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We explore the physical phenomenon of acoustic waves induced at the interface between two different
anisotropic rock media. Specifically, one medium is a transversely isotropic medium with a vertical
axis of symmetry (VT medium) and the other one is a transversely isotropic medium with a tilt axis
of symmetry (TTI medium). By solving the Kelvin—Christoffel equation, an eighth-order polynomial
is established for reflection and refraction angles, which is confirmed from Snell’s law. Three types of
analytical expressions of the polarization coefficients of the induced waves are obtained corresponding
to different incident angle regions. An effective algorithm has been developed for numerical analysis of
the polarization coefficients. Applying characteristic anisotropic parameters reported in the literature,
the influencing factors on reflection and refraction coefficients are analyzed, e.g., the anisotropy, the
tilt-angle of rock-layer, and the incident-angle. The calculated reflection and refraction coefficients have

been rechecked for energy conservation.
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1 Introduction

A comprehensive understanding of reflection and refrac-
tion of acoustic waves at an interface between two different
media is fundamentally important in acoustics. Scientific
and industrial applications have been extensive in this re-
gard, e.g., AVO (amplitude variations with offset) analysis
of seismic data in petroleum industry [1], wave energy de-
vice development [2], rangefinder [3], medical imaging [4],
nondestructive detection [5-7], underwater acoustics de-
tection [8], unidirectional transmission of acoustic waves
[9], the design of substrate in some acoustic devices [10],
SAW technology [11], and more. Although acoustic wave
has its own distinctive characteristics that are different
from those of optic wave, they have many similarities. For
example, similar to optic waves [12], acoustic waves can
create negative refraction [13]. The transformational opti-
cal technology is based on the reflection and refraction of
optic wave. This optics method can also be introduced to
manipulate acoustic waves [14]. Reflection and refraction
of the waves are important issues for both acoustics and
optics.

Zoeppritz [15] reported analytic solutions of reflec-
tion and refraction coefficients for interface between two
isotropic media and provided a set of equations to de-
scribe the amplitudes of the reflected and refracted waves.
Due to its algebraic complexity, the solution for reflec-
tion coefficients was mostly given as an approximation in
geophysical exploration. For instance, in solving inverse
problems for the properties and structure of underground

strata from the reflection signature, it was mostly using
an approximate analytic expression. Meanwhile, several
approximate expressions of reflection and refraction coeffi-
cients were reported under different physical assumptions
for isotropic models, e.g., by Richards and Fraisier [16],
Aki and Richards [17], and Shuey [18].

The amplitude of P-wave could be affected by acoustic
impedances of the media on both sides of the interface.
Ostrander [19] showed that AVO anomalies could iden-
tify the areas of Poisson’s ratio change. So, they could be
used as hydrocarbon indicators. Conventional AVO in-
verse of reflected seismic waves was conducted by Li et al.
[20]. To our understanding, most of the published litera-
ture on applications of reflection and refraction involved
only the amplitude information of the reflection coeffi-
cients. Within the limited reports on discussions of phase
information of reflection coefficient in acoustic-logging and
seismic-exploration, Zhu et al. [21] reported an experimen-
tal study on lateral-displacement of the reflection P-wave,
and Fa et al. [22] showed that phase information of reflec-
tion coefficient could be used to calibrate experimental
data, i.e., both the seismic exploration data for accurate
time-depth conversion in post-incident critical-angle re-
gion and the acoustic logging data for accurate measure-
ment of propagation speed of P-wave along borehole wall.
Nevertheless, all the reported discussions were limited to
the systems within an isotropic rock-layer.

The interior of the earth is usually composed of a se-
ries of isotropic, regular thin layers with different proper-
ties. A seismic wavelength is usually much longer than the
thickness of each layer in the strata. A sequence of strata

© Higher Education Press and Springer-Verlag GmbH Germany, part of Springer Nature 2020



Feop

RESEARCH ARTICLE

with a vertical-axis symmetry was named a VTI medium
whose macroscopic anisotropy and mechanical property
could be described by an elastic tensor of hexagonal crys-
tal system [23-25]. Anisotropic behavior of layered un-
derground strata at the macroscopic level was predicted
by Backus [26]. This macroscopic anisotropy was assumed
to be transversely isotropic which could influence signifi-
cantly on seismic waves with respect to propagation, re-
flection, refraction, and polarization. Applications to the
field of geosciences have been widely reported. Thom-
son [23] and Wang [24, 25] reported some measured rock
anisotropy parameters and provided a connection between
rock anisotropy parameters and stiffness matrix elements
of a hexagonal system. Studies of reflection coeflicients
between two VTI media have been reported from several
research groups, e.g., Daley et al. [27, 28], Riiger [29],
Tsvankin [30], Carcione [31], and Klimes [32]. A fourth-
order polynomial in the analysis of the reflection and re-
fraction angles was established for the VTI-VTTI interface
by Fa et al. [33, 34] and an efficient algorithm for numer-
ical calculations was also developed.

Realistically, the symmetric axis of a sequence of thin-
layers may not be parallel to the vertical axis. Instead,
the sequence consists of tilt rock-layers. This macroscopic
structure with anisotropy is named as a TTI medium
model. Based on our knowledge of VTT medium [36-45],
a stiffness matrix form of VTI medium may be obtained
from the stiffness matrix of TTI medium through Bond
transformation in rotational coordinates [35]. Through
inverse transformations, the stiffness matrix of a VTI
medium can also be transformed back into the stiffness
matrix form of a TTI medium.

In this paper, we report the studies about the effects of
the various system parameters on reflection and refraction
coefficients at VTI-TTI media interface, e.g., incident-
angle, physical and anisotropic parameters, and tilt-angle
of TTI medium.

2 Modeling

Considering an interface between VTI and TTI media,
Fig. 1 shows a schematic structural sketch of the two
anisotropy rocks.

Fig. 1 A schematic sketch of VTT and TTT anisotropic rock
models: (a) VTI medium model; (b) TTI medium model.
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The anisotropic and mechanical properties of a VTI
medium can be expressed in a stiff matrix [23-25]:
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where there are five independent elements and 0(1‘2/) =
cg‘l/) - 202‘6/). By Bond transformation [35] with a rotating

angle ¢, it yields a stiff matrix form for TTI media:
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The two transformation matrices and related elements are

coslp 0 sin? o 0 —sin2¢ 0
0 1 0 0 0 0
sinp 0 cos? 0 sin 2¢ 0
¢= 0 0 0 cos 0 sin 7
(sin2p)/2 0 —(sin2¢)/2 0 cos2p 0
0 0 0 —sing 0 cos
3)
cos?p 0 sin?yp 0 —(sin2¢)/2 0
0 1 0 0 0 0
= sinfp 0 cos?e 0 (sin2¢)/2 0 ’
0 O 0 cos ¢ 0 sin ¢
sin2¢ 0 —sin2¢p 0 cos 2¢p 0
0 0 0 —sing 0 cos ¢
(4)
where
AT = eV cost o + ) sin® o+ () +2¢Y)) sin® 2¢] /2,
iy =iy cos® o+ ey sin’ o,

(r)y __ (v V)

B =) (sin ptcost @)+ (A} ey ) /a—cly ) sin? 2¢,
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Now, let’s consider the VTI-TTI interface at the xz—y
plane, as shown in Fig. 2. The upside of the interface (z—y
plane) is a VIT medium and the underside is TTI medium.
The angle between the symmetric-axis of TTI and the z-
axis is ¢, shown in Fig. 2(a). When an incident P-wave
is propagating onto the interface, several additional waves
are induced, i.e., a reflected P-wave, a refracted P-wave, a
reflected SV-wave, and a refracted SV-wave. The particle
displacements of the incident and the induced waves are
parallel to the z—z plane, shown in Fig. 2(b). The polariza-
tion directions of P-wave and SV-wave at a given spatial
location are perpendicular to each other [35]; if they are
not at the same space location, they do not have to be
perpendicular. Generally, these waves are neither purely
longitudinal nor purely transverse.

For a harmonic vibrational motion of a particle with
angular frequency w, the particle displacement of the in-
cident P-wave can be written as
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Fig. 2 Schematic representation of VTI-TTI media inter-
face:
VTI medium and that of TTI medium, where the z-axis is the
symmetric-axis of VTT medium and normal to the interface,
and Z-axis is that of TTI medium; (b) geometry of wave-
front normal and polarization directions for the incident and
converted waves at the interface. The arrowheads on the long-
lines indicate the directions of phase velocity and those on the
short-lines indicate the polarization direction.
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(a) showing the angle between the symmetric-axis of
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The particle displacements of the four induced waves can
be written as

)
SM=R 1)< (1)>exp[i(wtk(1)xsin0(1)k(l)zcosé(l))]
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where the superscripts {m} = {0,1,2,3,4} denote the
cases of the incident P-wave (m = 0), reflected P-waves
(m = 1), refracted (m = 2) P-waves, reflected SV-waves
(m = 3), and refracted SV-waves (m = 4); 0™ is an
incidence/reflection /refraction angle for the correspond-
explio®™)]; g™ = ¢l 4 4{™
= ¢(m 4 fygm), for induced homogenous wave

ing wave; R(™) = |R(™
and ¢§m)
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¢>§J”) = qsim) = ¢(™ due to ’yém) = 'yz(;m) = 0; for in-
duced inhomogenous wave qbgcm) #* ¢(Zm) and both of them
have the phase difference of 7/2; uE;Z}) and uiﬁ?) are polar-
ization coefficients of each wave without considering the
phase shift caused by reflection /refraction; R(") is the re-
flection coefficient of P-wave to P-wave; R(?) is the refrac-
tion coefficient of P-wave to P-wave; R(®) is the reflection
coefficient of P-wave to SV-wave, R® is the refraction
coefficient of P-wave to SV-wave; and R(©) = 1.

Let us consider a few cases, which are classified based
on incidence angle: the first case is the incidence in a
system without any critical-angle; the second one is the
incidence from the pre-critical-angle region in a system
where there is a critical incidence-angle corresponding to
refracted P-wave, and the third case is the incidence from
the post-critical-angle region. In the first two cases, the
phase factor ¢(13) is either 0° or 180°. The selection of
a phase angle is determined by the acoustic impedance
of the media involved in the interface. The third case is
the one in the post-critical-angle region which will be dis-
cussed next in detail.

2.1 Phase velocity solutions of incident and induced
waves at VTI-TTI interface

In the following, we derive an analytic expression of po-
larization coefficients and phase velocity and propose an
efficient algorithm in calculations of reflection and refrac-
tion coefficients at VTI-TTI interface.

In absence of external forces, the Kelvin—Christoffel
equation can be simplified for incident wave and four in-
duced waves at VTI-TTI interface

VR CL) R SV w0
L R o B K B

Within VTTI incidence medium which is denoted by a su-
perscript V, the matrix elements are given by [33, 34]
thi,l,s) _ Ag‘lf) sin2 (0:13) 4 Ag) cos2 9(0,1,3)7 (12)
Fg%l,?)) — l—wgﬁ’lﬁ) _ [Ag‘gj) + Aé(l‘él/)] Sin9(0,1,3) CoS 9(0,1,3)’
(13)

Fg%’l’?’) = Ag) cos2 9(0:1:3) 4 Ag) sin? 9(0:1:3) (14)

The phase velocity solutions of incident P-wave and re-
flected P- and SV-waves are
Ug?élﬁ) _ {[AELV) Sin2 9(0’1’3)+A§V)iQ(V)(H(O’l’g))}/Q}l/Q,
(15)
Q(V)(o((),l,B)) _ [(Agv) sin2 9O13) | Agv) cos? 9(0,153))2
+(AS7)2sin? 200 13)]1/2 (16)

where p(V) is the density of VTT medium; the subscripts
{1,2,3,4,5,6} = {j,1}, where the subscripts 1 and 2 in-
dicate two different solutions of the phase velocity; and
1% \% 1% \% % 1% %
A0 A A, A <A D, A

22601-4

A+ A, A = A AP, A - A+ A,
and Agy) = C;lv)/p(v).

Within the refraction medium TTI, the matrix elements
are given by

I‘ﬁ"") = Ag) sin? 9(2:4) +Ag) sin 2609 +A§"§> cos? 99

(17)
Y =ri? =A%) + AL))sin2029 /2
+ Ag) cos? 94 + Ag) sin? (9 (18)

F%A) = Ag) cos? 624 +Ag§) sin 2024 —|—Ag) sin? 924
(19)

and the phase velocity solutions of the refracted P- and
SV-waves

vf{l) = {[e1 8in2 03 + ¢55in 203 + 3 cos? #2Y
+ Q6] /21,
QM () = by sin* 0 +-by cos* 024 + b3 sin? 203

(20)

+sin 20(2,4) (b4 SiIl2 9(2,4) +b5 COS2 0(2,4))]1/27 (21)

where p(T) is the density of TTI medium; the subscripts
1 and 2 of v%"l) indicate that there are two solutions; and
o2 = AD 4D 0y = AP AL 0= 2D 4D, 0, =
(Afs + A5)/2, by = a? + 4[A12, by = aF + 4[4 P2,
by = a1a3/2+a§+4aﬁ+2Ag)Ag), by = 2(a1a2+4a4Ag)),
b5 = 2(0,20,3+4CL4A:(3€)), Cc1 = AET) +Aé€), Cy = A(lg)+Ag§)a
c3 = Ag) + Ag), and AE-Z-T) = cg)/p(T).

The selection of a phase velocity from these two possible

solutions [Egs. (15) and (20)] depends on the nature of the
induced wave.

2.2 Determination of z-components of power density flux

To derive an analytical expression for polarization coeffi-
cients of the inhomogeneous wave which is induced at the
interface, let us first calculate the real parts of the fluxes
for the z-components of incident P-wave and the induced
waves.

The relationship amongst stress, particle displacement,
and corresponding particle vibration velocity is given by
[35]

T7m = o™ . VSS(T”) (22)
with a harmonic vibration
95(m)
(m) _ 22~ _5,q(m) 2
14 5 iwS'™ (23)

@, ”

where the sign is a tensor product operator; the
sign “V” is a gradient operator; and the superscripts
{n} = {V,T} stand for VTI medium and TTT medium,
respectively.

For incident P-wave, reflected P- and SV-waves propa-
gating on the z—z plane within VTT medium, Eq. (22) can
be written explicitly as

Lin Fa, et al., Front. Phys. 15(2), 22601 (2020)
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(24)
where {m} = {0, 1,3} are for incident P-wave, reflected P- and SV-waves; S and S™ are - and z-components.

The power density flux of the incident P-wave and the reflected P- and SV-waves can be written as

VT
0
VT T +

(m)]x , p(m) 1
pomy _ VT L (25)
2 2 ()1« r(m)

V="

where the sign is the dot product operator. The stress related to z-components of density fluxes of the incident

P-wave, and reflected P- and SV-waves are written as

W

T3(O) — ik (013 u®) sin 6 + 633 u(Z%) cos 0) expli(wt — kO zsin @ — k2 cos 9)], (26)
Téo) =ik gy (ul® 0059 + ul®) sin 0) expli(wt — k@ zsin 0 — k2 cos )], (27)
Tgfl) = —ik®W \R(1)|(clv) () sing + c3v) D) cos 0) expli(wt — kW zsin 0 — kM 2 cos 00 + pM))], (28)
Tél) 1k(1)044\R(1) \(u(l) cosf —i— u'Y sin ) expli(wt — kM2 sin 1 — kW 2 cos 81 4 o)), (29)
Tég) =ik®|R®)|(c} V)u(s) sin 6 + 033 )ug?; cos 0) expli(wt — k@ zsin 0P — k3 2 cos 0B 4 ¢3))], (30)
TEE3) =ik® 84/ IR®| (1) cos 03 4 ul®) sin 03)) expli(wt — kB zsin ) — kB2 cos0B3) 4 ¢)]. (31)
From Egs. (25)—(31) the z-components of power density fluxes are given by
1
PO = iwk(0)|R(O)| [caq M) cos 0@ (12 + w00 (cly ¢ +C(V))51n 9 —|—c( ) cos §©) (u9)?], (32)
1
P = S0k IRO P cos 00 ) +ululd (el + i) sin ) + ) cos 00 (D)), (33)
1
P® = wk(3)|R(3)| [caq W cos 03 (N2 + uu) (Y 4 +c(V))sm9(3) —|—c COSG(B)(u;?;))z]. (34)

For the refracted P- and SV-waves propagating on the x—z plane within TTI medium, Eq. (22) can be written

explicitly

(

™ (T)

(T) (T)

Tl(m) C11- C12° G3 0 o5 0 d/0x 0 0
m T T T T
Tz( ) C§2) C§1) ng) 0 Cés) 0 0 0 0 (m)
Tém) _ cg) cg) cg) 0 cg) 0 0 0 0/0z Sa
T o 0o o0 &P o D 0 9/0z 0 g
T5(m) cg) cg) Cg) 0 cg) 0 6/08z , (; a/oax
7 0 0 0 & 0 o [0
T 7] T 0 m T 0 T 0
(02 0 2) s (L4 2 s
T 0 T 0 m T 0 T 0 m
(e + o ) 5704 () % 4 ) ) 67
T 0 T 0 m T 0 T 0 m
- <c§3>ax+cg5>az> ST+ <c§3>8z+ g;(%) s (35)
0
T 0 T 0 m T 0 T 0 m
<C§5)&E+Cé5)az> Sé )+ <C§5)82+Cé5)aw) S§ )
0
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where {m} = {2,4} are for the refracted P- and SV-waves; 5™ and S™ are z- and z-components. So, we have
stress related to the z-components of density flux for refracted P- and SV-waves

T = k@ | R |[(=cly) sin 0P + ¢§f) cos 0P)ul — (c§y) cos 0P — &) cos 6@)u?)]

x expli(wt — kP zsin @ + k@2 cos 2 + 3], (36)
TEEZ) = —ik@|R®) [uﬁ)(—cg) sin 62 + cé‘g) cos0®) —u?) (cg) cos 0 — cé‘g)/) sin )]

x expli(wt — kP zsin® + k@2 cos02 + ¢@), (37)
Té4) kW R |[u® (cly () sin 9@ — cgg) cos W) 4 ug)(cg‘;) cos @ — cg‘g) sin §4)]

x expli(wt — k(4)w sin 0@ 4+ k@ 2 cos o + p*)], (38)

= k@R |[u® (cl} V) sing® — cg) cos M) + u;t)(cg‘g) cos 0@ — cg) sin @™)]

x expli(wt — kW zsin 0@ + E® 2 cos 0 + p*)]. (39)

From Egs. (25) and (35)—(39), the z-components of 2.3 Determination of polarization coefficients at VTT-
power density fluxes of the refracted P- and SV-waves TTT interface

can be written by
The polarization coefficients can be analyzed from

PZ(Q):_ lwk(z)|R(2)|2{(u(2))2(_c§\5/) sin9(2)+c(v) cos 9(2)) Eq. (11) which yields

&%)ug%)[(cé‘;)ntc(v)) cos 0P+ (c V)+C(V)) sin 9] ul™ _ _P%n) - (U%)F

— (ul?))? (c(v) cos @ —c(v) sin9?)}, (40) uf™ Fg?,)
1 . () plm) _(,m)y2
PW=_ 2 5 wWE@R®2{ (D)2 (c 5‘g cos —05‘5/) sin §*)) u(m) =3 F(L)l 2) ) (43)
Uz 13

+ [(053) + c(v)) sin @ — 205)‘5/) cos 0| ulH )
Combining Egs. (42) and (43) with the normalized condi-

@)y2/.(V) @ _ V) (4) 41
+ (ul¥))?(cys’ sin @ 33’ cos ')} (41) tion u(m)[ gcm)]* 4™ [U(Zm)]* — 1, we have
F(m) F(m)
(u;m))*ugm) — ( ) , (44)

) — (0732 + T — (ol3)2]
o (i)

(m)( (m)>* - _
Uy Uy m m m m m m ?
LI s — (2] + ) — (l)2)

T

where the superscription * signifies complex conjugate. In Now, we can summarize our understanding of the polar-

the combination of Eq. (43) and Eq. (45), we obtain ization coefficients and classify them based on the location
(m) of the incidence angles.
ul™ ™ = Julm™ )2 = w{™ [um)* {?)} (i) In the pre-incident critical-angle region, all waves
uy" are homogeneous and the polarization coefficients are real
(m)[ g’;@)]* numbers (not complex). Consequently, bgm) and bgm) in
= Sm m m)1a1. Ed. (10) are zero. Then, we have from Eqgs. (46) and (47
CEIG) + (00 — R EHE - {32} 1o (160 and (47
(46) . Ll — )2
Similarly, the combination of Eqs. (42) and (44) yields u™ = a" = o ™ (48)
Y ( )()( )y 1 F()Jrl“() (U§2))
ugm) [ugm)]* _ |U(Zm)|2 _ [ugjm)]*u(zm) Uz F(m) (m) ;
uf™ (m) — glm) _ — (i) 4
(m) () = (™ 4 1{m —op{m)2’ (49)
_ g7 [Ts 7] * 2(vi2’)
T pm)p(m) . (m) _ ,(mhoy rp(m) o (m)j2y s
s [Mis ] + {L'ss 01,217 HT 33 [v12°]} (ii) In the post-incident critical-angle region, the po-
(47)  larization coefficients of incident P-wave are again purely
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real number as in (i), and again we have Eqgs. (48) and
(49). However, the reflected P- and SV-waves and the
refracted SV-wave create a phase shift from incident P-

1

ul™ = [u™ | explip™] = af™ + ib{"™

wave. Their reflection and refraction coefficients are com-
plex numbers. So, the polarization coefficients are written
as

(m) (m) iy i)
= (cos '™ +isin ¢'"™) — — = — — , (50)
\ T OS] + {1 - 3 2PHIT - o312}
ul™ = ul™ | explip™] = af™ + ib§"™
(m) p(m)
r I *
= (cos '™ +isin ¢(™) 15 115 | (51)

where the superscript {m} = {1, 3,4}.

(iii) In the post-incident critical-angle region, the re-
fracted P-wave becomes inhomogeneous. The real part of
the z-component of the power density flux is zero def-
inite. From Eq. (10) we have u{™ = a{™ +ib{™ and
ut™ = agm) + ibém). Substitution of these relations into
Eq. (40) leads to

a?a) 1 o =0, (52)
Additionally, from Eq. (52), we obtain
uP ] = (o + 01 (af” — bf?)
=it ag? — a6 (53)
or
u@ @) = (af - i) (af? +ib§?)
= —i(b7ag? — ai?b?). (54)

(563) and (54) guarantee that when the a-
component (u,(@m)) is real, the z-component (ugm)) must
be purely imaginary and vice versa. Then, the polariza-
tion coefficients of an inhomogeneous refracted P-waves

can be written as

Egs.

2 2 2
T3S — ()2

(2) _
u - 2 2 2 2 2 2 )
(T I0S) — ()2 + T — (%))
(55)
2 2 2
) _ P (05 — (v))]
z 2 2 2 2 2 2 )
(T3S — @) + T (T (%))
(56)
or
2 2 2
D s DS - ()]
x 2 2 2 2 2 ?
(T3S — (02)2] + TR IS — w32
(57)
22601-7

D]+ {05 — i1 — i)z

T

TS — )2
()05 — ()2 + T[T — (022
(58)

u® =

The selection of the polarization coefficients of an inho-
mogeneously refracted P-wave from Eqs. (55)—(58) has to
be determined by the rotational direction of its elliptical
polarization [36-39].

2.4 A high-order polynomial for solving reflection and
refraction angles

Consider an incidence of P-wave propagating from VTI
to TTI with an incident-angle . At the VTI-TTI media
interface, Snell’s law provides the following relationships

2
in (™)
constv(ﬂ)[sm(m) ] , (59)
Uy,2
g |° 25in® ¢
const (") (9) = ?(1)? =W Sm(v) :
vy () Ay sin? 0+ AL +QV)(0)
(60)

Inside VTI incidence medium, a combination of
Egs. (15), (59), and (60) leads to a fourth-order polyno-
mial with respect to reflection angle for the reflected P-
and SV-waves [33, 34]

B (@) sint 9 1 B (9) sin? 003 + B = o,
(61)

where

B 0)=A)—2(A 40 214012 + AL - (K 6)2,
B 0)=2[AY) A0 4 (A2 1AV 124 AV K V) (g)],
B{" = Al — (AP,

and

K3 (0) = 2/const™V) (9) — 4.

Lin Fa, et al., Front. Phys. 15(2), 22601 (2020)
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Inside TTI refraction medium,

a combination of

1(2’4)(0) sin® 9(24) —|—f(2 4)( 6) sin® 9(2’4)+f§2’4)(0) sin* 924

Egs. (20), (59), and (60) yields in an eighth-order poly- (2,4) (2,4) (2,4) _
nomial for solving refraction angle for refracted P- and T ) sin® ¢ +hT =0, (62)
SV -waves where
FEY(0) = [d2 + d2)? — 8dyds — 8dads + 16d2 + 4d? — 8dyds + 4d2,
f2(2’4) = 4(—d1d2 — d% + 2d1d3 + 6d2d3 — Sdg - di + 4dyds — 3d§),
F20(0) = 2(dyda + 3d3 — 12dads + 8d3 — 4dads + 6ds), [V (0) = 4(—d3 + 2dyds — d2),
f5(2’4) = d2 di =b1 — i, do = by — %, ds = bg — C% + 0364/27 dy = by + 2cocy,
d5 = b5 — 20263 and Cq4 = COIlSt ( )/2 —C1.
2.5 Matrix equation of reflection and refraction coeffi- efficient, and physical parameters of the media
cients
My Mia Mizs Mg Ry Ny
From Egs. (5)-(9) and (22), in considerations of the Moy Myy Moy Moy Ry, Ny
s L = , (63
boundary conditions for continuity of t-he nf)rmal stress Msy, My Mz Msy T, N (63)
components and the components of particle displacement,
) . . . . My My Myz My Tps Ny
we obtain a matrix equation for reflection and refraction
coefficients, connecting to incident-angle, polarization co- where,

1

Ny = —k© (cgg)ugj) sin9© + c(v) 0 cos99)),

N3 = —u(o) N4 = U(O)

Mo = —k(?’)( v ul® sin 9 +C(O) ) cos §)),
Mz = k@ (D0 sin 6@ + {Du® cos 63
My 4)( n ul® sin 9 — c( ul® cos 9
My = kU 581 (ulV cos ) + uV sin gM)),

Mos )( (T)u(2 sin 6 +C(T) 2 cos )
Moy @ (c T)u(4 sing® — c:g)ugﬁ4 cos @

—ug )7 M3 Z—Ugc ), M3zq=
and M44

and M31 —ugcl), M32 =

My =ul", Myp=—ul® | Mys=uf

Moy = 7]{(3)64(81) (ul® cos 03 +

—Ug .

Ny = k@¢ (v)( © o5 0 4+ 4 sin ),

My = kD (DuD sin 0D + 5 ulD cos o),

)+ E@eSD (1 cos 8 + ul® sin 6?),

)+ kDD (1 cos 4 — u® sin 6@),
ul® sin 0P)),

+ k(z)cg) (ul? cos 0@ 4 u? sin ),

+ k(4)cé€) (ul® cos 8 — ul sin g,

)
)

- _ui4) )

(4)

this modified system.
The anisotropic parameters are related to rock stiffness
matrix elements by [23]

3 Calculation and discussion

For VTI-TTI media interface with a given set of
the coefficients,
. 1,3 1,3 2,4 2,4 2,4

ie., Bi"(0), B"(0), £27(0), 157(0), £577(6) and

anisotropic and physical parameters,

i2’4)(9), in Egs. (61) and (62) are functions of
dent angle 0; while the coefficients Bél‘B)
independent of incident angle 6. As an example,

a model with one incident critical-angle corresponding to
refracted P-wave, which is a modified Daley-Hron system

model [27, 28, 34]. The system parameters are

Table 1. Discussions on cases without incident critical-
angle are similar to that of pre-critical-angle incidence for

22601-8

and f5(2’4) are

cig = py/[0*at + (a2 = p2)][(e+1)a2 = 2] —pB?,  (64a)
33 = pa’, (64Db)
c11 = (2e + 1)pa (64c)
cas = pf32, (64d)

)

ce6 = (27 +1)pB,

where o and 3 are the phase velocities of P-and SV-waves
in symmetric axis direction of the VTT medium; &, §* and
~ are the anisotropic rock parameters.

From Egs. (15) and (20), the slowness curves have been
calculated and shown in Fig. 3. It shows that the slowness
of P-wave in incidence (VTT) medium is larger than that of
P-wave and smaller than that of SV-wave in the refraction

the inci- (64e

we select

shown in

Lin Fa, et al., Front. Phys. 15(2), 22601 (2020)
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Table 1 Physical and anisotropic parameters of the model
system: MDMI stands for incidence medium and MDMR
stands for refraction medium.

Medium o« (m/s) B (m/s) € o* v p (g/cm?)
MDMI 2310 1330  0.2132 0.0000 0.0000 2.040
MDMR 3060 1770 0.2132 0.0000 0.0000 2.210
Incidence "Z
medium

120

Interface 150

21 O/Y 330
Refraction 240 300
medium 270

Fig. 3 The calculated slowness: the upside of the interface is
VTI (incidence) medium and the downside is TTI (refraction)
medium. The thin curve shows the slowness of P-wave and
thick curves are that of SV-wave.

(TTI) medium. This is a case where there is an incident
critical-angle (6&2)) corresponding to the refracted P-wave.

The calculated values of sin ™) /v(™)(9(™)) versus 6
are shown in Fig. 4. Curve 0 is the relationship of
sin0/v(® () versus 0; Curves 1, 2, 3 and 4 are those
of sin A /v (9N sin A2 /v(2) (), sin HB) Jo(3) (9B))
and sin 0 /v (D) versus . These five curves (0-4) are
identical which means that these calculated results abide
by Snell’s law. This provides us an added confidence in
the established fourth-order and eighth-order polynomials
for calculations of reflection and refraction angles.

3.1 Calculation of incident critical-angle corresponding
to refraction P-wave

Figure 3 shows that there is an incident critical-angle
corresponding to refraction P-wave for this VTI-TTI me-

1
i

x10 ~
3 3,
E4 :
g/ : /
s
=
£ 0 4
L/ o 100
a0 ©0
20 o
0 0(°)
Fig. 4 Relationships of sinH(m)/v(m)(G(m)) vs. 6.

22601-9

dia interface. The combination of Egs. (15), (16), (20)
and (21) with Snell’s law leads to an equation for incident

critical-angle (9£2))

Iy sin* (2 + 1350?02 + 15 = 0, (65)
where A = AV — AV 4 AV A, = 4[A2, D = ¢+
Vo, e=D—AY) 1y =2+ AV 1y = —(2eAY) + AY))
and l5 = [Aév)]2 - A;V).

In terms of Eq. (65), we have calculated 0% versus @,
M) @) §%(2) and ¢, respectively, as shown in Fig. 5.
These calculated results show that for ¢ = 30°, 6% in-
creases with increasing anisotropic parameters of the in-
cidence medium (¢(*) and §*(*)). Meanwhile, the critical
angle (9£2)) decreases with increasing anisotropic param-
eters of refraction medium (¢(? and §*(?)). The effect of
one parameter (¢(?)) on the critical angle (99)) is greater
than that of another (6*()).

Figure 5(c) shows that 6t?) increases with increasing .
At ¢ = 0°, the value of the incident critical-angle from
Eq. (65) is equal to that calculated by using the VTI-VTI
media interface model [33, 34], i.e., the value represented
by sign “five-pointed star” is the same as that of the curve
at ¢ = 0°. This can be used as an added check for VTI-
TTI interface model established in this paper.

Because the coeflicients Iy, I3, and I5 in Eq. (65) are not
related to incident-angle, the incident critical-angle ng) is
not related to incident-angle. It is purely determined by
the physical and anisotropic parameters of the incidence
and refraction media and the tilt-angle of the refraction
medium. The larger the anisotropic parameter and the

value of ¢ are, the greater the variation of 9£2) is.

= 50+
o, 45 N
% I
40 ‘ ‘ | |
0 0.05 0.1 0.15 0.2
(D)%)
(b) 55
250
S
40 ‘ ‘ | |
0 0.05 0.1 0.15 0.2
£(2/5*(2)
(¢) -
~ 55
= 50
=z 454
40 t ‘ ‘ | |
0 20 40 60 30
¢ (°)

Fig. 5 Reationships of 0 vs. e 5+ @) and §*@ at
» = 30° and 9£2) vs. ¢: (a) 9&2) vs. e and 6*(1), where solid-
curve is for €M) and dashed-curve is for 6*; (b) 02 vs. @
and 6*®| where solid-curve is for £® and dashed-curve is for
5@ (c) 0% vs. p, and the sign “five-pointed star” is the value
of incident critical-angle calculated by using VTI-VTI media
interface model.

Lin Fa, et al., Front. Phys. 15(2), 22601 (2020)
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3.2 The effects of anisotropic parameters of media on
reflection and refraction coefficients

At ¢ = 30°, we have calculated the reflection and re-
fraction coefficients from Eq. (63), as shown in Figs. 6-9,
which provides the following insightful information.

(i) The anisotropy of incidence/refraction media may
cause the amplitude and phase of reflection and refraction
coefficients to change for any given incident-angle. The ef-
fects of anisotropy from the refraction medium are greater
than that of the incidence medium.

(ii) The variations near 9£2) and in the post-incident
critical-angle region are more significant than that of a
smaller incident angle.

(iii) In the pre-critical incident-angle region, the phase
angle of the reflection and refraction coefficients can be
either 0° or 180° only. The phase change from incident P-
wave is either in the same phase or in the anti-phase; R(Y)
and R® are positive real number at phase angles equal
to 0°; R®) and R™ are negative real numbers at phase
angles equal to 180°.

(iv) At 6 = 6{?), the reflection and refraction coefficients
are not continuous.

(v) In the post-critical incident angle region, the re-
flection and refraction coefficients are complex numbers
and the phase angles create variation. We have observed
an interesting phenomenon: for the induced homogenous
waves, i.e., reflected P-wave, reflected SV-wave and re-

@ 1
’;\5 0.5 £= 02132
eM=0.11
eM=0
0 ; ; ; : ; ; ; ;
0 10 20 30 40 50 60 70 80 90
400
3001
=200
%.1007 £M=0.11
£0=02132
0 T T T T T T 7 7
0 10 20 30 40 50 60 70 80 90
0(°)
(¢) 0.8
0.6
= g; =0 £M=02132
“ eM=0.11
0 T T T T T T 7 7
0 10 20 30 40 50 60 70 80 90
250
()=
200+ S P PP
=100
50 T T T T T T 7 7
0 10 20 30 40 50 60 70 80 90
0(°)

Fig. 6

fracted SV-wave, the corresponding phase angles are pos-
itive. For the induced inhomogeneous waves, i.e., the re-
fracted P-wave, the corresponding phase angle can be ei-
ther positive or negative.

In the post-critical incident angle region, the induced
waves will yield a phase shift relative to the incidence of
P-wave. Mapping this phase shift to time-domain yields
a transition-time relative to the incident P-wave; while
mapping it to space domain yields a lateral-displacement
on the interface. This has actually been predicted by Zhu
et al. [21] and Fa et al. [22] in acoustic-logging. They
pointed out that the first arrival of measured acoustic sig-
nal may be reflected P-wave induced on borehole-wall for
the case of post-critical-angle incidence. Therefore, accu-
rate phase information of R(") is important not only to
the accurate time-depth conversion of seismic exploration
data but also to the accurate measurement of the prop-
agation speed of P-wave in the medium around borehole
for acoustic-logging. While the accurate amplitude infor-
mation of R is important for AVO analysis of seismic
exploration data.

3.3 The effects of tilt-angle of refraction medium on
reflection and refraction coefficients

Considering the tilt-angle (¢) of refraction medium we
have calculated the reflection and refraction coefficients,
shown in Fig. 10. Apparently, ¢ exerts an even greater

(b) 0.8
0.6-

eh=0

eM=0.11¢M=02132

0 10 20 30 40 350 60 70 80 90

eM=

(1) —
eV=011 .- 02132

20 30 40 50 60 70 80 90
0(°)

10

eMH=0

/
£M=0.2132

50 60 70 80 90

0 10 20 30 40

e1=0.2132
eM=0.11

s=0

O —

0 T
0 10

20 30 40 50 60 70 80 90
0(°)

RM R® R® and R™ vs. 0 for several different values of e, where upper chart is modulus and lower chart is its

corresponding phase: (a) The modulus and phase of RV; (b) those of R®®; (c) those of R®); (d) those of R™.
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Fig. 7

its corresponding phase: (a) The modulus and phase of RW: (b) those of R?; (c¢) those of R®), (d) those of RW,

Fig. 8

corresponding phase: (a) The modulus and phase of R™V; (b) those of R®; (c) those of R®); (d) those of R™.
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Fig. 9 RW, R® R® and R™ vs. 0 for several different values of §*®| where upper chart is modulus and lower chart is
its corresponding phase: (a) The modulus and phase of R™?); (b) those of R®®; (c) those of R®®; (d) those of R,

(@ 3 (b) 0.8
_ 2 _ 0.6-
o z 04 pu§
0.2 ¢ =45° ¢ =60°
0 _— 0 . A ——
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
400
@ =45° ¢ =60°
~ 300 v NNV
= 200+
= 100+
0 : : : ‘ ‘ ‘ ‘ ‘ -100 ; ; ; ; : ‘ ‘ ‘
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
@ 1 6(°) d 0(°)
C
p=45° @
— ¢ =0 _
T 059 T
¢ =60°
0 T T T T T T T T 0 T T T T T T T T
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
400 400
=45° oo
~ 300 o=t /w 60 ~ 300 p=0°
= 200+ = 200 .
~ ~ (p:
S S
100 100 { »=60°
0 —_— 0 —_— e ————————
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
0 (°) 0(°)

Fig. 10 R®, R® R® and R™ vs. 6 for several different values of ¢, where upper chart is a modulus and lower chart is
the corresponding phase: (a) The modulus and phase of RV, (b) those of R, (c) those of R®, and (d) those of R™.
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influence on reflection and refraction coefficients than that
of anisotropic parameters of the rock media.

3.4 The law of energy conservation

As an added confidence to our analysis of the reflection
and refraction coefficients, we have analyzed the energy
states at the interface. The law of energy conservation re-
quires that z-component of power density flux of incident
P-wave (PZ(O)) equals the sum of z-component real-part of
energy density fluxes from the waves induced at VTI-TTI
interface.

The real-parts of z-components of energy density fluxes
from the induced waves as a function of incident an-
gle are calculated for several parameters and are shown
in Figs. 11-15. The quantities of |PZ(O)\ and |Re{PZ(S)}|
are calculated and are shown in Figs. 16-18. The three-
dimensional charts shown in Figs. 16(a)-18(a) are rotated
90° clockwise to provide the two-dimensional views, as
shown in Figs. 16(b)-18(b).

Figures 16 and 17 are the quantities for the different
values of ¢ and those for the different values of §*(1),
respectively. It is noted that curves in Figs. 16 and 17 are
different from each other. Using the parameters in Table
1, Fig. 18 shows the quantities for the different values of
@ of §*?) and of ¢. These three curves are identical
and they stack together, one over others.
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Fig. 11 |Re{P{™}| vs. 6 for different values of ¢ at ¢ =

30°, where blue, red and black curves stand for the cases of

M =0, 0.103 and 0.2132, respectively: (a) |P§1)\ vs. 0; (b)

|P2)| vs. 0; (c) | PP vs. 6; and (d) |P{Y] vs. 6.
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Fig. 16 |Re{P{"}| and |P{”| vs. 6 for several different val-
ues of eV at ¢ = 30°: (a) three-dimensionure chart; (b)
two-dimension chart.
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Fig. 17 |Re{P{”}| and |P{”| vs. 6 for several different val-
ues of 6*1) at ¢ = 30°: (a) three-dimension chart; (b) two-
dimension chart.

The above-calculated results indicate that the values of
either |PZO)| is influenced by the anisotropic parameters of
the incidence (VTI) medium, but not by those of refrac-
tion (TTI) medium and tilt-angle.
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Fig. 18 [Re{P!}| and |P{”| vs. 0 for several different val-
ues of €@, §*@ and ¢°, respectively: (a) three-dimension
chart; (b) two-dimension chart. Where, curves ® and @ are
three cases of €@ = 0, 6*® = 0 and ¢ = 0°, respectively;
curves @ and @ are those of ¢ = 0.11, 6*® = 0.11 and
¢ = 45°, respectively; and curves ® and ® are those of
@ =0.2132, 6@ = 0.2132 and ¢ = 60°, respectively.

It is noted that in the pre-critical incident angle region,
all induced waves are homogeneous and the z-components
of their energy density fluxes are real (not complex). In
the post-critical incident angle region, the reflection and
refraction coefficients are purely complex; the reflected P-
and SV-waves and the refracted SV-wave are homoge-
nous and the z-components of their energy density fluxes
become complex numbers. Meanwhile, the refracted P-
wave becomes inhomogenous and the z-component of its
energy density flux is purely imaginary. So, in the post-
incident critical-angle region, |Re{Pz(1’3’4)}| #* \Pz(1’3’4)|
and [Re{P{*}| = [PV] £ | P,

Figures 16-18 show that curves @, @, and ® are the
same as the curves @, @, and ®, respectively, through-
out all incident-angles. This indicates that the calculated
reflection and refraction coefficients satisfy the law of en-
ergy conservation. Overall, regardless the variation of (1),
5*W @ 5@ and o, the summation |Re{P{”}| is al-
ways equal to PZ(O) for all incident angles, see Figs. 16-18.

4 Final remarks

We conclude this paper with the following remarks.
First of all, we have derived an eighth-order polyno-
mial of refraction angle for refracted P- and SV-waves

22601-15

induced at VTI-TTI interface. This is achieved through
Bond transformation. The analytical derivations of an
eighth-order polynomial are confirmed from Snell’s law
through numerical calculations. An efficient algorithm is
proposed in solving an eighth-order polynomial for calcu-
lations of reflection and refraction coefficients at VITI-TTI
media interface.

The algorithm proposed in this report can be applied
to calculations of reflection and refraction coefficients at
VTI-TTI interface for all incident angle regions. The cor-
rectness of calculated reflection and refraction coefficients
are verified by the law of energy conservation law.

Therefore, it is suitable for obtaining amplitude infor-
mation of R throughout incident-angles for AVO anal-
ysis of seismic exploration. It is also a good tool for
phase information of R™) in the post-critical-angle area to
achieve the accurate time-depth conversion of seismic ex-
ploration data, as well as accurate measurement of P-wave
propagation speed through the borehole wall in acoustic-
logging.

From a VTI-TTI interface model with practical rock
parameters, we have learned many aspects of VTI-TTI
interface with the numerical calculations.

We found that for all incident angles the polarization

. . . 0
coeflicients of incident P-waves are always real, i.e., u;)

and u,(zo) are not complex. For incidence from pre-critical
incidence angle region, the polarization coefficients of all
induced waves are real, i.e., u;m) and ugm) are not com-
plex, m = 1, 2, 3 and 4. For incidence from post-critical
angle region, the polarization coefficients of reflected P-
and SV-waves and refracted SV-wave are complex num-
bers, i.e., u;m) and u(Zm) are complex numbers, m = 1,
3 and 4; whereas the polarization coefficients of refracted
P-wave are mixed (ug) and ug)), one is real and the other
is imaginary. The selection of real or imaginary of either
u502) or ug) is determined by ellipse polarization rotational
direction of the inhomogenous refracted P-wave.

The anisotropy of the incidence/refraction media and
the tilt-angle of the refraction medium (TTI) would in-
fluence the amplitude and phase of reflection and refrac-
tion coefficients, as well as the location of the critical inci-
dence angle 9&2). Meanwhile, the reflection and refraction
coefficients are not smooth continuous at 8 = 9£2). The
anisotropy of the incidence medium would influence the
magnitude of power density flux of incident P-wave. The
anisotropy and tile angle of the refraction medium influ-
ences the power density flux of each induced wave but does
not influence the sum of power density fluxes of induced
waves in z-direction. Finally, we note that the tilt-angle
plays a more significant role in influencing reflection and
refraction coefficients than that of anisotropy of the me-
dia.
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