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One of the most important multipartite entangled states, Greenberger—Horne—Zeilinger state (GHZ),
serves as a fundamental resource for quantum foundation test, quantum communication and quantum
computation. To increase the number of entangled particles, significant experimental efforts should
been invested due to the complexity of optical setup and the difficulty in maintaining the coherence
condition for high-fidelity GHZ state. Here, we propose an ultra-integrated scalable on-chip GHZ state
generation scheme based on frequency combs. By designing several microrings pumped by different
lasers, multiple partially overlapped quantum frequency combs are generated to supply as the basis
for on-chip polarization-encoded GHZ state with each qubit occupying a certain spectral mode. Both
even and odd numbers of GHZ states can be engineered with constant small number of integrated
components and easily scaled up on the same chip by only adjusting one of the pump wavelengths.
In addition, we give the on-chip design of projection measurement for characterizing GHZ states and
show the reconfigurability of the state. Our proposal is rather simple and feasible within the existing
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fabrication technologies and we believe it will boost the development of multiphoton technologies.
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1 Introduction

Quantum entanglement [1] is a unique property of quan-
tum system and plays as a central role in quantum tech-
nologies. The Greenberger—Horne—Zeilinger (GHZ) state,
is an entangled quantum state having extremely non-
classical properties [2], with applications including but not
limited to the test of local realism [3], quantum error cor-
rection [4, 5], authentication [6] and quantum teleporta-
tion [7, 8]. With the significantly improved ability of con-
trolling interference and generating multiparticle entan-
glement [9], experiments in bulk optics successively broke
the record for the number of entangled paricles [10, 11] and
the experiment up to twelve photons have been demon-
strated [12]. Moreover, hyper-entangled states whose
qubits are formed in multiple degrees of freedom (DOFs)
has been exploited [13] and the GHZ state with more than
two levels has been experimental implemented [14] in bulk
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optics. Quantum photonic chip [15, 16], as an emerging
technology, which integrates massive miniature compo-
nents [17, 18] within several square centimeters, leads to
a significant development of optical systems with spatial
scalability and phase stability beyond bulk optics [19]. Re-
cently, on-chip schemes for spatially separated multipho-
ton states including GHZ states were proposed [20-22].
In previous bulk optics and on-chip strategies, each
qubit in GHZ state locates in different spatial modes,
usually O(n) spontaneous parametric down conversion
(SPDC) crystals [10-12] or spontaneous four-wave mixing
(SEFWM) sources [20-22] are required for an n-qubit GHZ
state generation. More nonlinear sources and linear opti-
cal components are required as well as incremental length
conditions of paths need to be satisfied for ensuring the
coherence for high-fidelity GHZ state with more photons,
thus the optical system for large photon number GHZ
state is complex and not easily engineered. In this work,
we make use of spectral modes instead of the spatial modes
to simplify the design of GHZ state. Frequency comb
which supply the correlations between a large number of
frequency bins can be easily achieved by non-degenerate
SFWM process in on-chip micro-ring [23, 24]. It has been
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already used for the construction of complex continuous-
variable entanglement between spectral modes [25, 26].
Here we propose an ultra-integrated scalable on-chip
GHZ state generation scheme based on frequency combs
which not only significantly lower down the spatial com-
plexity for GHZ state but also support long-distance
transmission of such state with nowadays dense wave-
length division multiplexing (DWDM) technologies. By
designing several microrings pumped by different lasers,
multiple partially overlapped quantum frequency combs
are generated to supply as the basis for on-chip polariza-
tion encoded GHZ state with each qubit lying in a specific
spectral mode. Both even and odd numbers of GHZ states
can be engineered with constant small number of inte-
grated components and easily scaled up on the same chip
by only adjusting one of the pump wavelengths. In addi-
tion, we give the on-chip design of projection measurement
for characterizing GHZ states and show the reconfigura-
bility of the state. Our proposal is rather simple and feasi-
ble within the existing fabrication technologies, supplying
a new method for multiphoton entangled states which will
boost the development of multiphoton technologies.

2 Scheme

For constructing GHZ states, it is necessary to introduce
a recent striking theory that quantum experiments for
the multiphoton entanglement can be related to the per-
fect matching problem in graph theory [27]. In this the-
ory, optical setups are explained by the undirected graph
that down-conversion photon pairs are regarded as edges
and output paths are vertices. Then the perfect match-
ings correspond to the multiphoton terms after the post-
selection detection that every output path has one and
only one photon [28]. Such theory gives an interesting
way to guide the design of quantum experiments and a se-
ries of schemes for multiphoton entangled states were pro-
posed [29, 30]. All the experimentally realized GHZ states
can be explained by such theory. For example, as shown in

Table 1 The analogies between graph theory and our
spectral-separated experiments for GHZ states.

Spectral-separated experiments for GHZ

Graph theory

states

Undirected Graph

Optical chip with micro-ring resonators

Vertex

Spectral mode

Edges

Frequency-bin pairs in the frenquency comb
from micro-ring resonator

Colors of the edge
(blue, red, black)

Encode numbers (]0), |1), |2))

Perfect matching
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modes
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Fig. 1 (a) The graph and (b) the corresponding bulk-
optical experiment with eight nonlinear crystals for the 2-
dimensional 8-photon GHZ state [30]. (c) Photon pairs are
produced by the SEFWM process in an on-chip micro-ring, and
they can be used as edges for constructing graphs.

Figs. 1(a) and (b), the graphs for the eight-photon GHZ
state is a cycle graph with eight edges that every ver-
tex is connected by two edges encoded in |0) and |1), re-
spectively [30]. In the corresponding quantum experiment
of this graph, eight nonlinear crystals are pumped coher-
ently and the pump laser is set at a reasonable power.
In the post-selection condition that each output has one
and only one photon, the final eight photon GHZ state is
obtained. For constructing the graph of an n-qubit GHZ
state, O(n) nonlinear two-photon sources are required and
O(n) length conditions between optical paths should be
satisfied [10-12, 20-22].

Our strategy is to construct the graph for GHZ state
by frequency combs in which the paired frequency bins
serve as the edges and the spectral modes stand for the
graph’s vertices. The frequency DOF is naturally high-
dimensional and multiple edges can be obtained from a
single nonlinear two-photon source, thus it is easy to scale
up the graph without increasing the spatial complexity of
the optical design. It is worth noting here the frequency
DOF is not used for qubit encoding and it is an auxiliary
DOF. Our target GHZ state is encoded in polarization.
Table 1 lists the correspondence between the graph theo-
retical concepts and the experimental concepts.
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The main element in our proposal is the micro-ring
resonator, providing the required frequency comb. The
rings on x(® silicon-on-insulator (SOI) with a same ra-
dius are considered to be the workhorse. They have a
same free spectral range (FSR), i.e., the frequency dif-
ference between the resonances. As shown in Fig. 1(b),
during the process of non-degenerate SEFWM, two pump
photons at spectral mode wy are converted into a signal
photon at one of modes wi,ws,ws, ... and an idler pho-
ton at corresponding spectral mode w_1,w_o,w_3,... by
obeying the conservation of energy. These frequency pairs
form a quantum frequency comb centered on the spectral
mode of pump laser can be used to construct the multipho-
ton graph. The productivity and quality of the converted
photons from rings can be optimized by adding interfer-
ometers [31-34]. For simplicity, we just choose the basic
micro-ring structure in this paper.

The main structure of our design contain three rings
R1, Rg, and R3, and the phase shifters on these rings are
used to shift their transmission peaks. We install ring R,
to be coupled to the upper waveguide and two rings Rso

(@)

and Rgs in series to be coupled to the lower waveguide as
shown in Fig. 2(a). Three coherent pulse pumps A, B
and C in a common clock cycle with different frequencies
we, wp and w, are required. Pump A and Pump B are
directly injected into the upper and the lower waveguide
and then each of them leads to a SFWM process in ring
Ry and Reg, respectively. Next, the Pump B should be
filtered out, and simultaneously, the Pump C should be
redirected to the lower waveguide. An add-drop filter ring
F is a good choice for such purpose whose FSR is twice
than the working rings’. Then the Pump C injects into
ring Rg for another SFWM process.

Our design guarantees that three rings can be pumped
independently by different pump lasers but also coherently
that converted photons from different rings are temporal
indistinguishable. Each pump laser leads to a quantum
frequency comb containing multiple paired frequency bins.
The frequency comb from R; serves as the |00) edges and
the frequency comb from Ry together with one frequency
pair from Rg shape the graph’s |11) edges. The frequency
combs are designed in such rule that each spectral mode
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Fig. 2 (a) Scheme of an on-chip structure to generate spectral separated GHZ states with even photons. The spectral settings
of pumps and general graphs for producing 2-dimensional (b) 4- and (c) n-particle GHZ states (n is even).
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is both generated from upper ring Ry and from lower ring
Rs or R3. Thus each qubit occupies only one spetral mode
and the encoded |0) or |1) is discriminated by upper (u)
or lower (1) waveguide and finally by the horizontal (H)
or vertical (V) polarization after the cascaded path-to-
polarization converter as shown in Fig. 2(a). The target
GHZ state is obtained based on the post-selection detec-
tion at specified spectral modes. We take the setting of
pumps for four-photon GHZ state in Fig. 2(b) for the ex-
ample, the superposition state of two-photon terms (pho-
ton pairs) after three SEFWM processes can be expressed
by

lv)=g ( |UU>—2,0+|UU>—4,2+62i0 |”>—4,—2+W>0,2 )’ (1)

that a photon in upper (lower) waveguide is expressed
as |u) (|I)). The subscripts represent the spectral mode
where the photons locate at. As an example, [l) , |,
means that the two photons exist in the upper waveg-
uide at spectral modes w_o and wyp respectively. And g
stands for the two-photon state’s amplitude which absorbs
all the constants relating the pump power, nonlinear co-
efficients and the ring’s parameters. In the next stage, a
two-dimensional (2D) grating coupler [35, 36] is set as a

(@)

Re(p_g_202,0=0)

Re(p_y 202,60 =7/2)

D
iy iy iy iy >

\424%)

Fig. 3 Real part of the density matrix of the state generated
in the case of (a) # = 0 and (b) 6 = 7/2. The imaginary part
of density matrix is zero in both examples.
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path-to-polarization conversion interface. Photons from
two waveguide are combined into one spatial mode out of
the chip via the 2D grating coupler. Photons from upper
waveguide are vertically polarized and others from lower
waveguide are horizontally polarized when shoot out of
the chip to the free space or fiber (i.e., |u) — |H) and
|Iy — |V)). So far, the final polarization-encoded four-
photon GHZ state is prepared in the single spatial mode
when every specified spectral mode (w_g4, w_2, wp, we for
this exemplified setting) has one and only one photon:

V) = 92 (|HH>72,0 +|HH) 42+ 62i0|VV>,4’,2
+VV)o.2)?
=¢*([HHHH) 4 202+ |VVVV)_4 202)

+ |wdiscard> . (2)

The state [g;iscard) contains the four-photon states which

will be discarded by the post-selection detection. The rel-
ative phase between the final two target terms depends on
the ring positions and the phase difference between three
pumps [37]. A phase shifter on the additional waveguide
in the configuration of Fig. 2(b) allows one to give a turn-
able phase 6 to Pump C. It should be noted that SFWM
is quadratic in the pump field, thus the phase of the two-
photon states depends on twice the phase of the phase
shifter. As an example, we plot the density matrices for
6 =0 and = 7/2 in Figs. 3(a) and (b). However, the
phase shifter can also be arranged in the upper or lower
waveguide and it will lead to a larger effect on the relative
phase. Actually, two-photon states do not have a constant
amplitude, even though they from a same comb. But they
will combine into two final terms in GHZ state and the rel-
ative amplitude between two terms can be adjusted easily
by changing the power of any one of the pumps.

We unfold the graphs to a general form shown in the
right of Fig. 2(b) for intuitive understanding. A four-fold
coincidence at the four modes w_4, w_o, wp, ws can be
seen as a subset of edges that contains every vertex only
once, which is a perfect matching in the graph. Thus, the
coherent superposition of two perfect matchings forms the
final GHZ state. This scheme is scalable in terms of the
number of qubits. As shown in Fig. 2(c), for adjusting the
scale of the state, one just need to change the frequency
of Pump C (w.) and add specific new spectral modes in
the post-selection detection, without any modifications in
the structure of chip. The maximal scale of the state is
determined by the number of usable spectral modes in
practical experiment. And as we can see, for the large-
scale GHZ states, the frequency combs produced by Pump
A and Pump B contributes almost all of the edges and the
comb from Pump C is responsible for closing the loop in
the graph by adding the last missing edge.

Only GHZ states with an even number of photons are
attainable by the scheme in Fig. 2. Further inspired by
the theory [38] which connects quantum experiments to
the perfect matching of hypergraphs (the special graphs

Pingyu Zhu, et al., Front. Phys. 15(6), 61501 (2020)
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Fig. 4 (a) Scheme of the on-chip structure to generate spectral separated GHZ states with odd photons.

The general

hypergraphs and the spectral settings of pumps and attenuated lasers for producing 2-dimensional (b) 3- and (c¢) m-particle

GHZ states (m is odd).

with hyperedges connecting an arbitrary number of ver-
tices instead of only two), we further propose a similar
on-chip scheme for the GHZ states with an odd number of
photons. Pump A at w, mode and an attenuated laser at
modes w, are directly injected into the upper waveguide,
simultaneously Pump B at w, mode and an attenuated
laser at mode wy are injected into the lower waveguide
[Fig. 4(a)]. The attenuated laser beam with low power
is approximate to the single photon whose probability is
controlled by an attenuator. After SFWM processes, two
waveguides are combined by a 2D grating coupler. The
spectral modes where the pumps, attenuated lasers and
photon pairs at for three-photon GHZ state are shown
in Fig. 4(b). The state is obtained when every specified
mode (modes w_s, wp, we) have one and only one pho-
ton. The photon pairs from two frequency combs pro-
duced in ring R;, Rs are represent by the hyperedges con-

necting two spectral modes and the single photon from
attenuated laser corresponds to the hyperedges connect-
ing only one vertex. Only the two perfect matchings of the
hypergraph may contribute to the final three-fold coinci-
dence after post-selection, and they forms the final state:
\HHH) 504+ |VVV)_5 5. Similar to the first scheme,
the GHZ state with odd photons can also be extended to
more photons by moving the frequency of two attenuated
lasers as shown in Fig. 4(c).

These states can be verified by quantum state tomog-
raphy [39], witness operator [40] or other methods [41] via
projection measurement. Before the projection for every
qubit, a wavelength division multiplexer(WDM) should
be arranged to separate the polarization-encoded qubits
at different spectral modes into specific paths respectively
[see Fig. 5(a)]. And then each qubit of the state can be
projected on an arbitrary polarization basis by adjusting

Pingyu Zhu, et al., Front. Phys. 15(6), 61501 (2020)
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Fig. 5 The off-chip device (a) and on-chip structure (b) for verification and computation of the 2-dimensional spectral

separated GHZ state.

the common elements including a quarter-wave plate, a
half wave plate and a polarization beam splitter before
the detector. We also give an alternative approach to
measure these states on chip with higher integration and
better stability. As shown in Fig. 5(b), in our scheme,
the photons with distinct frequency from upper or lower
waveguides are separated into specific paths by multi-layer
rings, that the FSR of first layer rings is four times as long
as the core rings and then the FRS of each ring layer is
doubled in succession. It is not the only choice of on-chip
WDM and the asymmetric Mach-Zenhder interferometer
network can also be used for such frequency demultiplex-
ing task. After frequency demultiplexing, path-encoded
GHZ state is formed by the superposition of states that
every qubit has one and only one photon. Then, the
path-encoded single-qubit projections are set with a phase
shifter controlling the rotation angle of Z direction and a
Mach—Zehnder interferometer (MZI) implementing the YV
rotation respectively.

In addition, we find our method can also generate the
3-dimensional four-photon GHZ state. Compared to the
previous structure in Fig. 2(a), the scheme for the 3-
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dimensional four-photon GHZ state has one more waveg-
uide which coupled two new rings R4 and Rs5, as shown in
Fig. 6. Five pumps at spectral modes wq, Wy, We, Wq, We
respectively pumped in Ring R1, Ra, Rs, R4, R indepen-
dently and coherently. The frequency setting of pumps is
shown in Fig. 6(b). We only consider the converted photon
pairs at specified spectral modes w_4, w_s, we, wy which
construct a graph with six edges. Two-photon states pro-
duced in the first, the second and the third waveguides
denote as |00), |11), |22), respectively. However, in or-
der to combine the photons from these three paths, we
should find a new interface between spatial DOF and an-
other high-dimensional DOF (such as time [42] and orbital
angular momentum) rather than 2D grating. After the
transformation from path to the high-dimensional DOF,
the coherent superposition of the states that every speci-
fied mode (w_4, w_s, Wy, wy) has one and only one photon
construct the 3-dimensional four-photon state. This state
can also be verified or be used for computation by on-
chip spatial projection. Similar with the aforementioned
on-chip projection measurement, multi-layer rings are ar-
ranged for frequency demultiplexing at first and then the

Pingyu Zhu, et al., Front. Phys. 15(6), 61501 (2020)
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Fig. 6 (a) The scheme, (b) the spectral settings of pumps and (¢) corresponding graph for the generation and verification

of 3-dimensional 4-photon spectral separated GHZ state.

state become path-encoded whose qutrits can be projected
arbitrarily by the three-dimensional multiport made up by
three MZIs and three phase shifters [43, 44].

3 Conclusion

In this paper, we propose a systematic solution for ultra-
integrated and scalable generation of GHZ states includ-
ing the even and odd number and the three-dimensional 4-
photon GHZ state, taking advantages of frequency combs.
The main advantages of our strategy include: i) simplic-
ity and scalability. Several sets of quantum frequency
comb from micro-rings serves as the key resources and
one can scale up the state to more photons on the same
chip. ii) Phase stability and reconfigurability which are
the natural advantages of quantum photonic chips. iii)
Low spatial cost of transmission. In above schemes, two
parts i.e., GHZ state generation and state characterization
can both be integrated in a single chip for local realism
test or computation, or can be split into two far-separated
chips linking only by a single-mode fibre or free space to
support long-distance quantum tasks such as the point-to-
multipoint quantum secret sharing [45], quantum secure
direct communication [46], the entanglement-based wave-
length multiplexed quantum communication network [47]
and the blind quantum computation [48, 49]. We believe
that our idea, which distinguish the photon’s labels in fre-
quency domain, have potentials for generating more com-
plex states. The technology of the operations between
spectral modes [50-52] and a weight optimization algo-

61501-7

rithm for the generalized graphs [53] may be helpful for
further designs.
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