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We investigate the properties of entanglement and excited-state quantum phase transition (ESQPT) in
a hybrid atom-optomechanical system in which an optomechanical quadratic interaction is introduced
into a normal Dicke model. Interestingly, by preparing the ancillary mode in a coherent state, both the
quantum entanglement and ESQPT can be realized in a relative weak-coupling condition. Moreover,
the entanglement is immune to the A2 term, and a reversed trend of the entropy is obtained when
the A% term is included. Density of states (DoS) and Peres lattice are used to investigate ESQPTs.
Compared to a normal Dicke model, the DoS enlarges exp(2r,) times if the ancillary mode is prepared
in a coherent state. This work is an extension of the ground-state quantum phase transition, which
may inspire further exploration of the quantum criticality in many-body systems.
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1 Introduction

Quantum phase transition (QPT) plays an important role
in studying the nuclear, solid-state and many-body sys-
tems [1-7]. Briefly, QPT associating with the energy level
crossing and symmetry breaking at critical point, de-
scribes an abrupt change in the ground state on account
of quantum fluctuations. Different from thermal phase
transitions, the QPTs occur at the absolute zero or near
to zero temperature in which Aw > kT was satisfied.
Entanglement plays a key role in quantum computing,
quantum cryptography and quantum teleportation [8]. It
is found that the entanglement is closely bound up with
QPT of the interacting many-body systems [9]. However,
the QPT and the critical entanglement phenomenon are
difficult to be realized in cavity QED systems, because of
the restriction of so-called A? term [10-12].

Other than the ground-state QPT, latterly, another
kind of phase transition: the excited-state quantum phase
transition (ESQPT), have been studied in several many-
body models [13-15]. The ESQPTs manifesting the simul-
taneous singularities of a certain critical energy F. at a
fixed control parameter, occur among states throughout
the excitation spectra. The study of ESQPT is an exten-
sion of the quantum phase transition, which is closely con-
nected with the existence of the barrier in the potential
energy surface. In addition, recent years, the advances of
the nano-fabricated technology, renew interests in the hy-
brid quantum model [16], e.g., cold atoms trapped in op-

tical cavities [17-23], nitrogen-vacancy (NV) centers em-
bedded in diamond nanobeam [24, 25]. Both these models
can be described by an extended Dicke Hamiltonian [26].
One of the representative features of the Dicke Hamilto-
nian is the QPT from normal to superradiant behaviors,
which is discovered by Hepp and Lieb [27]. Recent works
show a close connection between QPTSs, entanglement and
onset of chaos in Dicke model [28-35]. Last several years,
Perez-Fernédndez et al. [36, 37] pointed out the existence
of an ESQPT of Dicke model. The previous works show
that both entanglement and ESQPT can only occur in
ultrastrong-coupling regimes, i,e, A ~ w. Here we propose
a hybrid quantum system combining the cavity QED and
optomechanics, in which the entanglement and ESQPT
can appear even in a relative weak-coupling condition, i.e.,
AL w.

Here we focus on an atom-optomechanical system, in
which a normal Dicke model couples to an ancillary opti-
cal mode with the form of optomechanical quadratic cou-
pling [38—49], to investigate its entanglement and ESQPT.
We find that both the entanglement and ESQPT show a
photon-state-dependent property, i.e., they are control-
lable by preparing different states of the ancillary mode
(vacuum state |0), or coherent state |a),). Specifically, if
the ancillary mode is in a coherent state |a),, the system
shows a lower threshold of atom-field coupling x. and the
entanglement can be realized in a weak-coupling condi-
tion. Moreover, this entanglement is immune to the so-
called A% term. More specifically, when the A2 term is
included, the entanglement exhibits a reversed trend to-
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ward the increasing atom-field coupling.

Furthermore, here we employ the density of states and
Peres lattices to investigate the ESQPT of the proposed
system in coherent-states description. Interestingly, if the
ancillary cavity mode is in |a),, the ESQPT can also occur
in a weak-coupling condition, and the amplitude of density
of states enhances exponentially compared with a normal
Dicke model.

The structure of this paper is as follows. In Section 2
we describe the proposed model and give the Dicke-like
Hamiltonian. We also analyze the photon-state and the A?
term dependent entanglement of the hybrid Dicke Hamil-
tonian in this section. We employ the Hamiltonian in
coherent-states description and obtain the classical Hamil-
tonian of our proposal in Section 3. In addition, Section 4
is devoted to describe the ESQPTs. Finally, we conclude
our results in Section 5.

2 Model and Hamiltonian

As shown in Fig. 1, here we consider a normal Dicke
model couples to an ancillary optomechanical cavity mode
quadratically [49-51]. The system Hamiltonian is given by
(h=1)

Htot = Han + Hdm - gOa']La(b]L + b)zv (1)
and we set
Han = OJC(LTCL, (2)

A A2
Ham = QJ. + wb'b+ ——(b" +b)J, + 2— (b + b)?,
a ﬁN( ) q ( )
(3)

where a(a') and b(b) are the annihilation (creation) op-
erators of the ancillary cavity mode and the field mode
of the Dicke Hamiltonian, respectively. The Hamiltonian
H,,, describes the ancillary cavity mode of the frequency
we, which quadratically couples to b with the coupling ef-
ficient gg. It is clearly shown that the Dicke Hamiltonian
Hgn, has four parts: The first term refers to N two-level
atoms which have the identical excited energy 2. The sec-
ond term represents the single-mode bosonic field with
the frequency w and the number operator bfb. The third
term describes the atom-field interaction with the collec-
tive coupling strength A, here the collective atomic pseu-
dospin operators read J, = (1/2) N | 0., Jo = Yo o4,
and J, = J4 + J_, and they obey the SU; algebra. We
point out that the so-called A% term is considered in last
term. Generally speaking, based on the Thomas—Reiche—
Kuhn sum rule [10], n > 1 corresponds to implementing
Dicke model in a cavity QED system. nn = 0 yields to the
case of Hamiltonian Hy,, reducing to a standard Dicke
Hamiltonian. Here N = bfb+J, + N /2 counts the number
of the total excitations of the system (excluding the ancil-
lary mode a), and it is anticipated that the Hamiltonian
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Fig. 1 The schematic diagram of the proposed system. (a) A
schematic illustration of the proposed model in a quadratically-
coupled optomechanical system. An ensemble of two-level
atoms is embedded in a membrane (with bosonic mode b)
with atom-field coupling strength A, which describes the nor-
mal Dicke model. The single bosonic mode b interacts with
an ancillary mode a with a quadratic coupling go, which can
be realized by placing the membrane in the node of the cavity
mode a. The mode a is prepared in a coherent state |a)q. (b) A
proposed implementation of the proposed system in a super-
conducting circuit with the ability of simulating a quadratic
optomechanical coupling [45].

Hio¢ conserves parity operator II = e™  Then the Hilbert
space of Hio.t can be separated into two noninteracting
parts, due to the parity conservation as [Hyot, II] = 0.

In the following, we consider the ancillary mode a to
be prepared in a vacuum state |0), or a coherent state
|a)q; then the photon-number operator afa could be re-
placed by an algebraic number 0 or |a|?. Even though
the coherent state is not the eigenstate of the number
operator afa, and the fluctuation increases with the co-
herent state amplitude. However, the relative fluctuation
(the ratio of fluctuation to the mean photon number) is
~ 1/|a|. In other words, a larger coherent state amplitude
a would result in a less relative fluctuation. Based on ex-
isting experimental implementation, cavity photon num-
ber up to 10'° has been realized [52], which manifests the
effect of fluctuations can be ignored safely. Here we con-
sider |a|? = 10? for numerical calculations, in principle,
the restriction on the amplitude could be relaxed largely
and the quadratic coupling gy can be much weaker. There-
fore, we could approximately use |a|? to take place of aa
for coherent states. We note that if the ancillary mode
is prepared in a vacuum state, then the system Hamilto-
nian can be reduced into a normal Dicke model. In view of
the quadratic coupling term and the A2 term, we apply a
squeezing transformation, i.e., b = b, cosh 74 + bl sinh 74;
then we can obtain a simplified system Hamiltonian,
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A
H, = QJ. 4+ wabl by + 5%
VN
with the squeezing parameter

1 4|af?
nﬁ:_m(1+nxz_lah%),
4 w

and the rescaled coupling strength x = 2\/vQw [53].
Here we obtained the effective frequency of the field
mode w, = exp(—2r,)w, and the effective atom-field
coupling strength \, = exp(r,)), and Cy = |afw. +
[exp(—2r4) — 1] (w/2) is a constant which merely results
in the monolithic translation of energy level. Here we de-
fine the effective rescaled coupling x, = exp(2ry)x. The
Hamiltonian H, shows a photon-state-dependent prop-
erty. To be specific, if a is prepared in the vacuum state
|0)e (= 0), Hy is a standard Dicke Hamiltonian. On this
occasion, x. = 1 for n = 0 and it is forbidden for n > 1
due to the no-go theorem. Nevertheless, if a is in a co-
herent state |a),, the rescaled critical coupling strength
becomes Ya. = exp(—2r,) and the restriction of the A2
term is naturally broken up. Hereafter, for convenience,
we only consider the case of |0), and |a)g.

In the thermodynamic limit N — oo, The system
Hamiltonian H, yields a QPT of the second order, and
the rescaled critical point reads xo. = exp(—274) in terms
of the initial parameters. x < exp(—2r,) is related to
the normal phase with a totally unexcited state (N = 0
and J, = —j). Otherwise when x > exp(—2r,), the
system enters into the superradiant phase (N° > 0 and
—j < (J;) < j). We note that the maximal value of j is
N /2. When the A? term is considered, the occurrence of
QPT requires x > /1 +nx2 — 4]af2go/w, i.e.,

1 4|a?
Y2 < <|O‘|go_1)'
n—1 w

In the left side of Eq. (6), x? > 0 is definitely satisfied. So
in principle, this inequation can be satisfied only when

(b, + ba) Ty + Cq (4)

(5)

(6)

4|a72|go_1>0.

(7)
In other words, only when gy > w/(4|a|?), QPT would
occur when considering A2 term. This decides the param-
eter regime considered here.

In Fig. 2, the effective rescaled coupling strength x,
versus the initial rescaled coupling x and the quadratic
optomechanical coupling gg is plotted. We could find that,
for a given gg, the x, increases with the increasing x for
taking no account of the A? term [see the black-dashed
curve]. However, when the A? term is considered, the ef-
fective rescaled coupling x, shows an inverse trend toward
X, 1.e., X« increases along with the decreasing x (see the
red-solid curve). The occurrence of this novel effect is due
to a competition between the quadratic optomechanical
interaction goa'a(bT+b)? and the A2 term nA2/[Q(bT +b)?
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Fig. 2 The effective rescaled coupling strength x. with re-
spect to x. We consider the ancillary mode is in coherent state
|@)e. 7 = 0,90 = 2.49 x 1075w for black-dashed curve and
n=2,g0 = 2.51 x 1075w for red-solid curve. Other parameters
arew=Q =1, and |a|® = 10

[49, 50]. When plotting Fig. 2, we considered two dif-
ferent parameter regimes. Specifically, gy = 2.49 x 107°
for n = 0, in that if = 0, the system would undergo
a QPT when gy < w/(4|a|?). Additionally, the case of
go = 2.51 x 10~° when including the A? term, is restricted
by Eq. (7).

We move forward to study the entanglement property
for both including and ignoring the A2 term. As a mea-
sure of the entanglement, we calculate the von Neumann
entropy

S = =Tr(pplogyp), (8)
where pp, is the reduced density matrix of the field mode.
Here we numerically calculate and plot the von Neumann
entropy for finite N of our proposal, displayed in Fig. 3(a)
for n = 0 (ignoring A? term) and in Fig. 3(b) for n = 2
(including A2 term). Here the main panel shows ancillary
mode a is in coherent state |a),, and the inserted panel
shows the case of a in vacuum state |0),. The exhibition
of strong atom-field quantum entanglement shows many
nontrivial properties; first, as is known to us that, for a
normal Dicke model, the realization of quantum entangle-
ment needs an ultra-strong coupling (x ~ 1). However,
in our proposal, the strong entanglement can be realized
in a relative weak-coupling condition, i.e., y < 1. More-
over, it breaks through the restriction of the A% term. In
other words, the entanglement can occur for both consid-
ering and ignoring the A2 term. Second, we find a reversed
trend of the entropy occurs when the A2 term being in-
cluded [see Fig. 3(b)]. This fascinating effect is caused by
the fact that when the A2 term is considered, the effective
rescaled coupling x, decreases along with an increasing
rescaled coupling y [see Fig. 2]. In other words, the sys-
tem initially in the superradiant phase, and as the cou-
pling x increases, it would reach into the normal phase.
Third, it was reported that in the thermodynamic limit
(i.e., N — 0), the entropy would occur a divergence as
approaching to the critical rescaled coupling y.. [54]. In
Fig. 3, this trend is obvious as the number of atoms in-
creases.
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Fig. 3 The von Neumann entropy S corresponds to the
rescaled coupling x for different numbers of atoms N. Ancillary
mode a is prepared in |a), for the main panel and vacuum state
|0), for the inserted panel. Q = w = 1, |a|* = 10* for both, (a)
n=0and go = 2.49x 10 %w and (b) n =2, go = 2.51 x 10 °w
are considered, respectively.

3 Semiclassical Hamiltonians

In order to investigate the ESQPT of our proposal, we first
present the Hamiltonian in a semiclassical description.
The associated semiclassical Hamiltonian of H,, can be ob-
tained in a coherent-state representation [55-57]. Different
as before, here we employ Bloch and squeezed Glauber co-
herent states on the pseudospin sectors J;(i = z, z, +) and
the bosonic mode b, respectively. These two states read

9 = el ) 9)

(14122

2

S(ra)|B) = e3P Ee0), (10)
where z and 3 are complex numbers, and the overcom-
plete set {|z)} is normalized by 1 = @ Ik |z)<z|(1ﬁﬁ
Here S(r,,) is a squeezed operator applied on the coherent
state |3). Physically, (z,SB|b|SB, z) = (z, B|balB, 2), here
b = cosh(ry )b, + sinh(r,)bl. That is to say, the expec-
tation of b in a squeezed coherent state is equivalent to
the squeezed mode b, in a coherent state. To obtain the
classical Hamiltonian, it is convenient to find the repre-
sentation of the angular momentum and Weyl generators
with respect to the tensorial product |3, z) = |3) @ |2),

. 1- |Z|2 2
Ha(5,2) = (6. 21Hul8.2) = =i (1557 ) + )
+ V2j)a (B + B)(z" + 2). (11)

(1 +2)

We move forward to represent H. using canonical vari-
ables. We take the harmonic oscillator realization for the
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field part and the stereographic projection for the angular
momentum part, i.e.,

q+ip
= , 12
p=1 (1)
—i¢ 9
z =e Ptan—, (13)
2
where ¢, p are the real values, and P = j, = —jcosf and

Q = ¢ = arctan(j,/j,) are the Bloch parameters. Here
a classical vector j = (jz,jy,j-) of the constant magni-
tude |j| = j has been constructed, and {P,Q} = —1 was
satisfied, where 6 and ¢ are the spherical angle variables.
The classical Hamiltonian, in terms of the four canonical
variables q, p, ¢, j., reads

. Wa
Hcl(Qapv ¢ajz) - 7

NP
+2Xa/7 1—<];> q cos¢. (14)

(¢* +p°) + Q.

From the Hamiltonian H.(q,p, ¢, j.), we could derive the
associated classical equations of motion,

@ _ chl

FT ap = Wa P, (15)
dp  9Hq . j2
o = —quwg — 2o 1 — “£cos ¢, 16
ST 5a q Vi oosé,  (16)
d¢ OH. 2XoJ»
T a,l:Qf.iqqcosgb7 (17)
)z §3/2 /1 — ;72
dj 0H, 2
dﬂtz - a¢d =2 /74/1 - j—;qsingb. (18)
The rescaled ground-state energy has the form of
-1 for x < Xac
EO 9 — )
eo(x)=—-5 = 1 (19)
JQ _5(X3+X¢;2)7 fOI‘X > Xac-

To better visualize the property of the energy level, we
fix the point of ¢, p by letting Eqs. (15, 16) equal to zero,
then we construct energy surface in terms of the variables
0 and ¢,

2

€(0, ¢) = —cosl — %(1 — cos?6)cos? . (20)
Figure 4 plots the energy surface € versus the variables
and ¢ for different rescaled couplings considering the ancil-
lary mode being prepared in two different states. The top
row shows the results obtained in a normal Dicke model,
i.e., A% term is ignored and the ancillary mode is pre-
pared in the vacuum state |0),. The middle shows the
case of ancillary mode being in the coherent state |a),.

Gui-Lei Zhu, et al., Front. Phys. 14(5), 52602 (2019)
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Fig. 4 Contourf of the energy surface € versus 6 and ¢ [see
Eq. (20)]. In the top row, n = 0 and ancillary mode is pre-
pared in vacuum state |0),. From the left to right, the rescaled
couplings are 0.01w, 0.064w, 0.096w. The middle row shows the
results considering 7 = 0, ancillary mode a in coherent state
|&) . The rescaled couplings are same as the top row. The bot-
tom shows 7 = 2, ancillary mode being in |a),. The parameters
from left to right are x = 0.05w, 0.064w, 0.096w. respectively.
Here Xac = 2Aa/VQwa, go = 2.49 X 1075w for n = 0 and
go = 2.51 X 10~%w for n = 2 are considered.

We find that within the region considered, the energy sur-
face, which is calculated from Eq. (20), essentially un-
changed for |0),. But it bifurcates into two separate parts
as the effective atom-field coupling is increased through
the critical point yq4. for |a),. Apparently, the minimum

]

energy occurs at @ = 0 (the blue-black areas indicated)
for a coupling far below the critical point. Along with
the increase of the coupling y, the minimum energy de-
generates at ¢ = 0, 7. The existence of the degeneration
is associated with the spontaneous symmetry breaking.
Physically, the Z5 symmetry reflected in the classical ver-
sion as the invariance of the Hamiltonian H is under the
transformation of (¢, ¢) — (¢+m, —¢q) [568]. When the cou-
pling strength x crossing the critical point, the symmetry
of the system is spontaneously broken up. In this case,
the minimum energy levels become twofold degenerated.
Comparison between Figs. 4(a)—(c) and Figs. 4(d)—(f), we
find this bifurcation can appear at a much weaker-coupling
condition (x < 1) when the mode a is in a coherent state.

Interestingly, it is shown in Figs. 4(g)—(i), when the A2
term is considered, the bifurcation shows an inverse trend,
i.e., the minimum energy would round up as the coupling
x increases. Physically, this is caused by the interplay be-
tween the quadratic optomechnical interaction and the A2
term, which is analogous to the exhibition shown in Fig. 2.

This result also shows an excellent agreement with the
quantum entanglement [see Fig. 3(b)].

4 Excited-state quantum phase transition

It is well-established that the excited-state quantum phase
transitions are marked by the presence of simultaneous
singularities in the density of states (DoS) and order pa-
rameters [15, 59-63]. There are many methods to calcu-
late the density of states in the classical approximation,
here we adopt the method in Refs. [60, 61]. By considering
Q = w =1, then the density of the states in the proposed
hybrid Dicke model reads

| / 2y — o)
— arccos | | ————=<dy, € <e<—1,
TSy xa(l=y?)
Wa
7./7(6) = 1 1 Y+ 2y — (21)
2j <t + f/ arccos %dy, le] <1,
2 T Je on(]' -y )
1, e>1,
where appearance of ESQPT in our proposed system. Generally
e — ) speaking, The critical energy €. = 1 is related to the static
yr = x5 £ e S (22) ESQPT, which can occur for any values of the coupling.
Xa

We plot the DoS and its first derivative (inserted panel)
versus € for different values of x in Fig. 5. As shown
in Figs. 5(a, b), when x < Xae, the singularity of DoS
only appears at ¢, = 1 and their first derivative occur
the discontinuity at €. = 1. For x > Xac, as is shown in
Fig. 5(c), two singularities of the DoS occur at €, = +1,
respectively. For p/, a large cusp occurs at ¢, = —1 and
a discontinuity appears at €. = 1. This fact verifies the

Moreover, the singularity at ¢, = —1 is referred to the dy-
namic ESQPT, which can only appear in the superradiant
phase [60, 61]. Interestingly, we find that the amplitudes
of rescaled DoS considering the ancillary mode to be pre-
pared in |a),, can be risen at exp(2r,) times in contrast
to a normal Dicke model. Physically, this effect can be un-
derstood as follows: when the optomechanical interaction
is considered and the ancillary mode to be prepared in a
coherent state, the effective frequency of the single-bosonic

Gui-Lei Zhu, et al., Front. Phys. 14(5), 52602 (2019)



/~

L )
@
o

RESEARCH ARTICLE

(a)
. 154 %=0.0064 0
Q
‘E;' ~— o 8’\.
Z 8w sl
°c =X = 4 .
> L :
ﬁ % 5 \% 0- T T
g -1 0 1 2
0 T T
-1 0 1 2
) 5
g S
3 510 g
¢ <
29 Y
Z g 3
5 -1 0 1 2
[a) 0 T T
-1 0 1 2
(©)
. 10 %=0.096
g_ — 15
z §10] g lofk
£3 g 5 |
a L < 0+ T T —
g S : S 2001 2
D 0 T T T
-2 -1 0 1 2

Rescaled energye

Fig. 5 The density of states p(e), in units of 2j/w, versus
the the rescaled energy € when mode a is in coherent state |)q.
The inserted panels plot the first derivative of the density of
states.

field is reduced largely, i.e., w, < w. In other words, the
single-bosonic mode is effectively softened. Accordingly,
the effective interaction between two-level ensemble and
bosonic field is highly enhanced [47, 64]. It was reported
that the factor p = NQ/w — oo is crucial to charac-
terize quantum phase transition [49]. In our model, the
decreased w, renders p enhanced effectively, which makes

it easier to realize the quantum phase transition.

As one of indicators for the ESQPTs, the Peres lattice,
proposed by Peres in 1984 [65], has been widely used to
study the QPT and quantum chaos in many-body sys-
tems. Numerically, here the Peres lattices are constructed
by calculating the expectation values of three different
Peres operators, i.e., J,, J? and J2, in each eigenstate
with eigenvalue e. Here we consider |0), (upper row) and
|a), (bottom row), respectively. As shown in Fig. 6(a),
when the ancillary mode is in |0),, the distinguished cusp
occurring at € = 1 is an indicative of singularity of the
order parameter (J,)/j. Whereas for |a),, the Peres op-
erator (J,) occurs singularities in € = +1 [see the black-
dashed curve in Fig. 6(d)], which provides a compelling
evidence on the discussion about Fig. 6(c). Furthermore,
as is evidently shown in Figs. 6(e, f), when the ancillary
mode is prepared in the coherent states, the expectation
of Peres operators distributes in a wider energy region,
and it present a transition from a regular pattern into the
irregular one when crossing the ¢, = —1, which clearly
indicates the “trajectory” towards the onset of chaos from
a classical integrable regime [28, 29, 36, 60, 61].

5 Conclusion

In conclusion, we have demonstrated the existence of the
strong quantum entanglement and ESQPT in a relative
weak-coupling condition. The quantum phase transition
and entanglement of our proposal show a photon-state-
dependent property. In other words, they lie on the differ-
ent states of the ancillary cavity mode (|0), or |a),). We
find the entanglement is immune to the so-called A2 term

@ 5. ®) 1
0.8
—  0A
<
~0.5-
_1 T T T T
-1 0 1 2 3
(d) 0.4 (e)
0,
= N
g* an
—0.4 e
~0.8 : : : ’ :

-3 -2 -l 0 1 2 -4 -2
Rescaled coupling e

Rescaled coupling e

Rescaled coupling €

Fig. 6 Peres lattice of the proposed model using the Peres operators J, (left panel), JZ (middle panel) and JZ2 (right panel)
by considering a to be in |0), (upper row) and |a), (bottom row). We use j = 30 and truncate N;*** = 200, Q = w = 1,

go = 2.49 x 107 %w, and x = 0.99w.
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and a reversed trend of the entropy is obtained when the
A? term is included. As anticipated, the ESQPT mani-
fested by the DoS and Peres lattice, locates at a certain
energy are observed in our proposal; and the analytical
and numerical results show that the amplitude of DoS
can be enlarged exp(2r, ) times compared with the case of
the ancillary mode being in a vacuum state.

The dissipation may affect the ground-state entangle-
ment, but it can be approximately ignored in that here we
considered a near closed system, not a dynamical one. To
observe ground-state entanglement, a near zero tempera-
ture is needed, which can be realized by optical cooling
[66]. Moreover, all the characteristic quantities of observ-
ing the ESQPT have scarce relation with dissipation or
thermal noise. All these factors provide possibilities of ex-
perimental implementations. This work is fundamental in
exploring the relation between quantum phase transition,
entanglement and chaos of a hybrid quantum many-body
systems.
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