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We extend the idea of laser cooling with adiabatic passage to multi-level type-II transitions. We find the
cooling force can be significantly enhanced when a proper magnetic field is applied. That is because
the magnetic field decomposes the multi-level system into several two-level sub-systems, hence the
stimulated absorption and stimulated emission can occur in order, allowing for the multiple photon
momentum transfer. We show that this scheme also works on the laser-coolable molecules with a better
cooling effect compared to the conventional Doppler cooling. A reduced dependence on spontaneous
emission based on our scheme is observed as well. Our results suggest this scheme is very feasible for

laser cooling of polar molecules.
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1 Introduction

Allowing fast producing and precise manipulation of cold
atomic samples [1-3], laser cooling technique has revolu-
tionized the field of atomic, molecular, optical and quan-
tum physics during last several decades [4-8]. For con-
ventional Doppler cooling on atoms such as alkali atoms,
the main cooling laser is typically red-detuned with only
single frequency (without consideration on the repump
laser). It is good enough for most laser-coolable atomic
species. But for some special cases, multi-frequency cool-
ing schemes [9], including adiabatic rapid passage [10-12]
and bichromatic force [13-16], have been proposed and
predicted to have a better performance, but with the price
of increasing the complexity of the system. However, some
features, for example, stronger cooling forces and a weak
dependence on spontaneous emission [9], make them po-
tentially be applied to direct laser cooling of molecules
where the cooling transition is quasi-closed [17-20]. Be-
sides the leakage channels, the energy levels for molecules
are complicated and the type-II transitions (in which the
total angular momentum quantum number in the ground
state J is no less than that in the excited state J') are
dominant [21, 22], making the cooling process much more
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complex and the Doppler cooling force much weaker than
those in atoms. To achieve a better cooling efficiency,
it might be worthwhile to sacrifice the simplicity of the
cooling scheme by introducing a light field with multiple
frequencies [23].

The mechanism of laser cooling can be explained with
an atom-light interaction approach in either semi-classical
or quantum picture [24-26]. Briefly speaking, in Doppler
cooling process, the momentum from photons is trans-
ferred to atoms by scattering the photons. The Doppler
effect breaks the symmetry in the momentum space, mak-
ing the atoms focus to the zero momentum [24]. The
strength of the cooling force depends on how fast the mo-
mentum exchange is repeated, that is, the decay rate from
the excited state. Once successive scattering is achieved
in a closed cycling transition, the force would only be lim-
ited by the spontaneous decay rate I'. For a two-level
system, the maximum force is Fiax = hkI['/2 with hk the
photon momentum. The cooling velocity range and the
temperature limit also depend on the decay rate I' [24].

One way to go beyond the limit of the spontaneous
emission is using the stimulated emission[27]. Recently,
an adiabatic-passage cooling scheme by rapidly sweeping
the laser frequency in a sawtooth wave shape (Sawtooth-
wave adiabatic passage, or SWAP, for short) has been
theoretically and experimentally demonstrated in narrow-
line transitions [28-31Jand Raman transitions [32]. Such
a scheme uses the stimulated emission to transfer the ex-
cited atoms back to the ground state, therefore strong
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forces can be achieved with a high sweeping rate even
for a narrow transition. Let us consider a moving parti-
cle with a velocity of v in a light field, which is formed
by two counter-propagating laser beams with the same
time-dependent frequency w(t); see Fig. 1(a). Due to the
Doppler effect, resonances of the particle with the two
beams happen at different time. For a frequency ramp-
ing scheme shown in Fig. 1(b), an adiabatic excitation is
first induced by the counter-propagating beam, followed
by another adiabatic de-excitation process induced by the
co-propagating beam. Ideally, the particle loses twice the
photon momentum during one sweeping period, resulting
in a maximum average force of Fswap = 2hkT ! with T
the sweep time in one period. To guarantee the adiabatic
transfer, the Landau-Zener condition Q2 > o should be
fulfilled [33], here €2 is the Rabi frequency and a = 92 is
the frequency ramp speed.

Now an interesting question is whether the SWAP
scheme can be extended to multi-level type-II transitions
and further complex molecules. The type-II transitions
generally show a weak Doppler cooling force [34, 35] due
to the remixing process of the dark states via either rapidly
switching the polarization of the light [18, 36] or introduc-
ing a magnetic field that has an angle to the laser beams
to re-define the quantum axis [17, 37]. Here we consider
the latter case. Different from the ideal two-level system,
the problem of the multi-level systems lies in that the ex-
citation and stimulated de-excitation pairs might happen
out of order. The three polarization components of the
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Fig. 1 (a) Laser cooling scheme with sawtooth wave adi-
abatic passage. The two counter-propagating laser beams
with a time-dependent frequency of w(t) interact with a mov-
ing particle with a velocity of v. (b) The laser frequency
w(t) ramps linearly in one sweeping period 7. Due to the
Doppler effect, the two beams become resonant with the mov-
ing particle at different times associated with the green dot-
ted dashed line (counter-propagating) and the blue dashed line
(co-propagating). The gray solid line represents the center fre-
quency wo of the sweeping. (c) The typical 4+12 hyperfine
structure for laser coolable diatomic molecules. The energy gap
between the two dashed lines indicates the center frequency wo
of the chirped laser beams in (b). Note that the bottom dash
line is the center energy position of the four ground hyperfine
states. A is the corresponding detuning between wp and the
transition frequency.
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two beams take part in the interaction, and therefore lead
to the lost of the resonance order. This will degrade the
efficiency of the momentum transfer.

Lots of molecules that have been directly laser cooled,
such as 33SrF, 49CaF, have a 4412 hyperfine structure
(under weak magnetic field), i.e., there are 4 sublevels in
the A2H1/2 state and 12 sublevels in the XzEl/Q state, as
illustrated in Fig. 1(c). It makes the momentum transfer
much more complicated. In this work, we apply a time-
dependent master equation approach to deal with the in-
teraction between a multi-level system and a frequency-
chirped light field for the one-dimensional case. Then, we
investigate the SWAP cooling effect for type-1I transitions
in Section 3, where the motion of the particles is classi-
cally treated. Note that our work is different from the
discussion on the Raman transition in Ref. [32] where the
frequency ramp is much narrower than the ground-state
splitting, and so they require an explicit optical pumping
step to reinitialize the state matrix before every frequency
ramp. Here we use the frequency ramp that covers the
entire hyperfine manifold and addresses all sublevels in
each ramp. Next we implement the SWAP scheme on the
molecule to analyze its cooling effect in Section 4. Finally,
in Section 5, we consider a three-level model with one dark
state to check the resistance of the SWAP scheme on the
unwanted loss channels.

2 Time-dependent master equation approach

2.1 Semi-classical treatment

Without loss of generality, we consider the interaction be-
tween a multi-level particle and a multi-frequency laser
field. An arbitrary multi-frequency light field can be de-
composed as

1 ~ Jikn -z —i
E = Z §Enaneqe knze=1Bn(t) 4 ¢ ¢ (1)

n,q

where n is the laser beam index with frequency w, and
wave vector (propagating direction) k,, and FE, is the
amplitude of the n-th beam. The wave number k,, here
can be approximately treated as constant for simplicity.
g = 0,41 correspond to 7, & polarizations respectively.
The polarization vectors under the Cartesian coordinate
axis are: éy = &,, éx = F(é, = iéy)/ﬂ. Here the Carte-
sian coordinate is assumed to have a specific orientation
to the laser beam. |M,,|? gives the intensity fraction of
the light ﬁeld for each polarization component in the n-th
beam. [, (¢) j; wp(t')dt’ is the accumulated phase of
the n-th laser beam from the initial time %g.

Using Eq. (1), the Hamiltonian in the interaction pic-
ture is

H=— ZZQ""W WI| + hec., (2)

u,l m,q
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with |I) and |u) represent the ground and excited states
respectively, and

QZ;I _ eikn z 1@“ t)M A(q)Q (3)
Here Qn is the total Rabi frequency of the n-th beam.
@“l ft Wi (') =Wy +06,(B)]dt’ is the time-dependent
phase of the laser detuning. w,(¢) has a sawtooth shape
versus ¢ as shown in Fig. 1(b), and w,; is the resonant
frequency for the |l) — |u) transition. §,,(B) = §,(B) —
0u(B), where d;(,y(B) is the energy shift of the sublevel
[1)(Ju)) under a magnetic field with strength of B. Agﬁ)
are the relative transition strengths for all electric dipole
allowed transitions.

The force can be derived from the gradient of the total
energy of the system, that is,

z—VH——fZZ vrhu) (| + h.c., (4)

u,l mn,q

then the expectation value of the force for a system repre-
sented by a density matrix p is (F)) = Tr(pF). The motion
of the particles is treated classically. By letting z = vt in
Eq. (3), the Hamiltonian (2) and thus the force operator
(4) become velocity dependent.

The time evolution of the density matrix p is determined
by the master equation

W~ L lH ) + £, )

where the Linblad operator
1
Lp) =5 > (2CupCl, — €l Cup — pCl,Cui) (6)

ul

with the collapse operator Cyy = 3, A2 VT (ul.
start with an initial state and evolve the system in time
until the density matrix finally changes periodically with
the frequency sweeping. Then we calculate the average
force over one SWAP ramp period T.

2.2 Remixing of the Zeeman dark state

For laser cooling with the type-II transitions and
molecules, a magnetic field B is introduced to eliminate
the dark states. The direction of the magnetic field re-
defines the local quantum axis. We assume the field is on
the lab coordinate yz plane and has an angle of 6 to the
z axis. So the Cartesian components of the polarization
vector €y 4 is rotated by transforming from {é,,é,,é.}
of the old frame to {¢',,€’,, €.} of the re-defined frame.
The new M vector for the three polarizations in each laser
beam can be obtained from the old one, i.e.,

M 1 1+cosf +/2sin® 1—cos6\ /M,

M =3 —V/2sin@ 2cos® 2sinf ||Mo |. (7)

M’ 1—cosf —/2sinf 1+ cosf J\M_;
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In our calculations below, we consider the one-
dimensional case that the particle moves along Z-axis for
simplicity. A light field from two counter-propagating
beams in o7~ configuration [the polarization here is
defined by the lab Z-axis before the transformation with
Eq. (7)] is applied, and the two beams have an equal Rabi
frequency Q). When the magnetic field is carefully chosen
(6 # 0), they contain all three polarization components
and thus can effectively eliminate all of the Zeeman dark
states. We first investigate the possible type-II transitions
in Fig. 1(c) under a weak magnetic field, and then turn
our attention to strong magnetic field regime.

3 SWAP cooling for type-II transitions

A typical 4412 energy structure for the diatomic molecule
is shown in Fig. 1(c), there are three different multi-level
type-II transitions: (i) F =1 — F' =0, (i) F =1 —
F' =1 and (ili) F = 2 — F' = 1. We first focus on the
case (i) and use the parameters for the F = 1(-) — F' =0
transitions for the typical laser coolable diatomic molecule
(in our case, it is BaF, but the conclusions are similar with
other molecules). The Landé g-factor for the ground state
is gr=1 = —0.51, and a magnetic field of B =5 G (6 =
7w/2) leads to a Zeeman splitting of A, = |upgrB|/h ~
1.25T for Amp =1 (Here up/h ~ 1.4 MHz/G).

To check the effect of the magnetic field on the SWAP
cooling scheme, we first consider a low laser intensity case,
i.e., a small Rabi frequency 2, = Q = 10I" for each beam.
To fulfill the adiabatic condition |Mquz(‘?)Qp|2 > q,
we choose the frequency ramp speed o = 4I'? and the
sweeping period T = 5I'"!. The ramp frequency should
cover the resonant positions for all possible transitions[33],
which gives the requirement for the sweeping range T,

oT > 2kv + 2A.. (8)

0.04- -~
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(F) (akT)
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v (I'7k)

Fig. 2 The cooling force for different velocities of the type-II
F =1 — F’ = 0 transition under the SWAP scheme (orange
solid line). Here are the parameters we use: Q = 10I', o = 412
T =5I"and B=5G (0 =7/2). The critical value of
indicated by the cyan dashed line is obtained from Eq. (9), and
the red dashed line indicates v, determined by Eq. (10).
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The condition is well fulfilled for velocities shown in Fig. 2.

The cooling force has been enhanced in the small ve-
locity range, as shown in Fig. 2. We label the critical
velocity that characters this regime as v,. To determine
vp, let us analyze the different cooling mechanisms for
large and small velocities in the SWAP scheme for the
F =1 — F’ = 0 transition. For a relatively small veloc-
ity, the Doppler shift Ap = kv is smaller than the Zeeman
shift A, as shown in Fig. 3(a), the time sequence of the
stimulated excitation and de-excitation of the three tran-
sitions is still in order. At time ¢; in Fig. 3(a), the particles
in Zeeman sublevel mp = —1 get excited by the o com-
ponent in the counter-propagating beam, then the stim-
ulated de-excitation back to mrp = —1 happens at time
to with the co-propagating beam. This is similar to the
two-level case. As time goes on, this process happens for
the other two Zeeman states. However, when t3 is close to
t2 [see Fig. 3(a)], the de-excitation to the mp = 0 sublevel
also happens. Competition between the de-excitation to
mp = —1 via the co-propagating beam and to mprp = 0
via the counter-propagating beam certainly suppresses the
net momentum transfer in one sweeping period. The crit-
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Fig. 3 Resonant time for each polarization component in
the two beams for the case of: (a) A, > Ap and (b)
Ap > A,. The solid lines represent the resonant frequen-
cies of the three transitions without considering the Doppler
effect. The three polarizations are depicted in different col-
ors: oT in blue, 7 in gray, and ¢~ in green. The dashed
lines (dotted dashed lines) indicate the resonant time of the
three polarization components in the co-propagating (counter-
propagating) beam, all shift +Ap (—Ap) compared to the
solid lines. ¢1 (t2) is the time when the ¢ component in the
counter-propagating (co-propagating) beam becomes resonant
with the mp = —1 — m’ = 0 transition. ¢3 (¢4) is the time
when the 7w (07) component in the counter-propagating beam
becomes resonant with the mp = 0(4+1) — m’» = 0 transition.
The excitation and de-excitation processes after t;are schemat-
ically plotted below respectively. The linestyles have the same
meanings with those in upper panels.
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ical velocity vy is defined when t5 = t3. Taking both the
Doppler shift and the Zeeman shift into consideration, we
have wg — A, + Ap = wy — Ap, resulting in

v = AL/ (2K). 9)

In Fig. 2, a rapid decrease of the SWAP cooling force
for velocities larger than vy, is consistent with the above
discussion.

Moreover, there is an enhanced cooling effect in the
small velocity region. The maximum achievable force
holds about ~ 0.6hkI', which surpasses the limit that the
above mechanism allowed. Such a strong force located
near zero velocity should partly attribute to the nontriv-
ial Bragg oscillations, which can induce more than 2hk
of momentum transfer during one sweeping period. As
discussed in Ref. [33], the Bragg effect induced momen-
tum change does not contribute to the cooling process,
one should trace this effect out under the dressed state
picture. However, these oscillations only play an impor-
tant role at small velocity regime (v < 0.1T'/k) and cause
the force displaying an oscillatory behaviour that may re-
strict the cooling limit. For more details of the cooling
behavior in the near-zero velocity regime, we discuss that
in Appendix A.1.

When v, < v < v., we can depict the physical picture
by going to another limit Ap > A, as shown in Fig. 3(b).
At time t1, the 0" component in the counter-propagating
beam becomes on resonance for the mp = —1 — m/ =0
transition. Since the Doppler shift is large, before the
co-propagating beam reaches the resonant point, the de-
excitations back to the other two ground sublevels al-
ready happen. The m and 0~ components in the counter-
propagating beam first become near resonance and drive
the stimulated emission processes from m/, = 0 to mp =0
and mp = 41 respectively. Therefore, the exchanged mo-
menta from excitation and de-excitation are in opposite
directions, making the net momentum transfer smaller
than hk.

Another issue we should pay attention to is the role of
the spontaneous emission in the sweeping process. The
time order of momentum transfer will be messed up if
the stimulated emission is replaced by the spontaneous
emission, which would reduce the cooling force. Therefore,
an effective SWAP cooling requires a low probability of
spontaneous dacay, which means the time interval that a
particle spends in the excited state should be less than
the lifetime I'~!. This effect also set an effective cooling
velocity range v < v,.. For the case in Fig. 3(a) where
A, > Ap, the time interval 7. = to—t1; = 2Ap/a. On the
other hand, when Ap > A, they are 7.1 = t3—t; = A, /«
and 7.9 = to —t4 = 2(Ap—A,)/a. To guarantee all of the
time intervals to fulfill the condition that 7. < 1/T', the

velocity must be smaller than the upper limit v,, where
v, = o/ (2kT). (10)

Although we only discuss the SWAP cooling on the

Qian Liang, et al., Front. Phys. 16(3), 82501 (2021)



RESEARCH ARTICLE

Feop

F =1 — F’ = 0 transition, the results for other type-
IT transitions are similar. The complex multi-level sys-
tem can always be decomposed into several two-level sub-
systems if the magnetic field is large enough. And the
particle will experience similar dynamics with absorption
and stimulated emission in one sub-system. So we con-
clude that, in a multi-level transition, an excitation by the
counter-propagating beam must be followed by an emis-
sion stimulated by the co-propagating beam to ensure a
large momentum transfer. Anything that breaks the or-
der will degrade the cooling effect. In order to achieve
a better performance of the SWAP cooling, a relatively
strong magnetic field is preferred to meet the condition
that A, > Ap. This also gives an ideal velocity range
that |v] < v, < v, where the cooling effect is signifi-
cantly enhanced. Of course, larger Zeeman shifts require
larger sweeping range as to higher power of cooling lasers
to ensure the adiabatic condition.

4 SWAP cooling for molecules

The results in the type-II transition in Section 3 indi-
cate that application of the SWAP scheme on molecules
might be possible. Just as an example, and for check-
ing the conclusions derived above, we perform a numer-
ical calculation for a real molecule (BaF). Without the
external magnetic field, the energy gap Ay between the
F = 10 state and the F = 2 state is about ~ 56T for
the 138BaF molecule [20]. To avoid the population accu-
mulating into sublevels that are dark, we have to sweep
over all lower manifolds. It is almost impossible to ap-
ply a scheme that sweep over part of the manifolds and
repump from the other, as the hyperfine splitting of the
X?%/5,N = 1 for "*BaF is not that large enough to
guarantee that the molecule get cooling through SWAP
without interacting with the repump laser. Therefore, a
large frequency sweeping range o1 and a large total Rabi
frequency (2 are required. Again, we first consider the
case with a weak magnetic field B = 10 G. The Zeeman
shift A, = ugBmpgr is much smaller than the hyperfine
splitting Apy. As shown in Fig. 4, even with £ = 100I,
the maximum SWAP force is about 0.1hkI", at the same
magnitude with that for the conventional Doppler cool-
ing. Although the enhancement does not appear, a wider
coolable velocity region is still observed. It can be esti-
mated from Eq. (10) that v, ~ 50I'/k with o = 10072,
which indicates the effective cooling range.

The behaviours of the SWAP force under a large mag-
netic field are different; see Fig. 4. Compared with low
field condition, the maximum achievable cooling force is
4x larger, that is, ~ 0.4hkI’. The enhanced cooling
velocity limit v, is determined by the energy gaps be-
tween every two neighbouring sublevels, as discussed in
Section 3. Note that in real molecules, the behaviours
of the transition strength and the Zeeman splitting un-
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Fig. 4 Comparisons of the SWAP forces to the conventional
Doppler cooling force for the ***BaF molecule. Under a weak
magnetic field of B = 10 G (6 = m/2) (blue dashed line), the
SWAP parameters are: Q = 100I', a = 100T'%, T = 30" %,
A = +7I". With a strong magnetic field of B = 200 G (orange
solid line), the SWAP parameters are: Q = 50T, o = 160I'%,
T =4T"', A = —25T. The parameters used for conventional
Doppler cooling (green dotted dashed line) are: Q =5, A =
—5I', B=5 G (0 = 7/2), and a 38 MHz sideband modulation
is applied to cover all hyperfine states for the **BaF molecule.

der a large magnetic field different from that under a
weak magnetic field. One must take a different quan-
tum label system and recalculate the Zeeman splitting;
please see the Appendix A.2 for more details. The energy
gaps between the neighbouring Zeeman sublevels main-
tain around ~ 15T" at B = 200 G, leading to vy ~ 7.5I'/k,
which is consistent with the result in Fig. 4. On the other
hand, the SWAP force has a weak velocity sensitivity, and
the cooling forces for large velocities are similar to those
with B = 10 G, approximate ~ 0.1hkT.

5 Resistance to leakage channels

For molecules, the closed cycling transitions generally can
not be perfectly realized due to the existence of the leak-
age channels, such as the higher vibrational states and the
intermediate A state [20, 38]. Since the SWAP cooling
scheme employs the stimulated emission to transfer the
excited particles back to the ground state, the fraction
of spontaneous decay gets partially suppressed. Hence,
compared to the conventional Doppler cooling, a smaller
loss to the possible leakage channels might be expected.
In order to understand such an effect, we analyse a sim-
ple three-level system, i.e., a two-level transition driven
by the frequency-chirped cooling lasers with an additional
loss channel (the leakage branch ratio is assumed to be
v = 0.05) with our semi-classical model in Section 2; see
Fig. 5(a). In the conventional Doppler cooling, v = 0.05
allows a maximum scattering photon number of v~ ~ 20
before the particles populate the leakage state. As shown
in Fig. 5(b), with an evolution time of 50I'/k, the loss frac-
tion reaches ~ 0.7 after scattering ~ 14 photons. How-
ever, under the SWAP scheme, with an equivalent evo-
lution time, i.e., five sweeping periods, the loss fgwap is

Qian Liang, et al., Front. Phys. 16(3), 82501 (2021)
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Fig. 5 The resistance of the SWAP cooling scheme on the
leakage channels. (a) A schematic plot of a two-level system
lgo) — |e) driven by a pair of cooling laser beams (Rabi fre-
quency ) with an additional dark state |g1). The leakage
branch ratio is 4. (b) The population loss to |g1) within an
evolution time of 50I'"!. Initially, all particles are assumed
to populate in the |go) state, and v = 0.05. For conventional
Doppler cooling (green dashed line), Q@ = 5I", the detuning
A = —kv with v the velocity of the moving particle. The loss
phenomena under the SWAP scheme (Q = 20T, o = 4002,
T = 10T'!) with a velocity of 2I'/k is different and shown in
orange solid line. (c¢) The dependence of the loss ratio R of the
SWAP cooling on Q for the small (v = 2I'/k, orange circles)
and large (v = 20I'/k, gray squares) velocities.

several times smaller.

To quantitatively evaluate the resistance of the SWAP
cooling to the leakage, we introduce a loss ratio defined
by

R = rswap/Tconv- (11)
Here rswap indicates the population loss in the SWAP
cooling once the moving particle changing its mo-
mentum by —hk, resulting a definition as rgwap =
éSWAPhk/(SpSWAP with 5pSWAP(7—) = |foT<F(t)>dt| In
the conventional Doppler cooling, rcony ~ . Figure 5(c)
shows the loss ratios R for two different velocities with
various {2 under the SWAP scheme. For a large velocity,
for example, v = 20T /k, the ratios are always larger than
one, which means that the cooling effect of the SWAP
scheme is less significant than the conventional Doppler
case as less momenta (~ 10 photons for five periods) are
transferred but the loss lies in a similar or larger level.
This can be easily understood by introducing the interval
time 7. = 2kv/a that the particle spends in the excited
state. For the parameters we use here, it is estimated
to be 7, ~ 1/I'. Considering the lifetime of the particle
7o = 1/T, the effect of swap scheme would be similar to
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that of the Doppler cooling, which explains the loss ratio
R~ 1.

For a small velocity, v = 2T'/k, the loss ratio is typi-
cally around ~ 0.1. The SWAP scheme is much better
compared with the conventional scheme. The reason lies
in that, for a small velocity, 7. is small enough to suppress
the spontaneous decay and make the stimulated emission
dominate. For v = 2I'/k, 7. happens to be 1/(10T"). Con-
sidering the ideal case that no spontaneous decay happens
and dpswap ~ 2hk, rswap is about /20, leading to the
loss ratio R ~ 0.05. However, the effect is weakened due
to the non-zero I'. We can also find that with a better ful-
fillment of the adiabatic condition Q2 > « by increasing
Q, the ratio R decreases but always larger than the limit
R = 0.05, as shown Fig. 5(c). To get a suppression of the
spontaneous decay and consequently achieve an effective
SWAP cooling, the condition v < al'~1/(2k) should be
fulfilled. We claim here that, compared to the conven-
tional Doppler cooling, a better resistance to the leakage
channels in the SWAP cooling occurs in the small velocity
region, i.e., v < ol 7! /(2k).

In the real molecular cooling experiment, scattering of
thousands of photons is required, indicating that the vi-
brational repumping is still needed in the SWAP scheme.
For the system in Fig. 5, a loss ratio of R ~ 0.1 generally
means that only about a hundred of photons are scat-
tered before the particle all populates the |g1) state. This
tells us that the SWAP scheme still leads to non-negligible
losses to the v = 1 vibrational state, i.e., one should work
with at least one extra v = 1 vibrational repumping laser,
but might get rid of the v = 3 and even v = 2 repumpers.

6 Conclusion

In summary, we have analyzed the SWAP cooling force
for the multi-level type-II transitions and further diatomic
molecules. The magnetic field that has an angle 6 to the
axis of laser beams cannot only remix the Zeeman dark
states in the type-1I transitions, but also introduce an en-
hancement to the SWAP cooling force at the small velocity
region. When the Zeeman energy splitting is larger than
the Doppler shift, the multi-level system can be decom-
posed into several two-level sub-systems in time ordering.
Ideally, a momentum transfer of twice the photon momen-
tum during one sweeping period is allowed and results in
an enhanced cooling force for velocities below vy.

The SWAP scheme does not require a sideband modu-
lation, and is less sensitive to the long-term stabilization
of the laser frequency. Unlike the bichromatic cooling, the
frequencies of co- and counter-propagating beams of the
SWAP scheme have no difference in the laboratory frame
and can be done with a retro-reflected mirror. Such prop-
erties indicate an easier experimental realization, and the
applications in laser slowing of a molecular beam might be
possible as well if one can get access to both a high laser

Qian Liang, et al., Front. Phys. 16(3), 82501 (2021)
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intensity and a rapid frequency ramp speed. For SWAP,
the cooling force relies on stimulated emissions and the
spontaneous emission rate is reduced, causing the resis-
tance of the leakage channels. This will be useful to re-
duce the number of the vibrational repump lasers needed
for an ordinary molecule that lacks a closed-cycling tran-
sition. Also, due to the independence on the spontaneous
emission of the SWAP cooling, it will be beneficial for
the narrow linewidth transition, which lacks large num-
ber of scattered photons, to provide an effective cooling
force [29, 33].
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A.1 SWAP cooling in small velocity regime

A.1.1 Dressed-state treatment

For particles with a small momentum, the Bragg oscil-
lation plays an important role in the SWAP process but
makes no contribution to the cooling effect, as discussed
in Ref. [33]. To exclude this Bragg effect, we work with a
Hamiltonian under the dressed state picture as

o =3 5 (L4 nav) )
22 [ F R+ )] )

+ZZZ an (lu, p + Rk ) (L, p| + h.c.),

u,l m,q

(A.1)

where we have used the transformation e*** = [ dp|p +
hk)(p|. Here, " = M,,,A'9Q,, is time independent, and
k, = £k for one-dimensional case. We label the energy
gap between |u) and |up) and that between |I) and |ly) as
A% and Al respectively. The laser frequencies wy, (t) =
w(t) of the two beams are centered at a frequency wy, 4,
on resonance with the transition |lg) <> |ug) (note that
[lo) and |ug) should not necessarily be real energy levels,
they can also be virtual and just define a frequency value
as a reference for other Zeeman sublevels), and we define
Aol () = w(t) — wWip up-

Then let us turn to the spontaneous emission. For
one-dimensional case, we focus on the momentum change
along the Z direction. The spontaneous decay is con-
tributed by emitting photons with momentum hk’ along
the % axis and angular momentum hq. Here k' varies from
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—k to k, and ¢ = 0,41 corresponds to the 7, 0% polar-
ization, and the emitting probability is N, (k') [39]. The
Linblad operator to describe such a progress is

£n(3) =~ 515" S (. p) ol + ol ) o )

k
SOE Y [ aw A N0 - )
p ul q -

X {u, p|plu, p) (I, p — RK'|. (A.2)

To simplify the calculation, we choose a coarse dis-
cretization of the momentum distribution with a step size
hk, resulting in k¥’ = —k,0, k. Following Ref. [39], we sim-
ply use Ny(—k) : Ng(0) : Ny(k) = é ty 1 for all possible
q. Then we have

ﬁD(ﬁ) _ = Z Z Z C(k ) Ac(k )t Cvgjl”éz(fl)ﬁ
u,l

1%

K E
c< ety (A.3)
with the collapse operator
o) = Z./PN K)AU|L,p — k') (u, p. (A.4)

Now the time evolution of the system in both the inter-
nal states and the momentum space can be described by
performing a Monte Carlo simulation [39] with the time-

dependent Hamiltonian Hp and the C’ffl) operators above.

A.1.2 Simulation results

Here we focus on the SWAP cooling on particles with small
momenta, on the magnitude of tens of ~ hk, where the
motion of particles should be treated under the dressed-
state picture as aforementioned. The Monte Carlo simula-
tion is performed with an initial state [1;) = >, cu|l, po),
where g gives the initial amplitude in the ground state
|1} (For simplicity, we assume a uniform distribution that,
for example, oy = 1/+/3 for the F = 1 — F’' = 0 transi-
tion.), and pg is the initial momentum. Then we evolve
this state in the Hilbert space |i) ® |p) (|¢) indicates the
internal state space) for several sweeping periods till the
internal state becomes quasi-steady [33], i.e., the popu-
lations in each internal sublevel before one sweep equals
with those at the end of one sweep. To exclude the effect
of Bragg oscillation, we use the root-mean-square momen-
tum prms = /(¥[p?|¢h) to describe the cooling process,
which in reality reflects the kinetic energy of the particles.

Again we concentrate on the SWAP cooling effect for
particles with small momenta in type-Il F =1 — F' =0
transition. With the semi-classical treatment, a large force
in the small velocity region has been shown in Fig. 2, which
is, however, partly contributed by the Bragg oscillation.
Since the kinetic energy of the particles does not change

Qian Liang, et al., Front. Phys. 16(3), 82501 (2021)
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Fig. A1 SWAP cooling on the type-II transition and ***BaF molecule in small velocity regime. (a) Time evolution of pms
(red line) and the population in the excited state, P. (green line), for the F = 1 — F’ = 0 transition. The initial momentum
of the particle is po = 50hk. (b) The change of the root-mean-square momentum Ap,,s in one sweeping period for varying
initial momentum po in the ' =1 — F’ = 0 transition. (c) Time evolution of p,ms (red line) and P. (green line) at an initial
momentum po = 50hk for 13¥BaF molecules. (d) Aprms in one sweeping period for 138BaF molecules.

after such an oscillation happens, i.e., transfer between
+nhk (nis an integer), we monitor the change of the root-
mean-square momentum p,,s and the population in the
excited state, P, = Zu’p<u,p|u,p>, during the sweeping.
The Rabi frequency 2 = 200w,, the ramp speed a =
1000 w? and the sweeping period T = 4w ! [hw, = %
is the photon recoil energy]. Similarly, we still apply an
angled magnetic field B = 25 G (6 = 7/2) to destabilize
the dark state and also make the stimulated excitation-
deexcitation in order (A, > Ap). The decay rate of the
excited state is set to be I' = w,..

Figures Al(a) and (b) show the results of SWAP cool-
ing on the F = 1 — F’ = 0 transition. We can ob-
serve three peaks of the population for the excited state
P, in Fig. Al(a), corresponding to the three excitation-
deexcitation processes (see Fig. 3 in the main text). At
the same time, the p.,s decreases for three times. Our
explanation in Fig. 3 is clearly demonstrated here. The
reason why the change of p,.,,s less than 2hk is attributed
to the spontaneous emission for the non-vanishing I'. Fig-
ure Al(b) shows that, the change for root-mean-square
momentum, Ap,,s = +/(P?)f — v/ (p?):, in one sweeping
period for various initial momentum py. For |pg| > 12hk,
Aprms 18 approximately —2hk, indicating an effective
cooling as the kinetic energy decreases. For |pg| < 6hk,
heating effect appears. The time order of the excitation-
deexcitation processes breaks down for particles whose
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momentum is close to zero, and there may exist multi-
photon procedure that together leads to the heating. This
predicts that the SWAP cooling has a temperature limit,
which is determined by the Rabi frequency € of the
beams [28, 33].

Similarly, Figs. Al(c) and (d) show the dynamics of
how our SWAP scheme works on molecules in the near-
zero velocity region. We still apply a large magnetic field
(B = 100 G, 8 = 7/2) to separate the hyperfine lev-
els of the molecule apart. The sweeping range is large
enough to cover all of the ground-state sublevels by set-
ting a = 4600w? and T = 10w™!. Other parameters
are ) = 400w, and I" = 265.4w,. Figure Al(c) presents
that the root-mean-squared momentum experiences de-
creases two times as the laser frequency sweeps through
the two mg = £1/2 manifolds (see Fig. A2). Due to the
complicated structure of BaF molecule and the short liv-
ing lifetime of the excited states, the decrease of p,p,s in
one sweeping period is only about 0.61hk. It indicates
that the scheme may perform better on molecules with
a narrow linewidth, for example, the A state in YO [40]
and BaF [20]. Figure A1(d) shows this cooling effect for
different initial momenta up to 100hk. For the '38BaF
molecule, a momentum of 100hk is corresponding to a ve-
locity ~ 0.3 m/s, much smaller than I'/k ~ 2.4 m/s. The
heating effect appears for |pg| < 20hk with the parameters
used here, while for larger pg, SWAP cooling plays a role

Qian Liang, et al., Front. Phys. 16(3), 82501 (2021)
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Fig. A2 Energy splittings of the X221/2,N =1 (N is
the roational number) states of the '*®BaF molecule under
the external magnetic field. The hyperfine states are labeled
with |S,mgs; N,mn;I,mr). my = +1/3 and m; = —1/2 are
plotted with dashed and solid lines respectively, while differ-
ent values of ms and my are shown in four different col-
ors: ms = —1/2,mny = —1 (green), mg = —1/2,;my = 0
(orange, lower), mg = —1/2,mn = +1 (blue, lower) and
ms = +1/2,my = +1 (red), ms = +1/2,mny = 0 (blue, up-
per), ms = +1/2,my = —1 (orange, upper). The lower four
states belong to J = 1/2 branch while others are in J = 3/2
branch.

and finally leads to a stable decrease of p,.,s. The Bragg
oscillation, however, only dominates in very small momen-
tum region ~ 20hk, which is far from the velocity range we
concerned in Section 3 and Section 4. The results show an
equilibrium temperature of T = (;frf:; [kp is the Boltz-
mann constant], which approximates the Doppler limit
Tp = hT'/(2kp). However, if we bring down the Rabi
frequency (), the temperature T would decrease corre-
spondingly until the adiabatic condition o < Q2 breaks
down. The cooling limit of SWAP is predicted to be the
recoil temperature T, = hw,/kp [33]. Though there are
approaches to go beyond this recoil limit such as optical
pumping into a velocity-selective dark state [41] or Ra-
man cooling [42], the advantage of the SWAP scheme lies
on the strong and stable cooling force on a wide veloc-
ity range for atoms and molecules rather than a possible
lowest temperature.

A.2 Transition strength and Zeeman splitting
of molecules under larger magnetic field
A.2.1 Zeeman splitting of 1*®BaF molecule

Figure A2 shows the Zeeman splitting of the ground
state |X2§]1/2,N = 1) of 138BaF molecule under differ-
ent strength of the magnetic field. More details about the
structure of the 13¥BaF molecule can be found in Ref. [20].
The energy shift for each sublevel approximately varies
in parallel with each other in the same mg branch as
the magnetic field strength becomes larger. To ensure a
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large enough energy gap which is essential for our scheme
in Section 4, the magnetic field should be no less than
100 G. For molecules under a small magnetic field, e.g.,
B < 20 G, the total angular momentum F' remains the
good quantum number, while for the case of a large mag-
netic field we apply here, the electron spin S decouples
from the nuclear angular momenta I and rotational angu-
lar momenta N. Therefore, we label the eigenstates with
|S,mg; I,mr; Nymy) instead of |J, F,mp) since F is no
longer a good quantum number.

A.2.2 Derivation of the matrix elements of the electric
dipole transitions under large magnetic field

Following the labels used in Ref. [20] and Ref. [43], the
ground state in fully decoupled form can be written as

|g> = |A,S,mS,N,mN,I,m[>
3O (1IN EmIEIA /2] + 1) (2N + 1)

J,’ITLJ b))

y N S J NS J
my mgs —my AY-Q

A5 S, 35 T Q,mg) I, my), (A.5)
while the excited state in Hund’s case is
le) = [[A'}; T mlys I',mis +)
= %OA’; ST QN m) + (—1)‘]/_5/
| =ANGS =T = DT, m). (A.6)

Then, the matrix element for electric dipole transition
from |g) to |e) is
(d) = (| T, (d)lg)
1 — m
ST 9 ¥ S
Jmy X
N S J

NS J
x+\/(2J +1)(2N +1) (mN ms —mﬁ)( A _Q>
X (A8, 50,9 ml| Ty (d)|A; S, 55 T, Q,my)
H=AS S, =S5 T, = m) T (d)[A; S, 55 J,Q,my)).

(A7)

Here d is the electric dipole operator, and Tp1 (ci) is a tensor
operator for d.
By applying Wigner—Eckart theorem, the internal term
becomes
(N850, Q | T (d)[As S, 55, Q,my)
=dxx Y (1™ Y27 +1)(27 + 1)

q

x (_ﬁ&;n‘{) (_chllé) (N|T3(d)[A). (A.8)
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Table A1l Calculated matrix elements for electric dipole
transitions from |X, N = 1, —) state to |4, J = 1/2,+) state
under a large magnetic field (in natural unit). Here the first
column refers to the levels in | X, N = 1, —) state while the first
row refers to levels in |A, J' = 1/2,+) state respectively.

m,=—-1/2  —1/2  +1/2  +1/2

mg my myp mjp=+1/2 —-1/2 -1/2 +1/2
-1/2  +1 +1/2 0.6084 0 0 0.1925
+1 —1/2 0 0.6084 0.1925 0

+1/2 —0.5443 0 0 —0.1925

-1/2 0 —0.5443 —-0.1925 0

1 +1/2 0.4082 0 0 0

-1 -1/2 0 0.4082 0 0

F1/2 -1 —1)2 0 01925 0.6084 0
-1 +41/2 0.1925 0 0 0.6084

-1/2 0 —0.1925 —0.5443 0

+1/2 —0.1925 0 0 —0.5443

+1 —1/2 0 0 0.4082 0

+1 +1/2 0 0 0 0.4082

Since matrix element (A’|T(d)|A) is common for all AA =
+1 transitions, we obtain from Eq. (A.7) all possible hy-
perfine transition strength, i.e., values of A in Eq. (3), in
|IX,N =1,—) = |A,J = 1/2,+) transitions under large
magnetic field, as listed in Table Al.
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