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It was understood that Chern insulators cannot be realized in the presence of PT symmetry. In
this paper, we reveal a new class of PT-symmetric Chern insulators, which has internal degrees of
freedom forming real representations of a symmetry group with a complex endomorphism field. As
a generalization to the conventional 2n-dimensional Chern insulators with integer n > 1, these PT-
symmetric Chern insulators have the n-th complex Chern number as their topological invariant, and
have a 7Z classification given by the equivariant orthogonal K theory. Thus, in a fairly different sense,
there exist ubiquitously Chern insulators with PT symmetry. By generalizing the Thouless charge
pump argument, we find that, for a PT-symmetric Chern insulator with Chern number v, there are
equally many v flavors of coexisting left- and right-handed chiral modes. Chiral modes with opposite
chirality are complex conjugates to each other as complex representations of the internal symmetry
group, but are not isomorphic. For the physical dimensionality d = 2, the PT-symmetric Chern
insulators may be realized in artificial systems including photonic crystals and periodic mechanical
systems.
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1 Introduction

The prosperity of topological phases of quantum matter
started with the integer quantum Hall effect [1, 2], and
the field of topological band theory is established by its
generalization to systems without external magnetic field
[3-5], later termed as Chern insulators, for which the topo-
logical invariants are identified as the valence-band Chern
numbers taking integer values Z, and the experimental re-
alization has been done [6, 7]. Since the Chern number in
band theory is odd under time-reversal, a Chern insula-
tor cannot have time-reversal T or space-time-reversal PT
symmetry with P being space inversion, though there are
T- or PT-invariant topological insulators with Z, classifi-
cation, whose topology are not characterized by the Chern
number. As T-symmetric topological band theories, such
as two- and three-dimensional topological insulators, and
various T-invariant superconductors, have been well stud-
ied during the last decade [8, 9], PT-symmetric band the-
ory has recently been attracting more and more attention
10, 11], in particular systems with (PT)? = 1, which is in
part because that the Dirac nodal-line phase can be real-
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ized with the PT symmetry [12-16]. Such PT-symmetric
crystals have essentially real band structures, since PT
symmetry is anti-unitary, and operates locally in momen-
tum space without the Kramers degeneracy. It is notewor-
thy that PT symmetry with (PT)2 = 1 is more natural for
artificial systems such as photonic crystals [17, 18] or pe-
riodic mechanical systems [19-21] than for fermionic sys-
tems, as fermionic systems satisfying (Pf)z = 1 require
fermions being either spinless or having full spin-rotation
symmetry, which is easily broken by spin—orbit coupling.

In this work, we study the PT-symmetric band theory
with internal symmetry based on the equivariant orthog-
onal K theory or KOg theory [22-24], and reveal a new
class of PT-symmetric Chern insulators, which is in con-
trast to the commonly accepted understanding that Chern
insulators cannot exist with PT symmetry. The internal
symmetry group G can be either a Lie group or a finite
group. While internal symmetries of Lie groups are a com-
mon topic in high energy physics, they may be realized
as integer spin degrees of freedom in non-relativistic sys-
tems, such as the polarizations of photons and phonons, or
may be engineered artificially. The PT-symmetric Chern
insulator with an internal symmetry group is character-
ized by a complex Chern number with the imaginary unit
given by an appropriate real representation of the internal
symmetry, namely irreducible real representations with a
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complex endomorphism field. The physical meaning of the
Chern number is elucidated by generalizing the Thouless
charge argument [25-28]. If the Chern number is v for
a real irreducible representation W, for a positively ori-
ented edge there are v flavors of right-moving modes with
each being an irreducible represenation V' and v flavors
of left-moving modes with each being V, where V and
V are mutually conjugate complex irreducible representa-
tions with W = V @ V as a complex representation, but
are not isomorphic to each other.

2 Basics about real representations

We start by introducing some basics about real represen-
tations of a group G [29, 30], which is either a compact Lie
group or a finite group. Recall that Schur’s Lemma, which
is one of key results in complex group representation the-
ory, states that a homomorphism between two irreducible
complex representations of a group is either zero or an
isomorphism Al with A being a complex number and 1
the identity matrix. So, the endomorphisms of an irre-
ducible representation, namely the homomorphisms from
an irreducible representation to itself, are just a complex
field C. This just reflects the fact that a matrix that com-
mutes with all matrices representing group elements of
G can only be Al. This well-known result is significantly
changed in the context of real representations. For a real
irreducible representation, it still holds that a nonzero en-
domorphism matrix that commutes with all real matrices
in the irreducible representation is invertible, namely en-
domorphisms form a division ring over R, but the real
linear space of endomorphisms may be more than one di-
mensional. Specifically, for a real irreducible representa-
tion, at most three independent real matrices can be found
that commutes with all representation matrices. When
only one such matrix exists, the field formed by endomor-
phisms is of course the real numbers R, which resembles
the complex case. But when there are two or three, the
corresponding endomorphism field is the complex numbers
C or quaternions H, respectively. The defining represen-
tation of SO(2) is an example for C, and details can be
seen in Appendix A.

We now discuss how to determine the endomorphism
field of a real irreducible representation. For a real irre-
ducible representation W, group elements are represented
by real invertible matrices, which cannot be simultane-
ously further block-diagonalized by similarity transfor-
mations of real matrices. However, after performing the
complexification for W, namely regarding it as a com-
plex representation, the resultant complex representation
cW is not necessarily irreducible, and can be diagonalized
into at most two irreducible blocks, namely ¢cW = V or
cW =2 V @V, where V is the complex conjugate of V.
Then the aforementioned three isomorphism fields of W
can be identified as the following. (i) If ¢W is irreducible
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as a complex representation V', then the isomorphism field
is Fiy @ R. (ii) If cW 2 V @&V and V is not isomorphic
toV, Fyy 2 C. (iii) f W X V@BV and V=V, Fyy 2 H.
The explicit form of the endomorphism field for each case
in terms of real matrices are worked out systematically in
Appendix B.

3 PT symmetry and equivariant orthogonal
real K theory

We consider a quadratic many-particle Hamiltonian whose
PT symmetry is represented by the relation (PT)Q =1,
which occurs for spinless fermion systems or effectively for
fermions with full spin rotation symmetry, and more nat-
urally for boson systems, such as photonic crystals and
phonons for periodic mechanical systems [17, 19]. Tt is
emphasized in the first place that we require no T or P
throughout this work, but merely the combination PT.
So it is possible that both P and T are broken, but PT
is preserved. Probably the most significant consequence
of PT symmetry with (PT)2 = 1 for band theory is that
each band at any momentum corresponds to a real energy
eigenstate |a, k) € R for a Hamiltonian (k) in momen-
tum space with a being the band label. To understand
this, it is first recalled that in momentum space P inverses
k and so does T as an anti-unitary symmetry. Therefore
their combination PT is represented by an anti-unitary
operator acting locally in momentum space. Due to the
absence of the Kramers degeneracy in the present case of
(15’f)2 = 1, space-time inversion PT can always be repre-
sented as PT = K under an appropriate basis, where K is
the complex conjugate [10, 11]. Thus, the study of a PT
symmetric band theory is equivalent to that of a real band
theory, which assigns a real vector space at each momen-
tum k, namely we shall consider real vector bundles.

We now further consider an internal symmetry group
G in such a PT symmetric system, which is independent
of PT symmetry, namely [PT,§] = 0 for every g € G.
In such a real band theory, G has a real representation
at each momentum k, which as seen previously is quite
different from ordinary complex representations. For a
fully gapped system (insulator for fermion systems), PT-
symmetric bands below the energy gap form a real vec-
tor bundle (which are valence bands for fermion systems)
representing G by real numbers at each k, and can be
topologically classified by the equivalent KO theory or
KOg theory over the first Brillouin zone (BZ). Let us re-
call that the classification of 2nD Chern insulators with
only U(1) charge-conservation symmetry is given by the K
group of complex vector bundles over a 2nD sphere with
integer n > 0 [31, 32], K(5*") = Z & Z, where the first
Z accounts for the dimensionality of a vector bundle and
the second stable topological configurations regardless of
dimensionality. Since only topological configurations are
important and adding trivial bands does not affect topo-
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logical properties, 2nD Chern insulators have their classi-
fication given by the reduced K group K(S?") = 7Z that
is the second component of K (5%"). Since K (S?"*1)~7
or K(S27+1) = 0, there is no topological insulator in odd
dimensions if no symmetry is assumed.

Note that as internal symmetry, G acts trivially on the
BZ. For a base manifold X with the trivial G action, the
corresponding KO¢ group can be decomposed into three
components as

KOq(X) = (KO(X) @ R(G;R)) @ (K(X) © R(G; C))
@ (KSp(X) © R(G; H)), (1)

where KO(X), K(X) and KSp(X) are K groups for real,
complex and quaternionic vector bundles over X, respec-
tively. Here R(G;R) is the representation ring or charac-
ter ring generated by real irreducible representations of
G, for which the addition and multiplication are, respec-
tively, given by the direction sum and tensor product of
irreducible representations. Analogously, R(G;C) is the
ring of complex representations and R(G;H) the ring of
quaternionic representations. The three components cor-
respond exactly to the afore-discussed three cases of real
irreducible representations of G.

We now illustrate this point by a monopole in a 3D mo-
mentum space as illustrated in Fig. 1. The monopole is
surrounded by a sphere S2. The real Hamiltonian H (k)
is assumed to be gapped on S?. One may regard H(k)
with k € S? as a Hamiltonian of a 2D gapped system.
Accordingly, the classification of gapped systems is the
same as that of monopoles in three dimensions, and is
given by KOg(S%). We now address the three compo-
nents of KOg(S?). Consider a real vector bundle on S,
where each fiber as a real vector vector gives a real ir-
reducible representation of G. Then on the whole S? all
irreducible representations are isomorphic to a real irre-
ducible representation W. To coordinate the S?, we divide
it into north and south hemispheres, D%, and D%, and

Fig. 1 A monopole surrounded by a sphere. The monopole
is denoted by the red point at the origin, and the sphere is
covered by north and south hemisphere, which are glued along
the equator parametrized by ¢.
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glue them together along the equator S' = dD%, = 0D%
parametrized by the azimuth angle ¢ € [0,27). Accord-
ingly we need to glue fibers on the edges of north and south
hemispheres as well, which corresponds to a transition
function f from S! to the automorphism group Auto(W)
of W, which consists of invertible elements of End(W).
However, as seen F = End(W) is one of the fields, R, C
and H, which justifies the three components of KOg(S?).
If each fiber is a N-tuplet W of W, then an endomor-
phism is a matrix of F, namely End(W®") = My (F), and
therefore automorphisms are given by invertible matrices
GL(N,F), or Auto(W¥) = GL(N,F). Then these vector
bundles are topologically classified by the homotopy group
m(GL(N,F)). If N is sufficiently large, m(GL(N,F))
gives KO(S?), K(S?) and I/(\S/p(S’Q), respectively, for
F =R, C and H. . _

In the present case, KO(S?) = Z,, K(S?) = Z and
KSp(5?) = 0, since m(GL(N,R)) = Zy for N > 3,
m(GL(N,C)) = Z for N > 1, and m(GL(N,H)) =
0. Although irreducible representations with endomor-
phism fields R and H give no nontrivial results not-
ing that real bundles without symmetry are also clas-
sified by KO(S?) = Z, [11], the second component
K(S5?%) ® R(G,C) of KOg(S?) implies that Chern insu-
lators exist with Z classification for each real irreducible
representation with endomorphism field being C, in con-
trast to the well-known result that no Chern insulator
exists with PT symmetry. From Eq. (1), such Chern in-
sulators based on the complex endomorphism field of a
real irreducible representation exist in any even dimen-
sions d = 2n with n > 1, since K(S?") = Z. As we shall
see, such a PT-symmetric Chern insulator has an intimate
topological relation to the conventional Chern insulator,
which has already been reflected in that they both stem
from K(S?"), and furthermore the bulk-boundary phe-
nomenology of PT-symmetric Chern insulators can also
be derived by referring to that of conventional Chern in-
sulators. For the clarity of narrative, and considering that
d = 2 is physical for condensed matter physics, we fo-
cus on the 2D case, and its generalization to other even
dimensions is straightforward.

4 PT symmetric Chern insulators

From the discussion above, we now start with a real irre-
ducible representation W¢ of G with endomorphism field
being C and the PT operator PT = K to construct a
PT symmetric Chern insulator with internal symmetry
G. Note that for any PT" with (P7)% = 1, there exists a
unitary transformation transforming it into K. First con-
sider the Chern number of a conventional Chern insulator,
ven = —5 [ d%k tr iF,,(k), where the Berry curvature
Fuy = O, Ay(k) — Ok, Az(k). The Berry connection of va-
lence bands is defined as A; o5(k) = (c, k|0, |5, k), where
a and S label valence bands, i is the imaginary unit, and
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j is x or y. Now we have an irreducible real representa-
tion W¢ whose endomorphism field has a natural imagi-
nary unit Jy satisfying JI%V = —1lw with 1y being the
identity matrix for W¢. Thus, performing the replacement
i — Jw, the Chern number for W follows as

1
w _ 2 w

where the Berry curvature F)y(k) = 0Ok, A} (k) —
Ok, AY (k), and AP Wo(k) = (a,k|0,|b,k) with a and b
labeling real valence bands. Here |W]| is the dimensional-
ity of W. Note that real bands form bunches, where each
is of |W|-fold degeneracy in accordance with the repre-
sentation W. One may express Jy more explicitly in the
formula above as Jy ® 1y with N being the number of
bunches.

As inspired by the construction of real Chern num-
ber from the complex Chern number, we expect that
a PT symmetric Chern insulator for W with an arbi-
trary real Chern number v can be constructed from a
Hamiltonian Hcp(k) of a conventional Chern insulator
with Chern number v. To do this, we first decompose
the Hamiltonian Hcn(k) into real and imaginary parts,
Hen(k) = Hr(k)+1Hi(k), where both Hg(k) and H (k)
are real matrices for each k, and under the transpose of
matrix, H5(k) = Hr(k) and HT (k) = —H (k). Now the
corresponding Hamiltonian of a PT-symmetric Chern in-
sulator with Chern number v is given by

Hewpr(k) = 1w ®r Hr(k) + Jw @r Hi(k). (3)
It can be verified by straightforward derivations that the
Chern number of Eq. (3) is equal to that of Hcy, and
details can be found in Appendix C.

5 Thouless pump and bulk-boundary
correspondence

For a momentum-space Hamiltonian Hcy (kz, ky) of a con-
ventional Chern insulator, if we regard k, as the momen-
tum of a 1D insulator and k, a periodic external parame-
ter varying adiabatically, then it is well known as Thouless
charge pump that the Chern number is just the quanta of
the quantized charge pump in an adiabatic period of the
1D insulator, and the Thouless charge pump can be used
to derive the chiral edge modes of the Chern insulator.
We now adapt this picture to the PT symmetric Chern
insulator with G being represented by W.

For a Hamiltonian M pp(ks, ky) with a nontrivial
Chern number v of Eq. (2), there exist no eigenfunctions
that are globally well defined in the whole BZ with the
symmetries being preserved. However, we can choose sym-
metric eigenfunctions that are periodic for k, € [—m, 7) for
any k,. Now for valence bands |o, w, k) with w being the
indexes of W and « labeling bunches, we introduce the
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quantity

L[ dk,
Pu (k) = 37 }{ S Y e Kl hwdr. o, k), (4)

where |a, k) is a vector of dimension |W|. Py (k) is
analogous to the charge polarization of a 1D insula-
tor with i being replaced by Ju . For the purpose of
classification, we have required wave functions of the
PT-symmetric band theory to be real, while of course,
wave functions are complex in quantum mechanics. As
mentioned above, the irreducible real representation W
with endomorphism field C is isomorphic to V @ V with
V 2 V if it is regarded as a complex representation.
This implies that there exists a unitary transforma-
tion U, such that UJyUT = diag(iljw /2, —iljw|/2)-
Thus, we introduce the centers of Wannier func-
tions for V and V [33], respectively, as Py(k,) =
(2/|W) $(dke/27) 3, s+, klid, o, +, k) and Py(k,) =
(2/|W)) §(dkg/2m) ", (o, —, ki, |, — k),where|a+ k)
is a vector consisting of ﬁrst |[W|/2 components of U |ov, k)
and |a, —, k) the rest. Then, 2Py (k) = Py (ky) — Py(ky).
It is clear that Py (ky) + Py(k,) = 0, since Pv(k ) +
Py(ky) = (/W) $(dks/27) 3, (a, k|, la. k) = 0, but
la, k) are real normalized vectors due to PT symmetry,
therefore Py (ky) = Py(ky) = —Py(ky). Due to the
periodicity of wave functions along k,, the Chern number
v of Eq. (2) implies Py (7) — Pw(—m) = v. Thus in a
period through a point of the 1D insulator, v charges of
V is pumped from left to right, and v charges of V is
pumped from right to left.

We now infer topological edge modes corresponding to
the bulk topological invariant of Eq. (2) from the charge
pumps of 1D subsystems. Consider a strip geometry, for
which the translational symmetry along y-axis is preserved
while two edges are opened perpendicular to z-direction,
so that k, € [—m, ) is still a good quantum number. Then
varying k, in a period adiabatically pushes v charges of V'
from the bulk to the right edge, which therefore have to be
pumped out from the valence bands by appropriate edge
bands, and pulls v charges of V' from the left edge into the

Fig. 2 (a) Chiral edge modes of PT symmetric Chern insu-
lator with v, = 1 in a strip geometry with translational sym-
metry along the y-direction being preserved. (b) Schematic
band structure of the right edge.
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bulk, which have to be supplied by charges in the left edge.
Thus, there are v right-moving chiral bands of V' connect-
ing valence and conduction bands in the right edge, and v
left-moving ones in the left edge, as illustrated in Fig. 2. In
contrast, for V' there are v left-moving modes in the right
edge and v right-moving ones in the left edge, since in the
bulk V charges are pumped along the counter-direction
of V' charges. It is noted that these chiral edge modes
of V and V are consistent with PT symmetry. In real
space PT symmetry is anti-unitary space-time inversion,
which maps right-moving (left-moving) modes of V (V)
in the right edge to the right-moving (left-moving) modes
of V (V) in the left edge, since space-time inversion pre-
serves chirality but complex conjugate exchanges V' and
V. It is worth noting that the counter-moving modes of
the equivariant PT-symmetric Chern insulators are fun-
damentally different from the edge modes of the quantum
spin Hall systems in their topological origins [34, 35]. The
quantum spin Hall system is protected by anti-unitary T
symmetry with 72 = —1, and the edge currents are intrin-
sically counter-moving Kramers’ doublet without canon-
ical decomposition, while the counter-moving modes in
our model are conjugate representations of internal uni-
tary symmetries. Moreover, the quantum spin Hall phase
has nontrivial Zs topological invariant, but our topological
phases are classified by the Z-valued real Chern invariant.

6 Discussion

To generalize the 2D Chern insulator to 2n dimensions,
the Hamiltonian can still be constructed from Eq. (3) us-
ing a 2nD conventional Chern insulator Hcp (k). The cor-
responding Chern number is formulated by substituting
the imaginary unit i by Jy in the nth Chern number. The
bulk-boundary correspondence can be obtained straight-
forwardly by noting that right-(left-) moving modes is
just the manifestation of right-(left-) handed chiral modes
in two dimensions. For the case of endomorphism field
H, all physical dimensions d = 0,1, 2,3 are topologically
trivial, and the first nontrivial dimension is d = 4 with
[/(3?)(54) & 7, which may be of interest for high energy
physics. Finally, we propose that the internal symmetry
group G, which may be a subgroup C,, of SO(2), would be
realized in some artificial systems, such as photonic and
phononic crystals, with internal artificial micro-structures
preserving G. Beside the advantage that their periodic
structures can be flexibly designed, such systems has PT-
symmetry naturally satisfies the required symmetry re-
lation (PT)? = 1, since their quasi-particles have integer
spins, rather than electronic systems have the relation only
when the spin—orbit couplings are negligible.
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Appendix A Endomorphism field of the
defining representation of SO(2)

A rotation by ¢ is represented as p(¢) = cos ¢ I + sin ¢J,
where

=0 1) =0 Y) ()
or in the explicit form
__(cos¢p —sing
9(¢) = (sin¢ cos ¢ ) ’ (A2)

So, there are two matrices, I and J, commuting with all
p(¢) for ¢ € [0,27), and a general endomorphism is rep-
resented as f = al +bJ with a,b € R. Since J? = —1I, the
endomorphisms form the complex field C, where the com-
plex conjugate is implemented by the matrix conjugate of

(A3)

Namely f = al +bJ — z = a + ib, and K +— K with K
being the standard complex conjugate.

Appendix B Explicit forms of endomorphism
fields

While the first case is trivial, we now show how to work
out the explicit form of isomorphism fields of C and H
for irreducible real representations. In the case of ¢cW =
V@V and V 2V, the explicit form of the complex field
is derived as

Cw = {Re[Tildiag(A1V7 /J,lv)T], /\a [IAS (C}a (Bl)

where T is the matrix for the block diagonalization of ¢W,

namely diag(¢v (9), ¢77(9)) = Tdew (9)T* for g € G. To
understand this formula, it is helpful to recall that the
ismorphism field of V @V is C @ C. Then quite similarly,
when V 22 V| the quaternion field has the explicit form,

Hy = {Re {T‘l (’\11‘/ AQIV) T] N\ € C}, (B2)
Aaly

Azly
where the similarity transformation of 7T block-

diagonalizes cW as ¢.w (g) = T'diag(ov (9), dv (g))T ! for
g € G, recalling that the isomorphism field of V @ V con-
sists of 4 x 4 matrices, My(C).

Y. X. Zhao, Front. Phys. 15(1), 13603 (2020)
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Appendix C The equality of two Chern
numbers

In this section, we verify that the PT symmetric Chern
insulator H{, (k) with the real irreducible representa-
tion W has a Chern number of Eq. (2) in the main text,
which is equal to the Chern number of Hcy (k). Recall that
HE, pr(k) is constructed from Hcn(k), using the imagi-
nary unit of the endomorphism field of W. For Hcy(k),
let TI(k) be the projector onto valence states for each k,
and make the decomposition

II(k) = Ir(k) + ill; (k), (C1)
where
I} (k) = Tg(k), 7 (k)= —T;(k) (C2)

due to the hermiticity of II(k). Then the corresponding
projector for H pr(k) is
IV (k) = 1y @r z(k) + Jw @r (k). (C3)

The Berry connections for Hen (k) and HeY, pr(k) are just
the Levi-Civita connections, respectively,

A; (k) = TL(k) Ok, 11(K),

AV (k) =11 (k)0 11V (k). (C4)
Then,
Aj(k) = (g0, g — ;0k,111)
+i(I1; 0k, 11 g + IOy, I11) (C5)
and
AV (k) =1w & (g0, g — 10k, 1))
+ Jw @ (10, 11g + ROk, 117). (C6)
The Berry curvature
Fig = Ok, Aa — Ok, Ax
= i([Ok, 11, Ok, I1R] + [Ok, R, Ok, I11]), (CT)
since
(T rOk, Mg — I 04, 111) = Oy, /2 (C8)
due to 11% — 12 = Il from I1? = II. Similarly,
FIV = Jw @ ([0k, 11, O, IIR] + [0, R, Ok, 117]).  (C9)
Then it is clear that
ven = v,
= (1/27) / d?k tr([Or, L7, O, I R]+ [0k, TR, Ok, 111)),
(C10)

noting that tr(A ® B) = trA trB for any square matrices
A and B.
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