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Using an operator ordering method for some commutative superposition operators, we introduce two

new multi-variable special polynomials and their generating functions, and present some new operator
identities and integral formulas involving the two special polynomials. Instead of calculating compli-
cated partial differential, we use the special polynomials and their generating functions to concisely
address the normalization, photocount distributions and Wigner distributions of several quantum states
that can be realized physically, the results of which provide real convenience for further investigating

the properties and applications of these states.
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1 Introduction

As a class of typical special polynomials, Hermite poly-
nomials play a prominent role in various fields of mathe-
matics and physics due to their interesting basic proper-
ties (e.g., orthogonality and completeness) and some im-
portant relevant identities such as the generating function,
product of polynomials, recurrence relation, and differen-
tial equation.

The one-variable Hermite polynomials H,(x) are usu-
ally defined via their generating functions [1, 2]
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n=0

H, (x) are eigenstates of the quantum Harmonic oscillator
and eigenfunctions of the fractional Fourier transforma-
tion [3]. Also, they can help to solve the operator Fred-
holm equation [4] and the eigenvalue problems of coupled
harmonic oscillator systems and generalized angular mo-
mentum systems [5, 6]. In the two-variable case, Hermite
polynomials H,, ., (z,y) can be defined via [7-9]

, , oo tntlm
—tt' +te+t E
e ey = n|m| Hn,m(%y), (2)
m,n=0

and their partial differential representations and power-
series expansions are respectively obtained as

H _ ot —tt' +trtt'y
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=0

H, m(z,y) can be explained as the transition amplitudes
of number states in the dynamics of the forced Har-
monic oscillator [10] or the eigenfunctions of the two-
dimensional complex fractional Fourier transform [11],
and they are useful in studying the Talbot effect in a
quadratic-index medium [12], the Bargmann transforma-
tion, and the quantum entanglement phenomena. Be-
sides, both the one- and two-variable Hermite polynomials
can be applied to deduce some new asymptotic formulas
[13] and bosonic operator ordering identities [14], and pro-
duce some new non-Gaussian quantum states [15-18] that
may be used as a key entangled resource for realizing cer-
tain quantum information tasks including quantum tele-
portation, metrology and communications. Hence, up to
now, many kinds of deformed Hermite polynomials, such
as degenerate Hermite polynomials [2], holomorphic Her-
mite polynomials [19], and ¢g-Hermite polynomials [20], are
successively proposed and widely used in the probability
theory, graph theory, number theory, and other areas of
mathematics and physics.

Motivated by the universality and importance for ap-
plications of Hermite polynomials in the physical realm,
in this article we propose two new multi-variable spe-
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cial polynomials via generalizing the power-series expan-
sions of the ordinary Hermite polynomials H, n(z,y).
The generalization mainly concerns the terms (—1)! and
" lym=lin Eq. (3), which would be respectively replaced
by a more general power function ¥' (¥ being an arbi-
trary parameter) and the product of Hermite polynomials

H,_;(z/2)H,,—; (y/2), leading to the generalized form

B DG

=0

Given Eq. (4), two interesting questions naturally arise:
can a new useful special polynomial appear? If yes,
what are its applications in quantum optics?  Fur-
thermore, what would happen if the term " !y™~!
is replaced by the product of two-variable Hermite
polynomials H,,—j m—; (2,y) Hi—; k—; (2',y") rather than
H,_;(x/2)Hpy—; (y/2)? To tackle these problems and
avoid the complications arising from the summations of
the products of Hermite polynomials, we shall fully use
an operator ordering method for some commutative super-
position operators. Indeed, the operator ordering method
has made a significant contribution to the development of
quantum physics in many aspects, such as the operator in-
tegration theory, operator special polynomial theory, and
representation theory [21, 22].

The rest of the article is organized as follows. In Sec-
tion 2, we introduce two new multi-variable special poly-
nomials and their generating functions using the operator
ordering method. In Section 3, we derive some new oper-
ator identities and integral formulas of the two new spe-
cial polynomials. Applications of the two special polyno-
mials in the normalization, photocount distributions and
Wigner distributions of several quantum states that can
be physically implemented are discussed in Section 4. The
main results of this article are summarized in Section 5.

2 Multi-variable special polynomials and their
generating functions

We first examine how to use the operator ordering method
for some commutative superposition operators to intro-
duce two new multi-variable special polynomials and their
generating functions.

2.1 Three-variable case

In terms of the definition of H, ,,(z,y), we expand the
polynomials H,, n(z,y;9) as

Hom (2, y37)
aner
= Gangom P (VT + sz 4+ TY)| ;g
min(n,m)
- 3 (?) (”;) 1'a =y (5)
1=0
52501-2

which are indeed two-variable Hermite polynomials since
the polynomials H,, m (z,y; 9) reduce to Hy, m(x,y) via re-
placing ivds — s’ and V0T — 7/ in Eq. (5). Suppos-
ing that X = \/i(a—i—aT) and Y = \/i(b—l—bT), where
a’, bl are respectively the creation operators of two boson
modes, and noting that [X, Y] = 0, thus we make the sub-
stitutions x — X and y — Y in Eq. (5), and introduce
the operator identity

Hpm (X, Y5 0)
n—+m

= W exp (1987_ —+ SX —+ TY)‘

min(n,m)
= ¥ (’Z) (T)lmlxn—lym—l.

=0

s=17=0
(6)

Using the following anti-normal ordering products (indi-

cated by the symbol : : [23-25])

X" =:H, X . Y™=:H, Y :
2 2

we rewrite Eq. (6) as

min(n,m)
Hom (X, Y50) = Z (7) (’7)%1

=0

< H, <)2‘) Hos (g) 3

On the other hand, using the Baker—Hausdorff formula,
ie., eAtB = eAeBe[ABl/2 — BoAglA.Bl/2  which holds
for [[A,B],A] = [[A,B],B] = 0, we give the operator
identity as

(7)

(8)

exp (Is7 + sX + 1Y)
= exp (SX+TY—|—?987—S2 —7'2)

Thus, combining Egs. (6), (8) and (9) leads to

n—+m . .
afnw :exp(sX+TY+19$T—32—72):
T s=17=0
min(n,m)
_ n LCAWTIVE { X :
; (l)(l>l.19.Hnl<2 Hpot (5 )5

(10)

Observing that both sides of Eq. (10) are in anti-normal
ordering, thus replacing X — z and Y — y in Eq. (10) and
comparing with Eq. (3), we naturally obtain

exp (—52 — 7% 4+ 98T + sz + Ty)

e}

-

n,m=0

snrm
ml ﬁn,m (JJ, Y; 19) )

(11)
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where
Onm (2,93 0)
8n+m
=SB exp (sx + 7y 4+ IsT — 5% — 7'2) ‘s:T:O (12)
min(n,m)
E ) (s ()

=0

is a new two-index, three-variable special polynomial with
generating function e—" 7 +YsT+s2+7y  Gpecially, when
¥ =0, Hym (x,y; 9) becomes the product of Hermite poly-
nomials H,, (x/2) H,, (y/2). Further, using the differential
identity H/ () = 2mH,,—1 (x), we arrive at the first-
order partial differential equations of $, ., (z,y; V) with
respect to the variables x and y, i.e.,

0
%Sﬁn,m (@, y;9) = np_1,m (z,y;9),
0
@ﬁn,m ({I?, Y; 19) = mﬁn,mfl (‘Tv Y3 ’19) . (13)
Thus, its high-order differential identity yields
ak+l
Wﬁn,m (33’ Y; 79)
nlm!
= mﬁnfk,mfl (xa Y, 19) , (14)

which has the same form as the well-known differential of
the ordinary Hermite polynomials H,, ., (2, y).

2.2 Six-variable case

To obtain six-variable special polynomials, we
first introduce the product of Hermite polynomials
Hi(x, 2" V) Hm k(y,y';v) and denote it as Fp 1 k(2 y,
2’ y'sv,v) that is expressed as

/ /
fn,m,l,k(xa Yy, T,y v, U)

am-{-n 8l+k

= 9sm0r™ 05Tk
+sz+ 82 + 1y + 1Y)

exp (vss' +vrt’

(15)

s=s8'=17=7"'=0"

where v, v are taken as arbitrary parameters. Introducing
the superposed operators W = a +bf, Z =at +b, W’ =
c+dt and Z' = ¢t +d, where af,bT, ¢f, df are respectively
the creation operators of four bosonic modes, and noting
that the operators W, Z, W’ and Z’' commute with each
other, so we make the substitutions x — W, y — Z,
2/ — W' and ¢y — Z' in Eq. (15) and obtain the operator
identity as

fn,m,l,k(Wv Z7 W/a Z/; v, U)

am-{-n al—i—k
= exp (vss' +vrt’

0s"Or™ 95Otk
+sW + W' + 12 +1'2")]

s=s'=17=7'=0

52501-3
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i.j=0

x iljllpd Whmtw i gm=i gk =i, (16)

Further, using the operator identities

W"Z™ = Hym (W, 2):, W'Z% = H, (W, 2'):,
(17)

which are given by the s-ordered expansions of opera-
tors and the completeness relation of the entangled states
that are the eigenstates of the operator pair (W, Z) or
(W', Z") [22, 26], thus Eq. (16) becomes

fn,m,l,k(vva Zv le Z/; v, U)

OO

1.5=0

X VI Hy iy W, Z) Hy—i gy (W', Z') (18)

which is just the antinormal ordering product of
Fomik(W,Z, W' Z';v,v). Besides, using the Baker—
Hausdorff formula, we have

exp (vss' + ot + sW + W' +7Z +17'7Z")
= exp (—s7 — 87" +vss’ +orT +sW

+sW 72+ 72" (19)
Comparing with Egs. (16), (18) and (19), and replacing
W — 2,Z - y,W — 2/ and Z/ — % in the result
after comparison, we obtain a new four-index, six-variable
special polynomial as

am+n
0snOT™ 9s'lor'k
tort +as+a's +yr +y'T)|

oitk
exp (—s7 — s'7" + vss’

s=s'=17=7'=0

TE O

i.j=0
X Vi'Uanfi,mfj (37, y) Hlfi,krfj (‘T/7 y/)
= gn,m,l,k(xv?%‘rlvyl;yav)v (20)
such that its generating function is

exp (—s7 — 7' +vss +urt’ +as+a's' +yr +y'7)

-y )

n,m,l,k=0

SnTmS/lT/k

WSn,m,l,k(xa y, 2,y v, v).
Similarly, using the differential identities of Hermite poly-
nomials H, », (z,y), we also arrive at the high-order par-
tial differential of Fp.m.ix(z,y, 2, y'; v, v) with respect to
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the variables z,y, 2’ and ¢/, i.e.,

oiti

OxtdyI Oz’ Oy
nImlllk!

~ (=) (m = =)k~ )

X S’nfi,mfj,lfi’,kfj’ (.’IJ, Y, xla y/; v, U)'

8i/+j/

7 Sn,m,l,k(za Y, 55/7 y/a v, U)

3 New operator identities and integral
formulas

In this section, we show how the two new special polyno-
mials and their generating functions can be used to deduce
some new operator identities and integral formulas.

By comparing of Egs. (8) and (12), we obtain a new
operator identity

Hom (X, Y509) = 9,m (X, Y59) (23)
which is indeed useful to prove many interesting relations
about $,,m, (z,y;¥). For instance, from the generating

function of H,, ,,»(X,Y; 1), we obtain the recurrence rela-
tion of Hy,m(X,Y;9) as

nmHp—1,m-1 (X, Y;9) —nXHpo1m (X,Y;9)

o (X,Y:0) = 0. (24)

Substituting Eq. (23) into Eq. (24) leads to the form

S 1m1 (X, Y509) = nX:9, 1, (X,Y;0):

. . (25)
+1:9p,m (X, Y39): =0,
such that the recurrence relation of 9, ., (z,y;¥) is
nm‘?)n—l,m—l (1'7 Y3 19) - nzﬁn—l,m (1‘, Y; 19) (26)

+n~6n,m ($, Y; 19) = 07

which is the same as that of the ordinary Hermite poly-
nomials H,, , (z,y) in form.
From Egs. (6) and (11), we have

e n.m

o=, nim!
— o ST HIsSTHSXATY L (WsTHsXATY .
x n._m
= Y S Ham (X,Y19) 1 (27)
=, nim!
from which it then follows that
O (X,Y50) = Hpom (X,Y59) 1, (28)

where : : denotes normal ordering [27-29]. Operating
both sides of Eq. (28) on two-mode vacuum, we obtain a
new quantum state as Hy,m (\@aﬁ7 \/ib“;ﬁ) |00). Using

52501-4

Eq. (28) and the completeness of coordinate representa-
tion in normal ordering, we obtain

Hnm (X, Y50)
1 oo

= 7/ dgudgy: e (0@ (@=Q2%: ¢ (99, 2g5; )
m

— 00

= Hpm (X,Y;9) 1, (29)

from which we have a new integral formula

1 o0
- / dgrdgee™ (@2 (@0 g (24, 2g,: )
T J-—

=Hpm (22,2y;9) . (30)

On the other hand, replacing z — VOW and y — VU*Z
in Eq. (11), we have

e—SQ—T2+\19\ST+\/EsW+\/WTZ

_ i %m,m (VoW V5 2:9)

n,m=0

(31)

Further, using the Baker-Hausdorff formula and Eq. (1),
Eq. (31) becomes

Iefszfr2+\/gsw+\/19*‘rZ:

= s VOW VIZ -
- Z n!m!:Hn< 2 >Hm< 2 >

n,m=0

(32)

Thus, comparing between Eq. (31) and Eq. (32) leads to
the operator identity

S (VOW, T 2319

. IW VZ\ -
=:H, L Hp, - (33)
2 2
Besides, according to Egs. (1) and (11), we obtain
6752772+\/55W+\/1F7'Z
_ Z s™T H, VOW o vz
ot nlm! 2 2
_ 67527T2+‘19‘ST+\/’L§SW+\/’I97*TZ:
= Z %: Hn,m (\/EVK VI*Z; |19|) 5 (34)
o=, nim!
which leads to another operator identity
H, VIW H VI Z
2 2
=: Hn.m (\/ZWV, VI Z; |19|) : (35)
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or another new quantum state 5n7m(ﬂbT, 9*al;
[9]) |00). Further, using completeness relation of the en-
tangled states |¢), where the state |¢) yields the eigenvec-
tor equations, i.e., Wls) = ¢l¢) and Z|¢) = ¢*[¢), we
have

" <\/T9W> " («0*2)
2 2

/dQ(_e(g W)(*—2Z) . H, (\fg) < 19*g*>
T m 2

= B (VOWNTZ:19)) : (36)
from which we get another new integral formula
/d S _(< o) —co )H (\/>§> Hm ( 19*§*>
s 2 2
= Hnm (\/&o, I*o*; |79|) . (37)

Indeed, Eq. (37) has some practical uses in quantum the-
ory, e.g. calculating the normalization of the photon-
modulated vacuum state (ta + raT)m |0), as shown below.
Similarly, using the operator ordering method, we can also
derive some new relevant identities involving the polyno-
mials §n,m1k(z,y,2',y;v,v). For instance, comparison
of Egs. (18-20) leads to the operator identity

Fn,m,l,k(m Za W/a ZI; v, U)

= E3"n,'m,l,k:(vva Z7 WI7Z/;Z/,U)E. (38)

However, we will not explore them here owing to the sim-
ilarity of some identities involving the two special polyno-
mials and the limited space of this article.

4 Applications of multi-variable special
polynomials

In this section, we present how to use the two new multi-
variable special polynomials to more conveniently investi-
gate some fundamental topics in quantum optics, where,
in particular, the normalization, photocount distribution
and Wigner distribution are emphasized.

4.1 Normalization

Normalization is significant for characterizing the suc-
cess probability in a state preparation scheme and fur-
ther investigating the properties and applications of this
state. Here, we first use the two new special polyno-
mials to calculate the normalization of several physi-
cally achievable quantum states. Theoretically, the state

™S (r)|0) can be obtained via repeatedly acting the
annihilation operator a (i.e., single-photon substraction)
on a squeezed vacuum S ( )|0> (S (r) being single-mode

squeezing operator [30, 31]) for m times [32], and the ex-
perimental implementation should be feasible for small
m, since the single-photon subtraction has been achieved
via the high transmittance beamsplitter [33]. Indeed,
the state aS (r)|0) has been successfully prepared with
a periodically-poled KTIOPO4 crystal [34]. Using the op-
erator identity a'a™ = :H,, .. (a', a): [35], we give the nor-

malized factor of the state amS( ) |0) as
. 1,
N, = sech r (0] :exp 20 tanhr
T L io :
X Hyp m(a', a) exp 50 tanhr | :|0). (39)

Inserting the completeness of coherent states [36] into
Eq. (39), and using the generating function of Hy, ., (z,y)
and the integral formula

d?z Clz)?+E2+ 22" —eX/C
—e —e /¢, ReC <0, (40)
T
we have
N. = 8277'1 ei(72+52)sinh2r+‘rs sinh? r (41)
m (‘98"‘87”” s=7=0

Comparing with the generating function of 9, ,,, (z,y;9),
we obtain

1 m
Nm = <—4 sinh 27") ~6m,m (07 Oa —2tanh 7’) . (42)

Indeed, the normalized factor IV, is also reformed as the
form of Legendre polynomial P, (z) [24, 37] via com-
puting high-order differential and the new formula of
the polynomials P,,(z) [38]. Hence, by comparing with
Eq. (42), we find that the relation between the polynomi-
als 9,.m (z,y;9) and P, (z) yields

f)mgm (07

0; —2tanhr) = m!(i2sech r)™ P, (isinh r).

(43)

Specifically, m = 0, 0,0 (0,0; —2tanhr) = 1, thus Ny =
1 as expected, however m = 1, $71(0,0; —2tanhr) =
—2tanhr, so Ny = sinh?r, which is the normalized factor
of the state aS (r) |0).

Another example is the photon-modulated state
(ta+rat)™ |7), which can be obtained via extending an
elementary coherent superposition of photon subtraction
and addition to the case of m order [39] and acting it
on a coherent state |v), and where the ratios ¢,r are real
and yield t? + 72 = 1. Indeed, this state can be realized
physically via inputting the coherent state |v) into a para-
metric down amplifier and carrying out the detection of a
single photon only at one of the output ports of the sec-
ond beamsplitter in a optical experiment [39]. Using the
normal ordering of (ta + rat)™ [24], we reform the state

Xiang-Guo Meng, et al., Front. Phys. 15(5), 52501 (2020)



Feop

RESEARCH ARTICLE

(ta + raT)m |v) as

m
m Lt ty+raf )
ta + rat = —iy/ = H, |i——— .
(ta-+7a!)" 1) ( 2) (52 )
(44)
Thus, using the completeness of coherent states [36] and

the generating function of ), m, (z,y;¥), we find that the
normalized factor of (ta +ra’)™ |v) reads

m 2
N, = (T /ﬂe—wﬁ—w%ﬁwwv*
2 T

T +rp Y+
it (100 ) e ()

_ 7;75 m ﬂe_sz—7—2+27’3‘r/t+gs+g*7’
2 smoT™ s=7=0
rt\" 2r
=\ = m,m ) *;7 ’ 45
< 2) rm, (g 0 t) (45)

where o =iv/2 (ty + ry*) /y/rt. Particularly, when m = 0,
$o,0 (0,0%2r/t) = 1, thus Ny = 1. For the case of
m = 1, 911 (0. 0%2r/t) = 20/t + [0, s0 Ny = 1% +
[ty + ry* |2. On the other hand, when v = 0, NV,,, becomes
(rt/2)™ $m.m (0,0;2r/t), which is exactly the normalized
factor of the state (ta + raT)m |0). Indeed, this factor

can be verified by using the newly derived integral for-
mula (37) to give the operator identity as

()
_ / Po. (a-a)(a —a’)

s

< H, (Ng)a (%) ;

( Vor  or n 2r>
: Hm,m —a,i—a';— | :.

_lﬁ A (46)

Besides, for a two-mode quantum state Hn,m(fcﬁ,
ng)SQ(r) |00), where H,, p, (faf,gbf) are two-variable op-
erator Hermite polynomials of orders(n,m), f,g are ar-
bitrary real parameters and Sa(r) = exp[r (a'b’ — ab)]
is two-mode squeezing operator [40, 41], we use the new
special polynomials F,, ,, 1 k(x,y, 2, y'; v, v) to address its
normalization. Experimentally, this state can be gener-
ated by inputting the squeezed vacuum Sz(r)|00) into
two tunable paralleled beamsplitters and implementing
the conditional multi-photon measurement in one of the
output ports of each beamsplitter [42]. Here, its normal-
ization factor reads

MNy,.m = sech®r (00| e®® 07 [T, (fa, gb)

X Hyom (faf, gbt) e’ t2m27 00) (47)

52501-6

Inserting the completeness of coherent states |a3) and us-
ing the integral formula (40), we get

gntm  gntm sT 4+ 8’7’
Os"oT™ 9s'moT™ f

+f%ss' cosh? r + g?77' cosh? r] |

sjtn,m - €xXp [ -

s=1=s'=7'=0"

(48)

where f = 2/(2 — fgsinh 2r). Further, using the definition
of the special polynomials §y m,ix(z,y,2,y';v,v), thus
the factor N, ., is simplified as

Sn,m,n,m (O, 0,0,0;§f2 cosh? r, fg? cosh? r)
mn,m - fn+m )

(49)

which is just proportional to a six-variable special poly-
nomial. For r = 0, f = 1, ,,, reduces to
Snmonm (0,0,0,0;]”2,92)7 corresponding to the normal-
ized factor of Hy, m, (fa®, gb") |00), however for f =g =0,
the factor N, ., = (—1)"T™nlml.

4.2 Photocount distribution

The quantum photocount distribution was first introduced
by Kelley and Kleiner [43], it refers to a probability statis-
tical distribution of registering n photoelectrons within an
interval. We here continue to use the multi-variable spe-
cial polynomials to analytically investigate the photocount
distribution of the state ™S (r)]0) and the evolution of
the photocount distribution of the number state |m) in
the thermal channel.

For a single-mode quantum state p, the new formula for
calculating its photocount distribution is defined as [44]

fn dQOé _¢lal? 2
P(n) -1 ) = ¢ e, <|CY| )

x (VI=¢a|p|V1-¢a),

which is indeed related to the the average value of p under
the coherent state ’\/1 — a> (phase-space @ distribution
function), and where £ is quantum detection probability
of single photon in a certain interval. For the ideal case,
ie., £ =1, P(n) becomes the photon number distribution
of the state p. Using the normal ordering of the density
operator of the state a™S (1) |0) [37], we easily obtain the
average value

<\/1*€a‘p‘\/1*€04>

sechrtanh™ 1 _(1_g)ja|?+15¢ (a*? +a?) tanh
N2

X Hy, (wa) Hy (*0),

(50)

(51)

where w =i[(1 — &) tanhr]l/2 /2. Substituting Eq. (51)
into Eq. (50) and using the relation (—1)"n!L, (|04|2> =

Xiang-Guo Meng, et al., Front. Phys. 15(5), 52501 (2020)



RESEARCH ARTICLE

Feop

H, , (a,a*), where L,, (-) is the Laguerre polynomial, and
the generating functions of the one- and two-variable Her-
mite polynomials, we have

£"sech rtanh™r  9*™ o%n
Npy2mn! (1 — &)™ dsmor™ ds'mor'™

2
_e2_ 2 o [d*a _
Xe§ T ST e
T

2swa*+2rw*a+s’ a+1m'a*

P(n) =

|a\2+¥(a*2+a2) tanh r

X e

(52)

s=1=s'=7'=0"
Further, using the integral formula (30) in Ref. [37], we
obtain

62m 6277.
dsmor™ 9smor'"

£"w'/2sech r tanh™ r
Nop2mnl (1— &)
exp [(w - 1)s'7
+ 2wwss — dewwst — dewws'T — ews

(1 + 45ww2) s2
-1+ 45ww*2) 72}

P(n) =

+ 4w |w@|? s7 4 2wt T T’

12

/
—€LUT2—

(53)

)
s=17=5"=7'=0

where we have set w = 1/(1—-4¢?) and & =
[(§€ — 1) tanhr] /2. Noting the definition of £, (z,y; ),
we rewrite Eq. (53) as

£"w'/?sech rtanh™ r
Ny2mn! (1 —&)"
Xkt gtk (2w)l+k (—4w€)l/+kl

Pn) =

X

NENE
Lkl k' =0
2m 2n
y 9 9 kbl 14k kK s+l
s T s T
asmoT™ Js'mOT
2

xexp [(w—1)s'T + 4w |w|" s7 — ews? — cwr’?
A2 N2 s+ Tty + 'a

! __!
+y T ] |s:‘r:s’:7”:x:y:m’:y/:0 ) (54)

where A = 1/v/1+ 4w?we and we have added the ex-
ponential term exp(sz + 7y + 'z’ +y'7")| . _, _,
order to meet the definition of $,, ,, (z,y;9). Using the
differential relation of 9, n, (z,y;9) in (14), we have

I =y'=0 in

£"w'/2sech r tanh™ r

N2 (1= €)™ AP
oo €k+l’6*l+k’ (2w)l+k (_4w5)l/+k’

WEUE (m — 1 — k)]

n! (m!)? (ew)”

P(n) =

X
1Lkl k'=0

Nkl m—i—k’ (0 0-4|)\w|2w)
k= —1—1)(n—k— k)

w—1
X p—k—k! n—l—l' (0,0; ) )

Ew

(55)

which is the analytical photocount distribution of the state
a™S (r) |0), related to the product of two three-variable
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special polynomials, and where € = A /\/ew. However, in
the previous work the distribution P(n) can only be given
in the form of high-order partial differential that can’t be
calculated [37]. When m = 0, we obtain the photocount
distribution of the state S (r)|0) as

n, ,1/2 n _
Prico(n) = 5 ((f f)g)iecmm,n (0,0; “’;) :
(56)

which is consistent with the previous result after simple
calculation [44]. For £ =1, e = w =0, A = w = 1, thus
P(n) reduces to the photon number distribution of the
state ™S (r)|0), as shown in Ref. [24].

Next, noting that the Wigner distribution evolution of
the state |m) for thermal noise reads

2R+1)T - 1"
m (20T + 1) (ser’)

2
. 2o
ex I ea—
P\ 27 +1 )

where g = 2e™"¢/\/(2nT + 1)1 -2(n+1)T], T =1 -
e 2f' K is the decay rate and f is the average thermal
photon number of the environment, so we introduce an-
other new formula for calculating the photocount distri-
bution of the state p that is interrelated with the Wigner

distribution W (o), which is represented as [44]

W (a,t) =

(57)

TL

2 e 26lal?/(2—¢
£)+/d lof?/(2-€)

(2w

Substituting Eq. (57) into Eq. (58) and using a similar way
of obtaining Eq. (52) thus we give the analytical photo-
count distribution evolution of the state |m) for thermal
noise as

P(n) =

(58)

Ar1—2@G +1)T™

Pln,t) = nim! (2 — &)™ (28T 4+ 1)™ !

2n 2m 2
« 0 0 e—ST—s'T’ d“a (59)
asnoT™ 9s'moT'™ T
—g |a‘ +M+ga7 +ga S

7

s=17=s8"=7'=0
where we have set g = 2£/(2—¢)+2/(2nT 4+ 1). Further,
using the special polynomials Fp m 1x(z,y, 2,y v,v), we
rewrite the photocount distribution P(n,t) as

Arl-2m+1)T]" o' (2-&) —4]"
nim! (2 — )" (AT + 1)t grmtm+1
x (g’—g2) Snn.m,m (0,0,0,0:h,b),

where h=2g/+/ (g’ g’ (2 — &) —4]. In particular, for
t—o00, T =1, g—>0 g —>2§/(2— &) +2/(2n+1), and

P(n,t) =

(60)

Xiang-Guo Meng, et al., Front. Phys. 15(5), 52501 (2020)
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b —0, thus P(n, t) reduces to the photocount distribution
of the thermal field with the average photon number n,
that is, P(n, 00) — (€)™ / (i + 1)"", which agrees with
the existed result in Ref. [44]. when & = 1, the photocount
distribution P(n,t) becomes the evolution of photon num-
ber distribution of the state |m) for thermal noise, that
is

A -2m+ 1) 7" (@ —4)" (a" — )"

P§=1(n, t) = n'm' (QﬁT + 1)m+1 g/,n+m+1
X Sn,n,m,m (07 0,0,0; h/a h/) ) (61)
where ¢’ = 2 + 2/(2n7T + 1) and b'=2g/

[(¢" —¢%) (¢ —4)]. Further, letting ¢t — oo
in (61), ¢ — 2+ 2/(2n + 1), bH'—0, thus
Pe=i(n,o0) — u"/(n+ 1)"', a Bose-Einstein sta-

tistical distribution.

4.3  Wigner distribution

Wigner distribution is a very useful tool in comprehen-
sively describing nonclassical states from the phase-space
point of view. Using the multi-variable special polynomi-
als, we can simplify the calculations of the Wigner dis-
tributions of quantum states and conveniently investigate
their nonclassicality in the phase space. Generally, for
the state p, its Wigner distribution is defined as W(a) =
tr[pA(a)] [45], where A(«) is the Wigner operator in the
coherent state representation. Hence, using the iden-
tity(44), the state (ta + raT)m |7) possesses the Wigner
distribution

W(a)
t m 2\04|27|'y|2 d2 / t~* /
_ () e i, (<) ()
2m N, T V2rt

_t’yro/*) - 2 NIk (o syt
% H i el ‘ +(2a—vy)a"" —(2a™ —v")a )
m( V2rt

Further, using the generating function of H,(z) and the
integral formula (30) in Ref. [37], we have

(rt)™ gz O™
s OsmoT™ exp(—52

Wia) = w2m N/,

9 2r

—TT = ST s #"T)

s=1=0

rt)™ e 2=l . 2r
N

w2m N, (63)

where s =iv/2 (ty — ry* + 2ra*) /v/rt. Especially, when
m =0, 99,0 (5, —2r/t) =1, s0 Wy(a) = r=le=2la=n*
which is the Wigner distribution of the coherent state |v).
However, for m = 1, $11 (3¢, 3*; —2r /t) = ||*—2r/t, thus
we have

B [ty — ry* + 27"04*\2 —7r?

r2 4 |ty + )

Wi(a) Wo(a), (64)

@ Wa) b)) W(a)
(é(zg o
%9 0.0
) 0.1
-2 2
0 0 0
Rea 2 2 jmg Rea 2 2 Ima
(©) Ma)
03

0
Re a 2 -2

Ima
" e
0.3
0.2
0.1
0.0
-2 0 S 0 2
Rea ™ Ima

Fig. 1 Wigner distribution of the photon-modulated
state (ta—i—raf)mh)(rz +t* = 1) for different parame-
ters m,r and ~, where the values of (m,r,7v) are respec-
tively (a) (1,0.5,0.2), (b) (3,0.5,0.2), () (4,0.5,0.2), (d)
(3,0.5,0.1), (e) (3,0.5,0.5), (f) (3,0.2,0.2).

which is in good agreement with the result in Ref. [39].

To clearly reveal how the coherent superposed operation
(ta + raT)m produces the nonclassicality of the coherent
state |7), we define the special polynomials 9, », (z,y; )
as a new kind of “Wolfram” functions used like Hermite
polynomials in the Mathematica programs, the result of
which makes the writing easier and expedites calculation
speed, so we more quickly simulate the Wigner distribu-
tion W(«). In Fig. 1, we plot the Wigner distribution
W(a) for different parameters m,r and ~, which shows
that the negative volume of W(«) as a nonclassicality
measure increases monotonically with the ratio r of the
photon addition af and always decreases with the ampli-
tude v of the coherent state |y), but constantly fluctuates
with the order m. Hence, in order to enhance the nonclas-
sicality of the state (ta + raT)m |v), we require a coherent
superposition with an exact order m and a higher ratio r,
and an initial coherent state with a smaller amplitude ~.

For the state H, ,, (fa', gb") S2(r) |00), substituting its
density operator and the coherent state representation of
the Wigner operator A(cq, ) into the definition of the
Wigner distribution, thus we obtain

2
sechr 2(1al?+1812) / d?a/d?p’
2N m 2

Hn,m (_fal*7 _gﬁ/*) Hn,m (fal7 gﬂl)
X exp [(O/B’ +a/* ") tanh r

W(a,B) =

+2 (0™ + 86" — o)
—9 (IB’\2 + 88 + a*o/) }

Using the generating function of H, »,(z,y) and the for-
mula (40) to integrate over o and 3’ in Eq. (65), we get

(65)
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the analytical Wigner distribution W («, §) as

W(a, B)

1 2181 ~1al?)~18[? cosh® r
2N m

aner

asmoT™ Qs'moT!™

aner

exp | — § (st 4 s'7") — g?r7 cosh®r

— f%ss' cosh? r — g&* 7 cosh? r — g&7’ cosh? r
+ 2f coshr (awcoshr — % sinhr) s
+ 2f coshr (a* coshr — Bsinhr) s’]

s=17=s"=7'=0

1 2 2
:Wexp{—2(|a| + 18] )cosh2r.
+2(aﬂ+o¢*ﬁ*)sinh2r}

X Sn,m,n,m (Qla %/7 Ql*a %I*; _f2fCOSh2 T, _g2fCOSh2 7ﬂ) ’
(66)

where we have set ¢ = 2f+/fcoshr (acoshr — 3* sinhr),
» = —g/f&* cosh? r and & = 2o tanh r—23*. Especially,
forr=0,f=1 6 = —=28* o = 2fa, and » = 2¢8,
thus W(«, 8) becomes the Wigner distribution of the state
Hym (faT,ng) |00}, i.e.,
o-2(10+18)
728 n,m.nm (0,0,0,0; f2,92)
X Snmnm (2fa, 298, 2fa”,
298" —f*,—9%) -

When f =g =0, 0 =% =0and f =1, so W(a, )
reduces to

Wo(a, ) = (67)

(b) W(a, B)
0.10

0.05
0.00

-2
0 0
Rea 2 -

) W(a, B)

0.00
-0.05
-0.10

©) w(a. p)
0.05
0.00
-0.05
-275 0 2
Rea Ima

Fig. 2 Wigner distribution of the state Hp m (faT,ng)
S2(r) |00) for different parameters f, g,n,m and r, where the
values of (f, g, n,m,r) are respectively (a) (0.5,0.5,2,2,0.2), (b)
(0.5,0.5,5,5,0.2), (¢) (0.5,0.5,5,2,0.2), (d) (0.5,0.5,5,4,0.2), (e)
(1.5,1.5,5,4,0.2), (£) (0.5, 0.5, 5, 4, 0.9).
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1
Woola, B) = 2 &P [— 2 (\a|2 + |5|2) cosh 2r

+2(af + a*f7)sinh 27"] ) (68)
which is just the Wigner distribution of two-mode
squeezed vacuum [23].

Similarly, defining the special polynomials F), ,, 1 x(z,
y, o’ y';v,v) as another new kind of “Wolfram” func-
tions used in the Mathematica programs, we easily
proceed numerical simulation to the Wigner distribu-
tion W(a,8) and plot how the different parameters
f,9,n,m and r affect the nonclassicality of the state
H, o (faf, gbT) Sa(r)[00) in Fig. 2. It is found that the
distribution W (a, 8) exhibits two negative dips on both
sides of the upward main peak for m = n # 0 and the neg-
ative dips gradually increase with the increase of m = n.
However, the negativity shows the uncertain change of
fluctuating with increasing m # n, which is also valid
for the parameters f,g. Besides, the Wigner distribution
W (a, B) is squeezed in a certain direction as a signal of
nonclassicality and the negative region increases with the
squeezing 7. In sum, the increase of the parameters m = n
and r can monotonically enhance the nonclassicality, but
the increase of f, g and m # n has irregular effects on it.

5 Conclusions

In this article, by introducing some commutative superpo-
sition operators and using the operator ordering method,
we have introduced two new multi-variable special poly-
nomials and their generating functions, and presented sev-
eral new operator identities and integral formulas involv-
ing the two multi-variable special polynomials. It is found
that, instead of calculating the high-order partial differ-
ential, the normalization, photocount distributions and
Wigner distributions of several quantum states that can
be generated physically can be simplified as the forms of
multi-variable special polynomials, which bring us conve-
nience for further studying their properties and applica-
tions. Especially, the relation between three-variable spe-
cial polynomial £, ., (x,y;9) and Legendre polynomial
P,,(z) is found, and the analytical photocount distribu-
tion of the state ™S (r) |0) is presented rather than high-
order partial differential that cannot be calculated. Hence,
we believe that the multi-variable special polynomials and
other relevant identities developed in this article could be
widely used in physics and mathematics theory like the
single- and two-mode Hermite polynomials. Besides, we
hope to further generalize the polynomials to the cases
with more variables and indexes in the future work.
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