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We study the Andreev reflection (AR) at the interface of the topological insulator with hexagonal
warping and superconductor junction. Due to the hexagonal warping effect, the double ARs are found
in a certain range of the incident angle, where for one incident electron beam, two beams of holes are
reflected back. Interestingly, both the beams of holes are reflected as retro-AR on the same side of the
normal line of the interface but with different reflection angles, different from the previously reported
double AR with one retro-AR and one specular-AR. The double reflections owing to the warping effect
show the optics-like property of the Dirac fermion and can stimulate the double reflections of light
in anisotropic crystals. In addition, we find that the double ARs are dependent on the hexagonal
warping parameter nonmonotonically, and in an intermediate strength the double AR phenomenon is
prominent, providing a possibility to explore the warping parameter of topological insulators.
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1 Introduction

Andreev reflection (AR) is an important phenomenon
of quantum tunneling in normal metal-superconductor
(N/S) junctions [1]. At bias voltage below the super-
conducting gap, the conductance of the N/S junction is
mainly determined by the AR processes, where an inci-
dent electron from the normal side is reflected as a pos-
itive charged hole, possessing the same energy and an
opposite spin compared with the incident electron, pro-
viding a conversion of electrons into holes [2-5]. In re-
cent years, as plenty of new materials with massless lin-
ear excitations are discovered and further used to fab-
ricate N/S interfaces, some novel AR phenomena have
been reported [6-10]. According to the reflected direc-
tions of holes [11], AR can be classified into retro-AR and
specular-AR. For the retro-AR processes, a reflected hole
almost retraces the same path of an incident electron and
the electron-hole conversion happens usually within in-
trabands. In contrast, for the specular-AR processes the
hole is reflected along a specular path of the incident elec-
tron [12-15], where the incident electron and the reflected
hole are usually from conduction and valence bands, re-
spectively. For example, Beenakker [12] predicted that a
graphene-based N/S junction can exhibit either Andreev
retro-AR or specular-AR, depending on the position of
Fermi energy. Zhang et al. [13] further found that the in-

troduction of the ferromagnetic exchange interaction can
suppress the retro-AR but enhance the specular-AR.
Superior to conditional geometrical optics, electronic
optics [16, 17] is easy to realize many interesting optics
properties, such as negative refraction [18]. A beam of in-
cident electrons is Andreev reflected into two beams of
holes, which is similar to the double reflections of light in
anisotropic crystals [19, 20]. Double reflection is generally
difficult to be achieved in geometrical optics but it is easy
in electronic systems [21]. Directions of double reflection
in electronic systems are solely determined by the relative
orientation of the wavevector and group velocity of the re-
flected hole, which is in turn determined by the host band
structure. When the most works focus on the single AR, it
is expected that both retro-AR and specular AR coexist
simultaneously for one oblique incident electron in some
complex band structure. Recently, Lv and co-workers [11]
found that the both retro- and specular-ARs can coexist
in a structure with a 2D semiconductor in the presence of
a strong Rashba spin—orbit coupling and a d-wave super-
conductor. The double AR was reported in a type-1I Weyl
semimetal-superconductor interface, and with the inter-
face changed with respect to the band tilt direction, the
double ARs gradually evolve into one retro-AR [22, 23].
In an N/S structure of thin film topological insulator in
the presence of a gate electric field, Majidi et al. [24] also
realized the double ARs within intrabands, where both
the incident electron and the reflected hole are from the
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same conduction band.

The interplay of the spin—orbit interaction [25] and
the superconductivity endow the topological insulator-
superconductor (TI/S) junction more interesting physics.
The perfect AR has been proposed and discovered in the
two dimensional TI/S junction [26]. At low energies, the
Dirac cones of helical surface states in three dimensional
(3D) TIs are isotropic and appear at top and bottom sur-
faces [27—29]. When the surface states between top and
bottom surface hybridize each other, the reshaped band
structure causes the double ARs [24]. If tuning the Fermi
energy far away from the Dirac point, the Fermi surface
will transform from a circle to a hexagonal snowflake,
which is generally called hexagonal warping effect [27, 30]
and was observed by the angle-resolved photoemission
spectroscopy [31-33]. One can expect that the hexagonal
warping Fermi surface will give rise to many unique fea-
tures, such as electronic transport properties [34-36] and
electronic optics [22, 37, 38]. For instance, in a hexago-
nally warped TI/N junction, an incident electron beam
can lead to two reflection states propagating along differ-
ent directions [21] and the double refraction [39].

In this paper, we extend the primary study [21] to con-
sider the effect of hexagonal warping on Andreev reflec-
tions in a TI/S junction. We show that the hexagonal
warping Fermi surface can lead to double AR as well as
double normal reflection (NR). Interestingly, both the re-
flected two holes are reflected as retro-AR on the same side
of the normal line of the interface with different reflection
angles, different from the previously reported double ARs
with one retro-AR and one specular-AR, where one hole
inhabits at the same side and the other at the opposite
side of incident electrons, respectively. The outline of the
paper is as follows. In Section 2, we introduce our model
and the formalisms which will be used for the reflection
probability computation. In Section 3, we present our nu-
merical results for the probabilities of the double normal
electron and double Andreev reflections and discuss the
effect of hexagonal warping parameter on the reflection
processes. Finally, we give a conclusion of our work in
Section 4.

2 Model and theory

Our system is a TI/S hybrid structure on the surface of a
3D TI, as shown in Fig. 1(a), where the superconductivity
is induced via the proximity effect by depositing super-
conductor. The proximity-induced superconductivity has
been extensively demonstrated in 3D TTs [40-45] based on
BisSes. The TI/S interface is located at the = 0 plane,
with & < 0 the topological insulator (TI region) and z > 0
the superconductor (S region). Electron transport is along
the = axis. The scattering at the TI/S interface for quasi-
particles is described by the Bogoliubov—de Gennes (BdG)
equations [2, 4]:
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A(r)

p— Hi(—k)

Ho(k) — p
—A*(r)

) Y = Ey. (1)

Here, we assume the S side is of the conventional s-
wave superconductor. ¥ = (¥1,%, 9], wj)T is a four-
component spinor wave function, whose upper two compo-
nents correspond to electron spinor and lower two compo-
nents correspond to hole spinor. A(r) = ioc,AgO(z) rep-
resents the superconducting pairing potential with ©(z)
the Heaviside step function and o = (0,,0,,0) the Pauli
matrix in real spin space. p is the chemical potential of the
whole system and F is the quasiparticle excitation energy
measured from the Fermi level. Hy is the Hamiltonian of
the TT surface state with the hexagonal warping, which is
generally expressed as [21, 27|

Hy(k) = v(kyoy — kyoy) + %(kf_ +E)o, +V(r). (2)

Here k+ = ky & iky; v and A denote Fermi velocity
and hexagonal warping parameter, respectively; V(r) =
—UO(z) is the electrostatic potential exerting on different
regions. In above Hamiltonian of Eq. (2), the term break-
ing particle-hole symmetry is discarded since it has negli-
gible effect for Andreev reflection under consideration. By
introducing a characteristic length scale a = \/A/v and a
characteristic energy scale E,, = 1/v3/\, one can rewrite
the Hamiltonian (2) to be

1, . .
H(/) = (qu'y - ngz) + 5(‘]1 + qi)o'z By, + V(T‘), (3>

where g = ka is a dimensionless parameter wave vector.
The warping effect is completely encoded in FE,,, which
is convenient to distinguish the warping dominant region
(u > E,) from the warping negligible region (u < F,,).
By solving the BAG equation, we can obtain the en-

ergy dispersions for electron and hole excitations in the
TI region,

Ees(q) = £/ + 42(a3 — 362)?Ew — 1, (4)

Ent(q) = jE\/612 +q5(q; — 3¢2)*Ew + 1, (5)

with ¢*> = ¢Z + ¢}. E.y and Ej,_ are, respectively, the
conduction bands for electron and hole, while E._ and
E} are their valence bands. In the S region, the excitation
energy is

E.(q) = \/ (02 s it —saPm.) 22, )

where U = p+ U.

Our discussion is limited to the conduction band and
we are interested in the high energy region (i.e., u > E,,)
where the warping effect plays an important role. In
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Fig. 1 (a) Schematic illustration of TI/S junction with the
hexagonal warping on surface of TIs. (b) Snowflake equal-
energy surfaces in the ¢,—g, plane in the T1I side with hexagonal
warping. The conducting band for electrons (holes) is colored
with red line (blue line). Point A is the incident electron mode
with an incident angle o, and points B—C and points D—F" are
the normally reflected electron modes and Andreev reflected
hole modes, respectively.

Fig. 1(b), we plot the snowflake-shaped equienergy sur-
faces (Fermi surfaces) in the g,—¢, plane for finite p > 0
in the TI side with hexagonal warping, where the red
line denotes for the electron conduction band FE.; and
the blue line for hole conduction band E;_. When an
electron is incident along x-axis, the energy E and the
wave vector g, remain invariant. Since E.(p)(q) contains
a quadratic term of q,, there are two solutions of ¢, in
equation E,(q) = E for electrons and two solutions for
holes. When an electron is incident with angle a = ¢, /¢,
from point A, the wave vectors at the points B and C
are the normally reflected electron modes while those at
points D and F are Andreev reflected hole modes. Thus,
the double Andreev reflection and double normally reflec-
tion would be expected.

In order to explore this interesting double Andreev re-
flection, we further calculate the transport properties of
the scattering. We denote the amplitudes of the double
normal electron reflections as 7% and r¢ and those of the
double AR reflections as 77, and r%. The wave function in
the TI region can be expressed as

YN (1) = Ve, a+75%e +TEVe.c 10 D+T000 7y (7)

M;A
4 20y AU
Ys(r) = th ~ ~
o Ma;[M; —2U(My; + U + E)]
—M;(My; — U — E) — 2U My Ms,

where
the

the longitudinal
solution of ¢, to

wave
the

vectors  gs; 18
equation F =

2
\/(U + \/q2 +q2(q2 — 3q%)2Ew> + A2, The other

quantities are defined as My; = ¢,(q; — 3¢2,;)Fw,
M2j = (iQS,j + Qy)Ewa M3j = (7iQS,j + Qy)Ewa and
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ei(qs‘j z+qy y) ,

where
1 1
U ; U ;
Ye.n 64 el(qA,:erqyy)’ Ye.B= 63 el(qB,onqyy)7
0 0
1 0
oo = UOC eilcazta,y) np= (1) elap e +ayy)
0 UD
0
0 | itgroata,y)
Ynp=| | |eIneTT,
vfp
Here,

2 _ 342 E,—u—F
_ Qy(qy qm@) K for m = {4, B,C},

Um = -
(IQm,ﬂc + Qy)E'w
232 )Ey—pn+F
o — ay(qy . () Iz for n = {D. F},
(lqn,z + qy)Ew
and
1
GAe =Bz = —F—VN+ (4,
31/2¢2
1
qce = =V~ G+
34/ 2q;
1
4D,z = 2\/77+<—a
34/ 2q;
1
qFz = ——F—=1\/n— (.
34/2q2

with = 6¢; — 1 and ¢+ = \/1 + 32%?’ (n £ E)? — 48q;,.

In the S region, the total outgoing wave function is the
superposition of two electron-like and two hole-like quasi-
particle states,

T

Mj = (Mlj + U)2 + MQngj + Ag - Ez. The coef-
ficients t; with j = 1,2,3,4 of Eq. (8) describe the
amplitudes of the quasiparticles in the superconductor
region. They are determined by matching the boundary

conditions at the interface: ¥n|,—o- = ®s|,—o+ and
ad’Nl — 31/1s|
oz lz=0" 9z 1z=07"
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The particle current density operator in the TI region
can be derived via J = %[nHBdg], where Hpgq =
diag{H}(q)—u, p—H}*(—q)}. The z-component of current
density is J, = (TZUy —6¢2qyT00:) Ey, where 7, and 19 are
the z-component of Pauli matrix and identity matrix in
particle-hole space, respectively. Finally, the double NR
coefficients R% and RS and the double AR coefficients R
and R’ can be calculated through [22]

e <w€7i| J:E ‘we,i>
Re — | Wesil o [Yei)
! ’ <we,A| Jr W}e,A>
PN,

l <'(/)e,A| Jx W}e,A>

Irl?

i={B,C}, 9)

[, 1={D,F}. (10)

3 Numerical results and discussion

In the following numerical calculations, we set the typical
parameters [27, 34]: v = 0.25 eV-nm, A = 0.25 eV-nm?,
A = 0.01 eV, and U = 30 eV, and the incident en-
ergy E = 0.5A of an electron unless otherwise statement.
Firstly, we consider the low energy case with p = 0.05 eV,
where the hexagonal warping be ignored. In this situation,
there exist only a single NR and a single AR, as shown
by the dispersion E(q) along ¢, direction in Fig. 2(b),
where the red solid line stands for the conducting band
of electrons F., and the blue dashed line for holes Ej_.
Point A is the incident electron mode, and points B and

(a) 1.0

% 0.5

Fig. 2 (a) The normal and Andreev reflection probabilities
as a function of incident angle « (in unit of rad) in low energy
regime p = 0.05 eV, where the hexagonal warping is negligible.
(b) Dispersion of conducting band (red solid line) for electrons
Ecy and holes Ej_ (blue dashed line) versus ¢, with finite gy.
Point A is the incident electron mode, and points B and D
are the NR electronmode and AR hole mode, respectively. (c)
The corresponding schematic diagram of a single NR and a
single AR, where the incident and reflected angles are equal.
The other parameter is U = 0.5 eV.
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D are the NR electron mode and AR hole mode, respec-
tively. The corresponding schematic diagram is illustrated
in Fig. 2(c), where the incident and reflection angles are
almost strictly equal due to the isotropic Fermion surface.
The probability of the normal and Andreev reflection pro-
cesses as a function of the incident angle « are plotted in
Fig. 2(a). With the incident angle increasing from « = 0
to m/2, the AR probability R% decays from perfect unit
at the normal incidence, after a critical angle, down to
zero while the NR probability exhibits a opposite behav-
ior. At intermediate certain angle, they reach equal. The
Fermi surface of TT surface states at low energy is a circle
and thus for an incident electron, there exist only a single
NR and a single AR mode, which is a typical behavior of
the isotropic scattering. However, when the Fermi surface
is hexagonally warped, which can be obtained by tuning
Fermi energy away from the Dirac point, an incident elec-
tron beam will present more reflection states propagating
along different directions as following discussions.

For high energy with u = 1.3 €V, the hexagonal warping
of topological insulator plays a role in scattering processes.
Owing to the snowflake shape of Fermi surface, there are
more scattering processes. In order to clarify it, we plot the
dispersions F.; and Ej_ along ¢, direction in Fig. 3(b)
for finite g, corresponding to the horizontal dashed line
in Fig. 1(b). When an electron is incident with angle
a = ¢,/q, from point A, besides the NR at point B and
AR at point D, there emerge additional one AR and one
NR, located at points C' and F, respectively. In Fig. 3(a),
we present the behavior of the probability of double NRs
and double ARs as a function of the incident angle a. For
a =0, R’}) = 1 and the others are zero, and this sce-
nario is the same as Fig. 2(a). With the incident angle
slightly deviating from the normal incident direction, the
probability of the electron—hole conversion R}[) decreases
sharply to a stable value while the normal reflection prob-
ability R% sharply increases, exceeding R%,. Compared
with Fig. 2(a), warping parameter A can sensitively sup-
press AR R% and support R%, whose evolution with « is
illustrated in inset of Fig. 3(a). This is a consequence of the
large momentum mismatch of of Cooper pairs (ka,kp)
under the hexagonal structure on the equal-energy sur-
face. With the incident angle increase further, both the
probability of the Andreev reflection probability R?, and
the normal reflection probability R% almost remain a sta-
ble plateau until a large a.. Close to a = 7/3, both R]h:,
and R% decrease quickly. Interestingly, accompanied with
this, there emerge a new Andreev reflection R from the
point F' and a new NR R¢ from the point C'. The new nor-
mal reflection R¢ takes the place of R%, increasing up to
the maximum. Thus, in the vicinity of the incident angle
a = 7/3, there emerge double NRs and ARs. All +z-
moving modes are either propagating states or evanescent
states depending on whether ¢, is real or imaginary. Ac-
cording to this, the crucial angle of double NR and AR
are determined by 7/3 > a > arcsin(|kp|/|ka|), within
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Fig. 3 (a) The probabilities of the double normal (R% and
R%) and double Andreev (R% and R}) reflections as a function
of the incident angle « (in unit of rad) in high energy regime
1 = 1.3 eV. The inset shows the evolution of all the reflected
probabilities with warping parameters A (in unit of eV nm?).
(b) Dispersion of conducting band (red solid line) for electrons
E.; and holes (blue dashed line) Fj_ via ¢, with finite g,.
Point A is the incident electron mode, B—-C' and D—F are the
normally reflected electron modes and Andreev reflected hole
modes, respectively. (¢) The schematic diagram of double NRs
and double ARs.

which k%, k%, and k:} vanish completely and only R
survives. Double reflection generally cannot be achieved
in optics and thus is unique in electronic optics.

An incident electron of the conduction band from the
left to the N/S interface, with a subgap energy, can be
either retro or specularly reflected as a hole (or an elec-
tron). In order to classify these reflections, we can inspect
the relative orientation of the wave vector and group ve-
locity of the reflected holes (or electrons). We find that the
product of wave vector and group V(;locity f20r the electron
q“+3(q° sin3a;)° | Ey
[ \/q2(+(q3 sin32!¢])2 > 0, has
the same sign as that of the incident electron at point
A. Thus, both NRs are specular reflected electrons, which
lie at the opposite side with respect to the incident di-
rection. For the hole at point D(F'), the reflected holes,

_ [¢®+3(¢%sin3a;)?|E,,
q; Vg = — /(g sin 3oy )?
as that of the incident electron. Therefore, both the re-
flections with the wave vector at points D and F are
retro-ARs, which lie at the same side with respect to the
incident direction. The schematic diagram is illustrated
in Fig. 3(c). Although both ARs or NRs inhabit at the
same side, their reflection angles are not same and also
not equal to the incident angle due to the difference of
momentum at each point. One can recall that the dou-
ble ARs are also presented in TI thin film [24], where the
upper-bottom surface coupling is considered, and in type-

at point B(C), q; - vg; =

< 0, has the opposite sign
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Fig. 4 The incident angle o and energy dependence E of (a)
AR R%, (b) NR R%, (c) AR R%, and (d) NR R%, respectively.

IT Weyl semimetal [22] where two Weyl points coupling are
taken into account. Here, the double ARs emerge owing to
the surface warping effect, completely different from pre-
vious mechanisms. Double reflection generally cannot be
achieved in optics and thus is unique in electronic optics.
This phenomenon provides an opportunity to simulate the
double reflections of light in anisotropic crystals and also
to explore the warping strength of TIs.

From above discussions, one can see that the scattering
processes are not only sensitive to the incident angle «,
but also the incident energy E. We plot the dependence
of the double NR and AR coefficients on the incident en-
ergy and angle in Fig. 4, where Figs. 4(a)—(d) correspond
to R’ﬁ, o R}zf“ and R, respectively. It is shown that the
AR R and R} decay quickly to zero out of the super-
conductor gap E > A. The probability R% is large with
nearly unit probability when the energy E reaches the
superconductor gap, almost independent of the incident

1.0+

R}y

---R}

0.8
0.6
X

0.4+

0.2+

0.0+
0.000

T T T
0.010 0.015 0.020

E (eV)

T
0.005

Fig. 5 The double ARs R? and R% as a function of the
incident energy F for large incident angle a = 1.035 rad.
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(a) 1.0

0.00 : ‘ : ‘ : ‘
0.0 0.4 0.8 1.2 1.6
A

Fig. 6 The double Andreev reflections (a) R% and (b) Rk
as a function of warping parameter A (in unit of eV nm?) with
fixed @ = 1.035 rad, for different incident energies E.

angle «, as shown in Fig. 4(a). Similar AR is found in
Ref. [24]. Figure 4(c) shows that the AR R% from the
point F' occurs mainly in the region of large incident an-
gle and increases with the incident energy E. Compared
Figs. 4(b) and (d), R} at a large incident angle is replaced
by R¢ with unit probability. At the large incident angle
@, though the AR R% is smaller than R’b, it can be visi-
ble. Dependence of R} and R% on the incident energy F
for « slightly below 7/3 is illustrated in Fig. 5.

Figures 6(a) and (b) show the warping parameter \ de-
pendence of the double AR probability R% and R} for
different values of incident energy F with a = 1.035 rad.
It is found that the dependence of the probability RF
on A is monotonously increasing, while the probability
R first increases with A and then decreases by increas-
ing A. At an appropriate A, the double ARs are most
prominent.

4 Conclusion

In conclusion, we have studied the Andreev reflection at
the TT/S junction on the surface of a 3D TI with the
hexagonal warping. Different usual circle Fermi surface,
the hexagonal shape supports four scattering processes—
double Andreev reflections together with double normal
electron reflections in a certain range of the incident angle.
Appearance of the double ARs, attributed to the hexag-
onal warping effect of surface states of TIs, is completely
different from previously reported mechanisms. Interest-
ingly, both the reflected holes are reflected as retro-AR
with different reflection angles. Compared with the pre-
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viously reported double ARs with one retro-AR and one
specular-AR, where one hole inhabits at the same side of
incident electrons and the other at the opposite side, the
double reflections from the warping effect is more suitable
to stimulate the double reflections of light in anisotropic
crystals. We also have studied the effect of warping pa-
rameter A on the double AR probability, and find that in
intermediate strength of A, the double AR phenomenon is
the most prominent, suitable for the experiment observa-
tion.
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