1
and IC2 while the reflected components gain a charge 2,
and 2l5. In addition, by changing the step height on both
sides of RM or the optical wavelength [4], RM can remove
a topological charge 2l; (2l2) from the beams in cavity
¢1 (cavity cz). The related cavity conditions have been
discussed in detail in Refs. [25, 31, 32].

In our system, the two cavities are assumed to have the
same resonance frequency w.. Cavity c; is driven by a
strong driving field of frequency w; and amplitude €; and
probed by a weak probe field of frequency w, and ampli-
tude €,. Meanwhile, another driving field of frequency wo
and amplitude €5 is injected to cavity cs. In a rotating
frame with respect to the driving fields, the Hamiltonian
of system can be written as

21
H = h(Acchcl + ACQC$CQ) + Z + 5[&);(}52
+ h(gicier — gachea)d

+ihf(er + epe el — Hoe] + ifi(eac) — Hee), (1)

in which ¢; (c];) and ¢y (cg) are the bosonic annihilation
(creation) operators of the two cavity modes, respec-

I Cavity ¢,

LG +2,,-2/; I——» Cavity ¢j«—

Fig. 1 Arrangement for measuring the orbital angular mo-
mentum of light in the Laguerre-Gaussian (LG) rotational-
cavity system, in which the two input couplers (IC1 and I1C2)
are partially transparent and rigidly fixed, but the rotational
mirror (RM) is perfectly reflective and rotates about the cavity
axis z (with angular equilibrium position ¢o = 0) on a support
S. IC1 (IC2) and RM are all spiral phase elements. Input
fields injected to the system are Gaussian (G) fields with topo-
logical charge 0, and the charge on the LG beams at various
points has been indicated. More details about the system can
be found in Refs. [25, 31, 32].
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tively, satisfying the commutation relation [c1 2, cLZ] =1.
A¢y e, = We —wi2 and = wy, — w; are the frequency de-
tunings of the driving fields from the cavity modes and the
probe field. L, and ¢ denote the angular momentum of
RM about the cavity axis z and the angular displacement
with the commutation relation [L., ¢] = —ih, and wy is
the angular rotation frequency. g1 o = cl1 2/L characterize
the optorotational coupling between two LG cavity modes
and RM [25, 31, 32], with ¢ and L being the speed of light
in vacuum and the length of the cavity. The last two terms
describe the coupling between the input fields and the two
cavity modes with amplitudes €; 2 = \/2n1,2P172/(hw172)
and €, = \/2k1P,/(hw,y). k1,2 and P; o, are the corre-
sponding decay rates of the two cavities and the powers
of input fields.

Our scheme focuses on the mean response of the system
to the probe field, so we consider the mean-value equa-
tions of the system, which can be obtained by deriving
the Heisenberg equations of the system operators as well
as adding the corresponding damping terms. By using the
factorization assumption (AB) = (A) (B) [22], the mean
value equations of the system operators can be derived as
follows:

<ddctl> :_[fil +1(A01 +9g1 <¢>)] <cl>+€1+€pe—i§2t7 (2)

dt

(55— (5) -0
() e~ () ) e

in which 74 is the damping rate of RM.

The above mean value equations are nonlinear equa-
tions, but it can be solved by using the perturbation
method due to the fact that the driving fields are much
stronger than the probe field. By setting (O) = O, +
00 (O = c1,2, L, ¢), one can obtain the steady-state val-
ues of the corresponding dynamical variables as

<d02 > = —[r2 + (D — g2 ()] (e2) + €2, (3)

—915\015|2 +927L|025|2

s = P Lzs =Y,

¢ T2 0 (5)

— €1 — €2 —
Cls = K1+ 144 > C2s Ko + iAQ’ (6)
A=A+ 910

2 2 2
gihleis| > g192h | cos|
- Acl - P} + D) B (7)
( Iw¢ Iw¢

Ag = Ay — G205, (8)

in which A (Ag) represents the effective detuning of cav-
ity ¢1 (¢2) from the driving fields. One can find that the
effective detuning of cavity ¢; can be modulated effectively
by cavity co. Besides, this modulation can be improved if
we choose a cavity with higher cavity finesse and stronger
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driving power, as well as a mirror with smaller mass and
size. Meanwhile, the resonantly driven cavity cs can also
greatly enhance its modulation effect on cavity c;.

Besides, the equations of the corresponding perturba-
tion terms can be derived as follows:

dé .
d;l — 7(/{1 +1A1)501 *igl(sd)(cls +5Cl)+€peflﬁt’ (9)
déc . )
2 — (k2 + 102)0cs + iga00 2, + dez), (10)
d%6¢ s,
dt2 _745? - W¢6¢
h
- %( 1s0c1 +0ciers + dciocy)
h
+ %(635562 + 0c5cos + 0c50¢a). (11)

The above equations of the perturbation terms can be
solved by applying the ansatz, ie., O = O, e i +
O_e? then, one can get the solution of c;,, which
corresponds to the response of the system to the probe
field [22, 27],

—iep[N1gZh+2N3Aog3h D1 () +1D5 ()]

- 12
T ONL AL g2 T+ 2N Ang2h D3 () +1D4() (12)
with
- Al —+ Q —+ iHl
Da(9) = (A1 4+ Q +1k1) (2% — W] +1750), (14)
AQ + (/Ql - IQ)2
D3() ==Lt — 1
3( ) A%+(I{2—i927 (5)
Dy() = [AT + (k1 —1Q)*](Q% — w} + iv49). (16)

Then according to the standard input-output rela-
tion [38], the transmission of the probe field can be defined
as [22, 37]

2
€p/V261 —V2K1014
Ep/\/ 2:‘{1

The optical response of the optomechanical system to the
probe field can be detected in experiments, for example,
the homodyne detection scheme in Ref. [23].

T =

=1 =2r1c14 /e, (17)

3 Transmission spectrum of the probe field
in the double LG rotational cavity

In this section, we will study the response of double LG
rotational cavity to the probe field, and compare it with
the case of the single LG rotational cavity. The parame-
ters used in our paper are chosen from Refs. [25, 31, 32].
For RM, the radius R = 10 um, the mass M = 100 ng, the
angular frequency wg = 27 x 10 MHz, and the mechanical
quality factor Qs = 2 x 10°. For cavity, the cavity length

Zhucheng Zhang, et al., Front. Phys. 16(3), 82503 (2021)



Feop

RESEARCH ARTICLE

L = 5 mm, the cavity finesse F1 5 = 5 x 104, and cavity
¢1 is driven with red-detuned driving (i.e., A = wy, and
the frequency w; of driving field is 27¢/ A1 with wavelength
A1 = 1064 nm); meanwhile, cavity ¢y is driven resonantly
with the effective detuning Ay = 0. We would point out
that cavity c¢; with red-detuned driving can exhibit bista-
bility for a strong enough driving field [39, 40], however,
the parameters used in our paper are chosen in the area
of monostability.

Due to the presence of the optorotational coupling, the
OMIT phenomenon can be generated in the single LG
rotational cavity, and based on the correlation between
the window width and the topological charge, OAM can
be measured in principle [24]. But, we would like to point
out that only the magnitude of OAM can be measured
in a standard single LG rotational cavity. This is due to
the fact that the effective cavity detuning A; of the single
LG rotational cavity is only related to the magnitude of
OAM and not to its sign, which can be seen from Eq. (7)
of our paper [this equation is simplified as Ay = A —
gihleis|?/(Iw3) for the single LG rotational cavity], and
Eq. (4) of Ref. [24]. For the double LG rotational-cavity
system of our scheme, however, the effective detuning of
cavity ¢; can be modulated by cavity cs, i.e., the second
term of Eq. (7), g192h |025|2 /(qu%), which leads to that for
different signs of OAM, the effective detuning of cavity c;
will be modulated differently, as shown in the following
sections.

At first, we study the transmission characteristics of the
probe field in the double LG rotational cavity. The trans-
mission spectrum of the probe field in the double LG rota-
tional cavity is plotted as a function of the normalized de-

tuning (Q —wy)/wy, as shown in Figs. 2(a) and (b). From
the curves of Fig. 2(a), one can see that for a weak driving
field of cavity ¢; with power P; = 0.1 uW, the Lorentzian-
shaped transmission spectrum originally located at the
frequency €} ~ wy shifts obviously with the increase of
the driving field of cavity c;. What’s more, for different
signs of OAM carried by the beams in cavity ¢, the direc-
tion of the spectral shift is just opposite. Specifically, for
the topological charge I; = 50, the transmission spectrum
shifts to the right, but for I; = —50, it shifts to the left.
Thus, this spectral shift can be served as a fully switchable
light switch through adjusting the power of the driving
field, as shown in Fig. 2(c). Besides, one can find from the
curves of Fig. 2(b) that for a stronger driving field of cavity
c1 with power P, = 100 mW, a symmetrical OMIT win-
dow occurs in the frequency close to resonance, but this
symmetry is broken once cavity ¢, is introduced, then an
asymmetric window similar to the Fano resonance can be
observed. Like the Lorentzian-shaped transmission spec-
trum [see Fig. 2(a)], the asymmetric transparency window
also has a strong correlation with the OAM carried by the
beams in cavity c¢;. This transmission characteristics of
the probe field in our system can not be realized with the
standard single LG rotational cavity [24].

This correlation can be understood based on the depen-
dence of the effective detuning of cavity ¢ on the cavity co.
As shown in Fig. 2(d), we plot the normalized cavity de-
tuning (A1 —wg)/we as a function of the driving power P,.
From Fig. 2(d), one can clearly see that the effective de-
tuning of cavity c¢; strongly depends on the driving power
of cavity co, where for different signs of OAM it changes in
reverse with the increase of the driving field. Meanwhile,

@ 14 (b) 1 © 1
[, =-50 1,=-50 0.8
0.5 Pr=0.1uW 0.5 Pi=100mwW( =50
P,=100mW, - — =
0 2 m 0. P, =100 mW ﬁ 0.6 — =50
1 I, =-50 1 I, =-50 G 0.4+
0.54 Py =0.1 pW 0.5 Py =100 mW ~ 024
0 P, =50 mW 0 Py =50 mW :
] R 0
! % ! — 0 25 50 75 100
0.54 Pr=0.1pW 0.5 P, = 100 mW] P, (mW)
~ P—o ~ [ @ o5
0 - 0 ‘ 2=
11 1 "
Iy = +50 I, =+50 s
0.54p,~ 01 uw 0.54(p, = 100 mw S
0|2 =50 mw 0 [P2=50mw $ 0
1 1 L
1, = +50 1, =+50 < -
0545, 0.1 uw 0.5, = 100 mw e S ~.
P, =100 mW P, =100 mW = =15 =-50 S~
07 - T T T 07 - T T T _05 T T T
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 0 25 50 75 100
(Q-wg)wy (Q-wg)wy P, (mW)

Fig. 2

(a, b) Transmission spectrum of the probe field in the double LG rotational cavity as a function of the normalized

detuning (2 — wg)/we for different driving powers P> of cavity co (P> = 0, 50 mW, 100 mW), in which magenta curve represents
Iy = 50, black curve and red curve represent ;1 = —50, and blue curve and green curve represent {1 = 50. (c¢) Transmission of
the probe field at resonance as a function of the driving power of cavity cz. (d) Normalized cavity detuning as a function of the

driving power of cavity c2. Parameters are: (a, ¢) P
are the same as in the main text.
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0.1 uW, I = 100; (b, d) P,

100 mW, l2 = 100; and other parameters
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RESEARCH ARTICLE

Feop

one can also find from the inset of Fig. 2(d) that when the
value of the driving power of cavity cy is zero, the value
of the normalized cavity detuning of cavity c¢; isn’t zero,
which is due to the existence of the optorotational cou-
pling of cavity ¢;. Furthermore, the curves of Fig. 2(d)
show that the value of the normalized cavity detuning is
consistent with the position of the resonance valley of the
transmission spectrum. Thus, there is a strong correla-
tion between the spectral shift and the OAM carried by
the beams of cavity ¢; in our system. In addition, the
linewidth of the transmission spectrum of the probe field
in our system can be decreased by choosing the cavity c;
with a high cavity finesse, as shown in Fig. 3(a), which
will contribute to measuring the OAM with a higher res-
olution. The above directional spectral shift induced by
cavity co gives us the inspiration of measuring both the
magnitude and sign of OAM simultaneously.

4 Measurement of the magnitude and sign of
orbital angular momentum

In this section, we apply the directional spectral shift in-
duced by cavity cy to measure the magnitude and sign
of OAM. As shown in Figs. 3(b) and (c), the transmis-
sion spectrum of the probe field is plotted as a function of
the normalized detuning (Q — wy)/wy for a wide range

(a) 1 (b)
0.8
0.6
~
0.4
0.2
0 0 i \i T T
-0.2 -1 =05 0 05 1
(Q-wy)lw,
(d)0.025
—Py=50 mW
= -P,=150 mW]
0.02 P;=250$w
< 0.015 :
0.01 &
—5-0 i
~h—+1  0.005- i
L=-1 JAN
001 005 0 005 0.1 0 s
-0.1 -0. . : -1 =05 0 05 1
(Q-0y)wy Aylwy

Fig. 3 Transmission spectrum of the probe field as
a function of the normalized detuning (Q — we)/we
for (a) different cavity finesse Fi, (b) different or-
bital angular momentum (from left to right: [ =
—40, —30, —20, —10, 0, 10, 20, 30, 40), and (c) orbital angu-
lar momentum with /; = 0, and +£1. (d) Distance d of the
spectral shift caused by the orbital angular momentum change
with |Al;| = 1 as a function of the normalized detuning A /we.
Parameters are: (a) P, = 0.1 uW, 11=0; (b, ¢) P = 0.1 uW,
P, =250 mW, F1 = 5F5; (d) P1 = 0.1 gW. And other param-
eters are the same as in the main text.

of OAM. One can observe from the curves that for a
fixed driving power of the system, the Lorentzian-shaped
transmission spectrum can show a significant spectral shift
when we increase the magnitude of OAM. Specifically, for
OAM with positive sign, the resonance valley of the trans-
mission spectrum shifts to the right with the increase of
the magnitude of OAM, and for OAM with negative sign,
the situation is exactly the opposite. Moreover, one can
also observe in Fig. 3(c) that our method can distinguish
OAM with Al; = +1 by monitoring the shift of the trans-
mission spectrum. As expected, based on the shift of the
transmission spectrum of the probe field in a double LG
rotational-cavity system, the magnitude and sign of OAM
can be simultaneously measured compared with the case
of the single LG rotational-cavity system in Ref. [24]. Uti-
lizing the spectral shift of the transmission spectrum to
measure OAM, in addition to the linewidth of the trans-
mission spectrum, the distance of the spectral shift caused
by the change of OAM is also an important index. As
shown in Eq. (7), the distance of the spectral shift in our
scheme can be enhanced by the resonantly driven cav-
ity co with a strong driving power. This comes from the
fact that the intracavity photon number in cavity cy can
be increased dramatically in this case, which can enhance
its modulation effect on cavity ¢;. The distance d of the
spectral shift caused by the OAM change with |Al;| = 1is
plotted as a function of the normalized detuning Ay /wy,
as shown in Fig. 3(d). One can see that the distance of
the spectral shift can get its maximum value at the reso-
nance frequency As = 0, and the maximum value can be
increased by the driving power P,. Then, with the opti-
mized distance of the spectral shift and its linewidth, our
method can distinguish OAM with a higher sensitivity.

Thus, based on the correlation between position of the
resonance valley and OAM, we can measure the magni-
tude and sign of OAM simultaneously. The position of
the resonance valley can be determined by the following
conditions,

(18)

with 2 = (Q—wy)/wy corresponding to the position of the
resonance valley. In order to clearly show this correlation,
we plot the position of the resonance valley as a function
of the magnitude and sign of OAM, as shown in Fig. 4(a),
where the topological charge value l; changes in integer.
Figure 4(a) shows that there is an almost linear relation-
ship between the position of the resonance valley and the
magnitude of OAM. Meanwhile, for the positive and neg-
ative signs of OAM, the position is basically symmetrical
about the resonance frequency €2 = wg, which is different
from Fig. 5 of Ref. [24], where only the magnitude of OAM
can be measured. Moreover, with the spectral shift in our
system, the measurable topological charge is up to +45.
This spectral shift with the magnitude and sign of OAM
can be understood with the effective detuning of cavity ¢y,

Zhucheng Zhang, et al., Front. Phys. 16(3), 82503 (2021)
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[y (or =1y)

Fig. 4 (a) Position of the resonance valley of the transmis-
sion spectrum as a function of the orbital angular momentum.
(b) Normalized cavity detuning as a function of the orbital
angular momentum. Parameters are the same as in Fig. 3.

i.e., Eq. (7). Asshown in Fig. 4(b), the normalized cavity
detuning of cavity c; is plotted as a function of the OAM.
One can find that there is an almost linear relationship
between the value of the normalized cavity detuning and
the magnitude of OAM, and the trend of the normalized
cavity detuning with OAM (including its magnitude and
sign) is consistent with Fig. 4(a).

Based on the above analysis, by monitoring the shift of
the transmission spectrum of the probe field in a double
LG rotational-cavity system, our scheme can measure a
wider range of OAM with distinguishable sign compared
with the case of the single LG rotational cavity in Ref. [24].
Meanwhile, the sensitivity of our scheme can be improved
by optimizing the distance of the spectral shift and its
linewidth, which is a significant improvement for measur-
ing OAM in optomechanics.

5 Conclusions

In summary, we have investigated the transmission char-
acteristics of the probe field in the double LG rotational
cavity and showed that the effective cavity detuning in this
system depends on the magnitude and sign of OAM simul-
taneously, which is different from the case of the single LG
rotational cavity. Moreover, we found that the transmis-
sion spectrum of the probe field has a strong correlation
with the magnitude and sign of OAM. Specifically, for
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different magnitudes of OAM, the transmission spectrum
can show an obvious spectral shift, meanwhile, the spec-
tral shift is directional for different signs of OAM. Thus,
based on this feature, we propose a scheme to measure
OAM including the magnitude and the sign, in which the
measurable topological charge is up to +45. This work
solves the shortcoming of the inability to distinguish the
sign of OAM in optomechanics.
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